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ABSTRACT. In this paper, given f : I x (C(I))? x R2 — R a L' —Carathéodory
function, it is considered the functional fourth order equation
u™) () = f(z,u, 0/ 0" (), v (2))
together with the nonlinear functional boundary conditions
Lo(u, v/ v u” (a),u"" (a)) = 0 = Ly(u,u,u”,u" (b),u" (b)).

Here L;, i = 0,1,2,3, are continuous functions satisfying some adequate
monotonicity assumptions.

It will be proved an existence and location result in presence of non ordered

lower and upper solutions and without monotone assumptions on the right
hand side of the equation.

1. Introduction. Let us consider the problem composed by the functional equa-
tion
u™ (z) = f (v, u, 0’0" (x), 0" (z)) (1)

with z € I = [a,b], f: I x (C(I))*> x R? = R a L'— Carathéodory function and the
nonlinear functional boundary conditions

Lo (u, v/, v u(a
Ly (u, v/ v u (a
Lo (u, v/ u” u” (a) ,u"" ( ,
Ls (u,w',u” ,u” (b) ,u"" (b)) 0,

where L;, i = 0,1,2,3, are continuous functions satisfying some monotonicity as-
sumptions to be defined later.

)

’ (2)
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This type of higher order functional boundary value problems has been recently
studied in several works such that [3, 4], for third order and [2, 7], to fourth order
problems. However, to the best of our knowledge, this is the first time where the
functional dependence on the unknown function and its first derivative, is allowed,
not only in the nonlinearity f, but also in the boundary functions Lg, L1, Lo and
L3. In this sense, this paper improves the results existent in the literature related
to fourth order functional problems and it generalizes, also, boundary value prob-
lems with several types of differential equations, such as, delay equations, integro-
differential or equations with maxima arguments, and many different boundary
conditions, like Lidstone, separated, multipoint or nonlocal conditions, among oth-
ers. As example, we refer the papers [1, 8, 11, 13, 14, 16, 17, 18, 19]. A detailed
list about the potentialities and some applications of functional boundary value
problems can be seen in [7].

The method used in this paper follows standard arguments in lower and upper
solutions technique, as it was suggested, for instance, in [5, 9, 12]. It is also pointed
out that this work makes use of a different technique of lower and upper solutions,
which allows two features, not covered by the existent results:

e lower and upper functions can be considered with second order derivatives well
ordered, but with the first derivative and/or the functions not ordered (see
Definition 2.1). In this case, the main theorem (Theorem 3.2), that coincides
with the classical theory if lower and upper solutions, and the corresponding
derivatives, are “well ordered”, gives the existence and the location of the
solution u, and of v/, in regions limited by a pair of functions that are obtained
by translations of the initial lower and upper solutions. Therefore the set of
admissible functions to be considered as lower and upper is hugely generalized.

e 10 monotone-type conditions are assumed on the nonlinearity f.

The last section contains, as example, a functional boundary value problem where
differential equation and boundary conditions have both functional dependence,
which could not be solved by the existent theory. In fact it includes an integro-
differential equation and existence and location results are obtained in presence of
non-ordered lower and upper solutions and the corresponding first derivatives.

2. Definitions and auxiliary results. In this section it will be introduced the
notations and definitions needed forward together with some auxiliary functions
useful to construct some ordered functions on the basis of the not necessarily ordered
lower and upper solutions of the referred problem.

A Nagumo-type growth condition, assumed on the nonlinear part, will be an
important tool to set an a priori bound for the third derivative of the corresponding
solutions.

In the following, W*1(I) denotes the usual Sobolev space in I, that is, the
subset of C3(I) functions, whose third derivative is absolutely continuous in I and
the fourth derivative belongs to L!(1).

The nonlinear part f will be a locally L'—bounded Carathéodory function, in
the following standard sense:

f(z,-,-,+,-) is continuous in (C(I))2 x R? for a.e. o € I; f(-,n,&,90,71) is
measurable for all (1,&,y0,51) € (C(I))* x R%; and for every R > 0 there exists
Y € LY(I) and a null measure set N C I such that |f(z,n,&,90,v1)| < ¥(x) for all

(x?n7£7y0>y1) € (I\N> X (C(I))2 X RQ with H(nafay()»yl)noo < R.
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The functions L;, ¢ = 0,1,2,3, considered in boundary conditions, must verify
the following monotonicity properties:

(Ho) Lo, Ly : (C(I))> x R — R are continuous functions, nondecreasing in first,
second and third variables;

(Hy) Ly : (C(I))* xR% — R is a continuous function, nondecreasing in first, second,
third and fifth variables;

(Hy) Ls: (C(I))* xR2 — R is a continuous function, nondecreasing in first, second
and third variables and nonincreasing in the fifth one.

The main tool to obtain the location part is the upper and lower solutions
method. However, in this case, they must be defined as a pair, which means that
it is not possible to define them independently from each other. Moreover, it is
pointed out that lower and upper functions, and the correspondent first derivatives,
are not necessarily ordered.

To introduce “some order”, it must be defined the following auxiliary functions:

For any a, B € W*! (I) define functions oy, B; : I — R, i = 0,1, as it follows:

@) = min {o (@), 5 (@)} + /Ia”<s>ds, 3)
file) = max (@) 8 @)+ [ 870 4)
afe) = min {ala), (>}+/ a1 (s) ds, (5)
fole) = max {a@) @)+ [ puls (©)

Definition 2.1. The functions o, 3 € W1 (I) are a pair of lower and upper so-
lutions for problem (1) — ( ) if o/ < B”, on I, and the following conditions are

satisfied: For all ( w) € A := [ag, Bo] X [a1, 1], the following inequalities hold:
(Jc)>f(wioz o (x)), fora. e. z €1, (7)
B(“’) () < f(z,v,w,8",8" (x)), for a. e. z € I, (8)

) Lo (Bo, B1, 8", Bo (a))

)) Ll (507ﬂ175/,7ﬂ1 (a)) (9)
L (ag, 01, 0" o () " (a)) 2 (Bo, B1, 8", 8" (a), 8" (a))

Lg (Oéo,OéhOz o ( ) ///( )) LS (BOaﬁl»BN7BH( )7 / ( ))

The Nagumo-type condition is given by next definition:

Definition 2.2. Consider T;, 7; € L*(I), i = 0,1,2, such that v; (z) < T (z),
V x € I, and the set

o { (2,20, 21,y2,y3) € I x (C(I))* xR2: 7o (x) < 2 (x) < T (), }
M (2) < z1(x) <Ti(z), o' (2) <yo < p7(2)
A function f: I x (C(I))? x R2 — R is said to verify a Nagumo-type condition
in E if there exists ¢ € C ([0, 4+00), (0,+c0)) such that

Lo (ap, a1,0” a0 (a
L, (040701,04 yaq (a
(a

o O oo

VIV IV IV
VIV IV IV

|f(xay07y1ay27y3)| éQOE(|y3|)7 (10)
for every (xay07ylay27y3) € Ea and

+oo t .
/r o5 @) —dt > rgrcleaxI‘Q (z) — min 7, (x), (11)
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where r > 0 is given by

ri= max{r2 (b) =72 (a) T2(a) =7 (b)}

b—a ’ b—a

Next result gives an a priori estimate for the third derivative of all possible
solutions of (1).

Lemma 2.3. There exists R > 0 such that for every L'— Carathéodory function
f:Ix(C(I)?*xR2 = R satisfying (10) and (11) and every solution u of (1) such
that

yi (z) <u' (z) <Ty(x), Vael, (12)

for i =10,1,2, we have |[u""|| < R. Moreover the constant R depends only on the
functions ¢ and v;, Ty (i =0, 1, 2) and not on the boundary conditions.

Proof. The proof is similar to [3, Lemma 2.1]. O

3. Existence and location result. In this section it is provided an existence and
location theorem for the problem (1) — (2). More precisely, sufficient conditions are
given for, not only the existence of a solution u, but also to have information about
the location of u, v, v” and u'”’.

The arguments of the proof require the following lemma, given on [15, Lemma
2]:

Lemma 3.1. For z,w € CY(I) such that z(z) < w(x), for every x € I, define
q(z,u) = maz{z(z), min{u, w(z)}}.
Then, for each u € C1(I) the neat two properties hold:

(a) diq(x,u(x)) exists for a.e. x € I.
x
(b) If u,uy, € CYHI) and u,, — u in C1(I) then

d d
%q(x,um(z)) — %q(z,u(x)) forae xzel.

Now, we are in a position to prove the main result of this paper.

Theorem 3.2. Assume that there exists a pair («, ) of lower and upper solutions
of problem (1) — (2), such that conditions (Hy), (Hy1) and (Hz) hold.

Iff:1x(C (I))2 x R? = R is a L'— Carathéodory function, satisfying a Nagumo-
type condition in

E. — { (, 20, 21,Y2,53) € 1 x (C(I))* x R? : ag (x) < 20 (z) < o (2) , }
" ay () < z1(x) < B (2), o(x) < y2 < B"(2) ’

then problem (1) — (2) has at least one solution u such that
ag (z) Su(x) < fo(x), o) <d () <pi(x), o (z) <u’ () <" (2),
for every x € I, and |u"" (z)| < K, Y x € I, where

K =max{R,|a" (2)].|8" («)]} (13)

and R > 0 is given by Lemma 2.3 referred to the set Fi.
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Proof. Define the continuous functions
0i (x,y;) = max{q; (z),min{y;, B; (z)}}, fori=0,1, (14)
92 (z,32) = max{a” (z),min{yz, f” (2)}}
and
q(z) = max{—K,min{z, K}} for all z € R.
Consider the modified problem composed by the equation
W (@) = £ (.60 (o) 1 () B @) o (1 Ga @) ) (19

and the boundary conditions

u(a) = do(a,u(a)+ Lo (u, v, u" u(a))),

u'(a) = 61 (a,u (a) + Ly (u, v, u” v (a))), (16)
u”(a) = 02(a,u” (a) + Lo (u, v, u" u” (a) ,u" (a))),

u” (b) = o (byu” (b) + Lz (u, v, u”’,u” (b) ,u/" (b)) .

The proof will be proved by following several steps:

Step 1 - Every solution u of problem (15) — (16), satisfies o' (x) < u” (z) <
B (x), a1 (z) <u' (z) < B1(2), ap (z) <u(z) < Bo(z) and v ()] < K, for every
x € I, with K > 0 given in (13).

Let u be a solution of the modified problem (15) — (16). Assume, by contradiction,
that there exists x € I such that o’ (z) > u” (z) and let xy € I be such that

mi? (u—a)" (2) = (u—a)’ (z) <0.
zTE
As, by (16), v (a) > " (a) and u” (b) > " (b), then ¢ € (a,b). So, there is
(z1,72) C (a,b) such that zg € (z1,z2) and
u”’ (r) < o’ (x),Va € (x1,22), (u—0a)’ (1) =(u—a)’ (z2) =0. (17)

Therefore, for all € (x1,x2) it is satisfied that o (z,v” (z)) = o (x) and
L5y (2,u" (2)) = /' (x). Now, since for all u € C*(I) we have that (6o (-, u),d
(-,u")) € A, we deduce

W @) = 1 (0 () 8y () ) (5 G2 @) )

f (00 (u), 01 ('), o (z), " (x)) < o™ (z), for ae. x €

(xla x2)'

In consequence we deduce that function (v — ) is monotone nonincreasing on
the interval (x1,x2). From the fact that (v — )" (z¢) = 0, we know that (u — «)”
is monotone nonincreasing too on (xg,x2), which contradicts the definitions of xq
and xs.

The inequality «”’(z) < 8”(z) in I, can be proved in same way and, so,

o’ (z) <u"(z) <p"(z), Vo el (18)

By (16) and (3), the following inequalities hold for every x € I,

u (z) = u’(a)-i—/:u"(s)ds

> i (a)+ /f a” (s)ds =min {a’(a),B (a)} + / o’ (s)ds =y (x).

Analogously, it can be obtained v’ (x) < Sy (), for all z € T.
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On the other hand, by using (16), (5) and (6), the following inequalities are
fulfilled:

u(z) > ozo(a)—i-/zal(s)ds:min {a(a),ﬂ(a)}—i—/xoq(s)ds:ao(a:).

The inequality u (z) < By (z) for every z € I is deduced in the same way.

Applying previous bounds in Lemma 2.3, for K given by (13), it is obtained the
a priori bound |u"’ (x)| < K, for € I. For details, see [3, Lemma 2.1].

Step 2 - Problem (15) — (16) has at least one solution.

For X € [0,1] let us consider the homotopic problem given by

, d
) (0) = A7 (.60 (.0 61 ) o) (5 (o @) ) ) 19
and the boundary conditions
u(a) = Ao (a,u (a) + Lo (u, v/, v, u(a))) = ALy,
u (a) = A1 (a, v (a) + Ly (u, v/, u” u/ (a
u” (a) = Aa (a,v” (a) + Lo (u, v/, v’ u” (a) ,u" (a))) = ALc¢,
u” (b)) = Ao (b,u” (b) + Lg (u, v, u” v (

u
Let us consider the norms in C3 (I) and in L' (I) x R*, respectively,

Ivllgs = max {[v]log s 11" lloo » 10" loo 0" oo }

and
|(hs by, ho, hgs ha)| = max {[|A]| L1, max {[ha], o, [hs], |hal}} -
Define the operators £ : W41 (I) c C3(I) — L (I) x R* by

Lu(z) = (u(“’) (z),u(a),u (a),u” (a),u” (b)) , xz€el,
and, for A € [0,1], Ny : C3(I) — L*(I) x R* by

N)\u (J?) _ < )\f ($,50 (,U) ) 61 (,u')[,/fi ‘(L.%B;j_l,géx’)l)/;q (dilm (52 ($,’u” (.’E))))) , )

Since Lo, L1, Lo and L3 are continuous and f is a L'— Carathéodory func-
tion, then, from Lemma 3.1, N, is continuous (see [6, Theorem 3.5] for details).
Moreover, as £~ ! is compact, it can be defined the completely continuous operator
Tr:C3(I) = C3(I) by Tau = L7IN (u). It is obvious that the fixed points of op-
erator 7, coincide with the solutions of problem (19) — (20). As Nu is bounded in
L' (I) x R* and uniformly bounded in C3 (I), we have that any solution of the prob-
lem (19 ) - (20), verifies the following a priori bound [Jul|cs < ||£7H| [Ma (u)] < K,
for some K > 0 independent of \.

In the set Q = {u € C3(I) : |Jul| s < K + 1} the degree d(Z — T,€,0) is well
defined for every A € [0, 1] and, by the invariance under homotopy, d (Z — 7o, 2,0) =
d(Z-"T1,9,0).

As the equation x = T (x) is equivalent to the problem

W (@) =0, wel, ula)=d (a)=u"(a) =" (b) =0,

which has only the trivial solution, then d (Z — 7, 2,0) = £1. So by degree theory,
the equation z = T (x) has at least one solution, that is, the problem (15) — (16)
has at least one solution in 2.

Step 3 - Every solution u of problem (15) — (16) is a solution of (1) — (2).
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Let u be a solution of the modified problem (15) — (16). By previous steps,
function w fulfills equation (1). So, it will be enough to prove the following four
inequalities:

Qp (a’) S u (a) + LO (U7 ul7 uNa u (a’)) S 50 (a) )
a (a) < u (a) + Ly (u, v/, u” v/ (a)) < b1 (a),
a// (a) S u// (a) + L2 (u’ ul7u//’u// (a) 7u/// (a)) S B// (a) ,
o (b) < W’ (b) + Ls (u, v/, u” ,u” (b),u (b)) < B”(b).
Assume that
u(a) + Lo (u,u',u”,u(a)) > By (a). (21)

Then, by (16), u(a) = 5o (a) and, by (Hp) and previous steps, it is obtained the
following contradiction with (21):

u(a) + Lo (u,u',u”,u(a)) < Bo (a) + Lo (Bo, 1, 8", o (a)) < Bo (a) .
Applying similar arguments it can be proved that ag(a) < u (a)+ Lo (u, v, u”,u (a))

and oy (a) < u' (a)+ Ly (u,w',u” 4 (a)) < B (a) . For the third case assume, again
by contradiction, that

u” (a) + Lo (u, v/, v u" (a) , v (a)) > B (a). (22)

By (16), v” (a) = 8" (a) and, as v’ < 8" in I, then v’ (a) < 8" (a) and, by (H;)
and (9), it is achieved this contradiction with (22):

u/l (a)+L2 (u7u/,u/l’u// (a)7u//l (a)) S /B// (a)+L2 (/807517/3//7ﬂ” (a),B”I (a))
< B"(a).
The same technique yields the two last inequalities. O

As a corollary of the previous existence and location theorem, we deduce the
following result for multipoint boundary value problems.

Corollary 1. Assume that there exist o, 3 € W*(I) satisfying the following
inequalities:

o(z) < B'(x), forallzel,
™) () — f (z,v,w,a" (x), " (x)) > 0> B (z) — f (z,v,w,B" (), " (x))

fora. e. x €I and all (v,w) € A,

IN

o (a)

0 0 0
my my M3
Y oalao(€)+ Y blan(pd) + Y fa" (),
=1 i=1 =1

mé
ci o' (G}),
1

ml ml
ar(a) < Y ajag(€))+ ) bion(p)) +
i=1 =1

1=
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a’(a) < Za ao(&) + Y bl en(p) + D¢ a”((F) + ca”(a),
i=1 =1

a’ () < Za (&) —I—Zb?’al o2 +Zc o(¢2) —da" (b),

Bo(a) > Za? Bo(&)) + Zb? Bi(p?) + Zc? B8"(¢))

m3

pr(a) = Za150 Zblﬂl pi +2015”

Z a; Bo(&7) + Z b; B1(p}) + Zc? B"(¢F) + ¢ 8" (a),

,8// (a) Z
=1 =1 =1
m? m3 m
B () > Y alBo(€))+ D BB+ >l B(¢E) —dB”(b),
i=1 =1 1=1
withmieNfork:LQ,S and j = 0,1,2,3, a < & <& < <£j <b, a <

(3

p{<p§<...<p;j gb,aSC{<C§<...<§;. <b, and ¢, d, al, b andd non-
negative constants.k

If f is a L'—Carathéodory function, satisfying a Nagumo-type condition in E,,
then problem

u (@) = (@ @), (@) fora. e vel,

u(a) = Y alu(@)+ Y u'(p)) + ) elu"((),
i=1 i=1 i=1
m ™y m3

W (a) = Y ajul€l)+ Y bid(pl) + Y el u"(¢),
i=1 i=1 i=1

m? m2 m2
ua) = Y aiul€) + )b () + Y () + e (a),
=1 i=1 i=1

mi m3 m3
W) = D adu(ed)+ Y b (pf) + Y Fu(() — du(b).
=1 i=1 i=1

has at least one solution u such that ap(z) < u(x) < By(x), a1 (z) < v (z) <
By (x), o” (x) < (x) < B" (), for cvery z € I.

Proof. The proof is a direct consequence of Theorem 3.2. In this case it is enough
to define the following functions:

Tﬂl

Lo(u,v,w,2z) = fz+Za u(€Y) JerO v(p? Jch w(¢?),
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ml m ms
Li(u,v,w,2) = —z4+» aju(])+Y bivlp})+ > clw((}),
=1 =1 =1
’ITL2 m2 m2
1 2 3
Lo(uw,v,w,2,p) = —z+ Y alu(€)+ Y bio(pl)+ > w(C)+ep,
i=1 =1 =1
m3 m3 md
Ly(u,v,w,2,p) = —z+»_ alu()+ Y _ blo(p})+>_ w(cf)—dp.
i=1 i=1 i=1

O

4. Example. This section contains a functional problem composed by an integro-
differential equation with functional boundary conditions, which solvability is proved
in presence of non-ordered lower and upper solutions. We remark that such fact
was not possible with the results in the current literature. This example does not
model any particular problem arising in real phenomena. Our purpose consists on
emphasize the powerful of the developed theory in this paper by showing what kind
of problems we can deal with.
Consider, for = € [0, 1], the fourth order equation

u“”)Cr)::]ﬁIU(S)ds4-;g£§]{“/($)}4-2u”($)-(UW($)4‘1)§» (23)

coupled with the boundary value conditions

i a;u(E,) + i by ' (;) + nu(0) = 0,

: / 1 _ ’ _
xrél[%ﬁ]u(x) + xren[(l)]fll]u () + xrg[%ﬁ]u (x) — 114/(0) = 0, (24)

fol u(s)ds — 3u”(0) =0, m{g)i]u(x) —2u"(1) =0,
xe|0,

o] (o]
with 0 <&, <1,i €N, > a;, Y. b; are nonnegative series convergent to a and b,

=1 =1
respectively, and n < —3a — 13—0b < 0. Considering as auxiliary functions
1 3
oy () = —20—-, ao(z) = —xQ—E—f,
1 2 T 2 3 4
pi(x) = 2$+§» Bo(z) = $2+§+Z7
one can verify that functions o (z) = —2? + %2 + 3 and 8 (z) = 2% — £ — 2 are,

respectively, lower and upper solutions for the problem (23) — (24), with

@l

f@wumm)=/ﬁwm+mwwm»mmw—%w+n,
0 z€[0,1]

Lo(21,22,23,21) = Y a;izi(§)+ Y biza(s)+n 2,
i=1

i=1
Ly (z1,29,23,24) = max z; + min 25 + max z3 — 11 24,
z€[0,1] xz€[0,1] z€[0,1]

1
L2 (Zl, 294,23, 24, 25) = / Z1 (S) ds — 3 Z4, L3 (Zl, 294,23, 24, 2’5) = Iél[%)i]zl -2 Z4.
0 z )
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As f is continuous and satisfies (10) and (11) for o, (y3) = & + (y3 + 1)% in
2= § -3 <y <P+ 5+ ]

2
E, = (x7y05y17y2ay3)€[071]XR4: *2$*§§y1§2$+% )
—2<y2<2
by Theorem 3.2, there is a nontrivial solution u for problem (23) — (24) such that
3 3 1 1
_”32_3_& <u(z) < x2—|—g—|—1, —23@—5 < (z) < 2:1:—!—57 —2<u’(x) <2,
for all z € [0,1].
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