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Abstract

This study presents a cohesive physical model that predicts lava flow morphology by
establishing a quantitative link between a lava’s yield strength and its geometric complexity,
measured by a prefractal dimension. The model is founded on the principle of symmetry,
where the potential for fracturing and complexity peaks at an intermediate yield strength.
This peak in complexity, observed with a predicted prefractal dimension (D) of 1.15 for
terrestrial ‘a’a-like lava, arises from a critical state where a balance between gravitational
driving forces and internal resistance allows for the formation of intricate margins. The
model demonstrates that as lavas deviate from this optimal strength, becoming either
too fluid (pahoehoe, D¢ = 1.05) or too rigid (rhyolite, Dy¢ = 1.07), their morphology
becomes progressively simpler, representing a symmetrical decline in complexity. Our
approach also incorporates the overriding influence of topographic confinement and the
temporal evolution of complexity as the lava cools. Validated against terrestrial lavas
and successfully applied to lower-gravity environments, the model predicts a reduction in
complexity for similar flows on Mars (D¢ = 1.13) and the Moon (D¢ = 1.09), providing a tool
for interpreting volcanic processes grounded in the fundamental principles of symmetry
and complexity.

Keywords: lava flow design; complexity; symmetry; yield strength; prefractal geometry;
topographic confinement

1. Introduction

Complex flow patterns are omnipresent in natural systems [1]. These patterns often
arise from the fundamental principles of complexity theory, where intricate, emergent
structures are generated from a few simple rules [2-4]. A key concept is the role of symmetry
and symmetry-breaking, where the most complex and interesting patterns in many physical
systems appear not at the extremes of a parameter range, but at a critical intermediate state
where competing forces are balanced. In geology, complex patterns serve as a physical
record of the dynamic processes that shape a planet’s surface, offering crucial insights
into its history [5-7]. Among the most important examples are lava flows, whose final
morphology provides a real link to the complex interplay between the intrinsic properties
of magma and the external forces it encounters during emplacement [8,9]. Researchers
have sought to decipher this relationship, aiming to develop models that can predict a
flow’s final form from a set of initial conditions [10,11].

The foundation of this effort lies in understanding lava rheology, particularly the
concept of yield strength, i.e., the internal resistance that must be overcome for the lava
to deform and flow [12,13]. Early studies established a clear link between a lava’s yield
strength and its classification, with low-strength magmas forming the smooth, ropy surfaces
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of pahoehoe and high-strength magmas forming the rough, clinkery crust of ‘a’a or blocky
flows [14,15]. However, simply classifying flows proved insufficient for capturing the full
variety of their geometric diversity. A more quantitative approach was needed to describe
the intricate and often irregular margins of lava flows.

A significant advancement came with the application of fractal geometry, which
provided a mathematical framework for quantifying the complexity of these irreg-
ular shapes [1,2,16,17]. This method allowed researchers to move beyond qualita-
tive descriptions and assign a numerical value, the prefractal dimension, to a flow’s
complexity [1,2,18,19]. Groundbreaking work in this area revealed a non-monotonic re-
lationship between a lava’s yield strength and its prefractal dimension, suggesting that
complexity does not increase indefinitely with internal strength [20]. Instead, it peaks at
an intermediate yield strength, characteristic of ‘a’a lava, and diminishes for lavas that
are either weaker or stronger. This observation points to a deeper, more fundamental
principle: the role of symmetry in the emergence of complex geological structures [5]. In
many physical systems, the most complex patterns arise not at the extremes, but from a
critical state of broken symmetry where competing forces are perfectly balanced [2,3,21]. In
the context of lava flows, this peak complexity can be viewed as a state where the driving
gravitational forces and the lava’s internal resistance to fracturing are in optimal opposition.
The simpler morphologies of pahoehoe and rhyolite then represent a symmetrical decline
from this peak, where one force tremendously dominates the other.

While intrinsic properties are fundamental, the external environment, particularly
topography, can exert a dominant control on a flow’s final morphology. Studies have
shown that even lavas with a high intrinsic potential for complexity can be forced into
simple, linear forms when confined by a channel or valley [22-24]. This highlights the
need for any comprehensive model to account for both the lava’s internal nature and the
landscape through which it travels. Despite the progress in understanding these individual
components, a unified model that synthesizes them into a single, predictive framework has
remained unavailable.

Therefore, the goal of this study is to develop and validate a cohesive physical model
that predicts the geometric complexity of a lava flow by integrating its intrinsic rheological
properties with the extrinsic influence of its environment. Building upon the foundational
principles of symmetry and complexity, this work aims to create a comprehensive frame-
work that can trace the evolution of a lava flow from its initial state to its final, solidified
form. By doing so, we seek to provide a robust tool for interpreting volcanic processes on
Earth and other planetary bodies.

2. Materials and Methods

Modeling lava flow is complicated by its composite nature, a molten interior covered
by a rigid or semi-rigid crust. The style of flow advancement, whether as a cohesive unit or
through a series of smaller breakouts, is largely determined by the mechanical properties of
this crust. A critical parameter governing this behavior is the lava’s yield strength, which is
the stress required to initiate flow or fracture the crust.

Observational data suggests that the tendency for a flow to advance via crustal frac-
turing is maximized at an intermediate, or “peak,” yield strength. Low-strength lavas
(e.g., pahoehoe) are too fluid to form a strong, brittle crust, while high-strength lavas (e.g.,
some andesites) are too rigid to break apart easily, tending to move as a single, thick mass.
Consequently, intermediate-strength lavas (e.g., ‘a’a) have a crust that is strong enough
to be brittle but weak enough to be consistently fractured by the pressure of the molten
interior, promoting advance through breakouts. This relationship, where breakout activity
peaks at a specific yield strength, can be effectively described by a Gaussian function [25].
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Because yield strength in lavas spans several orders of magnitude, it is best analyzed on
a logarithmic scale. In this context, the yield strength (ty) represents the strength of the
solidified or semi-solid crust. The Gaussian term models the efficiency of crustal fracturing:
when the lava’s yield strength is close to the optimal peak strength (T,cqx), the crust breaks
apart easily, leading to a smaller effective flow thickness (he¢) as the flow advances through
breakouts. Conversely, when Ty is very high or very low, the crust either resists fracture
or is too weak to form a brittle structure, respectively, resulting in an effective thickness
closer to the bulk thickness. This leads to the following approach for a normalized effective
flow thickness

2
(loglo (ty) —logyg (Tpeak))
202 !

h,
%ff:l—(l—h* Jexp | —
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)

where heg is the effective flow thickness, h is the bulk thickness, Ty is the lava’s yield
strength, Tpeak is the peak yield strength at which fracturing is most pronounced, h*min is
the minimum h.¢/h observed in nature, and o is parameter that controls how broadly the
fracturing behavior extends across the range of yield strengths.

Equation (1) quantifies the characteristic thickness of the active flow margin as a func-
tion of the lava’s yield strength relative to the peak strength for fracturing. To standardize
this model, we must identify a lava type that best embodies the physical process of efficient
crustal fracturing. Pahoehoe lava (yield strength ~10% Pa [14]) is too fluid, forming a skin
that stretches and inflates. Rhyolite lava (yield strength ~10° Pa [15]) is so rigid that it
resists internal deformation and moves as a coherent block. In contrast, ‘a’a lava (yield
strength ~ 103 Pa [14]) is strong enough to form a brittle crust but weak enough for the
molten core to consistently break it apart. It is just right because it maximizes the creation
of a fragmented, rubbly flow front where the advancing lobes are much thinner than the
flow’s core. Therefore, ‘a’a lava provides the core observational data to define the model
parameters for Equation (1): Tpeak = 103 Pa, h* i = 0.25 and o = 0.75. Notice that the h* i,
represents the physical limit of crustal collapse efficiency. An analogy can be found in the
study of granular materials, such as packed beds. When uniform spheres are randomly
packed, they achieve a maximum packing density that leaves a minimum void fraction of
approximately 0.26. By analogy, h*min can be viewed as the minimum possible height ratio
(hef/h) for the fractured crust, representing a state of maximum collapse where further
compaction is physically resisted, similar to a densely packed rubble pile.

For the lava to flow, the shear stress at some point within the flow must exceed the
yield stress. The gravitational component of shear stress acting on a fluid layer of density p
and height h on a slope with angle « is

Thase,eff = pgheff Sin(o‘) ’ (2)

Since the shear stress is maximum at the base of the flow, the condition for the entire
flow to move is that the shear stress at the base must be greater than or equal to the yield
stress. So, this condition can be written as a dimensionless number by dividing the driving
stress by the resisting yield stress

Pghef sin(x)
Npteff = ————, 3)
Ty
where N represents the ratio between the gravitational pressure pushing the lava
forward and the lava’s internal strength resisting its flow. This is a generalized form of
fracturing number [26] and replaces the very often unmeasurable internal viscous stress
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with the overall gravitational driving stress, which is the definitive cause of the flow. Np¢ef
can be considered a control variable because it quantifies the behavior of the system, i.e., it
limits the fate of the lava’s surface. If the stress imposed by the flowing lava is less than the
strength of the crust, N efr < 1: the crust is strong enough to resist breaking and can deform
in a ductile manner, resulting in the smooth that characterizes the pahoehoe lava. On the
other hand, if the stress from the underlying flow exceeds the crust’s strength, causing it to
fracture and break apart, Ny ofr > 1. This is characteristic of surfaces of ‘a’a lava flows.

We propose that the intrinsic complexity defined by the corresponding prefractal
dimension is a non-monotonic, log-normal function of Ny cff, peaking at moderate strength
and decreasing at high strength due to channelization

2
(h‘l (pr,eff) —In (pr,crit) )
202 ’

Dint = Dmin + (Dmax - Dmin) exp | — 4)

where Djp is the intrinsic prefractal dimension, Diax is the prefractal dimension that corre-
spond to the peak complexity, Dpip, is the basal prefractal dimension for near-stationary
flow, and o is a coefficient that controls the width or spread of the peak (i.e., the standard
deviation of In(Np¢.s) and 202 is related to the variance of the log-normal distribution).

(ln(pr,eff) 7ln(pr,crit) )
202
sity function of a log-normal distribution, normalized to have a peak value of 1, and the

2
Similarly to Equation (1), the term — represents the probability den-

corresponding exponential term acts as a weighting factor that determines the contribution
of the complexity range Dmax — Dmin to the final intrinsic prefractal dimension. So, the
prefractal dimension is not simply monotonic with fracturing number N, but it can
reach a maximum at a critical value (N crit) and decreases on either side.

Consider that the yield strength governs the characteristic size of the structural el-
ements that make up the lava flow. So, this directly influences the flow’s geometric
complexity, which is measured by the prefractal dimension. For low-yield-strength lavas
(e.g., pahoehoe lava), maximum complexity (Dmax) means a low-strength crust that is easily
deformed that allow to form numerous small, intricate, and overlapping lobes. In addition,
minimum complexity (Dpin) means that lava flow can form simple, channelized paths. For
high-yield-strength lavas (e.g., rhyolite lava), low maximum complexity (Dmax) means that
a high-strength crust that strongly resists deformation cannot breach to form small lobes,
and stress builds up until the crust fails to create big, blocky structures. The flow advances
as a more unified front because it lacks the ability to create fine details. Consequently, the
resistance to forming complex shapes lowers the maximum possible complexity (Dmax)-
It is important to note that very strong lavas are characterized by almost non-distinction
between the simplest and most complex possible shapes. So, lava flow is always blocky
and simple, and the values of the prefractal Dmax and Dy, converge.

The relationship between a lava’s internal resistance (and yield strength) and its
resulting morphology is logarithmic, and it was found that Dmax and Dy have a linear
dependence of the logarithmic yield strength [10,20]; i.e., for each increase in yield strength,
the prefractal dimension decreases by a constant amount [10,20]

Dmax = 1.26 — 0.03log;, (Ty), (5)

Dinin = 1.045 — 0.0025log;, (Ty), (©)

To illustrate this sensitivity, the dependence of maximum complexity on yield strength
is shown in Table 1. This shows a linear relationship with the logarithm of the yield strength,
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where D,y decreases as the lava becomes more rigid. For each order of magnitude increase
in yield strength, the maximum potential complexity decreases by 0.03.

Table 1. Sensitivity of maximum complexity (Dmax) to yield strength (ty).

Lava Ty (Pa) Dmax
pahoehoe 102 [27] 1.20
‘a’a 10% [27] 1.17
andesite 10% [12] 1.14
rhyolite 10° [15] 1.11

The negative sign in Equations (5) and (6) captures the fact that higher yield strength
inhibits complexity (i.e., as lava becomes stiffer, it resists breaking into the small-scale
instabilities and branches that create a complex margin).

Lava flow’s complexity does not just depend on its yield strength but also depends
on the landscape it flows through. Topography strongly controls lava flow morphology,
often overriding its intrinsic properties [22]. So, topography can override the lava’s nat-
ural tendency to form complex shapes. To account for topography, we introduce the
confinement index [23]

Cc=1- d ’ @)

Wchan

where w is the width of the lava flow and wp,, is the width of the channel or valley
confining it, and it ranges from 0 (unconfined) to 1 (perfectly confined).

Bruno et al. [20] suggest that lava flows have an intrinsic complexity based on their
properties, which is then simplified by channels. Assuming a linear interpolation to create
a smooth transition between two states (Djn; and D,an) based on the confinement index,
the prefractal dimension is calculated as

Dpf = (1 - CC)Dint + CcDehan, 8)

where D,y is the prefractal dimension of a perfectly straight, confining channel or valley.
Studies [17,19] suggest that real-world quasi-linear features including natural channels
have minor sinuosity and present a prefractal dimension slightly greater than 1.0, ranging
from 1.01 to 1.03. So, we assume that Dy, = 1.02 is for the geometry of a lava flow through
a completely straightened, confining channel.

The previously developed approaches are static, calculating a final complexity with-
out accounting for temporal evolution. However, lava flow is a dynamic process where
properties change over time. Specifically, lava’s yield strength is not constant; it increases
as the lava cools and crystallizes, which raises its internal resistance. This evolution of yield
strength can be described by an Arrhenius-type equation and can be written as [12,26]

E./1 1
rmvenl3 (i 1)]

where 7 is the initial yield strength, Ty is the initial absolute temperature, E, is the
activation energy for viscous flow, and R is the universal gas constant.

Since the variation in yield strength is a result of changes in lava temperature
(Equation (9)), an equation for the lava’s temperature evolution is also required. Heat loss
from a very hot body, such as a lava flow, is dominated by thermal radiation to its cooler
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surroundings. The rate at which the lava’s temperature changes is directly proportional to
this net energy loss and can be written based on the Stefan—Boltzmann law

dT ve (

- T4 _ T4
dt pclavah

atm) ’ (10)

where v is the Stefan-Boltzmann constant, € is the lava’s emissivity, p is density of the lava,

Clava is the lava’s capacity to store heat, h is the bulk thickness of lava flow, and t the time.
The time variation of complexity Dy is then calculated using Equation (8).

3. Results and Discussion

To understand the interplay between intrinsic lava properties and external environ-
mental factors of our model, we performed a sensitivity analysis. We systematically varied
key parameters such as slope and flow thickness, for an unconfined ‘a’a lava flow (ty = 10°
Pa, C. = 0), which represents the peak intrinsic complexity in our model. All calculations
assume a standard basaltic lava density of 2650 kg/m3 [12], and other parameters used in

this analysis are shown in Table 2.

Table 2. Value of the parameters used in the calculations.

Parameter Value or Range Used
Ty 102-105 Pa
h 10 m (for simulations)
o4 1°—8° (sensitivity analysis), 2° or 10° (scenarios)
Ce 0 (unconfined) or 0.85 (confined)
g 9.81 m/s? (Earth) 3.71 m/s? (Moon) 1.62 m/s? (Mars)
) 2650 kg/m3
Ty 1423 K
Tatm 293 K
Tpeak 103 Pa
h*min 0.25
o 0.75
Dchan 1.02
E, 300 kJ/mol
Clava 1300]/kg K
€ 0.95

Figure 1 reveals that the fracturing number (Np¢f), and consequently the flow’s
intrinsic complexity (Dpy), is sensitive to the topographic slope. On a small 1° slope, the
fracturing number is low, but as the slope increases, the fracturing number rises, indicating
that the gravitational driving forces are increasing. The complexity (Dpy) is a non-monotonic
function of this stress: it begins high (D, = 1.14), peaks at a slope of approximately 2°
with a maximum complexity of Dy¢ = 1.15, and then decreases as the slope continues to
rise. For instance, at a slope of 8°, the complexity is reduced to approximately Dp¢ = 1.09.
This demonstrates a key feature of our approach: while a certain level of stress is required
to initiate fracturing, excessive stress may lead to more efficient, channelized flow paths
within the breakout lobes, thereby reducing the overall geometric complexity of the margin.
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Nepf,eff
w

Slope (o)

Figure 1. The effect of topographic slope on flow complexity. The solid line represents the prefractal
dimension (D), and the dashed line indicates the fracturing number (Npfef). The simulation
assumes the following parameters 1y = 10® Pa,h=10m, Cc=0and g = 9.8 m/s?.

Figure 2 shows how flow thickness influences complexity for a flow on a 2° slope. For
a thin flow of 5 m, the fracturing number is relatively low, leading to a high complexity of
Dpf = 1.14. As the flow thickness increases towards 10 m, the fracturing number increases,
and the system reaches its peak complexity with a prefractal dimension of D¢ = 1.15. As
the flow continues to thicken to 20 m, the fracturing number continues to rise, pushing
the system past its peak complexity, with the prefractal dimension slightly decreasing to
Dp¢ = 1.145. This means that for a given lava type, thicker and more rapidly advancing
flows are not necessarily more morphologically complex; their immense driving force can
lead to simpler, more direct flow paths.

8 1.155

1.150
6
&= 1.145
Q - 4=
G 4 =y
] ()
P 1.140
2
1.135
0 —- 1.130
4 20

h (m)

Figure 2. The effect of lava flow thickness on complexity. The solid line shows the prefractal

dimension (Dy¢) and the dashed line shows the fracturing number (Np;.f) versus the flow’s bulk
thickness (h): Ty = 103 Pa, « = 2°, Cc = 0 and g=938 m/sZ.

The influence of yield strength on complexity is depicted in Figure 3. This figure shows
a curve that begins at a low complexity for fluid-like pahoehoe lava (ty~10? Pa), rises to
a distinct peak in the intermediate-strength range characteristic of ‘a’a lava (ty~10° Pa),
and then declines again for high-strength rhyolitic lavas ('ryrle5 Pa). This figure shows
that the most complex flow margins are formed at an optimal yield strength, where the
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crust is strong enough to be brittle but weak enough to be consistently fractured by the
molten interior.

8 0 1.17
|
1.14
6
%. 1.11 -
[Py o
g4 )
Z 1.08
2 U
] 1.05
\
\m—— e
T 1.02
0 2x104 4x10% 6x104 8x104 1x10%
Ty (Pa)

Figure 3. The relationship between yield strength and flow complexity. The solid line shows the
prefractal dimension (D) and the dashed line the fracturing number (Npfef): h =10 m, o = 2°,
Cc=0.

To solve the differential equation for temperature evolution (Equation (10)), specific
initial and boundary conditions must be defined. The initial condition is the lava’s eruption
temperature, Ty. For the simulations in this study, a typical basaltic eruption tempera-
ture of Ty = 1423 K is used. The primary boundary condition is the temperature of the
surrounding environment to which the lava radiates heat, Tam. A standard ambient tem-
perature of Taim = 293 K is assumed. The initial yield strength is calculated based on the
initial temperature.

Figure 4a,b show the evolution of a lava’s temperature, yield strength, and the pre-
fractal dimension over 20 h. The simulation depicts a scenario consistent with the transi-
tion from a more fluid state to a rigid one. Initially, the lava flow has a low complexity
(Dpt = 1.04). As the lava begins to cool, its yield strength increases, approaching the op-
timal value for fracturing. Consequently, after approximately two hours of cooling, the
flow’s complexity peaks at Dp,¢ = 1.15. At this point, the lava’s crust is strong enough to be
brittle but weak enough to be consistently fractured, maximizing its geometric complexity.
Beyond this peak, as the lava continues to cool and solidify, its yield strength becomes too
high for efficient fracturing, and its ability to form fine-scale features diminishes, causing
the complexity to drop steadily. The initial rise to peak complexity can be seen as a repre-
sentation of the pahoehoe-to-‘a’a transition. The steady decrease in complexity after the
peak demonstrates the principle that as lava becomes stiffer, its ability to form complex
features diminishes, which agrees with [20].

To assess the predictive capacity of the model, its performance was evaluated against
four distinct lava types (two basaltic and two non-basaltic) under two contrasting environ-
mental scenarios: an unconfined, gentle slope and a confined, steep slope. The results are
depicted in Tables 3 and 4.

Table 3 shows the model’s good agreement in capturing how a lava’s inherent prop-
erties influence its geometric complexity for unconfined flows. Regarding low- and high-
yield-strength lavas, such as pahoehoe lava, it results in a low complexity (Dpf = 1.05)
due to the fact that it is too fluid to form a strong crust capable of significant fracturing.
Similarly, rhyolite lava, with its extremely high yield strength, also has a relatively low
complexity (Dps = 1.07) because it resists breaking and moves as a more unified, blocky
mass. Regarding intermediate-strength lavas, ‘a’a (Dp¢ = 1.15) and andesite (D¢ = 1.12)
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lavas show the highest complexities. This is because their yield strength is in the optimal
range to form a brittle crust that the molten interior can consistently fracture, which creates
a fragmented flow front with a high degree of geometric complexity.

Table 3. Comparison of predicted and observed complexity for different lava types in an unconfined
setting. Predictions were calculated assuming h =10 m, « = 2° and Cc = 0.

Lava Ty (Pa) hege/h pr,eff Dpf Dpf,observed
pahoehoe 10% [27] 0.692 62.8 1.05 1.05-1.12 [20]
‘a’a 10° [27] 0.250 2.27 1.15 1.13-1.24 [20]
andesite 104 [12] 0.692 0.63 1.12 1.07-1.18 [16]
rhyolite 10° [15] 0.979 0.09 1.07 1.10-1.15 [28]
1x10° 1.16
1x108 1.14
1x107 112
=x10° 2 l_>; 1.08
1x10 1.06
1.04
1x103
1.02
0 1x102
0 5 10 15 20
Time (h)
(a) (b)

Figure 4. Temporal evolution of an unconfined lava flow. (a) Change in lava properties over time,
showing the dashed line the temperature (T,) and the solid lines yield strength (ty). (b) Evolution of
flow complexity, where the solid line is the prefractal dimension (D) and the dashed line is the yield
strength (ty): h =10 m; « = 2°; Cc = 0; Tg = 1423 K (typical eruption temperature for basaltic lava);
Tatm =293 K; E; =300 kJ/mol; cjpy, = 1300 J/kg K; € = 0.95.

Table 4. Influence of topographic confinement on the complexity of different lava types. Predictions
were calculated for « = 10° and Cc = 0.85 (i.e., a high degree of confinement where the flow occupies
15% of the channel width).

Lava Ty (Pa) heff/ h pr,eff Dpf Dpf,observed
pahoehoe 102 [27] 0.692 299.7 1.03
‘A3 108 [27] 0.250 11.86 1.04
02-1.04[1
andesite 104 [12] 0.692 2.99 1.04 1.02-1.04 [18]
rhyolite 105 [15] 0.979 0.50 1.03

The geometry complexity for flows influenced by topography (confined flows) is
analyzed based on Table 4. For every lava type, the calculated complexity is significantly
lower in the confined scenario than in the unconfined one. For example, the complexity of
‘a’a lava drops from 1.15 to 1.04, and pahoehoe lava drops from 1.05 to 1.03. This illustrates
a key principle that topography can override a lava’s intrinsic tendency to form complex
shapes. As confinement increases, the final prefractal dimension is pushed toward the
dimension of the confining channel (D, = 1.02). This aligns with field observations where
flows that might otherwise be complex are forced into simpler, quasi-linear forms by the
surrounding landscape.
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Basaltic lava, which is the most common on Earth, is a key feature of the volcanic
history of Moon and Mars. While ‘a’a-like flows exist on both the Moon and Mars, their
appearance and scale differ from those on Earth [6,7]. To test the model’s applicability
beyond Earth, the prefractal dimension for basaltic lava flows on Mars and the Moon is
calculated and the results compared with observational data in the literature [18,20]. The
results are depicted at Table 5.

Table 5. Effect of gravity on the complexity of an ‘a’a-type lava flow on Earth, Mars, and the Moon.
Predictions for each planetary body were calculated for an unconfined setting (Cc = 0), and h =10 m
and o =2°.

Planet g (m/ SZ) pr,eff Dpf Dpf,observed

Earth 9.81 2.27 1.15 1.13-1.24 [20]
Mars 3.71 0.86 1.13 1.05-1.17 [27]
Moon 1.62 0.37 1.09 1.03-1.08 [18]

Table 5 shows that for lava with similar characteristics, gravity has a direct impact on
complexity: Earth (Dpf = 1.15), Mars (D¢ = 1.13), and the Moon (Dp¢ = 1.09). This trend
directly correlates with the gravitational acceleration of each body, which agrees with the
study of Wilson and Head [6]. The fracturing number quantifies the ratio of gravitational
driving forces to the lava’s internal strength. On Earth, higher gravity results in a higher
fracturing number (N eff = 2.27), meaning the driving forces can efficiently overcome the
lava’s resistance, leading to significant crustal breaking and high complexity. On Mars and
the Moon, the lower gravity reduces the fracturing number to 0.86 and 0.37, respectively.
With weaker driving forces, the lava is less able to fracture its crust, resulting in simpler
flow margins and a lower prefractal dimension. ‘A’a lava on Earth exists in such a way that
its yield strength is perfectly suited to form a brittle crust that is consistently broken by the
flow’s pressure, maximizing complexity.

Model Applications and Limitations

The predictive capacity of the model presented here lends itself to several applications
in volcanology. As demonstrated in the validation tables, its primary use is to infer the
rheological properties and emplacement dynamics of lava flows from their final morphol-
ogy. This is particularly valuable when direct sampling is impossible. By analyzing the
complexity of lava flows on Mars and the Moon, we can better constrain the eruption
conditions and composition of ancient lavas. Furthermore, the model could be extended
for volcanic hazard assessment.

However, the model is based on several simplifying assumptions that constitute its
limitations: (a) The model is a 1D representation of an inherently 3D process. It calculates a
single complexity value and does not simulate the spatial path of the flow. (b) The model
assumes uniform thermal and physical properties (e.g., density, emissivity) throughout the
lava flow at any given time. (c) The temporal evolution component assumes heat loss is
dominated by thermal radiation. It neglects other mechanisms such as convection to the
atmosphere, conduction to the ground, and heat generated by latent heat of crystallization.

4. Conclusions

This study has developed and validated a predictive model for the geometric complex-
ity of lava flows, unifying their intrinsic rheological properties with extrinsic environmental
forces. Our approach shows that the morphology of a lava flow is not arbitrary but is
governed by a predictable interplay between the lava’s internal strength and the external
stresses it endures.
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The basis of our model is the principle that a lava’s potential for fracturing diminishes
symmetrically from an optimal yield strength. This leads to a non-monotonic relationship
between a lava’s internal resistance and its resulting complexity. It is shown that the most
intricate flow margins do not arise from the most fluid or the most viscous lavas, but from
those at the peak of this symmetrical curve. It is in this critical, ‘a’a lava-like state that the
crust is perfectly balanced: strong enough to fracture, yet weak enough to be consistently
broken by the molten interior. The simpler, less complex morphologies of pahoehoe and
rhyolite lavas represent the symmetrical decline from this peak. Furthermore, the model
accounts for the influence of the surrounding landscape by incorporating a confinement
index, which quantifies how topography can override a lava’s inherent tendencies.

The critical contributions and key findings of this work can be summarized as follows:

- Presents a unified physical model linking lava rheology (yield strength) and environ-
mental factors (topography; gravity) to geometric complexity (prefractal dimension).

- Demonstrates that complexity follows a symmetrical, non-monotonic relationship
with yield strength, peaking for intermediate-strength lavas like ‘a’a.

- Successfully validates the model against a range of terrestrial and planetary (Mars;
Moon) lava flows, confirming the critical role of gravity in influencing morphology.

- Includes a dynamic component to model the temporal evolution of complexity as the
lava cools and solidifies, linking initial fluid states to final solidified forms.
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List of Symbols

Ce Confinement index (0 (unconfined) to 1 (perfectly confined))

Clava Specific heat capacity of lava

Dchan Prefractal dimension of a perfectly straight, confining channel

Dint Intrinsic prefractal dimension of a lava flow based on its properties
Dmax Maximum prefractal dimension, corresponding to peak complexity
Dmin Basal prefractal dimension for a near-stationary flow.

Dyt Final prefractal dimension of a lava flow, accounting for all factors
Ea Activation energy for viscous flow in lava

g Gravitational acceleration.

h Bulk thickness of the lava flow.

hegt Effective thickness of the active flow margin

h*min Minimum possible ratio of effective thickness to bulk thickness (0.25)

Npferie  Critical fracturing number at which the highest complexity occurs
Npt eff Fracturing number

R Universal gas constant (8.314 J/(mol-K))
Tatm Absolute temperature of the surrounding atmosphere.
Tt Absolute temperature of the lava at a given time
Ty Initial absolute temperature of the lava
w Width of the lava flow.
Wchan Width of the confining channel or valley
Greek Symbols

104 Slope angle of the terrain.



Symmetry 2025, 17, 1502 12 of 13

Stefan—Boltzmann constant for thermal radiation.
Emissivity of the lava
Density of the lava

a o = =

Parameter controlling the spread of fracturing behavior across yield strengths (0.75)
Thaseeff ~Ohear stress at the base of the flow caused by gravity.

Tpeak Peak yield strength where fracturing and complexity are most pronounced (10° Pa)
Ty Yield strength of the lava, its internal resistance to flow

Ty,T Yield strength of the lava as it changes with temperature

To Initial yield strength of the lava
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