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ABSTRACT

The classical Optimal Age-Replacement defines thaintenance strategy based on the
equipment failure consequences. For severe congseggsiean early equipment replacement is
recommended. For minor consequences the repairfafiigre is proposed. One way of reducing the
failure consequences is the use of redundancipsciadly if the equipment failure rate is decregsin
over time, since in this case the preventive repteent does not reduce the risk of failure.

The estimation of an active component redundanayegeis very important in order to
minimize the life-cycle cost. If it is possible toake these estimations in the early phase of system
design, the implementation is easier and the apatidin faster.

This work proposes an adaptation of the Optimal -Rgplacement method in order to
simultaneously optimize the equipment redundancation and the maintenance plan. The main
goal is to provide a simple methodology, requiting fewer data possible.

A set of examples are presented illustrating th& methodology covers a wide variety of
operating conditions. The optimization of the numbé repairs between each replacement, in the
cases of imperfect repairs, is another featuraisfrhethodology.

KEYWORDS: redundancy; age-replacement; maintenance strdtiggycle cost.

1 INTRODUCTION

The classical Optimal Age-Replacement defines th@ntanance strategy based on the
equipment failure consequences, as function ofathére rate variation over the operating time. The
consequences of a failure are measured by theratliffe between the cost of repair, before the
occurrence of failure and the cost of repair atéailure in service. For severe consequencestin ea
equipment replacement is recommended. For minagemprences the repair after failure is proposed.

One method of reducing the failure consequencéy isicreasing the system reliability. This
can be achieved by using more reliable componéntsising the components just when their failure
rates are minimal or by the use of redundanciesik&the first two strategies, which lead to small
system reliability increases, the use of redundenprovides an exponential growth. Therefore, when
the consequences of failure are relevant, it isessary to examine the pertinence of using
redundancy.
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The estimation of an active component redundanayedeis very important in order to
minimize the life-cycle cost. If it is possible toake these estimations in the early phase of system
design, the implementation is easier and the apratidin faster.

This work proposes an adaptation of the Optimal -Rgplacement method, in order to
simultaneously optimize the equipment redundantcation and the maintenance plan. The main
goal is to provide a simple methodology, requiting fewer data possible.

Because reliability gains are difficult to accedsew using standby redundancy, since a large
guantity of data about equipment performance dwvetitne is necessary, which is very hard to get in
the early phase of system design, the applicatiostandby redundancy is not covered by this
approach.

2 MATHEMATICAL FORMULATION

For a redundant system afequal equipment operating simultaneously and iallgd the
system probability of failure functidfs(t), the system reliability functioRg(t), and the system failure
probability density functiorfs(t), are obtained from the correspondent equipmeiatbitity functions

by:

Fs()=F(t)" @
Rs(t)=1-F(1)° (2)
fo(t) = dFSt Ym0 3)

Wheref(t) andF(t) are the failure probability density and probapifunctions for each equipment.
The basis for the development of this work is thellAknown Optimal Age-Replacement
formula of Jardine /7./ (also considered in/19.£)/ which for only one equipment is given by:

C,xR{t)* G x[1- R 1] @

t

t, xR(t,) + j tx F(f)dt

C(t,) =

where:C(t,) — Total expected replacement cost per unit of.time
t,- Preventive replacement age.
C, — Cost of a preventive replacement.
C; — Cost of a failure replacement.

The operation time, can be exchanged by other swunimit: cycles, energy consumption,
production units, etc.

Let C, denote the equipment acquisition cost includingha fixed costs that result from the
possession of an equipment: purchase price, opgragrmits, space, etc. For a system the total
acquisition cost is:

C, =nxC,

As

(5)

Similarly, for n equipment the system expected preventive replatienwst per replacement
cycle is:

EC, (1,)=C, x R( 1) = cpx[l— A t) } (6)
The preventive replacement cost is the averagewadse due to repairing a defect prior to

failure occurrence, including all materials anddabcosts. At the preventive replacement age,fall o
then equipments are replaced.
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The system expected failure replacement cost péxaement cycle is:

EC, ()= G R(t) =[ &+ Gx (1) ]« A t) @

The system failure replacement cost is the summapooent failure replacement cost, with
(n-1) components preventive replacement costs. Itsaraed that the equipment is visited only when
the time for preventive repair arrives, therefaris time to make repairs in all working equipmant
the possible failures are also detected only attilrie. The failure repair costs are the averagesauf
in service failure occurrence, includes all costsrhaterials, labour loss of production, loss ocaga,
etc.

The mean time of good operation, dend¥0GG, is the expected length of a good operation
cycle. It is a function given by summing the equgmn operating time, with the already failed
equipment mean time of operation:

MTGQ(t,) = tx Ry t)+ J' tx f{ ) d ®)

The MTGQ(+ ) corresponds to th TBF - Mean Time Between Failures.
Similar to Eq.(4) above, the system total expeotgthcement cost per unit of time is:

C., +EG,, () *EC, () _ G+ G xR(4)* G H
MTGOs(tp) ths(t p)+t'ft>< o (t)dt

Cs(ty) = (9)

The preventive replacement timeand the number of equipmentthat minimize Eq. (9) are
the optimal replacement age and redundancy.

Please note that the cost values considered muslids=n with caution, because all the costs
that are proportional to the operation time caméglected, since their induced costs per unit tnee
constants, which are process or equipment depermidygf and do not influence thg or the
redundancy.

In the Eq.(9) it is assumed that any repair is guyfin the sense that it is assumed that the
component returns to an as good as new conditioerefore the failure probability function is always
the same. However, Eq.(9) can be generalized todke of non-prefect repairs or different costs per
repair, by considering different functions of religy before and after each repair, and differensts.

In this case, between each replacement, therdwvilinperfect repairs, where each can have different
costs and failure rates. Therefore, the systenh éxjaected repair cost per unit of time, is now the
ratio between the sum of the costs and the sulmecdperation times of each one of these operations:

ey 3G xR(4)+ 0 R4

Cs(t,) X
ZMTGOSi(tpi)

p

(10)

Wherefp — Vector of preventive repair ages
k — Number of preventive repaits-{ imperfect repairs andone perfect repair).

Note that at the optimal™kpreventive repair, the equipment will be repladestead of
repaired, since the k+1 intervention will have gh@r cost, because it is not the optimal. Therefore
between the optimal k preventive repairs there lvgleffectively only k-1 imperfect repairs.

The local minimums of Eq.(10) give, for each redamayn, the optimal preventive repair ages
for each operation,t(note that after repair i time is reset to 0). Thebal minimum corresponds to
the optimal redundanayand the correspondirig, with lower cost.
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3 NUMERICAL IMPLEMENTATION

The presented methodology allows the use of angnpetric or nonparametric probability
distribution. However, in the examples shown belbes/Weibull probability function is used, because
of its simplicity and the possibility to have inasing and decreasing failure rates. In practioe, th
probability function that best fits the equipmeatldre times should be selected. In the presence of
experimental data, a first good option for a pralistlc model is to consider the adjustment to a
Weibull distribution by parametric estimation, besa of its flexibility.

_[1 g

R(Hh=e ”j (12)

F(t)=1-R(t) (12)
g1 (tf

f(t) = § ij "o (13)

Where:

A - is a scale parameter (sometimes termed chaisiidife)
B - is a shape parameter (associated with the \@ariaf the failure rates).

The computation process is easily implemented meagfsheet software, providing a quick,
cheap and standard way of using it and integraitingith other maintenance software. Only the
numerical integration for calculating the mean tiofegood operatioMTGQ(t) can involve some
programming depending on the accuracy required.fdll@ving examples were all generated using a
spreadsheet implementation, however any other mmattieal software can be used.

4 EXAMPLES AND DISCUSSION

For simplification, in the next examples all thestsoand times were nondimensionalised, by
taking the preventive repair cost to Gg=1 monetary unit and the characteristic life of theibull
modelA=1 time unit.

The results of the optimal values for operation @resented in tables. Each table is built for
one type of equipment and each type of equipmectiasacterized by the acquisition c@ztand the
Weibull shape parametgf. Depending on the equipment operating conditidreset are different
failure repair costs. The best degree of redundéorogach situation (column presented in boldhés t
one which presents the minimum value of the systetal expected repair cost per unit of time
C(tp)(represented by the underlined value).

For each equipment operating condition, the valfesptimal preventive repair agg, the
correspondent percentage of failure regdiy), mean time of good operatidd TGOs(t,) and the
system total expected cost of a run-to-failure sleoC(+«), are also presented.

4.1 Example 1: Low-priced equipment (G=C,=1) with =2 (increasing failure rate)

Consider a system with low-priced components withee acquisition cost is equal to the
preventive replacement cost and the failure ratesease. For the failure repair cos80C,, 18C,,
6Cp, 3C,, the best redundancy configuration is analysedguiig. (9) and the results presented in
Table 1.
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Table 1: Optimal values of operation fox<C,=1 andB=2.

C
100G, 18G, 6C, 3G,
n=4 n=3 n=2 n=2 n=1 n=2 n=1 n=1

t, - Optimal preventive |  gor 0508 0358 | 0,599 0,346 | 0917 0,654 | 1,091
repair time  A]

Ct) [G /] 14,48 14,10 1522 | 945 11,78 6,67 6,54 | 4,36

Run-to-failure cost

77,06 81,37 89,89 1833 21,44 | 78 790 | 451
Cl+xo) [G/A]

Flt) 34.9% 24.3% 12.0%|302% 11,3% | 56.9% 34.8% | 69,6%
[%Failure repair]
MTGOst) P 0654 0527 0357| 0587 0333 | 0843 0572 | 0.777

It can be seen from Table 1 that for very smallfai replacement cost€£3C,) the expected
run-to-failure cost is only slightly higher thanettoptimal cost with preventive replacement. The
optimal preventive repair timel914) and the optimum percentage of failuré¢t)=69,6%
(equipment that fail before being preventively eggd), are relatively high.

Without the use of redundancy, n=1, as the cosfailfre increase, the percentage of failures
and optimal time of preventive replacements deergasckly.

The use of @=2 redundancy is only useful for failure repair co§ie7C, and an=3
redundancy only compensates @»36C,.

Therefore the redundancy can increase the optireakptive replacement time and the optimal
percentage of failures, without increasing the £ost

4.2 Example 2: Low-priced equipment (G,=C,=1) with B=0,9 (decreasing failure rate)

Consider now the system from Example 1 but withrei@ging failure rates. The results from
Eq.(9) are presented in Table 2.

Table 2: Optimal values of operation fox<C,=1 andB=0,9.
C
100C, 18C, 6Cp 3G,
n=9 n=8 n=7 n=5 n=4 n=3 n=2 n=2

- Optimal preventive) 4 543 1219 1,081| 2072 1,771 | 40 4o | 4
repair time 4]

Ct)  [Cp/A] 17,86 17,86 18,03| 1012 1031| 548 556 | 3,71

Run-to-failure cost

36,44 37,42 38,70| 10,62 10,86 | 548 556 | 3,71
C+x)  [Cp /] &

Flt) 72,9% 69,7% 65,8%| 854% 81,2%| 100% 100% | 100%
[%Failure repair]

MTGOt) [ | 1,329 1,205 1,070| 1,753 1,494 | 2,006 1,617 | 1617

For the case of decreasing failure rate, the ecermpribecomes more reliable with the age.
Therefore, preventive replacements are not recordetkssince they increase the equipment failure
probability. The “as good as new” state is the weitiation in terms of reliability. In this cashe
optimal time of preventive repair only makes sewken we have redundancies, and this maintenance
operation is just an inspection to substitute #iked components. For this situation the run-tbsfei
strategy becomes convenient, whenever no redundsmsgd and for small failure repair cdSts12.
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Comparing Table 1 and Table 2 it is observed thatdptimum degree of redundancy, the
optimal preventive replacement time and the mininoasts are higher for decreasing failure rates.

4.3 Example 3: Medium-priced equipment (G,=5C,=5) with =2 (increasing failure rate)

Let's assume a 5 times increase in the acquistost and a duplication on the failure costs for
the system from Example 1. Table 3 is obtainethig dituation.

Table 3: Optimal values of operation fox<5C,=5 andB=2.

C
200C, 36C, 12C, 6C,
n=4 n=3 n=2 n=2 n=1 n=2 n=1 n=1

tp - Optimal preventive| 701 0573 0400 | 0675 0420 | 1,042 0774 | 1,219
repair time  }]

Clt) [Co/\] 40,81 39,16 41,06 | 2550 29,40 | 18,29 17.02 | 12,17

Run-to-failure cost | 155 60 16817 184,15| 41,02 46,26 | 2007 19,18 | 12,41
C+) [Cp/]

[%Faiﬁj(rtg)repair] 38,8% 28,0% 14,8%36,6% 16,2% | 66,2% 45,1% | 77,4%
MTGOS(t)[A] 0,699 0,571 0,398 | 0,655 0,397 | 0,920 0,644 | 0,811

Comparing Table 3 with Table 1, it is verified thidte duplication on the failure costs
compensates the 5 times increase in the acquisttist in the optimal degree of redundancy,
suggesting only a small increase in the optimavgméve repair time. As expected, more expensive
equipment imply less redundancy and require a longebetween preventive replacements.

4.4 Example 4: High-priced equipment (G=20C,=20) with increasing preventive repairs costs

This example assumes perfect repi(ts=f(t), but considers the increase of the preventivairep
cost with the number of repai@s=Cpxd". In this case, the system total expected repairmer unit
of time must be calculated by Eq. (10). Consideeg@uipment for which the acquisition cost is 20etim
the cost of preventive repaiC{=20C,=20) and whose failure rate follows the Weibull moa¢él
increasing ris5=2). In table 4 are presented the results for eaehobrthe optimal preventive repair
times, of a redundant system with 3 equipment oipgrasimultaneously in parallel, with a
(C=100C,=100) failure repair cost and a successive 50% increetbe preventive repairs costs.

Table 4: Values of optimal operation fo€20xG=20,3=2, G=100, n=3 and~=1,5.
Repair i=1 i=2 i=3 i=4 i=5 i=6 i=7 i=8
t, — Optimal preventive

0,911 0,778 0,728 0,706 0,696 0,706 0,728 0,767
repair time  }]

St D 0,911 1,689 2,417 3,123 3,819 4,525 5,253 6,020
C(f,) [G/A] 91,71 57,40 4567 40,47 38,51 38,84 41,24 4586

Run-to-failure cost
C(T, It] =) [G/A]
F(t,)
[YoFailure repair]
YMTGOs(t,) [ 0,880 1,646 2,365 3,064 3,754 4,453 5,172 5,927

125,54 84,64 67,76 58,75 53,76 51,50 51,49 53,76

56,4% 454% 41,1% 39,3% 38,4% 39,3% 41,1% 44,5%
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Table 4 indicates that for archiving the minimunsteyn total expected repair cost per unit of
time of 38,51 Cpl, thek=5 preventive repairs have to be performed at thes a§6,911, 1,689,
2,417 and3,123,, and0,696. after the fourth preventive repak-{ imperfect repairs) it is better to
replace the system for a new one, instead of exerde fifth repair which would co$,0625G
(1,5'xCp) instead of just Cp. Note that the optimal k* im.@0) corresponds to havind-{)
imperfect repairs and a substitutiorkasincek+1 interventions will be suboptimal.

The values in Table 4 are not the global minimusitsse the number of redundanciesas not
optimized, as Figure 1 below will also indicate. Table 5 the number of redundancies is also
optimized and it is found that the global minimupstfor 100Cpcorresponds to=2 redundancies
andk*=5 preventive repairsk(1=4 imperfect repairs ank=5 is a replacement). Additional optimal
values are presented for otitp.

Table 5: Values of optimal operation fog€20xG=20,3=2 anda=1,5.

C
200G, 100G, 36G 18G,
n=3 n=5 n=4 n=3 n=2 n=1 n=2 n=1
k*=5 k*=5 k*=5 k*=5 k*=5 k*=6 k*=5 *=+ 00

t" - Optimal preventive
P o 0,595| 0,931 0,826 0,696 0,524 0,292 | 0,755 >5
repair time A]
C(t,) [G/N 4429 | 44,47 41,15 3851 3835 53,92| 2840 | <21
Run-to-failure cost

C(f, ItV =) [G/N | 8495
F(t))
[Y%Failure repair]
YMTGOs(t,,)[N] 3,209 | 4,919 4,406 3,754 2,869 1,912| 3,935 | +w

56,33 54,38 53,76 57,04 74,75| 31,40 | <21

29,8% | 58,0% 49,5% 38,4% 24,0% 8,2% | 43,5% | 100%

The system total expected repair cost per unitnoé for a range of redundancy frams1 to
n=5 and for a set of more than 10 successive repdinsincreasing costs, is presented in Figure 1.

4.5 Example 5: High-priced equipment (G=20C,=20) with increasing failure rates.

In this example it is analyzed the introductionimiperfect repaird;(t)£f(t). Comparing to
Example 4, now the Weibull scale parameter is sssieely decreasing with each repair according to
A= Al€™. Using Eq.(10), Table 6 presents results for eawhof the optimal preventive repair times,
of a redundant system of 3 equipment operating Isameously and in parallel, with a
(C=100G,=100) failure repair cost and a successive decreaditiged/NVeibull scale parameter.

Table 6: Values of optimal operation for Ac=20xP842=2, Fc=100, K=3 and=1,3.

Repair i=2 i=3 i=4 i=5 i=6 i=7 i=8 i=9
t, — Optimal preventive

o 0,595 0,425 0,311 0,230 0,173 0,131 0,099 0,075
repair time  }]

Xty R 1,505 1,930 2,241 2,471 2,645 2,775 2,874 2,949
C(t,) [G/A] 62,23 52,30 47,62 45,17 43,87 43,26 43,09 43,21

Run-to-failure cost

C(i, It =) [G]

F i
_ (t) , 42,47% 35,66% 30,77% 27,10% 24,41% 21,95% 19,97% 18,15%
[YoFailure repair]

95,54 84,30 78,75 7580 74,25 73,53 73,34 73,51
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YMTGOs(f,) R 1,467 1,889 2,198 2,428 2,601 2,731 2,830 2,905

Total Cost per Time (C,=20, C;=100)
C(t) [Pc/A]
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Figure 1: Graph with £=20xG=20,3=2, C;=100C, ando=1,5.

In Figure 2 are presented the system total expeeteair cost per unit of time for a range of
redundancy frorm=1 to n=5 and for a set of more than 10 successive repaitls successive
decreasing of the Weibull scale parameter.

Total Cost per Time (C,=20, C;=100)
C(t) [Pc/A]
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Figure 2: Graph with £=20xG=20,[3=2, C;=100C, ande=1,3.

It is observed form Table 4 and Table 6 (and fragufe 1 and Figure 2) that for the present case
(Example 5, decreasing of the Weibull scale paramehe successive decrease of optimal
preventive replacement is more severe, the optimahber of imperfect repairs between
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replacements is also much higher and the systemh dmpected repair costs per unit of time are
slightly higher.

From the examples above some general appreciatgnbe drawn.
* More expensive equipment require the least usedndancy.

» The redundancy can increase the optimal prevemépair time and the optimal percentage of
failures, without increasing costs.

* In most cases involving small failure repair so€f<5Cp, the Run-to-Failure (F(t)=100%) is
the most appropriate strategy.

» The degree of growth of the failure rate is ac@uparameter. If there are random failures or
decreasing failure rates, the increase in redurydenmevitable, and so is the applicability of a
run-to-failure strategy.

» As the failure repair costs grow (increase offtikire consequences) the optimal percentage of
failures and the optimal time to preventive repaddécreases, whereas the optimal number of
redundancies increases.

5 CONCLUSIONS

The proposed methodology requires a small amourdatd and the required optimization
process can be easily implemented in a spreadsteetas done for the examples. The set of
examples presented intent to demonstrate the appity to a wide variety of systems operating
conditions, providing quantitative estimations weh assisting some maintenance decisions and
optimization situations.

One of the most important decisions in maintenasckow many imperfect (or increasing
costs) repairs should be made between each repateithe methodology presented allows this
optimization according to the degree of imperfetijor the increasing costs rate) of each repair.

For some applications it is convenient to reforrmauldhe acquisition cost definition,
incorporating time-dependent values or fixed valneependents of the redundancy degree. This can
also be included in using the proposed methodology.
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