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Abstract

The aim of this paper consists in to give sufficient conditions to ensure
the existence and location of the solutions of a nonlinear fully fourth order
equation with functional boundary conditions.

The arguments make use of the upper and lower solutions method, a
¢ — laplacian operator and a fixed point theorem. An application of the
beam theory to a nonlinear continuous model of the human spine allows
to estimate its deformation under some loading forces.
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1 Introduction

In this paper it will be provided sufficient conditions to obtain existence and
location results for the boundary value problem composed by the equation

— (¢ (u""(x))) = flz,u(z), o (z),u" (z),u" (z)), for a. e. € [ =[a,b], (1)
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with ¢ : R — R an increasing and continuous function such that ¢(0) = 0,
f: IxR* — R a Carathéodory function and the functional boundary conditions

= Ll( su'yu”, (a) u///(a))’ (2)

ul) = A, JOb) =B, ABEeR,
0 u',u”,u (a),
O 7,u//, u//’ u//(b), ,LL///(b))7

= Ly

where Ly and Ly are two continuous functions verifying some monotone condi-
tions, to be precise.

The so-called beam equations have been studied in several works but, as
far as we know, this type of fourth order fully nonlinear equation were never
considered with such general functional boundary conditions. Therefore, the
results contained in [9, 12, 13, 14, 17, 18] are improved.

Functional conditions (2) can be applied to several types of boundary value
problems, such as, separated, multi-point or integro-differential problems. In
this point of view, some cases of the four point boundary value problems of
[5, 20] are generalized, more precisely when b = d = 0. The paper [6] is also
improved, not only by the functional dependence on the boundary conditions
but also by the more general definitions assumed for lower and upper solutions,
allowing that, for example, both have the same sign.

The arguments make use of fixed point theory, lower and upper solutions
method and some techniques suggested by [2, 4, 19] for second order and [1, 3]
for third order nonlinear boundary value problems. The location part provided
by these type of results is particularly useful, for instance, to prove the existence
of positive, or negative, solutions (if the lower function is non-negative or the
upper one non-positive) or to prove the multiplicity of solutions (if it is obtained
the existence of solution in disjoint branches). Moreover, it gives some bounds
on the solution and its derivatives, which are important tools in some models,
as it is illustrated forward, for a continuous human spine model.

The second section contains some definitions and preliminary results, namely
an a priori estimation on v’ obtained from a Nagumo-type growth assumption.
Third section provides an auxiliary problem, with unique solution, and the main
result: an existence and location theorem. In the last section it is referred
a nonlinear model, that generalizes the classical beam equation presented in
[16], used to study the deformation of the human spine under some loading
conditions.

The results contained in this paper still hold if the explicit boundary data
in (2) are replaced by

or
or

u(b) = A, uw'(a) = B

under small and obvious modifications.



2 Definitions and a prior: estimation

In this work it is considered a Carathéodory function f : I x R* — R, i. e., it
satisfies the following conditions

(i) For each z € R?* the function f(-,z) is measurable on I;
(i) For a. e. t € I the function f(¢,-) is continuous on R*;

(iii) For each compact set K C R? there is a function my € L'(I) such that
|f(t, )] <mg(t) fora.e. t € I and all x € K.

The functional part of the boundary conditions are defined by two continuous
functions verifying the following monotonicity assumptions:

(Hy) Li:CI)xC(I)xC(I)xR?* — R is nondecreasing on the first, third
and fifth variables and nonincreasing on the second one.

(Hy) Lo:C(I)x C(I) x C(I) x R? — R is nondecreasing on the first and
third variables and nonincreasing on the second and fifth ones.

Now we introduce the concept of lower and upper solutions of problem (1)

~ ().

Definition 1 A function a € C3(I), such that ¢ o o' € AC(I), is a lower
solution for problem (1)-(2) if it satisfies

~(6(a"(@)) < f(z,a(2),d(2),a"(x),a" (@), fora. e. s €T (3)

together with

Ol(b) S A, O/(b) Z Bv
0 < Li(a,a',0",a"(a),a”(a)),
0 S L2 (O[, 0/7 O//a O//(b)? O/N(b))‘

A function 3 € C3(I), such that ¢poB3" € AC(I) is an upper solution for problem
(1)-(2) if

— (o (8" (@) = flx, B(x), B (x), 8" (x), 8" (x)), for a. e. x €T (4)

and
) > A, pF'(b)<B,
0 > Li(B,p8,8",8"(a), " (a)), (5)
O Z L2(67617ﬂ”aﬂﬂ(b)7ﬂ/”(b))'

We say that u is a solution of problem (1) — (2) if it is both a lower and an
upper solution.

To deduce existence results we will use the following variation of Schauder
fixed point theorem given in [10, Theorem 4.4.6]:

Theorem 2 Let S be a bounded, closed, non-empty, convexr subset of a normed
space X and F : S — S a compact operator. Then F has a fived point.



To construct the set S and the compact operator F it is necessary to impose
to the nonlinear part of (1) some growth restriction defined by a Nagumo-type
condition. This condition is used in the study of boundary value problems and,
despite they are not a necessary condition to deduce existence results [8], they
cannot be avoid in general [7]. The imposed condition is the following

Definition 3 Given v;,T'; € C(I) such that v;(x) < T'j(x), for all z € I and
7 =0,1,2, consider the set

E= {(m7y07y17y27y3) EIXRZLV](I) Syj SFJ(I)a V.TGI, ]:07172}

A function f : I x R* — R is said to satisfy a Nagumo-type condition in E
if there exists hg € C ([0, 400), (0, +00)), such that

|f(z,90,y1,92,y3)| < he(|ys]), for a. e. (x,y0,y1,v2,y3) € E, (6)

and

Dl e O e
A = o PN o Lol S

where
and
=t ae) = pipae). ©)

Remark 4 As ¢(R) = R is not assumed then ¢(+£oo) can be finite.

Next result provides an a priori bound for the third derivative of solutions
of equation (1).

Lemma 5 Consider v;,T'; € C(I), j =0,1,2, such that
vi(x) <Tj(z), Ve el,

and let f : E — R be a Carathéodory function satisfying a Nagumo-type con-
dition in E. Then there exists N > 0 (depending only on ~2,Ts and hg) such
that for every solution u of (1) satisfying

vi(z) < u® () <Ty(z), i=0,1,2, (10)

verifies
[u" oo < N



Proof. Consider N > 0 large enough such that N > n and

T =

min Y g7 ()] T . 671 (s)| ™ . e,
/(b(") hp (67! (s))d ’/¢(N) he(o~! (s))d Zur(b=a)

with 7 given in (8) and p defined in (9).
Let u be a solution of (1) such that (10) holds. Therefore there is z¢ € (a, b)

(11)

such that " 0) " (a)
" _u —u” (a
u” (20) = b—a
and
—N<—77SM<UW($0)SMSH<N-

b—a - b—a

If |u" (z)| < N for every = € I the proof is finished. If not, assume that there
is x € I such that v”'(x) > N or v (z) < —N. In the first case, suppose
that there exists [z1,22] C [a,b] such that u” (z2) = max{0,u" (z¢)} and
u" (x2) < u" (x) <u” (x1) = N for every = € [z1,22].

As f verifies the Nagumo condition then, by (6),

‘(¢(U”’(w)))' = [z, u(@), o' (), u" (), u” (2))] < hp(j"(2)]), Yo € [21,22]

and, by (7), the following contradiction with (11) is obtained

o) | )’% o @) g1 ‘*1
12 W s < 7d
/¢(n) he(o i) /¢7(“'”(1’2)) he(lo ()"

@I
- / () @) d

" |f @) @) (@) @) e
< / e @) d
< m—mﬂu (w2) — " ()] 7
< (b—a)p p'T

For [z1,z2] C |a, ] such that u"” (z1) = max{0,u" (z9)} and v (z1) <
u" (z) < u” (z9) = N the arguments are similar and the same happen for the
second case. W

3 Existence and location results

The first result to be presented in this section ensures the existence and unique-
ness of the solution of a suitable related problem of (1) — (2).



Lemma 6 Consider ¢ : R — R an increasing homeomorphism such that o(0) =
0 and p(R) =R, g: I — R a L* — function and A, B, hy, ho € R. Then the
) = (x), fora. e xel,

problem
— (o (u"(2)
u(b) = u/'(b) = B, (12)
)t )= o

has a unique solution given by the following expression

ulz)=A—-B (b—x) // ) dr ds,
v () :=h1+/:<,0_1 (Tv—/asg(r) dr)ds

and T, € R the unique solution of the equation

hy — hy = /abgol <Tv - /:g (r) dr> ds. (13)

Proof. By the change of variable u”(z) = wv(x) it is obtained the Dirichlet
problem

with

—(p('(2)) =g(x), fora.e zel, wv(a)=hy, v(b)=hs. (14)

Then, for some 7 € R, the following identities hold

u(x)h1+[<p1 <T/asg(r) dr) ds. (15)
h('r)h1+/ab<,01 (T/asg(r) dr) ds.

From the properties of function ¢, we have that function h is continuous,
strictly increasing and satisfies h(R) = R. As consequence equation (13) has a
unique solution 7,. Integrating (15) twice,

u(xr) =A—B (b—1x) // ) drds

is the unique solution of problem (12). m
Before proving the existence result, we enunciate the following lemma given
in [19, lemma 2].

Now, define



Lemma 7 For z,w € C(I) such that z(x) < w(x), for every x € I, define
p(z,u) = mazx{z, min{u,w}}.

Then, for each u € C1(I) the next two properties hold:

(a) dip(ac,u(x)) exists for a.e. x € I.
x
(b) If u,um € CH(I) and u, — u in CH(I) then

%P(%Um(ff)) — %p(x,u(x)) for a.e. x € 1.

Theorem 8 Assume that there is o a lower solution and 3 an upper solution
of problem (1)-(2) such that o' (x) < B"(x), for every x € I. Suppose that
assumptions (Hy) and (Hy) hold and let f : I xR* — R be a continuous function
satisfying a Nagumo-type condition in

E — (2,90, Y1, Y2, y3) € I x R 1 2 (z) < y; < O (), i =0,2,
o F(2) <y <o (@)

and, for (z,y2,ys) € I x R? fived, o (x) < yo < B(x), f'(z) <y <o (2),
f@a@),a (2),y2,93) < f (2,90, 91,92, 93) < f (2, 8(2), B (2),y2,93) -

Then problem (1)-(2) has a solution u such that 1o

a(z) Sulx) < B(x), f(x) < (2) < (2), o (z) Su’(2) <B"(2), Vo el

Remark 9 Note that o/’ < 8" coupled with the definition of lower and upper
solutions imply that 8’ < o' and o < (.

Proof. Define the continuous truncations, for ¢ = 0, 2,

B (1) if yi > B9 (),
di (z,yi) = yi it o (2) <y <Y (2), (17)
a® (z) if yi < ol ().
and
prt) i y1 < B (),
o (zy) =9 w if B () <y <o (2), (18)
o (z) if y1 > o ().
Consider

N > max {n, o/ ||oc, 18" [0 }
satisfying condition (11), and define the homeomorphism ¢ : R — R by

é(y) if |yl <N,

¢>(N)g;$(—N) y+ ¢(N)+2¢(—N) if |yl > N.

o(y) =




Let now
q(y) = max{—N,min{y, N}} (19)

and consider the modified problem composed by the differential equation

- ((P (u///(x)))/ = f (l‘,(SO (JJ,U) a61 (x,u’) a62 (x7ul/) aQ(%52 (.T,‘, u/l>)) = Fu(x)

(20)
with the boundary conditions
u(b) = A, (
u'(a) = 6 (a, u”( )+L1(u ' u” u (a),u"(a))) = k1(u), (21)
u’(b) = a(b,u” (b) + La(u, v, u”, u” (b),u" (b)) = Ka(u).

We say that u € C3(I) such that ¢ o u” € AC(I) is a solution of problem
(20)-(21) if it satisfies the previous five equalities. We remark that, from Lemma
7 and the definition of ¢, the right hand side of the equation (20) is a L —
function.

Step 1: Every solution of problem (20)-(21) verifies

a(z) < u(x)<pf(z), (22)
Bz) < u(x) <d(2), (23)
o’ () < W (2) < B (2) (24)
-N < " (x)<N (25)

Let u be a solution of (20)-(21). Assume, by contradiction, that (24) does not
hold. Define

max (u — 3)" (z) == (u— B)" (z¢) > 0.

zel
As, by (21), v”(a) < 8”(a) and u”(b) < 5"(b) then o € (a,b), u"'(xo) = " (x0)
and u” > (" on [xg,z¢ + r) for some r > 0 such that u”(xg + 1) = " (zo + 7).
Moreover w” (zg) = 8" (x0).
So, by using (4), (16), (17), (19) and the choice of N, we arrive at the
following inequality on (xq, zg + 7):

!

@) = 1 (0 lo0) Gy (o) 8 (o)l () )

f (@, 00 (z,u) 01 (z,u'), 8" (), 8" (2))
f@,B(x),6 (x),6" (), 8" (z)

— (0 (8" (2)))

= —(p (8" (@)

This property implies that v/ > 8" on (x9,x¢ + r), which contradicts the

definition of » > 0.

So u” () < B (z) for every x € I and by similar arguments it can be proved
that o (z) < u” (z) in I.

IN A



Integrating (24), conditions (23) and (22) are easily obtained by the bound-
ary conditions of lower and upper solutions and (21).

At last, applying Lemma 5 with v;(z) = o9 (z), Tj(z) = 8U)(2), for j =
0,2, 11(z) = f'(z) and I'1 () = o/(x), then condition (25) holds.

Step 2: Problem (20)-(21) has a solution uy(x).

Let u € C3(I) be fixed. From Lemma 6 it is clear that the solutions of
problem (20)-(21) are the fixed points of the operator

b b
Tu@@) =A-B (b—x)+/ / vu (1) dr ds, (26)

vy () == K1 (u) +/; ot (m - /a F, (r) dr) ds

and 7, € R the unique solution of the equation

ko(u) — k1 (u) = /ab o ! (Tu - /as F, (r) dr) ds. (27)

Note that there exists ¥ € L(I) such that

with

| Fu(s) |< ®(s) for a. e. s € I and for all u € C3(I),
and then, since k2(u) — r1(u) is bounded in C3(I), there exists L > 0 such that

| 7o |< L for all u € C3(I) (28)
So, we conclude that operator 7(C3(I)) is bounded in C3(I).
To verify that operator 7 is compact in C?(I) we follow the arguments given
in [4, Theorem 2.1].
The proof follows as a direct application of Theorem 2.
Step 3: wuy(x) is a solution of problem (1)-(2).
This function us(z) will be a solution of (1)-(2) if it verifies,
o' (@) < (@) + Lol @) @) < 6 (@) (29)
o’ (b) u”(b) + La(u, ', ", " (b), u"' (b)) < 8" (a). (30)
Suppose, by contradiction, that

u”(a)—&-Ll(u,u',u”,u”(a) ///( )) >ﬁ//( )

<
<

Thus
u”(a) = b (a,u”"(a) + L (u,u',u” u" (a),u" (a))) = B” (a)

by (24), u” (a) = u" (a™) < " (™) = 3" (a) and, by (Hy), (22), (23), (24)
and (5), it is obtained the contradiction
(

u” (a) + Li(u, v/, u” u"(a), v (a)) =

IAIAIA
Q ww®

Ne)



By analogous technique it can be proved that o (a) < v (a)+L1 (u, v, v, u"(a), v (a))
and (29) hold.

Inequality (30) is proved in the same way. m

Now, given A, B € R and ¢1, g2 > 0, defining

Ll(U,’U,’lU,l’,ZJ) = _p1$+Q1y+07
L2(uavaw7x7y) = _p233—(]2y+D7
we obtain, as a corollary of the previous result, the following one

Corollary 10 Suppose that there exist a, 3 € C3(I), such that poa'’, ¢poB"" €
AC(I), satisfying inequalities (3) and (4) respectively. Moreover, if & < 3" on
I and the following inequalities hold:

a(b) < A< B(b),

a'(b) > B> f3'(b),
p1a’(a) — g1’ (a) < C < p18”(a) — 18" (a),
P20 (b) + g2 (b) < D < p25"(b) + q28" (b)

and function f satisfies the hypotheses imposed in Theorem 8, then problem
composed by (1) together with the initial - Separated boundary conditions

b)) = A,

|
SES RS

plu"(a) - qlu///(a
pQU/H(b) +q2u///(b

)

has a solution u such that
a@) <u(e) <B@), § @) <d (@) <d (@), o (&) Su’ (@) < B"(2), Vael.

Remark 11 Note that in this case, on the contrary to the usual situations, we
do not impose to the real constants p1 and q1 to be nonnegative.

Another particular case is given by the multi-point boundary value condi-
tions

m—2 n—2
wb)=A, 4 (b)=B, u'(a)= Z a;u" (1), " (b)= Z b;u"(n;), (31)

where a < 71 <o < -+ < Tp_a < b,a<nm <ny < -+ < Np_z <band a;,
bj >0forallie{l,... m—2}and je{1,...,n—2}.

Defining
m—2
Ll(U,’U,U},I,y) = Zaiw(Ti)ixa
1=1
n—2
Lg(u7v7w,x,y) = Zbl w(nz) -z
=1

10



we arrive at the following result

Corollary 12 Suppose that there exist a, 3 € C3(I), such that poa’”’, ¢poB" €
AC(I), satisfying inequalities (3) and (4) respectively. Moreover if o < 3" on
I and the following inequalities hold:

and function f satisfies the hypotheses imposed in Theorem 8, then problem (1),
(81) has a solution u such that

af@) <u(e)<B), F (@) <d(2) <a(2), o (1) S’ () <" (2), Vo e .

4 Continuous model for the human spine defor-
mation

The mechanical properties of the human spine have been studied by several
authors (see [16] and the references therein) by a continuous beam model. Of
course this type of models cannot describe certain local features of the spine.
However they are useful to analyze the overall deformation of the spine under
various loading conditions, such as, aircraft ejections and vehicle crash situa-
tions.

Furthermore the cantilever beam model correlate reasonably well some char-
acteristics or certain form of scoliosis (see [15], its references and Figure 2). In
fact the total lateral displacement, y(x), of the beam-column, with length L, is
expressed as the sum of the initial lateral displacement, yo(x), and the lateral
displacement due to the axial and transverse loads, y1(z), i.e.,

y(@) = yo(z) + y1(2).
This displacement y; () is modelled [16] by the differential equation
ELy" + Pyl =Q - Py;

where FI is the flexural rigidity of the beam-column, P the axial load and Q
the transverse load. As it is well known in the elasticity theory, this shearing
force @ is related with the third derivative of the displacement (see, for instance,
[11]). Therefore we consider the nonlinear equation

EIy" + Py =q()) - Py (32)

11



q [

Figure 1: A continuous model for a beam-spine system

with ¢ some continuous function (Figure 1).

The boundary conditions for the unknown lateral displacement y; (), con-
sidered here, model a cantilever beam-column on the lower end whose curvature
attains its maximal value on the left endpoint of the interval J := [-L/2, L/2]:

L
Y1 5 = 07
L
yi 5 = 0,
1 L 1" (33)
vi\—5) = max{yi(z)},
L
11
— = 0.
Y1 (2
By defining in this case
¢ (2) =2,
I
[z, 21,22, 23,24) = g st w7

12



Figure 2: (a) Frontal X-ray picture of the flexible waist part Th7-Th12, L1-L5 of the
spine of a patient with lumbar scoliosis, caused by a difference in leg length of 0.5 cm
and standing in an upright muscle-relaxed position. (b) Extracted contour picture of

(a).

Ly (21,22, 23, 24, 25) = —24 + max {z3(2)},

and
Lo(z1, 22, 23, 24, 25) = —24

it is immediate to verify that problem (32) — (33) is a particular case of problem
(1) - (2).

Assuming that the initial lateral displacement yo € W?21(J) then if the
transverse force ¢, the axial force P, constant EI and the beam length L verify
the following relations for x € J:

min t)>al—EI+ P prt o) b Y(z),  (34)
te[—saL/4,aL/4]q - 2 4 10 Yolt);

x2 3x
ty<b|-EI+P-— — PL=— + PL? Py 35
tE[_rgrll)aLf_bL]q( ) < < +P 5 T >+ yo(x),  (35)

for some b > 2a/25 > 0, one can verify that the functions

_ a4 G- 3 4.5 9 3., Gr4
a(x)——24x —24Lx —QOLx +al’x 2L
and
b 4 b g by, 3 4
ﬂ(x):ﬂx _ZLx —|—§Lx —2bL°z + bL

13



are, respectively, lower and upper solutions of problem (32) — (33). As f verifies
a Nagumo-type condition in every set

L L b
E_{(x,z)e [—2,2] xR:gxz—ZLz—lc:)LZSZS2x2—gbe—|—bL2}

then, by Theorem 8, there is a solution of problem (32)-(33) such that the

12

Figure 3: For a = 0.8,b = 0.1,L = EI = P = 1 there is a solution in the strip
bounded by lower and upper solutions of problem (32)-(33)

lateral displacement due to the axial and transverse loads verifies

a 4 @, 3 @ .9 9 3. @,y b 4 b 5 b 5o 3 4
—x*——Lx’——L LPe——L" < < —x*—-L —L —2bL bL
1% ol ol rallr—g L Sy (v) < grat—qLato L THOL,

3b

b
st = TLa’ b L% —2b L <y () < %ﬁ ~ SLa’ - %sz +al?
and b 5
a o a a 9 " 2 2
222 _ 1?2 < < 22 _ 5
5% 4Lz 1OL <y (z) < 5% 2bLz+bL

for every = € J.

We note that small values of the transverse force ¢ allow small values on a, b
and, therefore, on the lateral displacement of the spine ;.

As example, it can be mentioned that for a =0.8,b=0.1,L = FI = P =1,
provided function ¢ satisfies properties (34) and (35), there is a solution yi(x)

14



of problem (32)-(33) such that

xt 3 22 oz 1

2
77777 e D T
+ n@=<gn-wtw 5t

for x € J, as it is illustrated in Figure 3.
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