This article was downloaded by: [b-on: Biblioteca do conhecimento online IPL]

On: 19 April 2013, At: 00:11

Publisher: Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer
House, 37-41 Mortimer Street, London W1T 3JH, UK

neer Journal of Nonlinear Mathematical Physics

MATHEMATICAL Publication details, including instructions for authors and subscription information:
PHYSICS http://www.tandfonline.com/loi/tnmp20

= Symbolic Dynamics and Chaotic Synchronization in
Coupled Duffing Oscillators

Acilina Caneco 2, Clara Gracio ° & J Leonel Rocha ?
% Mathematics Unit, Instituto Superior de Engenharia de Lisboa, Rua Conselheiro Emidio
Navarro, 1, 1949-014, Lisboa, Portugal E-mail:

b Department of Mathematics, Universidade de Evora and CIMA-UE, Rua Rom&o Ramalho,
59, 7000-671, Evora, Portugal E-mail:
Version of record first published: 21 Jan 2013.

To cite this article: Acilina Caneco , Clara Gracio & J Leonel Rocha (2008): Symbolic Dynamics and Chaotic
Synchronization in Coupled Duffing Oscillators, Journal of Nonlinear Mathematical Physics, 15:sup3, 102-111

To link to this article: http://dx.doi.org/10.2991/jnmp.2008.15.s3.11

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.tandfonline.com/page/terms-and-conditions

This article may be used for research, teaching, and private study purposes. Any substantial or systematic
reproduction, redistribution, reselling, loan, sub-licensing, systematic supply, or distribution in any form to
anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any representation that the contents
will be complete or accurate or up to date. The accuracy of any instructions, formulae, and drug doses
should be independently verified with primary sources. The publisher shall not be liable for any loss, actions,
claims, proceedings, demand, or costs or damages whatsoever or howsoever caused arising directly or
indirectly in connection with or arising out of the use of this material.



http://www.tandfonline.com/loi/tnmp20
http://dx.doi.org/10.2991/jnmp.2008.15.s3.11
http://www.tandfonline.com/page/terms-and-conditions

Downloaded by [b-on: Biblioteca do conhecimento online IPL] at 00:11 19 April 2013

Journal of Nonlinear Mathematical Physics Volume 15, Supplement 3 (2008), 102-111 ARTICLE

Symbolic Dynamics and Chaotic Synchronization in
Coupled Duffing Oscillators

Acilina Canecd , Clara Gracio ? and J Leonel Roch&

a8 Mathematics Unit, Instituto Superior de Engenharia de L&tRua Conselheiro Emio
Navarro, 1, 1949-014 Lisboa, Portugal
E-mail: acilina@deetc.isel.ipl.pt and jrocha@deq.isel.ipl.pt

b Department of Mathematics, Universidadetieora and CIMA-UE, Rua Ro&o Ramalho, 59,
7000-671Evora, Portugal
E-mail: mgracio@uevora.pt

Abstract

In this work we discuss the complete synchronization of two identical double-well Duffing
oscillators unidirectionally coupled, from the point of view of symbolic dynamics. Working
with Poincaré cross-sections and the return maps associated, the synchronization of the two
oscillators, in terms of the coupling strength, is characterized. We obtained analytically the
threshold value of the coupling parameter for the synchronization of two unimodal and two
bimodal piecewise linear maps, which by semi-conjugacy, under certain conditions, gives us
information about the synchronization of the Duffing oscillators.

1 Introduction

Symbolic dynamics is a fundamental tool available to descdbmplicated time evolution of a
chaotic dynamical system. Instead of representing a trajectory by numbers, one uses sequences
of symbols of a finite alphabet which symbols correspond to the intervals defined by the turning
points of a mapf. We define the concept of symbolic synchronization in terms of a distance
between the symbolic sequences generated by the iterates of the ondfs turning points. We

show numerically that this distance may be considered a good measure of the synchronizability,
since it converges to zero as the coupling parameter grows.

The analysis of synchronization phenomena of dynamical systems started in the 17th century
with the finding of Huygens that two very weakly coupled pendulum clocks become synchro-
nized in phase. Recently, the search for synchronization has evolved to chaotic systems. Two or
more, identical, separated, chaotic systems starting from slightly different initial conditions would
evolve in time, with completely different behaviour, but if they are coupled, we may see that after
some time they exhibit exactly the same behaviour. Synchronization is a process wherein two or
more systems adjust a given property of their motion to a common behaviour, due to coupling or
forcing. Various types of synchronization have been studied. This includes complete synchro-
nization (CS), phase synchronization (PS), lag synchronization (LS) generalized synchronization
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(GS), anticipated synchronization (AS), and so on [2]. The coupled systems might be identical or
different, the coupling might be unidirectional, (master-slave or drive-response), or bidirectional
(mutual coupling) and the driving force might be deterministic or stochastic.

In [6], Kyprianidis et al. observed numerically the synchronization of two identical single-well
Duffing oscillators as a function of the coupling parameter. In [5], Vincent and Kenfack studied
numerically the bifurcation structure of a double-well Duffing oscillator coupled with a single-
well one. To detect synchronization they use the quamtithefined by the time during which the
distance between two trajectorie@) andy(t) is not greater them divided by the total time span
on the considered trajectory. They consider that there is synchronizattod .01 and obtain,
for several values ab a region in the parameté, k plane where the oscillators are synchronized.
This is not a complete synchronization because the two oscillators are not identical.

In this work we investigate the synchronization of two identical unimodal and bimodal piece-
wise linear maps. We obtain, analytically, the value of the coupling parameter for which the
complete synchronization is achieved. Then, we examine numerically the synchronization of two
identical unidirectionally coupled double-well Duffing oscillators for fixed values of the parame-
tersa and S in terms of the coupling parametkr We verify that the synchronization threshold
agrees with the theoretical results obtained for the unimodal and bimodal piecewise linear maps.

2 Main Results

Consider the coupling of two identical mags.1 = f(X,) and yn+1 = f(yn), denoting byk the
coupling parameter. To be able to say if the two systems are synchronized we must examine the
differencez, = y, — X, and see if this difference converges to zeronp as .

If the coupling is unidirectional

{ Xnp1 = f(Xn)
Y1 = F(¥n) +K[f(Xa) = f(yn)]

then
Zo1 = (1-K) [f(yn) — F(x0)]- (2.1)

These two systems are said to be in complete synchronization if there is an identity between the
trajectories of the two systems. In [9] and [10] it was establish that this kind of synchronization
can be achieved provided that all the conditional Lyapunov exponents are negative. Since then,
some authors [12] have reported theirs computational experiments showing that apparently, it is
possible to achieve synchronization without the negativity of all conditional Lyapunov exponents
and some others (see [3] and references there in) have reported that sometimes there is brief lack of
synchronization in the region where all the conditional Lyapunov exponents are negative. How to
explain these situations? In fact, there is a numerical trap when coupling identical systems. Near
the synchronization manifold, the two identical systems looks like in complete synchronization
due to finite precision of numerical calculations (see [11]). As a matter of fact, the negativity of
the conditional Lyapunov exponents is a necessary condition for the stability of the synchronized
state (see [2]). The negativity of the conditional or transverse Lyapunov exponents is a mathemati-
cal expression of the decreasing to zero of the logarithm average of the distance of the solutions on
the transverse manifold to the solutions on the synchronization manifold. So, if there is a strong
convergence of this distance to zero, this average must decrease to zero. But the converse is not



Downloaded by [b-on: Biblioteca do conhecimento online IPL] at 00:11 19 April 2013

104 A Caneccet al.

true. Indeed, even when all the conditional Lyapunov exponents are negative, it is possible that
some orbits escape from the synchronization manifold. This is only a weak synchronization, in the
sense of Milnor (see [11]). Only Lyapunov functions give necessary and sufficient conditions for
the stability of the synchronization manifold. Besides the fact that the stability based on the nega-
tivity of the conditional Lyapunov exponents be only a weak stability, there are other phenomena
like bubbling, riddling and blowout bifurcation that can explain the brief and persistent events of
desynchronization in the region where all the conditional Lyapunov exponents are negative, see [2]
and references therein. When coupling two systems, as the coupling parkigretes from zero,
we may find first a regioiike, ke max) Where there is weak (in the sense of Milnor) synchronization
and then a regiofk: max, +) Where there is strong (in the topological sense) synchronization, see
[11] and references therein. Note that, if the coupling involves more then two systems (network
[3]) the synchronization interval may be bounded

Nevertheless, if the coupled systems are defined by piecewise linear maps, which is the case
we are going to study in the next section, the weak and the strong concepts of synchronization
coincides and it occurs far> k.. The synchronization threshokd obtained from the assumption
that all conditional Lyapunov exponents are negative, is expressed in terms of the Lyapunov expo-
nent of the local mag. If this local mapf is a piecewise linear map with sloges everywhere,
then its Lyapunov exponent is exactly st

2.1 Synchronization of Unimodal Maps

Consider the tent mafy: [0,1] — [0, 1] defined by

sx—s+2, if0<

1
X

N
R olk

S—SX I

0l x
NN

Recall that any piecewise monotonic map of positive entropy and growth nigvespologi-
cally semi-conjugated to a piecewise linear map with stapeverywhere, see [8]. This map can
be written as

fs(X) = sx—s+2+20(s—sx—1), (2.2)
with

[0 ifogx<1-1%,
Q(X)_{l if1-1<x<1.

The symbols{0,1} correspond to the usual alphaljét R} in the symbolic dynamics, see [8] and

[7]. As the value ok grows, the number of initial equal symbols in thandy symbolic sequences

(see section 4), grows also. This is a numerical evidence that the two systems will be synchronized
and can be expressed by the following definition of distance. Compare with [4].

Definition 1. LetS=5,S,... be a symbolic sequence, using symi&leelonging to some alphabet
</ . Define a distance between two symbolic sequefigesS, S ...S,... and § =5, §,..§; ...

by
d(S.§)=¢€", wheren=min{n>1:S #S,}.
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We may say that two symbolic sequen&andS; are synchronized if their distancgS,, S ),
as defined above, converges to zero and two sysigms= f(x,) andyn;1 = f(yn) are symbolic
synchronized if the symbolic sequen&sandS, of each turning point, are synchronized.

Theorem 1. Let %1 = f(X,) and yh+1 = f(yn) be two identical coupled systems, with f given by
(2.2), s the growth number of (2.2), with< s< 2 and ke [0, 1] the coupling parameter. If

INEN:d(8(Ynij),0(xnyj) <€, Vj=0,
then, the unidirectional coupled systems (2.1) are completely synchronized%k

Proof. Considering (2.1) and (2.2),

Zny1 = (1—K)[Sh—5+2+ 26, (S—Syn—1) =X +S—2— 26, (S— S — 1)].

If 6., =6k, Vi =0,thenz, 1 = (1K) (1-26)sz.

It follows that, z,.m = [(1—K) (1—20) 5"z,

Thus, if6 =0, thenz,, m=[(1—K)§"z,and if 0 = 1, z,,m = [(1 — K) (—S)]" z,. In both cases,
Znim ="z, with |r| = (1—-K)s.

So, letingm — o, we have lim "z, =0, iff |r| <1, ie.,|(1-Ks <1=k> 1, for
k € [0,1], as desired. |

2.2 Synchronization of Bimodal Maps

Consider the bimodal piecewise linear mip: [0,1] — [0,1], with slopests, ands > 1, defined
by

sx+r—1 if g<x<oep

—sx+1 if 0<x<¢c
fsr(X) =
—SX+S if co<x<1

with r = 3%5 —s(c1+¢p) and critical pointsc; = % andc, = % Recall that any transitive
bimodal map is semi-conjugated to such a map. This map can be written as

fsr(X) = —=sX+14 6, (2X+r1 —2) + B, (—2X+s—r+1), (2.3)
with

] 0,if0<x<g o
GQ(X)_{ 1ifc<x<1 (1=12).

Note that, in this case, we may defi@éx) = 6, (x) + 6, (x), i.e,

B(x)=<¢ 1 ifcg<x<cy .

0 fogsx<qg

2 if Co < XK 1

The symbols{0,1,2} correspond to the usual alphaldét,M,R} in the symbolic dynamics,
see [8] and [7].
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Theorem 2. Let %11 = f(X,) and yh+1 = f(yn) be two identical coupled systems, with f given by
(2.3), s the growth number of (2.3), with< s < 2 and ke [0, 1] the coupling parameter. If

INEN:d(O(Yn+j), (%)) <€, Vj=>0,
then, the unidirectional coupled systems (2.1) are completely synchronized%@%.
Proof. Considering (2.1) and (2.3)

T= (1K) {[ St 146, (20 +1-2)+ 8, (~290+5—1+1)]
oSt 148, (25041 -2+ By, (250 +5-14+1)] |
If 8, = 6, = 6, andb, =6, =6, then
Zn1 = (1—K) (—1+2(6, — By)) Zo.

It follows thatzy m = [(1—K) (—1+2(6c, — 6c,)) 9™ zn.
Denotingr = (1—k) (—=1+2(6;, — 6,)) S, we havez,m = r"z,. Thus, if &, — 6;, =0or 1,
then|r| = (1-k)s<1=k> 21 If 6, — 6, =—1 thenr|=3(1-k)s< 1=k> 31 S0, as

31 > -1 to have synchronization it suffices that- 332 |

3 Duffing Oscillator Application

Consider two identical unidirectionally coupled Duffing tistors

{ X' (t) = x(t) —x3(t) — axX (t) + B Cogwt) 3.0)
y'(t) = y(t) =y (1) — ay (1) + k[x(t) - y(t)] + B Cogwt) '

wherek is the coupling parameter, see [5] and references therein. We will choose parameter values
for which each uncoupled oscillator exhibits a chaotic behaviour, so if they synchronize, that will
be a chaotic synchronization.

3.1 The Uncoupled Case

The system (3.1) witlk = 0 (uncoupled) reduces to
X'(t) = x(t) —x3(t) — aX (t) + BCogwt).

Attending to the complexity of the above equation, a basic tool is to do an appropriate Poincaré
section to reduce the dimensionality. In our case, we did a section definge-Iyy since it is
transversal to the flow, it contains all fixed points and captures most of the interesting dynamics.
In order to see how the first return Poincaré map change with the parameters we did bifurcation
diagrams. See in Fig. 1 the variation of the coordingtef the first return Poincaré map, versus
the parameteB < [0.15,0.5], for a fixed value ofr = 0.25. It is clear the growing of complexity
as the parametg? increases.

We found in the parameter plarie, 3), a region% where the first return Poincaré map be-
haves like a unimodal map and a regighwhere the first return Poincaré map behaves like a
bimodal map, see Fig. 2.

Consider parameter values and initial conditions for which each uncoupled system exhibits a
chaotic behaviour and its first return Poincaré map is like a unimodal or like a bimodal map. We
choose, for exampley = 1.18,% = 0.5, x5 = —0.3,yp = 0.9, y; = —0.2anda = 0.4, 3 = 0.3578,
for the unimodal case amal = 0.5, 3 = 0.719, for the bimodal case.
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e

Figure 1: Bifurcation diagram fox, as a function of3 € [0.15,0.5], for a fixeda = 0.25.

Figure 2: Unimodal and bimodal region in the paraméter3) plane.

3.2 The Coupled Case

In Fig. 3 the bifurcation diagram for the unidirectional ctagsystem (3.1) witlr = 0.4, B =
0.3578 and the coupling parametkr: [0.001,0.03], shows several kind of regions. In section 4,
we will compute the topological entropy in some points of these regions.

We choose for example the valuks= 0, k = 0.05, k = 0.13 k= 0.5 andk = 0.301. We
will see that fork larger thank ~ 0.13 the topological entropy remains constant, but positive.
Meanwhile we find values, of thke parameter, where the entropy is zero, that is, where there
is chaos-destroying synchronization, see [11]. Numerically we can also see the evolution of the
differencez = y — x with k. The synchronization will occur when=y. See some examples in
Fig.4 to the unimodal case and in Fig.5 to the bimodal case.

Notice that, the pictures in Fig.4 and Fig.5 confirms numerically the theoretical results given
by theorems 2 and 3, respectively. For= 0.4 and = 0.3578 (Fig.4) which correspond to
s=1.272..., the synchronization occurs fer> 0.214. ... For the bimodal case = 0.5 andf3 =
0.719, (Fig.5), which correspond t8= 2,618..., the synchronization occurs far> 0.873....
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Figure 3: Bifurcation diagram fax, as a function ok € [0.001,0.3], for fixed values ofr = 0.4
andf = 0.3578

=02 .04 .06 .08 1 .12 .14%

4.1-72.1- 1-8.0- 6.0- 4.0- 2.0-

02 .04 .06 .08 1 .12 .14%

Figure 4: Evolution ok versusy for the unimodal casex(= 0.4, B = 0.3578) for some values of
k: 0.003 0.005, 0022, 0103, 0111, 012, 0136, 0195 and (BO6.

4 Symbolic Dynamics

Using techniques from Symbolic Dynamics, see [8] and [7], amute the topological entropy
htop for some values of the coupling parameter. Considering tluerreénap for the second equa-
tion of system (3.1), witlh = 0.4 andf = 0.3578 (unimodal case), we obtain fore= 0.13, the
kneading sequend€RLRRRLRLF. Using kneading theory we obtain the kneading matrix

(1-t2) (—1+t2 4+t —t®+18)  —(1-t)? (—14+t2+t*—t0+1B)

N(®) = 1-t20 1-t20
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Figure 5: Evolution ok versusy for the bimodal casea( = 0.5, 8 = 0.719) for some values df
0.003 0.014, 008, 0095, 01, 0113, 0126, 0875 and M16.

and the kneading determinant

(=1+41) (—14+t2+t*—15+19)

D(t) = —

Denotingt* =min{t € [0,1] : D(t) =0} = 0.813014.. ands the growth number of, then
S=g L and the topological entropy of the méps heop(f) = logs~ 0.20701 By this method, we
compute some values of the topological entrbgy, for other values of the coupling parameker
Notice the correspondence of these values for the topological entropy with the evolukan of
the bifurcation diagram, see Fig. 3.

K S D) Prop
0 (CRLRRR® (1) [Ejtlljtz)“ﬂ 0.24061 ..
0.05 (CRLR® % 0
0.13 | (CRLRRRLRLR | E2IC 1*:22 -9+ 1 520701 ..
05 | (CRLRRRLRLR | CEOICHOROMT g 50701
0301 | (CRLRRRLRLR | DD | 656701

As the value ok grows, the number of initial equal symbols in thandy symbolic sequences,
grows also. This can be expressed by the distance defined above and it is a numerical evidence



Downloaded by [b-on: Biblioteca do conhecimento online IPL] at 00:11 19 April 2013

110 A Caneccet al.

that the two systems will be synchronized.

k n
S RLRRRLRLRRRLRRR 0.006
S : RLRRRLRRRLRRRLRRRLRRRLRRRLRLRR 7
S RLRRRLRLRLRLRRRLRLRLR 0.03
S : RLRRRLRRRLRLRLRRRLRRRLRLRRRLRR 7
S : RLRRRLRLRRRLRRRLRLRRRLRRRLRRRL045
S : RLRLRLRRRLRLRLRLRRRLRRRRRLRRRL 3
S RLRRRLRLRRRLRRRLRLRLRLRRRLRRRNL.O66
S : RLRRRLRLRLRRRLRLRLRLRRRLRLRRRL 9
S RLRRRLRRRLRRRLRRRLRRRLRRRLRLRR.1
S : RLRRRLRRRRRLRLRRRLRRRRRLRLRRRR 9
S : RLRRRLRLRRRLRRRLRLRRRLRRRLRRRI1577
S, : RLRRRLRLRRRLRRRLRLRLRLRLRLRLRL 19
S/ : RLRRRLRLRLRLRRRLRRRLRRRLRLRRRL1595
S : RLRRRLRLRLRLRRRLRRRLRRRLRLRRRL 30
S : RLRRRLRLRRRLRRRLRLRRRLRRRLRRRIO.3
S : RLRRRLRLRRRLRRRLRLRRRLRRRLRRRL 30

5 Conclusions

When doing Poincaré sections with= 0, we obtained region? and.%Z where the Poincaré map
behaves like a unimodal and bimodal map respectively. By a result from Milnor and Thurston [8]
and Parry it is known that evergrmodal mapf: | = [a,b] C R — I, with growth rates and pos-

itive topological entropyep (I0gs = hyp(f)) is topologically semi-conjugated toa+ 1 piece-

wise linear magr, with p < m, defined on the interval = [0, 1], with slope+s everywhere and
hop(T) = hiop(f) = logs, i.e., there exist a functioh continuous, monotone and onto; | — J,

such thafT oh = ho f. If, in addition, h is a homeomorphism, thefiand T are said topologi-

cally conjugated. It is proved that in the case of topological conjugacy the synchronization of the
two piecewise linear mapk implies the synchronization of the two conjugated m-modal nfaps
Furthermore, by a result of Preston [1],fifis topologically transitive, then the mentioned semi-
conjugacy is in fact a conjugacy. By a result of Blokh [1], a sufficient condition for a tp

be topologically transitive isop(f) > (1/2)log2 So, the study and conclusions about synchro-
nization of piecewise linear unimodal and bimodal maps, expressed in theorems 2 and 3, can be
applied to guarantee the synchronization of more general maps.
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