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ABSTRACT

This work presents an extensive analysis of the lattice Boltzmann method for solving rotating fluid flows inside channel-like geometries, a
topic relevant to many scientific and engineering fields. The present research investigates the role of the collision operator, equilibrium and
source term formulations, the number of discrete velocities in three-dimensional cubic lattices, and boundary schemes applied to this prob-
lem class. Here, it is considered the two-relaxation-time (TRT) collision operator with both equilibrium and source terms represented on the
Hermite expansion formalism. Denoting by HðnÞ the n-order Hermite orthonormal basis, the TRT modeling of the isothermal Navier–Stokes
equations expands the symmetric and anti-symmetric components of equilibrium up to Hð2Þ and Hð1Þ, respectively, and at Hð1Þ for the exter-
nal source term, featuring the Coriolis force. This study proposes higher-order expansions of equilibrium and source terms to improve the
accuracy of diffusion and advection in rotating fluids. Diffusion modeling is improved by including an Hð3Þ correction to the source term
expansion to remedy artifacts from the Coriolis force discretization. Advection modeling is improved by including an Hð4Þ correction to the
Hð2Þ expansion of the symmetric equilibrium in the D3Q19 lattice to retrieve an isotropy comparable to the D3Q27. These improvements are
derived based on the exact analytical solution of the TRT equation at the discrete level and the steady Chapman–Enskog fourth-order expan-
sion of the TRT solution, respectively, applied to two well-known benchmarks in this problem class: the Poiseuille–Ekman channel flow and
the rotating square duct flow.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0268025

I. INTRODUCTION

Flows subject to rotational effects are relevant in numerous theo-
retical and applied fields.1 Examples range from large-scale unbounded
systems, as in geophysical fluid flow problems (e.g., in atmospheric or
oceanic forecasting2) to geometrically constrained domains, such as in
rotary machinery (e.g., in turbine or compressor technologies3) or in
bioengineering devices (e.g., in centrifuge or lab-on-a-CD platforms4).
The present study concerned with the modeling of rotating fluid flows
inside channel-like geometries within physical regimes typically found
in the microfluidic lab-on-a-CD platform.5,6 This setup encapsulates
key flow mechanisms induced by rotation,7–11 which are known to be
challenging to numerical approximations.6,12 With this objective in
mind, the present contribution intends to obtain accurate numerical
solutions of the steady, isothermal, and incompressible Navier–Stokes

equations13 (NSEs) in a frame rotating with constant angular velocity
~X, given by

~r �~u ¼ 0; (1a)

ð~u � ~rÞ~u ¼~a � 2~X �~u � 1
q0

~rP þ �r2~u: (1b)

Equations (1) solve for the fluid velocity ~u and the reduced pressure
P, where P ¼ p� 1

2q0ð~X �~RÞ2 denotes the difference between static
pressure p and the centrifugal potential 1

2qð~X �~RÞ2 in the rotating
system.7,8,11 The possibility of fluid motion being generated by a con-
stant external acceleration field ~a, e.g., due to gravity, is also consid-
ered. For simplicity, the thermophysical parameters q0 (mass
density) and � (kinematic viscosity) are constants. At walls, Eqs. (1)
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are considered to satisfy the no-slip velocity boundary conditions
(BCs).

As it happens with the generality of fluid mechanics problems,
the analytical study of rotating fluid flows is often untractable; notable
exceptions are compiled by Wang.14 The alternative route to solve Eqs.
(1) typically relies on computational fluid dynamics (CFD) meth-
ods.15,16 At present, traditional CFD tools have reached a consistent
and mature state of development to handle the specificities of the
rotating NSEs modeling.15,16 However, given the popularity of the lat-
tice Boltzmann method17–22 (LBM) as an alternative CFD technique, it
is pertinent to inquire about its performance in the modeling of this
problem class. To the best of our knowledge, this question has not
been the subject of a dedicated analysis yet.

In fact, research on the LBM modeling of flows subject to rota-
tional effects has experienced rather irregular progress. One of the ear-
liest LBM publications in this field was due to Salmon23,24 in the
context of geophysical applications. Inspired by Salmon’s works,
Dellar25 proposed an a priori derivation of the LBM for rotating fluids
starting from the continuous Boltzmann equation, where focus was
put on the derivation of the source term in LBM. Although his work25

was never published, it is noteworthy acknowledging that the very
popular Guo forcing strategy26 can already be found in that research.
About the same time, Shi-De et al.27 also considered the LBM model-
ing of flows in a Coriolis field but focused on the LBM equilibrium for-
mulation, where they proposed a third-order expansion. Subsequent
works adopted the existing LBM frameworks, typically relying upon
Guo et al.work,25,26 but viewing applications in diverse scientific fields.
For example, Yu et al.28 and Liou and Wang29,30 considered the rotat-
ing frame formulation of LBM, based on the aforementioned
works,25,26 to study turbulent flows under rotating fields. Zhang et al.31

focused on the impact of rotation over the secondary flow patterns.
Basha et al.,32 Kardani et al.,33 andWerner et al.34 studied the interplay
between the flow rotation and other phenomena, such as thermal
effects, porous media transport, and buoyancy, respectively. Zhou
et al.35 investigated turbomachinery flows, while Maneshian et al.36

considered the effect of rotation on multiphase flows with application
to bubble dynamics. Finally, Zhang et al.,37 Far et al.,38 and Yoo et al.39

investigated the simulation of rotating objects within the LBM frame-
work, although their description, based on moving meshes, is beyond
the scope of the present work.

From the above literature review, one can conclude that the vast
majority of studies dedicated to the LBM modeling of rotating fluids
have been more concerned with applications than with the fundamen-
tals. In practice, most of the aforementioned studies have taken for
granted the consistency of preexisting LBM formulations in rotating
frames, disregarding the emergence of possible artifacts due to the
numerical approximations, which are specifically introduced in the
modeling of this problem class. Hence, the objective of the present
work is to perform a comprehensive theoretical assessment on this
subject, searching for potential weaknesses and proposing suitable cor-
rections to make LBM a reliable and competitive CFD tool to model
rotating fluids.

In terms of numerical models, this work will focus on the LBM
with the two-relaxation-time (TRT) collision operator.40–42 This choice
is justified by the TRT ability to model the steady-state NSEs in a phys-
ically consistent manner, meaning without the interference of the
undesirable “viscosity-dependent” numerical errors42–45 due to its

extra relaxation collision. Putting this requisite in the context of the
present study, we have that dimensionless solutions of Eqs. (1) are
expected to be controlled by two dimensionless physical groups, such
as the Reynolds and the Ekman numbers (to be defined later in the
manuscript). However, single-relaxation-time collision models, typi-
fied by the Bhatnagar–Gross–Krook (BGK)46 operator, do not support
this parametrization property.42,44 For example, two BGK models run-
ning on the same grid at the same Reynolds and Ekman numbers have
the scope to yield two distinct steady-state solutions when two different
viscosity values are used. This result is in strict contradiction with the
basic principle of dimensional similarity, raising immediate reserva-
tions in the assessment of some previously published works that, as
laid down on the BGKmodel, disqualify possible comparisons between
them. The TRT model rectifies this defect in an inexpensive manner.

The distinctive point of the present contribution lies in the com-
bination of two distinct LBM formalisms. On the one hand, we adopt
the symmetrized structure of the TRT scheme, which splits the colli-
sion elements into symmetric and anti-symmetric parts.40–42 On
the other hand, the symmetric and anti-symmetric components of the
equilibrium and external source terms are expressed under the
Hermite basis framework.47,48 Denoting by HðnÞ the n-order Hermite
orthonormal basis, then symmetric and anti-symmetric components
of the NSE equilibrium are typically expanded up to Hð2Þ and Hð1Þ

terms, respectively, and the external source term is projected onto the
Hð1Þ basis only. This work provides further evidence that the inclusion
of Hð2Þ terms in the source term formulation, which boils down to
using the so-called Guo forcing strategy,26 introduces undesirable
terms, which damage the LBM accuracy49,50 and, worse, corrupt the
“viscosity-independent” parametrization property of the TRT
scheme.51,52 The main objective of the present work is to investigate to
which extent the symmetric and anti-symmetric components of the
equilibrium and source term formulations, which typically do not
exceed the Hð2Þ projections, may give rise to numerical errors in the
LBMmodeling of rotating channel flow problems. Based on this analy-
sis, the subsequent step of this work consists of the development of
possible strategies to eliminate or, at least, to mitigate LBM numerical
errors recurring to expansions on higher-order Hermite bases. For
example, the present work indicates that including Hð3Þ terms in the
anti-symmetrical part of the external source and Hð4Þ terms in the
symmetrical part of the NSEs equilibrium leads to a significant accu-
racy improvement in the LBMmodeling of rotating flows.

The identification of discretization artifacts coming from the
LBM modeling of the external source term, which takes the form of a
discrete Laplacian of the source, has been previously reported in the lit-
erature.44,51,53–57 This shortcoming is particularly harmful when the
source term is solution dependent since the unphysical Laplacian of
the source term becomes similar in structure to the physical diffusion
term. Then, the two may potentially lead to undesirable interferences
in the discrete equations solved by LBM. This issue was recognized, for
the first time, by Nie and Martys53 in the context of the LBM
Brinkman modeling of porous media flows. Immediately after,
Ginzburg44 clarified the origin of this defect and proposed a correction
method. Further correction methods were proposed and examined in
a subsequent unpublished work.54 Later, Ginzburg et al.55–57 developed
a correction method that absorbs the artifacts of the Brinkman source
term by resorting to a solution-dependent modification of the TRT-
free relaxation rate. Overall, this strategy55,56 was found superior in
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performance. Unfortunately, its operation principle is not directly
applicable to the Coriolis force modeling in rotating fluids as the
numerical artifacts that arise in this case cannot be totally absorbed
into the TRT relaxation rates, as it happens with the Brinkman force.

To overcome this limitation, this work revisits an alternative cor-
rection strategy developed in a previous contribution.54 While origi-
nally constructed for Brinkman models, we will show that its use is
particularly effective in the modeling of Coriolis forces for rotating flu-
ids. Translating into the Hermite basis formalism, this early methodol-
ogy,54 named as “anisotropic force weights,”44 is equivalent to
includingHð3Þ projections into the LBM source term formulation that
typically is built upon a Hð1Þ expansion. Still on this subject, the
works55,56 also pointed out the importance of the source term artifacts
and their impact, not only in the bulk flow scheme but also on the set-
ting of the conditions prescribed at boundaries. Often, the interplay
between the external source and the boundary model ends up being
the leading order error source. For that reason, this issue is also
addressed in the present work. Here, the accommodation of rotating
fluid flows on no-slip walls is examined, considering the two most
popular operation principles underlying LBM boundary schemes: the
(off-node) linkwise strategy, e.g., bounce-back (BB)58–60 or multireflec-
tion41,43,45,61,62 schemes, and the (on-node) wet node boundary model,
e.g., the local second-order boundary (LSOB) scheme,63–66 non-
equilibrium bounce-back by Zou and He67 or other methods.68–70 To
accurately model arbitrary-shaped walls within this problem class, a
specific correction to eliminate the Coriolis source term artifacts is pro-
posed to be included in the well-established modified linear interpola-
tion (MLI) boundary scheme,41,45,62 which is a parabolic accurate
linkwise boundary scheme alternative to the multireflection class.43

The MLI scheme was originally proposed in the work,41 then thor-
oughly examined in the study,45 and recently reinterpreted in the con-
tribution62 through a parabolic correction of the pressure-gradient
accurate linear interpolations (so-called LI(4) class43). Everything con-
sidered, the effect of the source term and the boundary scheme will be
examined through the testing of a Poiseuille–Ekman flow between par-
allel plates, discretized either aligned or arbitrarily inclined with respect
to the LBM mesh. Comparisons between the LBM discretization and
the popular finite element method (FEM) are also included in this
study.

Numerical evidence on the lack of rotational invariance of LBM
solutions produced by reduced cubic lattice models with 15 and 19 dis-
crete velocities,71 so-called D3Q15 and D3Q19, respectively, has also
been reported in numerous publications.72–76 The root of this defect
was explained on the basis of truncation error analyses.75,76 Through
theoretical studies, it was pointed out the link between the anisotropy
of the D3Q15 and D3Q19 solutions and the angular-dependent struc-
ture of the truncation error terms of the momentum advection.
Alternatively, this deficiency would only cease to exist if the NSEs were
modeled with the 27 discrete velocity lattice, D3Q27. In common, the
D3Q15, D3Q19, and D3Q27 lattice models considered in those studies
employed the same LBM equilibrium structure to model the NSEs,
based on the Hermite expansion of the Maxwell–Boltzmann continu-
ous equilibrium up to Hð2Þ basis. By recognizing this fact, it was later
proposed77,78 the introduction of specific amendments to the standard
LBM equilibrium that would correct the anisotropy defects of the
D3Q19 lattice. Such an improved equilibrium (IE) for the D3Q19 lat-
tice was initially developed77,78 via a top-down approach, based on a

steady Chapman–Enskog fourth-order expansion that was previously
developed.75 Subsequently, Coreixas et al.79 deduced the same D3Q19
improved equilibrium via a bottom-up procedure; that is, by looking
for the isotropy requirements directly on the equilibrium state formu-
lation at the lattice level. This same procedure was also pursued by
other researchers.80 In the end, both top-down and bottom-up
approaches lead to the same improved equilibrium for the D3Q19 lat-
tice that guarantees rotationally invariant LBM solutions. Compared to
the standard equilibrium (SE), this improved equilibrium formulation
for the D3Q19 lattice includes the projection of the non-linear
momentum term not only on theHð2Þ basis but also on theHð4Þ basis.
As demonstrated in the present work, the use of this improved equilib-
rium is fundamental when solving rotating fluid flows on the D3Q19
lattice. Otherwise, the induced lattice artifacts may compete with the
Coriolis source terms at the discrete level, and lead to numerical solu-
tions that are seriously distorted or even completely corrupted. These
LBM results, for both D3Q19 and D3Q27 lattices, will be illustrated in
this work and further compared against results from other more well-
established CFD solvers, such as the FEM, in application to this prob-
lem class.

The remainder of the manuscript is organized as follows. Section
II introduces the lattice Boltzmann method (LBM) and the two-relaxa-
tion-time (TRT) collision operator, with a focus on the equilibrium
and source term formulations based on the Hermite expansion formal-
ism. Also, the different LBM boundary schemes utilized in this work
are introduced at the end of Sec. II. Section III covers the modeling of
the Poiseuille–Ekman rotating channel flow. The effect of the source
term formulation for the Coriolis force modeling and the switch from
the linkwise boundary schemes vs the wet node ones are the primary
topics of discussion here. Section IV concerns the modeling of a rotat-
ing square duct flow problem. Here, the relationship between the lat-
tice choice and the LBM equilibrium is thoroughly investigated,
revealing the importance of the advection term modeling. Section V
concludes the work with a summary of the main findings and guide-
lines for the LBM modeling of rotating fluid flows. Additionally,
Appendix A discusses the TRT formulation of the popular Guo forcing
model26 and its inconsistency in modeling stationary solutions in
rotating systems. Appendix B presents alternative formulations for
writing the LBM standard and improved equilibria in a computation-
ally more efficient manner. Appendix C provides details on the deriva-
tions leading to the bulk flow results presented in Sec. III. Appendix D
details the derivation steps leading to the MLI boundary scheme,
devised to handle the specificities of this problem class. Finally,
Appendix E presents details on the steady-state Chapman–Enskog
fourth-order expansion considering different equilibria and cubic lat-
tice choices.

II. LATTICE BOLTZMANN METHOD
A. Two-relaxation-time (TRT) model

The lattice Boltzmann method17–22 (LBM) solves for the popula-
tions fqð~x; tÞ, defined on configuration space~x and time t, along a dis-
crete velocity set, called lattice, which features one immobile~c0 ¼~0
and Qm ¼ Q� 1 non-zero velocity vectors~cq per grid node. The first
Qm=2 velocity vectors~cq are set diametrically opposite to the other
Qm=2 vectors~cq ¼ �~cq, where the pair ~cq;~cq

� �
is referred to as a

link. This work considers the D3Q19 and D3Q27 cubic lattices,21,46,75

which are depicted in Fig. 1.
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The LBM update rule operates over a succession of streaming,
given by Eq. (2a), and collision steps, given by Eqs. (2b)–(2d). This
work adopts the two-relaxation-time (TRT) model,40–42 which formu-
lates based on the symmetry argument that any lattice quantity wq can
be decomposed into symmetric and anti-symmetric components as
follows: w6

q ¼ 1
2 ðwq6wqÞ. The LBM-TRT evolution equations are

expressed as

fqð~x þ~cq; t þ 1Þ ¼ f̂ qð~x; tÞ; q ¼ 0; 1;…;Q� 1; (2a)

f̂ 0ð~x; tÞ ¼ f0 þ n̂0½ �ð~x; tÞ; n̂0 ¼ � 1
sþ

f0 � e0ð Þ; q ¼ 0; (2b)

f̂ qð~x ; tÞ ¼ fq þ n̂þ
q þ n̂�

q

h i
ð~x; tÞ; n̂6

q ¼ � 1
s6

f6q � e6q
� �

;

q ¼ 1;…;
Qm

2
; (2c)

f̂ qð~x; tÞ ¼ fq þ n̂þ
q � n̂�

q

h i
ð~x; tÞ; ~cq ¼ �~cq;

q ¼ Qm

2
þ 1;…;Q� 1:

(2d)

In terms of notation, fq denotes the LBM populations composed of
equilibrium e6q and non-equilibrium n6q ¼ f6q � e6q components. The

post-collision state of populations is denoted by f̂ q and the post-

collision non-equilibrium term is defined by n̂q ¼ � 1
s6 nq. The relaxa-

tion times s6 > 1
2 determine the two positive relaxation functions K6

and their product according to

K6 ¼ s6 � 1
2

� �
and K ¼ KþK�: (3)

For the modeling of NSEs, Kþ determines the fluid kinematic viscosity

� ¼ 1
3
Kþ; (4)

and K� is typically determined by the choice of K, following Eq. (3).
For steady solutions, the relaxation parameter K > 0 (so-called
“magic” parameter) controls the bulk and boundary truncation terms.
The consequence is that, with K fixed, the TRT41,42 steady solutions in
dimensionless form, when set on the same grid, are identical for any
variation of the dimensionless groups governing the physical problem.

Remark 2.1. The single-relaxation-time (BGK) collision model
only operates with s ¼ s6. Consequently, the “magic” parameter
becomes given by K ¼ 9�2, which will give rise to viscosity-dependent
numerical errors. In practice, although running on the same grid and
with the same physical dimensionless numbers, two BGK steady solu-
tions in dimensionless form will differ if the � assigned is distinct. In
other words, the BGK steady solutions do not support the principle of
dimensional similarity above the second-order polynomial
solutions.41,42,45

At steady state, the TRT evolution equations, given by Eq. (2),
can be equivalently expressed through the following two exact recur-
rence equations:42,44

n̂6
q ð~xÞ ¼ Dqe

7
q � K7 D

2
qe

6
q þ K� 1

4

� �
D

2
qn̂

6
q

� 	
ð~xÞ; (5a)

ðD2
qe

6
q � K6D

2
qn̂

6
q � Dqn̂

7
q Þð~xÞ ¼ 0; (5b)

with the two linkwise finite-difference operators defined as follows:

Dqwð~xÞ ¼ 1
2

wð~x þ~cqÞ � wð~x �~cqÞ

 �

;

D
2
qwð~xÞ ¼ wð~x þ~cqÞ � 2wð~xÞ þ wð~x �~cqÞ;

(6)

where w denotes an arbitrary variable.
Equations (5a) and (5b) are useful as they provide explicit access

to the n̂6
q ð~xÞ solution. In this work, they will be used to set the content

of n̂6
q ð~xÞ either in exact form (refer to Sec. III B and Appendix C) or

in approximated form (refer to Sec. IVB and Appendix E).

B. Standard equilibrium (SE) and standard force (SF)
models

The TRT scheme is designed to approximate the incompressible
NSEs,81,82 given by Eq. (1). The equilibrium is split into symmetric eþq
and anti-symmetric e�q components as follows:40–42,44

eþq ¼ Pq þ Eq; (7a)

e�q ¼ jq þ K� Fq: (7b)

The anti-symmetric external source term Fq is put into the equilibrium
following previous works.41,44

The NSE equilibrium features the following macroscopic quanti-
ties. The pressure P is related to the mass density q through the state
equation P ¼ c2s q, where c2s is a free tunable parameter83 (so-called
“squared speed of sound”). The momentum density~j is related to the
fluid velocity~u as~j ¼ q0~u, where q0 is a constant (background) mass
density.82 The external force density~F is related to the external acceler-
ation field ~a through ~F ¼ q0~a. Altogether, these macroscopic varia-
bles are projected onto the (lattice) discrete velocity space, formed by
an orthonormal basis, here denoted by the Hermite polynomials,

Pq ¼ tq Hð0Þ
q P

¼ tq P; (8a)

Eq ¼ 3 tq Hð2Þ
qab

jajb
2 q0

¼ 3 tq cqacqb � 1
3
dab

� �
jajb
2 q0

; (8b)

FIG. 1. Lattice structures of D3Q19 and D3Q27 discrete velocity sets, based on the
notation of the LBM textbook.21
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jq ¼ tq Hð1Þ
qa ja

¼ tq cqa ja; (8c)

Fq ¼ tq Hð1Þ
qa Fa

¼ tq cqa Fa: (8d)

Above, the first three Hermite polynomials21,47,48 have been introduced

Hð0Þ
q ¼ 1; Hð1Þ

qa ¼ cqa; Hð2Þ
qab ¼ cqacqb � 1

3
dab: (9)

Remark 2.2. The TRT model formulated on the Hermite basis formal-
ism obeys the following rule. The TRT symmetric components, denoted
by index (þ), must only contain macroscopic variables projected onto
even Hermite basesHð2nÞ

q with n 2 N0. The TRT anti-symmetric com-
ponents, denoted by index (�), must only contain macroscopic varia-
bles projected onto odd Hermite bases Hð2nþ1Þ

q with n 2 N0. To
approximate the isothermal NSEs, it suffices to consider Hermite pro-
jections in the equilibria up to the following orders: eþq up to Hð2Þ

q and
e�q up to Hð1Þ

q . On this basis, the leading order correction for the sym-
metric component contains projections onto Hð4Þ

q while the leading
order correction for the anti-symmetric component projects ontoHð3Þ

q .
The isotropic weights tq featuring in Eq. (7) satisfy the lattice

constraints46

2
XQm=2

q¼1

tq cacb ¼ dab; 6
XQm=2

q¼1

tq cacbcccd ¼ dabdcd þ dacdbd þ daddbc;

(10)

where t0 ¼ 1, t1;…;6 ¼ 1=6, and t7;…;18 ¼ 1=12 for the D3Q19 lattice,
and t0 ¼ 8=9, t1;…;6 ¼ 4=9, t7;…;18 ¼ 1=18, and t19;…;26 ¼ 1=72 for
the D3Q27 lattice. This definition of the weights tq follows the TRT
nomenclature40,41,43 and is related to the standard weights wq, popular
in the LBM literature,20–22 through the relationship tq ¼ 3wq.

Given that the local force quantity ~F is put into the equilibrium,
Eq. (7b), then the exact mass and momentum conservation equations
are established as follows:40–42,44

n̂0ð~x; tÞ þ 2
XQm=2

q¼1

n̂þ
q ð~x; tÞ ¼ 0; 2

XQm=2

q¼1

~cq n̂
�
q ð~x; tÞ ¼~Fð~x; tÞ: (11)

The macroscopic quantities in Eq. (7) are determined via the
moments of the symmetric/anti-symmetric populations f6q as
follows:

q ¼ f0 þ 2
XQm=2

q¼1

f þq ; ~j ¼~J þ 1
2
~F where ~J ¼ 2

XQm=2

q¼1

~cq f
�
q ;

~F ¼ 2
XQm=2

q¼1

~cq Fq: (12)

C. Rotating forces

The external force density Fa in Eq. (8d) includes two contri-
butions:9,11 (1) a constant force field, q0aa, representing gravity or
a constant pressure gradient, and (2) a Coriolis force representing
the non-inertial rotating frame, �2�abcXbjc, which rotates steadily
at constant angular velocity ~X. Altogether, the content of Fa is
given by

Fa ¼ q0aa � 2�abcXbjc; (13)

where �abc is the permutation tensor.
For the sake of convenience, the above vector quantities are

expressed on the streamline-rotated coordinate system ðx0; y0; z0Þ. In
this work, only rotations about two axes will be considered, but the
extension to other orientations follows along similar lines. The
streamline-rotated frame ðx0; y0; z0Þ relates to the fixed one ðx; y; zÞ
through the following transforms:

x0 ¼ x cos hþ y sin h sin aþ z sin h cos a;

y0 ¼ y cos a� z sin a;

z0 ¼ �x sin hþ y cos h sin aþ z cos h cos a:

(14)

The angle h measures the rotation about the y ¼ y0 axis and the angle
a measures the rotation about the x ¼ x0 axis, as sketched in Fig. 2.
Recall, the rotated frame ðx0; y0; z0Þ is oriented to locally align with the
~jð~xÞ flow field.

With the shift to operate on the ðx0; y0; z0Þ frame, one guarantees
that the constant acceleration ~a ¼ ax0~ix0 and the constant angular

velocity ~X ¼ Xz0~iz0 (where Xz0 > 0 for a counterclockwise rotation)

FIG. 2. Relation between fixed ðx; y; zÞ
and rotated ðx 0

; y
0
; z

0 Þ Cartesian axes.
(a) Rotation about y axis by h angle. (b)
Rotation about x axis by a angle.
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have projections on a single axis. As a result, each component of~F in
the ðx0; y0; z0Þ frame takes the simpler form

Fx0 ¼ q0ax0 þ 2Xz0 jy0 ; Fy0 ¼ �2Xz0 jx0 ; Fz0 ¼ 0: (15)

Finally, as ~F is momentum dependent, due to the Coriolis force, the
determination of ~j ¼~J þ 1

2
~F in Eq. (12) can be made explicit as

follows:

jx0 :¼ q0 ux0 ¼
Jx0 þ 1

2
q0ax0 þ Jy0 Xz0

1þ X2
z0

;

jy0 :¼ q0 uy0 ¼
Jy0 � Jx0 þ 1

2
q0ax0

� �
Xz0

1þ X2
z0

;

jz0 :¼ q0 uz0 ¼ Jz0 :

(16)

D. Improved equilibrium (IE) for advection modeling in
D3Q19

For the D3Q19 lattice, it is proposed to replace the quadratic
velocity component of the standard NSE equilibrium by an improved
formulation,77–79 employing the transform Eq 7!Eð?Þ

q . In practice,
instead of considering Eq, given in Eq. (8b), the alternative expression
for the quadratic velocity term is suggested

Eð?Þ
q ¼ tq

1
q0

�
3
2

Hð2Þ
qxx j

2
x þHð2Þ

qyy j
2
y þHð2Þ

qzz j
2
z

� �
þ 3 Hð2Þ

qxy jxjy þHð2Þ
qxz jxjz þHð2Þ

qyz jyjz
� �

þ 1
3

2Hð4o2Þ
qxxyy þ 2Hð4o2Þ

qxxzz þ 5Hð4o2Þ
qyyzz

� �
j2x

þ 1
3

2Hð4o2Þ
qxxyy þ 5Hð4o2Þ

qxxzz þ 2Hð4o2Þ
qyyzz

� �
j2y

þ 1
3

5Hð4o2Þ
qxxyy þ 2Hð4o2Þ

qxxzz þ 2Hð4o2Þ
qyyzz

� �
j2z

	
; (17)

where Hð4o2Þ
qxxyy ¼ Hð4Þ

qxxyy þ 1
6 Hð2Þ

qzz , Hð4o2Þ
qxxzz ¼ Hð4Þ

qxxzz þ 1
6 Hð2Þ

qyy , and

Hð4o2Þ
qyyzz ¼ Hð4Þ

qyyzz þ 1
6 Hð2Þ

qxx are orthogonal bases that result from the

orthogonalization of the fourth-order Hermite polynomials with
respect to the second-order Hermite polynomials under the weighted
scalar product.79 The fourth-order Hermite polynomial is defined as
follows:

Hð4Þ
qaabb ¼ c2qa �

1
3

� �
c2qb �

1
3

� �
¼ c2qac

2
qb �

1
3

c2qa þ c2qb
� �

þ 1
9
:

(18)

Remark 2.3. The improved equilibrium Eð?Þ
q in Eq. (17) is constructed

by augmenting the standard non-linear equilibrium term, Eq, given in
Eq. (8b), on the first and second lines of Eq. (17), with a supplementary
correction that takes into account the additional projections of j2a onto
Hð4o2Þ

qaabb, described by the third, fourth and fifth lines of Eq. (17).
In order to understand the need for an improved representation

of the equilibrium state in the D3Q19 model, as given by Eq. (17), it is
convenient to reassess its original formulation. Differently from the
original contributions, e.g., Qian et al.,46 employing the Taylor

expansion (up to velocity terms squared) of the continuous Maxwell–
Boltzmann equilibrium, nowadays the standard second-order LBM
equilibrium is typically derived through the Hermite expansion
approach.47,48 According to this methodology, the second-order dis-
crete velocity equilibrium is obtained as a projection of the Maxwell–
Boltzmann local equilibrium on the orthonormal basis spanned by the
Hermite polynomials from zeroth up to the second order. Based on
this Hermite projection procedure, it is possible to ensure that the
moments of the discrete equilibrium match their continuous counter-
parts (up to the second order, in this case). However, this equivalence
is only verified on the so-called complete velocity sets,79 formed by the
D1Q3 lattice and its tensor product-based extensions, the D2Q9 and
the D3Q27 lattices.

In three-dimensional (3D), it is common to adopt cubic lattices
with fewer than 27 discrete velocities, such as the D3Q15 and the
D3Q19, as they offer higher computational efficiency.20–22 Even
though in these reduced cubic lattices the number of moments that are
matched is smaller, it turns out that this number is less than the line-
arly independent moments available with the standard equilibrium,
based on the second-order Hermite expansion, see Table I. The correc-
tion of this deficiency suggests a different equilibrium structure.
Among the reduced cubic lattices, the D3Q19 lattice seems to be the
only one qualified for this task since, unlike the D3Q15 lattice, the
D3Q19 contains all the discrete velocities of the D2Q9 lattice in each
of its 2D planes ðx; yÞ, ðy; zÞ, and ðx; zÞ, see Fig. 1. So, under the
requirement that the discrete equilibrium of the D3Q19 lattice must
preserve the same moments supported by the D2Q9 lattice on its three
planes, it is possible to identify the 8 moments in excess and discard
them.79 The projection of the standard equilibrium, based on the
second-order Hermite expansion, on the full set of the selected 19
admissible moments reveals a spurious coupling between hydrody-
namic and high-order moments. This defect can be corrected with the
inclusion of theHð4o2Þ

qaabb orthogonal basis in the original equilibrium, as
shown in Eq. (17). With the discrete velocity equilibrium given by Eq.
(17), all the 19 moments supported by the D3Q19 lattice now match
their continuous Maxwellian counterpart, as indicated in Table I. This
result holds regardless of the collision model adopted. In the TRT
model, it has a cleaner appearance as it applies exclusively to the non-
linear velocity term.

It is worth noticing that the particular structure of the discrete
equilibrium for the NSE in the D3Q19 lattice, given by Eq. (17), was
originally derived by Bauer et al.77,78 based on a top-down approach to
construct the discrete equilibrium under the requirement of isotropic
macroscopic equations. This inverse-type methodology led to less
comprehensible results at the end, although they could be expressed in
a more compact presentation form, as summarized in Appendix B.
Here, to derive Eq. (17) we opted to follow the theoretical framework
put forward by Coreixas et al.79 where the isotropy requirement is
explicitly enforced at the level of the discrete equilibrium state. This
bottom-up approach naturally leads to the isotropy of the recovered
macroscopic equations. Nonetheless, we underline that the two meth-
odologies, top-down and bottom-up, provide the same discrete equi-
librium structure for the preservation of isotropy in the D3Q19 lattice.
It is also worth noting the recent work by Taha et al.80 that also pro-
posed an Hð4o2Þ

qaabb orthogonal basis correction on the j2a terms of the
original equilibrium in order to improve isotropy; however, a slightly
different numerical pre-factor is identified in this work.80
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In terms of nomenclature, this work will denote by D3Q19-SE
the D3Q19 model operating with the standard symmetric component
of equilibrium (SE), given by Eq. (8b), whereas the use of the improved
equilibrium (IE), given by Eq. (17), will be denoted by D3Q19-IE.

Remark 2.4. While for the purpose of theoretical analyses the
form of Eð?Þ

q given by Eq. (17) is preferred, from the computational
efficiency standpoint it is more suitable to work with the form of Eð?Þ

q

given by Eq. (B2) in Appendix B. Indeed, Appendix B displays two effi-
cient ways to compute the non-linear equilibrium term: the Eq form of
the D3Q19-SE model given by Eq. (B1) and the Eð?Þ

q form of the
D3Q19-IE model given by Eq. (B2). The two implementations require
virtually the same number of operations. Hence, in practice, the
D3Q19-IE model supports an improved isotropy with virtually no
extra computational cost added.

E. Improved force (IF) model for diffusion modeling in
D3Q19

The improved force (IF) strategy corrects the standard force (SF)
formulation, i.e., Fq 7!Fð?Þ

q , by including a high-order correction on the
anti-symmetric source term. This correction was originally proposed
by Ginzburg44 under the name of “anisotropic force weights.” For the
D3Q19 lattice, the formulation of the IF scheme on the LBM source
term reads

Fð?Þ
q ¼ tq Hð1Þ

qa þ 3 ka Hð3Þ
qabb

� �
Fa; (19)

where the standard LBM source model, based on the first-order
Hermite expansion, given by Eq. (8d), is augmented with a third-order
Hermite polynomial correction, defined as follows:

Hð3Þ
qabb ¼ cqa c2qb �

1
3

� �
: (20)

Here, Hð3Þ
qabb are mass- and momentum-conserving basis vectors44

given that
P

tq Hð3Þ
qabb ¼ 0 and

P
tq Hð3Þ

qabbcqa ¼ 0 (8 a; b). The coef-
ficients ka in Eq. (19) are freely adjustable parameters. Their form is
established under the requisite to cancel (or, at least, to mitigate) the
artifacts coming from the force term discretization, i.e., they are prob-
lem specific. Below, specific ka values are provided for the cases shown
in Fig. 3; details about the derivations are given in Appendix C.
Following the frame definitions introduced in Sec. IIC, we adopt a
coordinate system ðx0; y0; z0Þ that locally aligns with the channel,
which in turn may be arbitrarily rotated with respect to the fixed
ðx; y; zÞ coordinate system, see Fig. 3.

• Horizontal channel. The flow is aligned with the ðx; yÞ plane
according to Fig. 3(a). In this configuration, Eq. (19) becomes

Fð?Þ
q ¼ tq Hð1Þ

qx þ 3 kx Hð3Þ
qxzz

� �
Fx þ Hð1Þ

qy þ 3 kx Hð3Þ
qyzz

� �
Fy

h i
; (21)

and the exact removal of the force artifacts is achieved with

kx ¼ ky ¼ 1� 3
8K

: (22)

• Diagonal channel. The flow is rotated the angles a ¼ h ¼ p=4
around the x and y axes, respectively; see Fig. 3(b) with
a ¼ h ¼ p=4. In this configuration, Eq. (19) becomes

Fð?Þ
q ¼ tq Hð1Þ

qx0 þ 3 kx0 Hð3Þ
qx0z0z0

� �
Fx0 þ Hð1Þ

qy0 þ 3 ky0 Hð3Þ
qy0z0z0

� �
Fy0

h i
;

(23)

where Hð3Þ
qx0z0z0 ¼ cqx0 c2qz0 � 1

3

� �
and Hð3Þ

qy0z0z0 ¼ cqy0 c2qz0 � 1
3

� �
in

which ðx0; y0; z0Þ is defined by Eq. (14), and the exact removal of

the force artifacts is achieved with

TABLE I. Comparison between the moments of the continuous Maxwell–Boltzmann function and the non-aliased moments of the discrete equilibrium employed in D3Q19 and
D3Q27 lattices. The D3Q27-SE equilibrium matches all 27 non-aliased moments. The D3Q19-IE equilibrium matches all 19 non-aliased moments. The D3Q19-SE equilibrium
matches only 16 of the 19 non-aliased moments. It is highlighted in bold the differences with respect to the isothermal continuous Maxwellian

f ðeqÞðq; uaÞ ¼ q
ð2pc2s Þ3=2

exp � ca�uað Þ2
2c2s

h i
. The equilibrium moments are computed as PðeqÞ

a1a2…an ¼
Ð
ca1 ca2…can ½f ðeqÞðq; uaÞ � f ðeqÞðq; 0Þ� dca1dca2…dcan where the following

linearization q ua ! q0 uað¼ jaÞ is considered.77 Taking the symmetric component of the discrete equilibrium function Eq ¼ eþq � Pq the equilibrium moments are computed

as PðeqÞþ
a1a2…an ¼

P
cqa1 cqa2…cqan Eq. Here, the index variables may not have the same value and repeating indices are not summed over. For example, the moment PðeqÞþ

aabc

¼P cqacqacqbcqc Eq encompasses the velocity sets c2qxcqycqz , c
2
qycqxcqz , and c

2
qzcqxcqy . Odd-order moments are omitted from the analysis given that all non-aliased moments

match their continuous Maxwellian counterpart. The information presented here is inspired by Bauer and R€ude work.81

Order Moment Maxwellian D3Q19-SE D3Q19-IE D3Q27-SE

0 PðeqÞþ 0 0 0 0

2 PðeqÞþ
aa

j2a j2a j2a j2a

2 PðeqÞþ
ab

jajb jajb jajb jajb

4 PðeqÞþ
aabb

1
3
ðj2a þ j2bÞ

1
3
ðj2a þ j2bÞ �

1
6
j2c

1
3
ðj2a þ j2bÞ

1
3
ðj2a þ j2bÞ

4 PðeqÞþ
aabc

1
3
jajb

0 0 1
3
jajb

6 PðeqÞþ
aabbcc

1
9
ðj2a þ j2b þ j2cÞ 0 0 1

9
ðj2a þ j2b þ j2cÞ
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kx0 ¼ ky0 ¼ 1� 3
4K

: (24)

• Inclined channel. The flow is rotated an arbitrary angle
h 2 ½0; p=2� around the y axis and an arbitrary angle a 2 ½0; p=2�
around x axis; see Fig. 3(b) with a and h arbitrary, and the coor-
dinate system ðx0; y0; z0Þ, defined by Eq. (14), is adopted herein.
Under this configuration, Eq. (19) is also represented by Eq. (23),
but the removal of the force artifacts is now only achieved in
approximate form through

kx0 ¼ 1� 3 cx0 ðhÞ
4Kð3 cx0 ðhÞ � 1Þ ;

ky0 ¼ 1� 3 cy0 ðaÞ
4Kð3 cy0 ðaÞ � 1Þ ;

(25)

where cx0 ðhÞ and cy0 ðaÞ measure the (angular-dependent) sixth-
order velocity moments given by

cx0 ðhÞ ¼ 6
XQm=2

q¼1

tq c
2
qx0c

4
qz0 ¼

1
4
ð3þ cosð4hÞÞ;

cy0 ðaÞ ¼ 6
XQm=2

q¼1

tq c
2
qy0c

4
qz0 ¼

1
4
ð3þ cosð4aÞÞ:

(26)

Remark 2.5. The improved force (IF) strategy, compared to the
SF scheme, is more prone to stability issues when K is small. A
heuristic stability argument54 reveals that, for a horizontal chan-
nel, the overall coefficient weighing the forcing term obtains a
negative pre-factor when K < 1

4, i.e., tq cqxð1þ 2kxÞjkx¼1� 3
8K

¼ 3 tq cqx 1� 1
4K

� 

, which might explain why the use of small K

values might lead to instabilities. Still, numerical evidence has
indicated that, for this problem class, stability can be maintained
within the typical range K 2 ½ 112 ; 1�, providing the numerical
parameters of the simulation are carefully tuned. In terms of
extra computational overhead, the IF strategy only brings one
extra term compared to the original SF scheme. Additionally, this
extra term is a constant pre-factor. As such, it can be computed
only once, during the initialization stage of the computational

algorithm. In practice, the computational cost of the IF scheme
becomes virtually identical to the SF scheme.

To conclude this section, it is noted that an analysis of the very
popular Guo forcing strategy,26 which includes non-zero symmetric
components on the second-order Hermite basis Hð2Þ

q , is presented in
Appendix A. This analysis reveals the inadequacy of Guo’s model26 to
incorporate the Coriolis force term, a conclusion in line with other
studies49–52 considering the LBM modeling of a variety of steady fluid
flows driven by other kinds of body forces. In any case, if we would
like to extend the IF idea to Guo’s model26 then, according to the
explanation given in Remark 2.2, two independent corrections would
be necessary: one projected ontoHð3Þ

q , which acts upon~F , and another
projected ontoHð4Þ

q , which acts upon~j~F .

F. Boundary schemes

In this section, two types of LBM boundary schemes are pre-
sented. Section II F 1 describes an (on-node) wet node boundary
scheme. Section II F 2 revises existing and proposes new (off-node)
linkwise boundary schemes. Both families of boundary schemes will be
extensively used throughout this work.

1. Wet node boundary schemes (on-node)

The wet node formulation enforces the prescribed macroscopic
boundary condition, ~uð~xbÞ ¼~uð~xwÞ ¼~0, into the LBM boundary
populations. Under this framework, we follow a simplified version of
the local second-order boundary (LSOB) scheme.63,64 The formulation
employed here is restricted to straight on-lattice walls, where~xb ¼~xw.
However, we underline the wet node formulation,68–70 and LSOB63,64

in particular, can be generalized to accommodate arbitrary shaped
walls, although this task is beyond the scope of the present work. For
this task, off-lattice walls will be modeled with linkwise schemes, as
will be discussed in Sec. II F 2.

The general LSOB method enforces the intended macroscopic
BCs by explicitly reconstructing the unknown incoming boundary
populations according to the TRT decomposition64

fqð~xb; t þ 1Þ ¼ eþq þ e�q � sþn̂þ
q � s�n̂�

q

h i
ð~xb ;tÞ

; (27)

FIG. 3. Force-driven flow between two
parallel walls in a channel setup. (a)
Horizontal channel with a ¼ h ¼ 0. (b)
Arbitrarily inclined channel with a 6¼ 0 and
h 6¼ 0.
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where~cq ¼ �~cq and n̂6
q ¼ � 1

s6 ðf6q � e6q Þ. The overbar notation q
denotes populations coming from outside the fluid domain, meaning
they belong to the set of unknown populations, i.e., U
¼ q j fq is unknown
� �

. The transcription of Eq. (27) toward
our problem specification, further subject to on-node no-slip walls,
leads to

fqð~xb; tþ 1Þ ¼ tq Pð~xb; tÞþ tq~cq

� q0 ~uð~xb; tÞ|fflfflfflffl{zfflfflfflffl}
¼~uð~xwÞ¼~0

þK� 1þ 3kx c2qz �
1
3

� �� �
~Fð~xb; tÞ|fflfflfflffl{zfflfflfflffl}
¼q0ax~ix

0
@

1
A

� sþn̂þ
q ð~xb; tÞ� s�n̂�

q ð~xb; tÞ: (28)

The simplification of Eq. (28) leads to the wet node boundary scheme
used in practice

fqð~xb; t þ 1Þ ¼ tq Pð~xb; tÞ þ K� tq cqx 1þ 3 kx c2qz �
1
3

� �� �
q0 ax

� sþn̂þ
q ð~xb; tÞ � s�n̂�

q ð~xb; tÞ: (29)

Finally, pressure in Eq. (28) is available locally, for example, by exploit-
ing existing algorithms.63,67,84 Here, the algorithm employed is based
on the zeroth-order mass moment P

c2s
¼Pq2K fq þ

P
q2U fq at~xb, in

which the fq populations belonging to the unknown set U are replaced
by their LSOB reconstruction, Eq. (28), where K ¼ q j fqis known

� �
and U ¼ q j fq is unknown

� �
; in this way, the pressure at the bound-

ary node is determined as follows:63

Pð~xb;tÞ¼ 1
c�2
s �Pq2U tq

X
q2Kfqð~xb;tÞþq0~uð~xb;tÞ|fflfflfflffl{zfflfflfflffl}

¼~uð~xwÞ¼~0

�
X

q2U tq cqx
"

þK�q0ax
X

q2U tq cqx 1þ3kx c2qz�
1
3

� �� �
�sþ

X
q2U n̂

þ
q ð~xb;tÞ�s�

X
q2U n̂

�
q ð~xb;tÞ

i
: (30)

We note that the LSOB scheme is local and explicit since the non-
equilibrium populations n̂6

q ð~xb; tÞ are always available, a condition
that follows from the TRT symmetry property: n̂þ

q ¼ n̂þ
q and

n̂�
q ¼ �n̂�

q ; the same condition applies to the weights tq ¼ tq.

2. Linkwise boundary schemes (off-node)

Within the linkwise formulation, boundary conditions are oper-
ated on the boundary nodes ~xb, whose location is typically shifted
from the wall placement~xw as follows~xb ¼~xw þ dq~cq, where~cq rep-
resents a wall cut link and dq the wall-boundary node distance mea-
sured along the considered wall cut link. Due to their operation
principle, the modeling of off-node walls is naturally covered. Here,
two types of linkwise formulations are considered as no-slip boundary
condition models. They are summarized next.

• The bounce-back (BB) rule,21,43,45,58–62 which determines the
populations streaming in from ~xb by their mirrored state from
the post-collision step at~xb, given as follows:

fq ð~xb; t þ 1Þ ¼ f̂ q ð~xb; tÞ � 2 jqð~xwÞ; (31)

with~xb þ~cq 2 solid. The last term in Eq. (31) is a Dirichlet cor-
rection accounting for the (time-independent in our particular
context) wall movement~uw, given by jqð~xwÞ ¼ tq q0~cq �~uw. For a
resting wall, the jqð~xwÞ correction in Eq. (31) vanishes because
~uw ¼~0.

• The modified linear interpolation (MLI) rule41,45,56,62 specifies
the streaming in populations coming from ~xb according to the
following generic reflection rule:

fq ð~xb; t þ 1Þ ¼ j1 f̂ q ð~xb; tÞ þ j�1 f̂ q ð~xb; tÞ þ j0 fq ð~xb; t þ 1Þ
þ Fp:c:

q ð~xb; tÞ � aðuÞ jqð~xwÞ; (32)

with ~xb þ~cq 2 solid. The last term in Eq. (32) is once again a
Dirichlet boundary correction, given by jqð~xwÞ ¼ tq q0~cq �~uw,
which accounts for the wall movement ~uw. Equation (32) con-
tains several adjustable parameters, which permit establishing dif-
ferent classes of linkwise boundary schemes, ranging from the
simplest and low-order accurate BB scheme to the more complex
and high-order (parabolic) accurate MLI schemes. The MLI fam-
ily of schemes comprises the central (MCLI), the upwind
(MULI), or the downwind (MDLI) interpolation schemes, see
Table II. They all share an identical formal order of accuracy but
might exhibit different numerical characteristics in terms of sta-
bility; more details on the characteristics of the MLI schemes can
be found in the works.41,45,56,61,62 The detailed derivation of the
MLI terms and coefficients for this problem class is presented in
Appendix D. The Fp:c:

q term is a post-collision (non-local) correc-
tion, designed to recover the parabolic accuracy, and is explicitly
given as follows:

Fp:c:
q ¼ aðuÞK�ðn̂�

q � Fð?Þ
q Þ þ ð1� j1Þn̂�

q � aðuÞjqð~xwÞ

þ aðuÞ dq
d�

ð2Þ
a

2Xz0
DqFqjf :d: þ aðuÞ

d2q
2
D

2
qjqjf :d:; (33)

TABLE II. Parameters featuring in Eq. (32) for the different classes of linkwise
boundary schemes within the MLI family.41,45,56 While all schemes within the MLI
family share the same formal accuracy, i.e., parabolic accuracy, they have a different
stability behavior. As shown in the work,61 the MCLI is expected to have a more lim-
ited stability behavior than the MULI and MDLI schemes.

MLI family

BB MCLI MULI MDLI

j1 1 1 2 dq 1
2 dq

j0 0 1� 2 dq
1þ 2 dq

1� j1 0

j�1 0 �j0 0 1� j1
aðuÞ 2 4

1þ 2 dq

2 1
dq

Fp:c:
q 0 Eq. (33)

dq 1
2

]0, 1]
	
0;
1
2

	 �
1
2
; 1
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where d�
ð2Þ
a is a viscosity correction term given by d� for hori-

zontal flow, see Eq. (43), or by ðd� ð2Þ
x0 ; d�

ð2Þ
y0 ; 0Þ for arbitrary ori-

ented flows, see Eq. (C10), whose components are subject to the
inner product with ðFx0 ; Fy0 ; 0Þ in Eq. (33). The last two terms in
Eq. (33) can be determined by linkwise second-order finite-differ-

ence formulas. The discrete Laplacian term D
2
qjqjf :d: in Eq. (33) is

evaluated as

D
2
qjq
���f :d: ¼ 2

ðdq þ dqÞ
jqð~xwÞ � jqð~xbÞ

dq
� jqð~xbÞ � jqð~xw Þ

dq

 !
; (34)

and the discrete gradient term DqFqjf :d: in Eq. (33) is computed
as

DqFqjf :d:¼ 1
ðdqþdqÞ

dq
dq

Fqð~xwÞ�Fqð~xbÞ
� 
þdq

dq
Fqð~xbÞ�Fqð~xw Þ
� 
 !

;

(35)

where ~xw ¼~xb þ dq~cq, ~xw ¼~xb þ dq~cq , dq 6¼ 0, and dq 6¼ 0. In
this notation, if~xw denotes a solid node with wall velocity~u ð~xwÞ
(or simply~0 for a resting wall), then~xw denotes a fluid node with
dq ¼ 1 and ~u ð~xwÞ is extracted from the LBM bulk solution. In
Eq. (34) the term jq is given by Eq. (8c) and in Eq. (35) the term
Fq is given by Eq. (8d) for the SF source model or by Eq. (19) for
the IF source model.

III. POISEUILLE–EKMAN ROTATING CHANNEL FLOW:
IMPROVED DIFFUSION MODELING

To understand the role of the force discretization and the bound-
ary scheme on the LBM modeling of a rotating channel flow, a pure
viscous problem will be considered. In this way, the effect of these two
elements can be isolated, without the interference of the non-linear
advection term, which will be considered ahead.

A. Theoretical formulation

Consider the 3D channel sketched in Fig. 4. The geometry con-
sists of two parallel infinite walls at rest and located at z ¼ �H=2 and
z ¼ H=2. The channel undergoes rotation about an axis perpendicular

to its own axis with steady constant angular velocity ~X ¼ Xz~iz , where

Xz > 0. Inside the channel an incompressible fluid flows with velocity
field ~u ¼ ux~ix þ uy~iy , subject to an external body force ~F given by
Eq. (15). The flow is stationary @~u

@t ¼ 0 and invariant along both

streamwise @~u
@x ¼ 0 and spanwise @~u

@y ¼ 0 directions. Hence, the only

flow variation happens along the z axis. Under these general consider-
ations, the incompressible NSE in a rotating frame, Eqs. (1), leads to
the following differential equations system, known as the Ekman–
Poiseuille equations,14 given by

ax þ 2Xz uy þ �
d2ux
dz2

¼ 0; (36a)

�2Xz ux þ �
d2uy
dz2

¼ 0; (36b)

and are subject to the no-slip boundary conditions ux ðz ¼ 6H=2Þ
¼ 0 and uy ðz ¼ 6H=2Þ ¼ 0.

To facilitate the problem solving, let us introduce the complex
velocity

/ ¼ ux þ i uy; (37)

where i ¼ ffiffiffiffiffiffi�1
p

. Based on this new variable, Eqs. (36) reduce to the
single equation

ax � 2Xzi/þ �
d2/
dz2

¼ 0; (38)

with boundary conditions / ðz ¼ 6H=2Þ ¼ 0. The / solution yields

/ðzÞ ¼ � i ax
2Xz

1� cosh ð1þ iÞx zð Þ
cosh ð1þ iÞ x

2

� 
" #
with x2 ¼ Xz H2

�

and z ¼ z
H

2 � 1
2
;
1
2

� 	
: (39)

The parameter x is an important dimensionless group determin-
ing the problem dynamical regime based on the system rotation,
and it relates to the inverse of the Ekman number, Ek, defined
ahead in Eq. (62). Working out Eq. (39), the streamwise
ux ¼ Re½/� and spanwise uy ¼ Im½/� velocity components are
explicitly given as:

FIG. 4. Poiseuille–Ekman rotating channel
flow. (a) Geometry and relevant parame-
ters. (b) Computational cells according to
wet node boundary discretization or cell
vertex FEM discretization (vertex-centered
discretization). (c) Computational cells
according to linkwise boundary discretiza-
tion (cell-centered discretization).
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uxðzÞ ¼ ax
Xz

cos x zð Þcosh x zð Þsin x
2

� �
sinh

x
2

� �
� sin x zð Þsinh x zð Þcos x

2

� �
cosh

x
2

� �
cos xð Þ þ cosh xð Þ

0
B@

1
CA
; (40a)

uyðzÞ ¼ � ax
Xz

1
2
�

cos x zð Þcosh x zð Þcos x
2

� �
cosh

x
2

� �
þ sin x zð Þsinh x zð Þsin x

2

� �
sinh

x
2

� �
cos xð Þ þ cosh xð Þ

0
B@

1
CA
: (40b)

The self-consistency of Eqs. (40) is verified through the recovery of the
well-established Poiseuille flow solutions14 in the non-rotating limit,
that is, limx!0 uxðzÞ ¼ ax H2

8 � ð1� 4 z2Þ and limx!0 uyðzÞ ¼ 0.
Based on the rotation parameter x, the Poiseuille–Ekman flow

solutions, given by Eqs. (40), may undergo three distinct dynamical
regimes. Figure 5 sketches the domain of definition of each rotating
flow regime in terms of the x value. A summary of the corresponding
flow topologies will be discussed next.

At small x the flow lies in the diffusion-dominated regime, see
Figs. 6(a) and 6(d). Here, the flow presents a quasi-parabolic profile in

both directions, although possessing a higher velocity magnitude in
the streamwise flow direction ux . The diffusion-dominated regime is
abandoned when ux and uy reach the same magnitude, i.e., when x
is such that juxj ¼ juyj. This condition is met at x
¼ 2:163596505058589.

The intermediate x � 2:16 value sets the beginning of the
Coriolis-dominated regime, see Figs. 6(b) and 6(e). Here, the spanwise
velocity profile uy continues to develop in a parabolic-type fashion,
although decreasing its magnitude, whereas the streamwise profile ux
becomes flatter in the central region. This topological change indicates

FIG. 5. Domain of each flow dynamical
regime as function of the rotation parame-

ter x ¼
ffiffiffiffiffiffiffiffi
Xz H2

�

q
.

FIG. 6. Normalized velocity profiles for various rotation regimes x ¼
ffiffiffiffiffiffiffiffi
Xz H2

�

q
, with Xz > 0. The normalization velocity scale is hupi ¼ ax H2

12� , i.e., the non-rotating (Poiseuille)
mean velocity. Panels (a) and (d) Diffusion-dominated regime. Panels (b) and (e) Coriolis-dominated regime. Panels (c) and (f) Instability-dominated regime.
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that the Coriolis force has reached a competing magnitude compared
to the constant acceleration ax in the channel central region. Alongside
this phenomenon, the viscous effects become confined to an increas-
ingly thinner boundary layer next to the walls.

The value x ¼ p sets the transition to the instability-dominated
regime, see Figs. 6(c) and 6(f). This regime is characterized by the
appearance of inflection points in the velocity profile that result from
the accumulation of the flow kinetic energy in the balance between the
Coriolis force retarding effect at the channel center and the viscous
boundary layer at the wall region. Progressively increasing the rotation
rates makes the size of the boundary layers reduce even further,
together with the widening of the geostrophic-like profile at the core
region. At x ¼ 2p the streamwise velocity ux decreases to ux ¼ 0 at
the channel center region z ¼ 0. From this point onwards, i.e.,
x > 2p, the ux profile develops oscillations around the aforemen-
tioned zero velocity state. At the same time, the inflection points con-
tinue to move closer to the walls. In contrast, the uy evolution stays
roughly insensitive to this behavior. The uy magnitude decreases with
x and, like the ux case, the uy core region also tends to a geostrophic-
like structure. Yet, unlike the ux profile, the uy component never expe-
riences flow reversions.

B. Lattice Boltzmann formulation—horizontal channel
flow

This section focuses on the LBM discrete solution of the problem
previously introduced in Sec. III A. The presentation is split into three
subsections. Section III B 1 derives the exact difference equations satis-
fied by the TRT scheme in bulk. While in bulk the same equations are
obtained with vertex- or cell-centered discretizations, see sketches in
Fig. 4, they will differ depending on how we treat the boundaries.
Section III B 2 provides the solution of the problem using wet node
boundaries, i.e., where the grid points of the cell coincide with the
boundary location, so-called vertex-centered discretization, see
Fig. 4(b). Section IIIB 3 derives the same solution for linkwise bound-
aries, i.e., where the extremities of the cell, which are not grid points,
coincide with the boundary location, so-called cell-centered discretiza-
tion, see Fig. 4(c).

1. Bulk formulation

Here, we cover the discrete formulation of the problem presented
in Sec. IIIA, focused on bulk. Since fluid advection is not relevant in
this particular setup, the non-linear velocity terms will be omitted
from the numerical analysis; the validity of this simplification is limited
to straight geometries, as demonstrated in the works.44,61

The discretization process sets the grid nodes zj within computa-
tional cells differently depending on whether a wet node or a linkwise
boundary condition is applied, see Figs. 4(b) and 4(c). In both instan-
ces, macroscopic velocities at the discrete level are represented as
uj :¼ uxðzjÞ and vj :¼ uyðzjÞ along streamwise and spanwise direc-
tions, respectively.

Based on the adopted discretization, the LBM equations can be
exactly solved by following the procedures developed by He et al.60 or
by Ginzburg.44 This work adopts the latter, which is summarized in
Appendix C. By doing so, it can be proven that the discrete system sat-
isfied by the LBM equations, applied to the problem governed by Eqs.
(36), is given by

ax þ 2Xz vj þ � D
2
zuj ¼ � d� D

2
zvj; (41a)

�2Xz uj þ � D
2
zvj ¼ �� d� D

2
zuj: (41b)

For notation convenience, above we have introduced the central differ-
ence operators for the discrete Laplacian of streamwise and spanwise
velocities (using simulation units Dx ¼ 1), which read as follows:

D
2
zuj ¼ ujþ1 � 2 uj þ uj�1 and D

2
zvj ¼ vjþ1 � 2 vj þ vj�1: (42)

Here, the fluid viscosity � is given by Eq. (4) and the right-hand side
terms in Eqs. (41) feature a viscosity correction d� , which is a numeri-
cal artifact coming from the source term discretization that is explicitly
determined as follows:

d� ¼ 8K� 3
12

� �
T with T ¼ 2Xz

�
: (43)

Alternatively, d� can be expressed as follows:

d� ¼ 8K� 3
12

� �
2x2

H2
: (44)

By repeating the solution procedure of Sec. III A, the introduction of
the complex discrete variable /j ¼ uj þ i vj permits merging Eqs.
(41a) and (41b) into a single discrete equation

ax � 2Xz i/j þ �e D
2
z/j ¼ 0 with �e ¼ � ð1þ i d�Þ: (45)

a. Analysis of bulk formulation. The comparison between the con-
tinuous formulation, Eqs. (36), and its LBM discrete counterpart, Eqs.
(41), reveals the following two main differences.

First, the differential Laplacian terms are replaced by second-

order central finite-difference approximations, respectively, d2ux
dz2

! D
2
z uj and d2uy

dz2 ! D
2
zvj. Considering the continuous solutions

ux; uyf g are characterized by transcendental-type functions, see Eqs.
(40), their discrete counterparts make unavoidable the presence of
Oð�2Þ discretization errors, where � ¼ 1=H.

Second, the right-hand sides of Eqs. (41) feature spurious discrete
velocity Laplacian terms, created by the non-local discretization of the
(velocity-dependent) Coriolis body force, and display as coefficients
the viscosity correction d� term. Looking at Eq. (44), the artifact d�
depends on three factors:44

(i) the physical flow regime, determined by the square of x, which
perturbs d� linearly, and vanishes in the no-rotation limit
x ! 0;

(ii) the inverse square of the mesh size d� / 1=H2, where H
counts the grid nodes number;

(iii) the relaxation parameter of the TRT collision scheme, which
sets d� ¼ 0 for K ¼ 3=8.

Remark 3.1. If considering the single-relaxation-time BGK scheme46

to solve this problem, then the numerical artifact d� leads to a non-
linear viscosity dependence44 in the solution structure, i.e.,
d� / ðs� 1

2Þ2 / 9�2. In this way, when the mesh size H is fixed, then
the BGK solutions are no longer controlled by x alone, as it would be
required by the principle of dimensional similitude, but they will vary
depending on the � individual value. The TRT scheme is exempt from
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this defect since K is a pure numerical parameter that does not enter
the construction of the physical dimensionless groups, contrary to �.
This explains why the BGKmust be considered an inconsistent numer-
ical scheme.

Remark 3.2. In addition to the aforementioned dependencies, it
is also important to recall that the structure of d� is anisotropic. While
Eq. (43) has been derived considering the flow is aligned with the latti-
ce’s main links, if we would repeat this derivation, but now consider
the flow aligned with the lattice’s diagonal links44 then Eq. (43) would

become d� ¼ 4K�3
24

� �
T . In general, the d� angular dependence44 can

be vanished for K ¼ 1
4. Yet, this relaxation choice does not eliminate

the d� numerical artifact, but fixes it to d� ¼ � 1
12 T .

Remark 3.3. The d� numerical artifact is inherent to the LBM
approximation, and it has been identified in other LBM problems fea-
turing solution-dependent sources, such as in the Brinkman force
modeling44,51,55,56 or in the discretization of reaction–diffusion-type
equations.57 Also, other numerical schemes, such as those making use
of weighted integral approximations, like the finite element method
(FEM), enforce a neighbor averaging representation of the source
term, recovering a very similar discretization structure in terms of spu-
rious terms. For example, the linear FEM discretization of the above
problem is also described by Eqs. (41) with d� ¼ � 1

6 T . Therefore, the
TRT scheme with K ¼ 1

8 has the same bulk discretization structure as
the linear FEM on a uniform mesh, although the validity of this result
is limited to straight geometries.55,56 This exact equivalence between
apparently so different numerical schemes will be demonstrated ahead
through numerical results.

Finally, to better understand how the d� artifact modifies the dis-
crete approximation toward the physical continuous description given
by Eqs. (36), it is convenient to re-express Eqs. (41) in the following
equivalent form:

ax þ 2Xz vj þ � ð1þ d�
2ÞD2

zuj ¼ d� ð2Xz ujÞ; (46a)

�2Xz uj þ � ð1þ d�
2ÞD2

zvj ¼ d� ðax þ 2Xz vjÞ: (46b)

Looking at Eqs. (46), the impact of d� can be identified on two fronts.
First, it modifies the model viscosity as � ! � ð1þ d�

2Þ, making
the numerical model slightly over-dissipative. At leading order, this
term contributes to Oð�4Þ modifications, which can be considered of
minor importance compared to the leading order truncation error
Oð�2Þ.

Second, the most striking effect comes from the right-hand side
terms introduced in the discrete momentum balance, which scale with
d� . Given that d� scales with Oð�2Þ, these spurious sources equally
compete with the leading truncations of the physical discrete Laplacian

terms. For example, d�ð2Xz uxÞ ¼ 8K�3
12

� �
2x2 �2 ð2Xz uxÞ interferes

at the same level with � �2

12
d4 ux
dz4 , the leading order truncation from

D
2
zuj ’ d2 ux

dz2 þ �2

12
d4 ux
dz4 þ � � �.

With the improved force (IF) source model, given by Eq. (19) in
Sec. II E, the TRT scheme reproduces the artifact-free discrete system
of equations

ax þ 2Xz vj þ � D
2
zuj ¼ 0; (47a)

�2Xz uj þ � D
2
zvj ¼ 0; (47b)

which also releases the bulk solution from any constraint on K. The
extension of the IF model to other channel flow orientations, e.g., diag-
onal or arbitrarily inclined ones, as proposed in Sec. II E, is theoreti-
cally derived in Subsection 2 of Appendix C and will be numerically
tested in Sec. III C.

2. Wet node solution

a. Formulation. The wet node formulation considers the LBM
discretization of the channel flow depicted in Fig. 4(b) to be split into
H computational cells of unitary size, with cell vertex grids nodes
located at zj ¼ � H

2 þ j where j ¼ 0; 1;…;H.
The fluid velocity is subject to the no-slip velocity boundary con-

dition (BC), ~uð~xwÞ ¼~0, at bottom and top solid walls. Note, the
boundary node coincides with the solid wall,~xb ¼~xw. Hence, the no-
slip BC at the boundary node, ~xb ¼ ðx; y; zbÞ where zb ¼ 6H=2,
applies in the discrete solution as follows:

uj; vjð Þ ¼ 0; 0ð Þ at zj ¼ 6
H
2
: (48)

Owing to its “wet node” character, the use of Eq. (29) with Eq. (30)
permits exactly assigning the macroscopic BC, Eq. (48), on the bound-
ary nodes~xb, similarly to what is done by standard macroscopic (cell
vertex) difference schemes.

Under this framework, the exact discrete solution of this problem,
constructed in symbolic form, yields the following /j :¼ /ðzjÞ
solution:

/j ¼ � i ax
2Xz

1�Aðk�zj þ kzjÞ
 �
; (49)

with

A ¼ kH=2

1þ kH
; (50)

and the parameter k is found as the root of the quadratic equation
k2 � kð i T

ð1þi d� Þ þ 1Þ þ 1 ¼ 0, which has the following solutions

k ¼ 16R
17R

with R2 ¼ i T

4 ð1þ i d�Þ þ i T
and T ¼ 2Xz

�
;

(51)

where the viscosity correction d� is given by Eq. (43) for the standard
force (SF) or by d� ¼ 0 for the improved force (IF) scheme. Given
that /j ¼ uj þ i vj, the velocity solutions are easily extracted as
uj ¼ Re½/j� and vj ¼ Im½/j�, with their values defined on grid nodes

zj ¼ � H
2 þ j with j ¼ 0; 1;…;H.

b. Results. Here, the accuracy of numerical solutions for ux and
uy is measured with the standard L2 norm as follows:

L2ðuxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
ux � uðexactÞx

� �2
P

uðexactÞx

� 
2
vuuut ; L2ðuyÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
uy � uðexactÞy

� �2
P

uðexactÞy

� �2
vuuuut ;

(52)
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where sums are taken over all grid nodes, and ux :¼ uj and uy :¼ vj
refer to the numerical solutions, whereas uðexactÞx and uðexactÞy are the sol-
utions of the continuous problem; in this case, given by Eqs. (40).

Figure 7 displays symbolic solutions of the numerical velocity
profiles compared against the analytical ones for three x regimes.
Table III provides the quantitative error measures. The validity of the
constructed symbolic solutions was confirmed by attesting to their
exact agreement with the numerical results, within their operational
range of stability. For this verification analysis, the LBM symbolic solu-
tions were compared against our in-house numerical code solutions
and the FEM symbolic solutions against the COMSOL commercial
code solutions.85

For low non-dimensional rotation rates, e.g., x ¼ 0:1, the flow
falls into the diffusion-dominated regime. Here, the numerical artifact
d� , which is induced by rotation, has vanishingly small values. As a
result, the parabolic velocity profile tends to be recovered exactly,
regardless the K value. When x increases, in particular for large non-
dimensional rotation rates, e.g., x ¼ 2p, the numerical artifact d�
takes the dominant role in the discrete momentum balance.
Surprisingly, while the choice K ¼ 3

8 eliminates the d� numerical arti-
fact, the best match between LBM and analytical solutions does not
happen for this value, but close to K ¼ 1

4 (as shown in Fig. 8). To
understand such an unexpected result, it is convenient to assess how
continuous and discrete solutions for / relate to one another. By

FIG. 7. Velocity profiles in a horizontal channel of size H ¼ 6, discretized with H þ 1 grid nodes, and using LSOB boundary conditions. For the same discretization FEM also
employs H þ 1 grid nodes. Panels (a) and (d) x ¼ 0:1. Panels (b) and (e) x ¼ 2:16. Panels (c) and (f) x ¼ 2p. The normalization velocity scale is hupi ¼ ax H2

12� .

TABLE III. L2 error quantification of LSOB solutions shown in Fig. 7.

K ¼ 1
12 K ¼ 1

8 ¼ FEM K ¼ 1
4 K ¼ 3

8 ¼ IFð8KÞ K ¼ 1
2

x ¼ 0:1
L2ðuxÞ 2.45� 10�7 1.84� 10�7 1.29� 10�9 1.91� 10�7 3.85�10�7

L2ðuyÞ 0.0305 0.0228 2.69� 10�9 0.0228 0.0457

x ¼ 2:16
L2ðuxÞ 0.0291 0.0218 2.21� 10�5 0.0213 0.0422
L2ðuyÞ 0.0032 0.0023 2.96� 10�4 0.0016 0.0032

x ¼ 2p
L2ðuxÞ 0.2149 0.1590 0.0123 0.1333 0.2453
L2ðuyÞ 0.0336 0.0247 0.0032 0.0223 0.0432
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comparing Eqs. (39)–(49), it is found44 that solutions for continuous /
and discrete /j profiles exactly match for k ¼ exp½ð1þ iÞ ffiffiffiffiffiffiffiffi

T=2
p �.

Bearing in mind k given by Eq. (51) with d� given by Eq. (43), then
continuous, Eq. (39), and discrete, Eq. (49), / solutions become identi-
cal whenK takes the following form:

K ¼ 3
8

i
4
T
þ coth2

ffiffiffiffiffiffiffi
i
T
4

r !" #

¼ 3
8

i 2
H
x

� �2

þ coth2
ffiffiffi
i
2

r
x
H

 !" #
: (53)

Based on our in-house code, we numerically verified that the LBM
solution of the complex-valued problem, given by Eq. (38), exactly
matches the exponential-type solution, given by Eq. (39), when K is
assigned to Eq. (53). However, the extension of this result to the
velocity components uj ¼ Re½/j� and vj ¼ Im½/j� does not find an
exact direct matching because, in this case, the continuous ux and uy
solutions become expressed by more complex analytical functions,
see Eq. (40). Nonetheless, some insight can be gained from the /
analysis, and in particular, from Eq. (53), if we focus on what hap-
pens for the ratio H

x � 1, which corresponds to the typical situation
found in practice. When the physical regime x is fixed, the limit
H ! 1 to Eq. (53) yields K ¼ 1

4, which corresponds to the K value
that minimizes the L2ðuxÞ and L2ðuyÞ error measures, as shown in
Fig. 7. The minimum at K ¼ 1

4 becomes more evident the lower x
or the higher the grid resolution H. On the other hand, when the
grid resolution H is fixed, the increase in rotation rate, which is
found by setting the limit x ! 1 in Eq. (53), yields K ¼ 3

8. While
not shown in the manuscript, this case was also verified numerically
with our in-house LBM code.

Finally, we would like to point out that, in this setup, the TRT
with K ¼ 1

8 and the linear FEM produce the same discretization
structure. In other words, they recover the same discrete solutions,
up to the machine’s accuracy. The validity of the FEM symbolic solu-
tions was confirmed numerically using the COMSOL commercial
software.85 This test permits showing that by adjusting the extra
degree of freedom K available in the TRT, the discrete structure of
the scheme can be optimized in order to reach more accurate solu-
tions than the traditional discretization methods for the NSEs with
the same formal order of accuracy, such as the linear FEM studied
herein.

3. Linkwise solution

a. Formulation. Based on the linkwise formulation, the LBM dis-
cretization of the channel flow depicted in Fig. 4(c) is split intoH com-
putational cells of unitary size, with cell-centered grid nodes located at
zj ¼ � H

2 þ 1
2 þ j where j ¼ 0; 1;…;H � 1.

To construct the symbolic solutions, it is necessary to unfold the
explicit form of the closure relations satisfied by the linkwise boundary
rules in terms of the macroscopic variables of interest. The
works21,41,43,58,59 showed that, for linkwise boundary schemes, the
macroscopic BC applying at ~xw is expressed as a truncated Taylor
series of the fluid velocity around the boundary node~xb, with the spa-
tial increment dq directed along the wall cut link~cq.

Let us consider the horizontal channel with walls located at
zw ¼ 6 H

2 � 1
2 þ dz

� 

and boundary nodes located at zb ¼ 6 H

2 � 1
2

� 

with the distance between these two sites, dz ¼ jzw � zbj, with dz ¼ 1

2
here, so that zw ¼ 6 H

2 . For the purpose of analysis, only the non-
trivial links cut by walls are considered, i.e., the diagonal links satisfy-
ing cqxcqz 6¼ 0 and/or cqycqz 6¼ 0, where cqz points in the wall normal
direction. By following the derivation steps explained in the works,55,56

it is possible to derive the symbolic solutions of the closure relations
obeyed by linkwise boundary schemes, such as BB or MLI, which for
the rotating channel setup are given by

cqx uj þ sgnðcqzÞ aþ Dzuj þ a� D
2
zuj

h
þ d� sgnðcqzÞ aþ Dzvj þ a� D

2
zvj

� �i���
zb

þ cqy vj þ sgnðcqzÞ aþ Dzvj þ a� D
2
zvj

h
� d� sgnðcqzÞ aþ Dzuj þ a� D

2
zuj

� �i���
zb
¼ 0; (54)

where zb ¼ sgnðcqzÞ H
2 � 1

2

� 

and the sgn function is defined as

sgnðcqzÞ ¼
þ1 cqz > 0;

�1 cqz < 0:

(
(55)

Note that, for notation convenience, Eq. (54) is once again expressed
in terms of compact finite-difference operators, where the discrete
Laplacian was defined in Eq. (42) and the discrete gradient operator is
defined as

Dzuj ¼
ujþ1 � uj�1

2
and Dzvj ¼

vjþ1 � vj�1

2
: (56)

FIG. 8. Effect of the TRT free relaxation
parameter K on the accuracy of LBM sol-
utions with SF source scheme and LSOB
boundary conditions, for the parameters
considered in Fig. 7. Note, the TRT with
IF source scheme and FEM solutions are
K-independent, and their L2 values 8K
are given in Table III.
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Remark 3.4. When applied at boundary nodes, the discrete operators
Dz and D

2
z require values from the nodes j61 that lie outside the fluid

domain. For the construction of the symbolic solutions, they are com-
puted on the virtual linkwise continuation of the solution at node j, as
explained in previous works.55,56 By following this procedure, the
obtained symbolic solutions exactly match the numerical LBM solu-
tions over all nodal values.

By using the IF strategy, Eq. (54), the viscosity correction term
becomes d� ¼ 0, which reduces the boundary closure relation, Eq. (54),
to an artifact-free Taylor-type condition for the wall no-slip condition

cqx uj þ sgnðcqzÞ aþ Dzuj þ a� D
2
zuj

h i���
zb

þ cqy vj þ sgnðcqzÞ aþ Dzvj þ a� D
2
zvj

h i���
zb
¼ 0: (57)

The coefficients aþ and a� in Eqs. (54) and (57) are specified in
Table IV for the BB andMLI schemes and the source model employed,
SF and IF.

Remark 3.5. According to Eq. (54), the source term artifact d�
comes in the closure relation of the linkwise boundary schemes by
introducing extra gradient and Laplacian velocity terms. As a result,
the boundary closure relations, which should only depend on dz to
determine the no-slip wall location, will be dependent on the d� value
as well. Worse, if the BGK or REG collision models were to be used
with the BB boundary scheme, then this d� artifact would make the
no-slip wall location become viscosity dependent already at the first
order, as dictated by the d� aþ combination. This unphysical ��
dependency is removed from the BB scheme by TRT or MRT collision
operators. Yet, even with these models, the d� artifact remains present.
As such, the no-slip wall location can still vary with the rotational
regime through the x-dependency on d� (this issue can be visualized
in Fig. 9). The vanishing of d� in the BB boundary closure relations
can be achieved either: (1) by tuning K to suitable values in the SF
scheme, e.g., the K ¼ 3=8 in horizontal channel case, or (2) by using
the IF scheme, which liberatesK to other features. The alternative con-
sists in using higher-order boundary schemes, such as the MLI pre-
sented in Eq. (32), where this d� artifact is removed by design.

To proceed with the analysis, and in order to aid in the construc-
tion of the symbolic solutions, we rewrite the above boundary closure
relations, Eqs. (54) and (57), in terms of the complex velocity /j
parameter, which takes the form

/j þ sgnðcqzÞ bþ Dz/j þ b� D
2
z/j

��
zb
¼ 0; (58)

where the boundary coefficients b6 are given in Table V. Based on
this complex velocity, the Re½/j� and Im½/j� solutions of Eq. (58) pro-
vide the boundary closures for uj and vj, respectively.

TABLE IV. Coefficients aþ and a� in Eqs. (54) and (57), with dz 2�0; 1�.

SF [Eq. (8d)] IF [Eq. (19)]

aþ a� aþ a�

BB [Eq. (31)]
1
2

2K
3

1
2

1
4

MLI [Eq. (32)] dz
d2z
2

dz
d2z
2

FIG. 9. Velocity profiles in a horizontal channel of size H ¼ 6, discretized with H grid nodes and dz ¼ 1=2, and using BB boundary conditions. For the same discretization
FEM employs H þ 1 grid nodes. Panels (a) and (d) x ¼ 0:1. Panels (b) and (e) x ¼ 2:16. Panels (c) and (f) x ¼ 2p. The normalization velocity scale is hupi ¼ ax H2

12� .
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In this framework, the exact discrete solution of this problem is
constructed by coupling Eq. (54) with the bulk solution from Eq. (45).
The symbolic solution of /j :¼ /ðzjÞ is

/j ¼ � i ax
2Xz

1� Bðkzj þ k�zjÞ
 �
; (59)

with

B ¼ kð3þHÞ=2

kðkþ kHÞþ 1
2b

þð�1þ k2Þð�kþ kHÞþb�ð�1þ kÞ2ðkþ kHÞ ;

(60)

where the coefficients b6 are given in Table V and k is a root of the
quadratic equation whose solution is given in Eq. (51). Since
/j ¼ uj þ i vj, discrete velocity solutions are uj ¼ Re½/j� and
vj ¼ Im½/j�, defined on the grid nodes zj ¼ � H

2 þ 1
2 þ j with

j ¼ 0; 1;…;H � 1.

b. Results. The accuracy of ux and uy numerical solutions is mea-
sured with the standard L2 norm given by Eq. (52). Figure 9 displays
symbolic solutions of the numerical velocity profiles obtained with the
BB boundary scheme and compares them against analytical ones for
the aforementioned three x regimes. Table VI provides the quantita-
tive error measures. Once again, the validity of the constructed sym-
bolic solutions was attested by verifying their exact agreement with
numerical results in both LBM and FEM cases; LBM was computed
with our in-house code and FEM was computed with COMSOL
software.85

The repetition of the study, previously performed for wet node
boundaries, now using the BB rule, introduces as a new feature the
interplay of the d� numerical error between bulk discretization and
no-slip BC approximation. According to the symbolic solutions
derived above, see Eq. (54), the leading order error in this case [that
scales withOð�Þ] is due to the BB boundary rule. This theoretical result
is numerically confirmed by the profiles shown in Fig. 9; they clearly
reveal that the influence of d� , reflected by the effect of K on the solu-
tions, becomes significantly more noticeable close to the walls, where
the profile accommodation gets controlled by the LBM boundary
scheme. In this respect, we find that increasing K leads to larger wall
slips, while lowering K may lead to negative slips, which implies the
existence of near-wall flow reversions artificially promoted by the BB
rule. In other words, the accommodation of the overall solution is
determined by a condition of insufficient lower accuracy when the BB
boundary is used. A further testament to the dominating role of the
force discretization artifact d� is dominated by the BB boundary,
which is seemed on the variability of the solution with K, which tends
to diminish when shifting away from the walls toward the bulk region.

Figure 10 provides a more detailed look at the K effect over the
BB overall accuracy. Whenx ¼ 0:1, the d� artifact becomes negligibly
small and the ux profile gets near parabolic. Hence, in agreement with
theoretical results for the Poiseuille flow solution,41,43,45,59 the best
accuracy for ux with the BB rule happens for K ¼ 3=16. Interestingly,
this K ¼ 3=16 optimal choice remains approximately fixed when x
increases toward higher rotational regimes, which seems to indicate
that, for all x regimes, boundary errors dominate over bulk ones. This
conclusion is corroborated by the fact that the IF scheme, which van-
ishes d� from the BB solutions, does not seem to provide the best
numerical accuracy. The reason comes from the inaccurate values
taken by the coefficients of the BB closure relation when the IF scheme
is adopted, which is identical to the K ¼ 3=8 choice in the SF case.
The two cases lead to an overestimation by a factor of 2 on the coeffi-
cient of the flow curvature in the boundary closure relation, i.e., a� in
Table IV, and this error controls accuracy here. In this regard, letting
the d� force artifact be present in both bulk and boundary approxima-
tions and just correcting the error specific to the BB scheme, as done
by the K ¼ 3=16 choice, seems to be the preferable choice. This obser-
vation suggests that any attempt to eliminate d� through an improved
force discretization alone, like with the IF scheme proposed here, does

TABLE V. Coefficients bþ and b� in Eq. (58), with dz 2�0; 1�, and d� is given by
Eq. (43).

SF [Eq. (8d)] IF [Eq. (19)]

bþ b� bþ b�

BB [Eq. (31)]
1
2
ð1þ i d�Þ 2K

3
ð1þ i d�Þ 1

2
1
4

MLI [Eq. (32)] dz
d2z
2

dz
d2z
2

TABLE VI. L2 error quantification of BB solutions shown in Fig. 9.

K ¼ 1
12 K ¼ 1

8 K ¼ 3
16 K ¼ 3

8 ¼ IF ð8KÞ K ¼ 1
2 FEM

x ¼ 0:1
L2ðuxÞ 0.0211 0.0127 8.95� 10�8 0.0380 0.0634 1.84� 10�7

L2ðuyÞ 0.0486 0.0336 0.0108 0.0590 0.1069 0.0228

x ¼ 2:16
L2ðuxÞ 0.0185 0.0135 0.0103 0.0313 0.0495 0.0218
L2ðuyÞ 0.0212 0.0129 0.0005 0.0363 0.0604 0.0023

x ¼ 2p
L2ðuxÞ 0.1580 0.0935 0.0355 0.1821 0.2338 0.1590
L2ðuyÞ 0.0382 0.0238 0.0111 0.0731 0.1146 0.0247
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not guarantee improved accuracy, but it should be combined with an
equally accurate boundary model.

In order to clear up this last conclusion, Fig. 11 provides the
velocity profiles of the parabolic accurate MLI boundary scheme.
Table VII lists the respective error measures. The MLI scheme elimi-
nates the d� error from its boundary closure relation. Hence, although
LBM solutions, for the same x; may vary in bulk due to featuring dif-
ferent K values, they all converge to the same velocity at the wall loca-
tion. Even if solutions typically improve in accuracy, it turns out that
the symbolic continuation of these velocity profiles toward the wall
does not match the prescribed wall velocity boundary condition. This
artificial wall slip is particularly noticeable when boundary layers are
sharp and cannot be resolved by the mesh, e.g., as happens when x is

large andH is coarse. Such behavior is intrinsic to linkwise schemes as,
due to their off-node placement of the no-slip BC, they realize the wall
in an implicit way, through a second-order Taylor series approxima-
tion, as described by Eq. (58). Therefore, when the solution features a
steep velocity gradient close to the wall, the unaccounted Oð�3Þ trun-
cations in the Taylor series representation of the no-slip BC become
relevant, and the mismatch causes the observed wall slip. Yet, rather
than a drawback, this freedom to slip at the wall tends to be beneficial
in under-resolved simulations since it permits a smoother accommo-
dation of the bulk solution on the boundary. This behavior contrasts
with the on-node placement of the no-slip BC, typically considered by
wet node boundary schemes, where the wall condition is enforced
exactly. Its downside is that, when the bulk solution is not sufficiently

FIG. 10. Effect of the TRT-free relaxation
parameter K on the accuracy of LBM sol-
utions with SF source scheme and BB
boundary conditions, for the parameters
considered in Fig. 9. Note, the TRT with
IF source scheme and FEM solutions do
not vary with K, and their L2 values 8K
are given in Table VI.

FIG. 11. Velocity profiles in a horizontal channel of size H ¼ 6, discretized with H grid nodes and dz ¼ 1=2, and using MLI boundary conditions. For the same discretization
FEM employs H þ 1 grid nodes. Panels (a) and (d) x ¼ 0:1. Panels (b) and (e) x ¼ 2:16. Panels (c) and (f) x ¼ 2p. The normalization velocity scale is hupi ¼ ax H2

12� .
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well-resolved near the wall, such an exact enforcement of the no-slip
velocity condition at the boundary node may act as an over-constraint,
distorting the velocity profile in the process to accommodate it.

In a similar fashion, the attempt to accommodate a defective bulk
solution on an error-free boundary condition also creates an incom-
patible over-constraint on the simulated flow field. This mismatch
leads to the distortion of the numerical velocity profiles, and it explains
why the attempt to match a d�-contaminated SF solution on an error-
free MLI boundary condition leads to such inaccurate solutions. For
example, at x ¼ 2p, the error in SF solutions is typically much larger
with the MLI scheme than with the BB rule, which allows the d� arti-
fact to be present at boundaries. The improvement in the accuracy of
solutions requires eliminating the d� artifact in both bulk and bound-
ary approximations. This optimal accuracy is achieved with the MLI
boundary rule combined with the SF scheme using K ¼ 3=8 or prefer-
ably with the IF, which is valid for all K values.

Figure 12 shows the effect of K on the SF solution accuracy with
MLI boundaries and confirms that the error minima occur around
K ¼ 3=8. Small deviations to this value are due to the coarseness of
the mesh; while not shown in the manuscript, it was confirmed that
refining the mesh shifts the error minima towardK ¼ 3=8.

C. Inclined channel setup

This section revisits the study developed in Sec. III B 3, extending
it from a horizontal lattice-aligned Ekman–Poiseuille channel flow to a

channel orientation not compliant with the mesh, considering a ¼ 0
and h ¼ arctanð1=2Þ inclinations with respect to the 3D lattice; other
angles were also tested and do not modify conclusions. Moreover, due
to the particular problem geometry, the obtained numerical solutions
are not impacted by the cubic lattice choice. Hence, without loss of
generality, the standard D3Q19 was used throughout this study. To
keep up with the analysis of Sec. III, the non-linear velocity terms are
absent from the numerical model, Eq ¼ 0 in Eq. (8b). While this
choice does not make any difference in the previous test case, where
the flow is parallel to the lattice, it is now important because these
non-linear velocities, if considered in Eq, they will not vanish in the
numerical solution of inclined channels, contrary to what should be
expected from the physical solution, as explained in Sec. IID of
work.61 The analytical solutions remain given by Eq. (40), but are now
more conveniently represented on the ðx0; y0; z0Þ coordinate system,
given by Eq. (14).

In this test case, the exact symbolic construction of the numerical
solutions is no longer possible. The consequence is that the d� correc-
tion, determined by the exact discrete equations, has to be expressed in
approximated form.44 A second-order approximation d�

ð2Þ
is derived

in Subsection 2 of Appendix C and is used in this study. Also, since the
geometry walls do not align with the underlying mesh, the off-node
treatment of boundaries is mandatory to avoid a staircase description
of the geometry.21 The study of the correct representation of the flow
walls focuses on the linkwise schemes BB and MLI, described in

TABLE VII. L2 error quantification of MLI solutions shown in Fig. 11.

K ¼ 1
12 K ¼ 1

8 K ¼ 3
16 K ¼ 3

8 ¼ IF ð8KÞ K ¼ 1
2 FEM

x ¼ 0:1
L2ðuxÞ 3.39� 10�7 2.79� 10�7 1.89� 10�7 9.45� 10�8 2.84� 10�7 1.84� 10�7

L2ðuyÞ 0.0435 0.0359 0.0247 0.0114 0.0335 0.0228

x ¼ 2:16
L2ðuxÞ 0.0416 0.0342 0.0234 0.0108 0.0311 0.0218
L2ðuyÞ 0.0095 0.0086 0.0073 0.0041 0.0026 0.0023

x ¼ 2p
L2ðuxÞ 0.4366 0.3871 0.3118 0.1089 0.1138 0.1590
L2ðuyÞ 0.0583 0.0459 0.0296 0.0204 0.0386 0.0247

FIG. 12. Effect of the TRT-free relaxation
parameter K on the accuracy of LBM sol-
utions with SF source scheme and MLI
boundary conditions, for the parameters
considered in Fig. 11. Note, the TRT with
IF source scheme and FEM solutions do
not vary with K, and their L2 values 8K
are given in Table VII.
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Sec. II F 2. The discretization of the inclined channel geometry in FEM
uses a body-fitted structured grid constructed with COMSOL code.85

Figure 13 illustrates the numerical velocity profiles for LBM and
FEM vs the exact solutions over the three x rotation regimes, previ-
ously considered. The corresponding L2 accuracy values are listed in
Table VIII. Comparing the results obtained here against those pre-
sented in Sec. IIIB 3 for a horizontal channel flow with linkwise
boundary schemes, the two cases show many similarities. At small x,
it is confirmed that the accurate representation of the boundary,
through the parabolic accurate MLI boundary scheme, leads to the
best accuracy alongside FEM. In the other limit, at large x, the rotation
force becomes dominant. So, the ability to correct the source term

artifacts, via the IF scheme, assumes the key role in the solution accu-
racy. The TRT operating on a simple uniform Cartesian mesh discreti-
zation, when using the IF together with the MLI scheme, tends to
surpass the accuracy of FEM, which employs hardworking body-fitted
meshes. Overall, this test intends to showcase that, wheneverx is large,
the accuracy of the numerical solutions is essentially controlled by the
Coriolis force term approximation rather than by how well the bound-
ary is resolved.

IV. ROTATING DUCT FLOW: IMPROVED ADVECTION
MODELING

In this section, we aim to understand the role of the equilibrium
term in the LBM modeling of rotating fluid flows. For that, we con-
sider the modeling of a fully developed duct flow subject to rotation.9,11

This test case permits studying how the LBM modeling of the advec-
tion term may interfere with the correct hydrodynamic description of
this problem class. In this regard, an improved equilibrium struc-
ture77–79 is shown in this section to be able to correct defects present in
the D3Q19 lattice model.

A. Theoretical formulation

Consider the 3D channel sketched in Fig. 14, which has a square
cross section with length H and rotates about an axis perpendicular to
its own axis with steady constant angular velocity ~X ¼ Xz~iz , where
Xz > 0. Inside the channel an incompressible fluid flows with a veloc-
ity field~u ¼ ux~ix þ uy~iy þ uz~iz , subject to the external body force~F
given by Eq. (15). The flow is steady @

@t ¼ 0 and invariant along the
streamwise flow directions @

@x ¼ 0.

FIG. 13. Velocity profiles in an inclined channel of size h ¼ H cosðhÞ, where h ¼ arctanð1=2Þ, discretized with H ¼ 8 grid nodes per column (so that the effective channel
height is h ¼ 8 cosð0:46Þ � 7:15), and using different forcing schemes and boundary conditions, with K ¼ 3=16. For the same discretization FEM employs H þ 1 grid nodes.
Panels (a) and (d) x ¼ 0:1. Panels (b) and (e) x ¼ 2:16. Panels (c) and (f) x ¼ 2p. The normalization velocity scale is hupi ¼ ax h2

12� .

TABLE VIII. L2 error quantification of TRT and FEM solutions shown in Fig. 13.

SF-BB IF-BB SF-MLI IF-MLI FEM

x ¼ 0:1
L2ðuxÞ 0.0478 0.0292 1.10� 10�7 2.53� 10�8 1.19� 10�7

L2ðuyÞ 0.0921 0.0641 0.0141 0.0024 0.0128

x ¼ 2:16
L2ðuxÞ 0.0175 0.0082 0.0132 0.0035 0.0122
L2ðuyÞ 0.0551 0.0414 0.0032 0.0005 0.0012

x ¼ 2p
L2ðuxÞ 0.0604 0.0887 0.1439 0.0539 0.0852
L2ðuyÞ 0.0389 0.0283 0.0187 0.0074 0.0139
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To assess the magnitude of each term in the dynamical balance of
this problem, let us introduce the dimensionless transformations
xi 7!H xi and ui 7!U ui, where H and U are length and velocity refer-
ence scales, respectively. In dimensionless form, the steady and incom-
pressible NSEs, Eqs. (1), applied to the rotating channel setup shown
in Fig. 14 read as follows:9,11

@yuy þ @z uz ¼ 0; (61a)

@y ðuxuyÞ þ @z ðuxuzÞ ¼ ax þ 1
Re

@yyux þ @zz ux

 �þ 2

Ek
Re

uy;

(61b)

@y ðu2
yÞ þ @z ðuyuzÞ ¼ �@yP þ 1

Re
@yyuy þ @zz uy

 �� 2

Ek
Re

ux;

(61c)

@y ðuyuzÞ þ @z ðu2
zÞ ¼ �@zP þ 1

Re
@yy uz þ @zz uz

 �

; (61d)

where ax ¼ ax H
U2 , P ¼ P

q0 U2, and the following dimensionless parame-
ters have been introduced

Ek ¼ Xz H2

�
and Re ¼ U H

�
: (62)

Above, Ek is identical to the square of the rotation parameter, i.e.,
Ek ¼ x2, which parameterizes the Poiseuille–Ekman rotating channel
flow in Sec. III. Here, Ek stands for the inverse of the Ekman number.2

According to Eqs. (61), the effect of rotation on the fluid momentum
balance is scaled by the ratio Ek=Re while the relative importance
between momentum advection and diffusion is controlled by Re.
Therefore, depending on the relative magnitudes of Ek and Re, the
flow may fall into different physical regimes, which have been studied
in dedicated contributions.9–11 This work will exclusively focus on the
regime of slow laminar flow Re � Oð1Þ under weak rotation
Ek 	 Oð1Þ, where the behavior of the fluid is characterized by an
“asymptotic invariance property.”86 That is, providing the scalings
Ek=Re 	 Oð1Þ and Re � Oð1Þ are satisfied, variations on the

individual values of these dimensionless parameters will not alter the
overall structure of the flow solution. In practice, the velocity profile
along the main flow direction, ux , will remain described by the
Poiseuille flow solution, given by the no-rotation solution, and the sec-
ondary flow field, developing along the cross-flow directions, ðuy; uzÞ,
will be represented by an invariable two-cell structure. Consequently, a
primary requisite for any consistent numerical solver is that it is capa-
ble of reproducing these solution features. This point will be explored
in Sec. IVB to examine the capabilities of the LBM as a numerical
solver for this problem class.

From the above exposition, let us first consider the base flow solu-
tion of the problem governed by Eqs. (61), which happens in the no-
rotation limit. By taking Ek=Re ! 0 with Re 6¼ 0 on Eqs. (61) and
solving them, we obtain the classical Poiseuille flow solution in a
square duct,�1=2 
 ðy; zÞ 
 1=2, given by13

uxðy; zÞ ¼ 4ax Re
p

X1
n¼1;3;…

1
n3

�1ð Þðn�1Þ=2 1� cosh npyð Þ
cosh np=2ð Þ

� 	
cos npzð Þ;

(63a)

uyðy; zÞ ¼ 0; (63b)

uzðy ; zÞ ¼ 0: (63c)

The LBM simulation of the NSEs to solve the Poiseuille duct flow
problem, given by Eqs. (63), has been addressed in many previous
publications.64,67,75,84,87,88 While those works focused on demonstrat-
ing the second-order accuracy of the ux solution predicted by the LBM
with respect to its NSE counterpart, given by Eq. (63a), they over-
looked the vanishing of the cross-flow field in the ðy; zÞ plane, where
the solutions are given by Eqs. (63b) and (63c). Even though satisfac-
tion with such solutions might seem trivial, the work75 showed that,
when considering the non-linear velocity term in equilibrium, e.g.,
given by the Eq term in the TRT framework, then reduced cubic lattice
models, such as the D3Q15 and D3Q19, yield non-zero cross-flow

FIG. 14. Square duct rotating channel flow. (a) Geometry and relevant parameters. (b) Computational cells according to wet node boundary discretization or cell vertex FEM
discretization (vertex-centered discretization). (c) Computational cells according to linkwise boundary discretization (cell-centered discretization).
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velocity solutions ðuy; uzÞ, regardless of how fine the mesh is. This contrasts with the D3Q27 model, which yields the correct ðuy; uzÞ solutions.
Such a behavior was originally attributed to the lack of rotational invariance of the truncation errors in the reduced lattice schemes.75 Subsequently,
it was demonstrated77,78 that certain amendments to the discrete equilibrium of the D3Q19 model could be made in order to guarantee that the
LBM solutions of the NSEs on this lattice model could maintain rotational invariance.

Based on both theoretical and numerical analyses, the goal of the next two sections is to demonstrate: (1) how the D3Q19 lack of rotational
invariance leads to distortions in the LBM solution of the ðuy; uzÞ field and (2) how an improved equilibrium for the D3Q19 is able to correct this
issue and recover the proper advection flow patterns, in line with the theoretically expected solutions of the weakly rotating flow regime.

B. Lattice Boltzmann formulation—fourth-order expansion analysis

This section presents a comprehensive theoretical assessment of the LBM simulation of rotating duct flows. The study consists of a truncation
error analysis based on the steady-state Chapman–Enskog fourth-order expansion.44,78 Details on the main derivation steps are provided in
Appendix E. In consistency with Sec. III B, we consider for the metric of the truncation error analysis the smallness parameter � ¼ 1

H, with H the
number of computational cells of unitary size. According to this definition � quantifies the effect of the mesh size on the numerical approximation,
which will be accounted for up to Oð�4Þ. On this basis, the LBM fourth-order approximation to the problem is governed by Eqs. (61) may be
rewritten as follows:

@yuy þ @z uz ¼ �2 TEPoisson þ �2 TESolenoidal þOð�4Þ; (64a)

@y ðuxuyÞ þ @z ðuxuzÞ ¼ ax þ Re�1 @yyux þ @zz ux
� 
þ 2

Ek
Re

uy þ �2 TECoriolisð Þx þ �2 TEAdvectionð Þx þ �2 TEDiffusionð Þx þOð�4Þ; (64b)

@y ðu2
yÞ þ @z ðuyuzÞ ¼ �@yP þ Re�1 @yyuy þ @zz uy þ 2 @y ð@y uy þ @z uzÞ

� 
� 2
Ek
Re

ux

þ �2 TECoriolisð Þy þ �2 TEAdvectionð Þy þ �2 TEDiffusionð Þy þOð�4Þ; (64c)

@y ðuyuzÞ þ @z ðu2
zÞ ¼ �@z P þ Re�1 @yy uz þ @zz uz þ 2 @z ð@yuy þ @z uzÞ

� 
þ �2 TECoriolisð Þz
þ�2 TEAdvectionð Þz þ �2 TEDiffusionð Þz þOð�4Þ; (64d)

where the TE symbol denotes the truncation error terms in the numerical approximation; their meaning is summarized in Table IX.

1. D3Q19-SE

Consider the case of the D3Q19 lattice with the standard quadratic equilibrium, named D3Q19-SE, which was described in Sec. II B. Starting
from the derivations presented in Subsection 1 of Appendix E, and then properly non-dimensionalizing them, we obtain for each of the truncation
error terms in the fourth-order approximation of the D3Q19-SE model the results given below.

• Mass balance equation [Eq. (64a)]

TEPoisson ¼ K
3
Re @yyP þ @zz P

� �
þ @yyu

2
y þ @zz u

2
z þ 2 @yz uyuzð Þ

� �
þ 2

Ek
Re

@yux

� �
; (65a)

TESolenoidal ¼ � K� 1
12

� �
@yyy uy þ @zzz uz þ @yzz uy þ uzð Þ� 


: (65b)

• Momentum balance equation along x direction [Eq. (64b)]

TECoriolisð Þx ¼
2K
3

Ek
Re

@yy uy þ @zz uy
� 


; (66a)

TABLE IX. Definition of truncation error terms in Eqs. (64), where i ¼ x; y; zf g.

Symbol Definition

TEPoisson Truncation error taking the form of the pressure Poisson condition in the mass balance equation
TESolenoidal Leading order truncation error to the solenoidal velocity condition in the mass balance equation
ðTECoriolisÞi Leading order truncation error of the Coriolis force term in momentum balance equation along i
ðTEAdvectionÞi Leading order truncation error of the non-linear advection term in momentum balance equation along i
ðTEDiffusionÞi Leading order truncation error of the viscous diffusion term in momentum balance equation along i
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TEAdvectionð Þx ¼ � K� 1
12

� �
@yyy ðuxuyÞ þ @zzz ðuxuzÞ
� 


; (66b)

TEDiffusionð Þx ¼ K� 1
6

� �
Re�1 @yyyy ux þ @zzzz ux

� 

: (66c)

• Momentum balance equation along y direction [Eq. (64c)]

TECoriolisð Þy ¼ � 2K
3

Ek
Re

@yy ux þ @zz ux þ 2 @yyux
� 


; (67a)

TEAdvectionð Þy ¼� K� 1
12

� �
@y @yyP þ @zz P
� �

þ @yyy ðu2
yÞ þ @zzz ðuyuzÞ þ 3 @yyz ðuyuzÞ þ @yzz ðu2

yÞ þ @yzz ðu2
zÞ �

1
2
›yz z ðu2

xÞ
� �

; (67b)

TEDiffusionð Þy ¼ K� 1
6

� �
Re�1 3 @yyyyuy þ @zzzz uy þ 6 @yyzz uy þ 4 @yz @yy uz þ @zz uz

� 
� 

: (67c)

• Momentum balance equation along z direction [Eq. (64d)]

TECoriolisð Þz ¼ � 4K
3

Ek
Re

@yz ux; (68a)

TEAdvectionð Þz ¼� K� 1
12

� �
@z @yyP þ @zz P
� �

þ @yyy ðuyuzÞ þ @zzz ðu2
zÞ þ 3 @yzz ðuyuzÞ þ @yyz ðu2

yÞ þ @yyz ðu2
zÞ �

1
2
›yyz ðu2

xÞ
� �

; (68b)

TEDiffusionð Þz ¼ K� 1
6

� �
Re�1 @yyyyuz þ 3 @zzzz uz þ 6 @yyzz uz þ 4 @yz @yyuy þ @zz uy

� 
� 

: (68c)

The terms highlighted in bold appear in Eqs. (67b) and (68b),
namely, 1

2 @yzz ðu2
xÞ and 1

2 @yyz ðu2
xÞ, are specific to the D3Q19-SE

model. As will be discussed next, these terms are responsible for
the breakdown of the rotational invariance of the numerical
scheme whenever Re 6¼ 0.

First, let us put aside the rotation effect, i.e., Ek ¼ 0. In this case,
the only momentum sources acting along the transverse flow direction
come from the Oð�2Þ terms 1

2 @yzz ðu2
xÞ and 1

2 @yyz ðu2
xÞ in Eqs. (67b)

and (68b). Since these terms arise from the D3Q19-SE model’s lack of
isotropy, it is obvious that the secondary flow field generated by them
is unphysical. Figure 15 quantifies the impact of these unphysical
source terms on the main and secondary flow solutions. The stream-
lined structure generated by them is also illustrated in Fig. 16. As
shown in a previous work78 and further confirmed here, see Fig. 15,
the relative magnitude of the spurious currents can be quantified by
maxðuy; uzÞ=maxðuxÞ and this metric decreases quadratically with the

mesh refinement as Oð�2Þ, except when K ¼ 1
12 where the spurious

effect decreases quartically as Oð�4Þ. These observations are in line
with the truncation error analysis shown above, namely on the scaling
of the ðTEAdvectionÞy and ðTEAdvectionÞz terms displayed in Eqs. (67b)
and (68b).

Second, let us add the effect of rotation to the flow field, i.e.,
Ek > 0, while holding Re � Oð1Þ fixed. In this case, two momentum
sources will act in competition: (1) the (physical) Coriolis force term,
which scales with Ek=Re; and (2) the above reported (unphysical)
numerical anisotropy force terms, coming from ðTEAdvectionÞy and
ðTEAdvectionÞz , which scale with Oð�2Þ. In the weakly rotating flow
regime, we typically have OðEk=ReÞ 	 Oð�2Þ so that the (physical)
Coriolis force effect becomes completely overshadowed by the
(unphysical) spurious currents generated by the ðTEAdvectionÞy and
ðTEAdvectionÞz anisotropic corrections. This conclusion is supported by
the similarity between the Ek ¼ 0 solution, depicted in Fig. 16, and the

FIG. 15. Mesh convergence analysis of
the TRT simulations performed on a
square duct Poiseuille NSE flow in a non-
rotating setup with BB no-slip walls.
Physical regime: Ek ¼ 0 and Re ¼ 10.
Panel (a) Accuracy in the main flow direc-
tion [reference solution: Eq. (63a)]. Panel
(b) Accuracy in the cross flow direction
[reference solution: Eq. (63b)].
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finite OðEk=ReÞ 	 Oð�2Þ solution, depicted in Fig. 17(a). At moder-
ate values within the weakly rotating flow regime, i.e., when
OðEk=ReÞ � Oð�2Þ, the aforementioned two momentum source
terms act on an equal footing. The competition between them leads to
very exotic but unphysical flow patterns. This case is illustrated in Figs.
17(b) and 17(c). Only at larger rotation values within the weakly rotat-
ing flow regime, i.e., when OðEk=ReÞ � Oð�2Þ, the numerical solu-
tion starts approaching the physically expected solution. However,
even in this case, the solution remains contaminated by minor distor-
tions, as confirmed in Fig. 17(d).

2. D3Q19-IE

Now, we consider the solution of the same problem, but employ-
ing the D3Q19 lattice with the improved quadratic equilibrium, named

D3Q19-IE, and expressed by Eq. (17) given in Sec. IID. Then, by redo-
ing the derivations presented in Subsection 1 of Appendix E, with the
information provided in Table X, we arrive at the conclusion that the
fourth-order expansion of the LBM equations remains given by Eqs.
(64), but without the terms in bold, i.e., 12 @yzz ðu2

xÞ and 1
2 @yyz ðu2

xÞ in
Eqs. (67b) and (68b), which are removed. In Sec. IVC, it will be
numerically confirmed that, owing to the absence of these sources of
anisotropy, the corresponding D3Q19 lattice solution becomes free
from the previously reported (unphysical) spurious currents.

3. D3Q27-SE

Finally, the same solution procedure is repeated, but this time for
the D3Q27 lattice with the standard quadratic equilibrium, named
D3Q27-SE, which was described in Sec. II B. Once again, starting from
the derivations presented in Subsection 2 of Appendix E with the
information provided in Table XI, and after proper non-
dimensionalization, the LBM fourth-order approximation of the prob-
lem governed by Eqs. (61) is derived as follows.

• Mass balance equation [Eq. (64a)]

TEPoisson ¼K
3
Re @yyP þ@zz P

� �
þ @yyu

2
y þ @zz u

2
z þ 2@yz uyuzð Þ

� ��

þ2
Ek
Re

@yux

�
; (69a)

TESolenoidal ¼ � K� 1
12

� �
@yyyuy þ @zzz uz þ @yzz uy þ uzð Þ� 


:

(69b)

• Momentum balance equation along x direction [Eq. (64b)]

TECoriolisð Þx ¼
2K
3

Ek
Re

@yyuy þ @zz uy
� 


; (70a)

TEAdvectionð Þx ¼ � K� 1
12

� �
@yyy ðuxuyÞ þ @zzz ðuxuzÞ
�

þ @yyz ðuxuzÞ þ @yzz ðuxuyÞ


; (70b)

TEDiffusionð Þx ¼ K� 1
6

� �
Re�1 @yyyyux þ @zzzz ux þ 2 @yyzz ux

�
þ 4
3
@yyyz uy þ 4

3
@yzzz uz

�
: (70c)

FIG. 16. Streamlines along ðy; zÞ plane of the unphysical cross flow ðuy ; uxÞ gen-
erated by the D3Q19-SE scheme in the simulation of the square duct Poiseuille
NSE flow in a non-rotating setup with BB no-slip walls. Physical regime: Ek ¼ 0
and Re ¼ 10. Numerical parameters: H ¼ 60 and K ¼ 3=16. Magnitude of sec-
ondary vs main flow fields: maxðuy ; uzÞ=maxðuxÞ ¼ 7:5� 10�6.

FIG. 17. Streamlines along ðy; zÞ plane predicted by D3Q19-SE simulations at different Ek numbers and Re ¼ 10 fixed, using BB no-slip walls with K ¼ 3=16. (a) Ek
¼ 0:00001 and maxðuy ; uzÞ=maxðuxÞ ¼ 7:5� 10�6. (b) Ek ¼ 0:001 and maxðuy ; uzÞ=maxðuxÞ ¼ 9:0� 10�6. (c) Ek ¼ 0:005 and maxðuy ; uzÞ=maxðuxÞ ¼ 2:0� 10�5.
(d) Ek ¼ 0:01 and maxðuy ; uzÞ=maxðuxÞ ¼ 3:3� 10�5.
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• Momentum balance equation along y direction [Eq. (64c)]

TECoriolisð Þy ¼ � 2K
3

Ek
Re

@yy ux þ @zz ux þ 2 @yyux
� 


; (71a)

TEAdvectionð Þy ¼� K� 1
12

� �
@y @yyP þ @zz P
� �

þ @yyy ðu2
yÞ þ @zzz ðuyuzÞ þ 3 @yyz ðuyuzÞ þ @yzz ðu2

yÞ þ @yzz ðu2
zÞ

� �
; (71b)

TEDiffusionð Þy ¼ K� 1
6

� �
Re�1 3 @yyyyuy þ @zzzz uy þ 6 @yyzz uy þ 4 @yz @yy uz þ @zz uz

� 
� 

: (71c)

• Momentum balance equation along z direction [Eq. (64d)]

TECoriolisð Þz ¼ � 4K
3

Ek
Re

@yz ux; (72a)

TEAdvectionð Þz ¼� K� 1
12

� �
@z @yyP þ @zz P
� �

þ @yyy ðuyuzÞ þ @zzz ðu2
zÞ þ 3 @yzz ðuyuzÞ þ @yyz ðu2

yÞ þ @yyz ðu2
zÞ

� �
; (72b)

TEDiffusionð Þz ¼ K� 1
6

� �
Re�1 @yyyyuz þ 3 @zzzz uz þ 6 @yyzz uz þ 4 @yz @yyuy þ @zz uy

� 
� 

: (72c)

The comparison of the TE terms indicates that, with the exception of the
momentum balance equation along the x direction, i.e., Eq. (66c) vs Eq.
(70c), the remaining macroscopic equations recovered by the D3Q19 lat-
tice with the improved equilibrium (D3Q19-IE) and the D3Q27 lattice
with standard equilibrium (D3Q27-SE) are identical, up to Oð�4Þ accu-
racy. In both cases, the sources of anisotropy in the momentum balance
conditions are absent, which permits recovering cross-flow velocity pat-
terns free from the (unphysical) spurious currents.

C. Numerical tests

This section contains numerical support for the truncation error
analysis previously presented in Sec. IVB. The rotating duct flow prob-
lem, formulated in Sec. IVA, is here simulated through two strategies: (1)
the TRT model, using D3Q19-SE, D3Q19-IE, and D3Q27-SE schemes,
and (2) the FEM, using linear interpolation functions on uniform
Cartesian meshes. For brevity, all LBM results shown here, which refer to
Fig. 15 up to Fig. 19, employ BB boundaries only. Other LBM boundary
schemes, such as the LSOB wet node boundary, were also tested and con-
firmed to produce similar observations. Periodic boundary conditions
are considered along the main flow direction. In terms of discretization,
the square channel cross section is covered by H � H computational
cells of square shape and unitary length. Grid nodes in LBM are cell cen-
tered, e.g., zj ¼ � H

2 þ 1
2 þ j (j ¼ 0; 1;…;H � 1), and in FEM are

located at cell vertices, e.g., zj ¼ � H
2 þ j (j ¼ 0; 1;…;H). Both schemes

adopt the same initialization routine, set by a uniform pressure and zero
velocity field. In LBM, the traditional stream-and-collide time evolution
is employed until meeting the steady-state convergence criterion
jhuxiðtÞ=huxiðt � 100Þ � 1j 
 10�12. In FEM, the solution procedure
operates with the GMRES iterative solver (without any preconditioner),
and the steady-state stopping criterion checks whether its relative residual
has become less than a prescribed tolerance, set as 10�12.

1. Non-rotating duct flow

This test case corresponds to the NSE Poiseuille flow solution in a
square duct, governed by Eq. (63). The main flow solution is given by

Eq. (63a) and the cross flow solution has zero velocity and is given by
Eqs. (63b) and (63c).

Figure 15(a) displays the L2ðuxÞ error evolution as a function of
the mesh refinement H ¼ 12; 24; 48; 96; 192f g, where H determines
the number of computational cells along an edge of the channel square
cross section. As expected, second-order convergence is supported by
all schemes, namely D3Q19-SE, D3Q19-IE, and D3Q27-SE.
Quantitatively, D3Q19-SE and D3Q19-IE have a similar L2ðuxÞ accu-
racy, which is slightly better than the D3Q27-SE accuracy. The differ-
ence lies in the structure of the Oð�2Þ truncations featuring in the x-
momentum balance equation, namely the Oð�2Þ viscous correction in
the D3Q19 lattice [Eq. (66c)] is less dissipative than in the D3Q27 lat-
tice [Eq. (70c)].

Figure 15(b) displays the evolution of the metric maxðuyÞ=
maxðuxÞ for the simulations depicted in Fig. 15(a). Theoretically, the
result of this metric should be zero (within machine accuracy).
However, only the D3Q27-SE and D3Q19-IE schemes yield the physi-
cal solution. The D3Q19-SE recovers non-zero ðuy; uzÞ velocities,
which decrease quadratically with the mesh resolution, except for
K ¼ 1=12 where a quartic decrease is observed. These error decreasing
rates are in agreement with the truncation error analysis developed in
Sec. IVB. Figure 16 depicts the streamlines of the cross flow artificially
generated by the D3Q19-SE scheme. Repeating these simulations with
the Stokes equilibrium, i.e., by setting Eq ¼ 0 in eþq , then the unphysi-
cal flow patterns here reported are absent, which further confirms the
source of the identified errors.

2. Rotating duct flow

This test case considers the same duct flow problem, but now
subject to rotation, which is governed by Eqs. (61) and the geometry
setup is depicted in Fig. 14(a). In the problem discretization, both
LBM and FEM employ H ¼ 60 computational cells along the edge of
the channel square cross section. Furthermore, TRT simulations are
run with K ¼ 3=16 fixed. Simulations are run for Re ¼ 10 fixed (slow
laminar regime) while the effect of rotation is tested over the range
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Ek 
 0:01, which corresponds to Ek=Re 
 0:001. As noted in Sec.
IVA, the individual values of Re and Ek may be varied so that the
structure of solutions will remain unchanged, providing the flow solu-
tion holds within the weakly rotating regime. This behavior is known
as the “asymptotic invariance property.”86 Even though we only display
the assessment of this property through varying the Ek number, we
emphasize that similar conclusions are obtained (although not shown
here) when varying Re providing, of course, that the solution remains
within the weakly rotating regime.

Figures 17–20 display the streamline solutions of the cross-flow
patterns produced by, respectively, D3Q19-SE, D3Q19-IE, D3Q27-SE,
and FEM, covering the following values: Ek 
 0:01 and Re ¼ 10 fixed.
The inspection of these figures reveals that, with the exception of the
D3Q19-SE scheme, depicted in Fig. 17, all remaining schemes
(D3Q19-IE, D3Q27-SE, and FEM) invariably predict the same type of
two-cell cross-flow patterns, providing they pertain to the range
Ek=Re 
 0:001. These results are in line with the asymptotic invari-
ance property characteristic of the weakly rotating regime.7,9–11,86

FIG. 18. Streamlines along ðy; zÞ plane predicted by D3Q19-IE simulations at different Ek numbers and Re ¼ 10 fixed, using BB no-slip walls with K ¼ 3=16. (a) Ek ¼
0:00001 and maxðuy ; uzÞ=maxðuxÞ ¼ 5:8� 10�8. (b) Ek ¼ 0:001 and maxðuy ; uzÞ=maxðuxÞ ¼ 5:8� 10�6. (c) Ek ¼ 0:005 and maxðuy ; uzÞ=maxðuxÞ ¼ 2:9� 10�5. (d)
Ek ¼ 0:01 and maxðuy ; uzÞ=maxðuxÞ ¼ 5:8� 10�5.

FIG. 19. Streamlines along ðy; zÞ plane predicted by D3Q27-SE simulations at different Ek numbers and Re ¼ 10 fixed, using BB no-slip walls with K ¼ 3=16. (a) Ek ¼
0:00001 and maxðuy ; uzÞ=maxðuxÞ ¼ 5:8� 10�8. (b) Ek ¼ 0:001 and maxðuy ; uzÞ=maxðuxÞ ¼ 5:8� 10�6. (c) Ek ¼ 0:005 and maxðuy ; uzÞ=maxðuxÞ ¼ 2:9� 10�5. (d)
Ek ¼ 0:01 and maxðuy ; uzÞ=maxðuxÞ ¼ 5:8� 10�5.

FIG. 20. Streamlines along ðy; zÞ plane predicted by FEM simulations at different Ek numbers and Re ¼ 10 fixed with K ¼ 3=16. (a) Ek ¼ 0:00001 and
maxðuy ; uzÞ=maxðuxÞ ¼ 5:2� 10�8. (b) Ek ¼ 0:001 and maxðuy ; uzÞ=maxðuxÞ ¼ 5:2� 10�6. (c) Ek ¼ 0:005 and maxðuy ; uzÞ=maxðuxÞ ¼ 2:6� 10�5. (d) Ek ¼ 0:01
and maxðuy ; uzÞ=maxðuxÞ ¼ 5:2� 10�5.
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The violation of this invariance property condition renders the
D3Q19-SE solutions unphysical and casts doubt on previous LBM
studies tackling this problem class while using the D3Q19-SE model.
For example, the work by Zhang et al.31 attributed to the solutions
shown in Fig. 17 the discovery of a new physical regime. However, as
shown in this work, these multiple cell patterns are, in reality, numeri-
cally generated artifacts introduced by the anisotropic structure of the
truncation error terms75 supported by the D3Q19-SE model. A more
detailed explanation of the root of these unphysical patterns, which
arise from the interplay between physical and unphysical terms, can be
found in Sec. IVB.

V. CONCLUSIONS

The present work examined the LBM modeling of rotating chan-
nel flows. While this problem constitutes a fundamental building block
of many scientific and engineering applications, its accurate numerical
modeling remains a challenging task, as unveiled throughout this
manuscript.

For the LBM model, the two-relaxation-time (TRT) collision
operator40–42 was chosen for its ability to support the parametrization
of steady solutions in agreement with the principle of dimensional sim-
ilarity, a principle that should guide the scaling of any physical law
and, consequently, the solution structure of any numerical scheme. It
turns out that this consistency requirement is violated by single-relaxa-
tion-time collision models, such as the BGK46 or the Regularized88

models. This work proposed formulating the elements within the TRT
framework, namely the equilibrium and source terms, as projections
onto a series of Hermite tensor polynomialsHðnÞ. The adoption of this
theoretical perspective allows us to reinterpret previously known
results as follows:

• The standard NSE equilibrium, based on a second-order expan-
sion in velocity space, when formulated into the TRT framework
decomposes eq into symmetric and anti-symmetric components.
The symmetrical part eþq deals with the projection of the macro-
scopic variables of interest onto both Hð0Þ and Hð2Þ bases while
the anti-symmetrical part e�q only considers the projection onto
theHð1Þ basis.

• The LBM source term describes an external momentum source,
i.e., an external body force, and follows a similar decomposition.
The anti-symmetric component Fq projects the macroscopic
body force onto the Hð1Þ basis. The symmetric part Sq may
include Hð0Þ projections if an external mass source is present, but
this possibility is excluded here. The so-called Guo forcing
model26 considers the additional Sq component as a projection
onto the Hð2Þ basis. However, as demonstrated in previous
works49–52 and also proven in Appendix A of the current manu-
script, consistency demands the symmetric component Sq to be
zero; otherwise, the aforementioned similarity property of the
TRT steady state will breakdown52 and spurious terms will
appear in the steady solutions, regardless of the collision model
adopted.

Through careful examination of selected rotating channel flow
problems modeled with the TRT scheme, the impact of the equilib-
rium and source terms, eq and Fq, was assessed and strategies to
improve their solution accuracy were proposed. This study allowed us
to draw the following two main conclusions:

• The LBM modeling of a velocity-dependent source term inevitably
brings in unphysical velocity Laplacian terms, at the discrete level,
within the momentum balance equations. These discretization
errors are found to be similar in form to the physical viscous diffu-
sion terms. Hence, to avoid any potential interference between
them, we suggested in Sec. II E to operate with an improved source
model, Fð?Þ

q , which supplements the standard formulation of Fq with
the inclusion of an extra correction term that features projections of
the macroscopic body force onto the Hð3Þ basis. This additional
source correction does not act at hydrodynamic level but permits
canceling or, at least, to mitigate the undesirable discretization arti-
facts that are introduced by the source term at a higher order. By
examining the LBM exact solution of a Poiseuille–Ekman rotating
channel flow, thoroughly discussed in Sec. III and Appendix C, this
strategy was confirmed to effectively improve the accuracy with the
external momentum source (featuring the Coriolis force) in the
dynamics of rotating flows.

• The standard equilibrium used in the LBM modeling of the iso-
thermal NSEs is typically built on a second-order Hermite expan-
sion of the continuous Maxwell–Boltzmann equilibrium.
Although the non-linear velocity part of this equilibrium, Eq,
when projected onto the Hð2Þ basis, holds the full isotropic struc-
ture of the continuous equilibrium in the D3Q27 lattice, for the
D3Q19 lattice the expected isotropy conditions are not met. This
shortcoming impairs the isotropy of the truncation errors of the
momentum advection terms supported by the D3Q19 lattice,
making them angular dependent. These general observations are
pinpointed in Appendix E. It turns out that this defect is particu-
larly harmful in the simulation of flows pertaining to the weakly
rotating regime, as illustrated in Sec. IV. In order to correct these
anisotropy defects, Sec. II D proposed the usage of an improved
equilibrium model Eð?Þ

q for the D3Q19 lattice, named the D3Q19-
IE model, which considers projections of the non-linear velocity
term onto theHð4Þ basis, besides the Hð2Þ basis. By examining the
LBM solution of a rotating duct flow problem in Sec. IV, it was
confirmed that the proposed improved equilibrium Eð?Þ

q for the
D3Q19 lattice effectively improves the accuracy of modeling of
the momentum advection term, reaching the isotropy level of the
D3Q27 model. Considering that the D3Q27 model requires about
42% more CPU time and storage than the D3Q19 model per lat-
tice node, the attractiveness of the D3Q19-IE model is evident.
By exploring this difference, one may be able to enlarge the scale
of the trackable computational problems without sacrificing
accuracy.

Alongside the aforementioned two main contributions, this work
also discussed the operation of each family of LBM boundary schemes,
the (off-node) linkwise and the (on-node) wet node strategies, and
how accurately they accommodate the numerical solution of rotating
fluid flows, particularly in under-resolved scenarios.

• The wet node strategy locates the boundary node at the wall. This
places the grid nodes at the vertices of the computational cells.
While the explicit enforcement of the BC at the boundary node
may be more accurate in well-resolved simulations, when operat-
ing in under-resolved scenarios, the requirement to exactly satisfy
the BC may act as an over-constraint and distort the bulk solu-
tion in the attempt to accommodate it. Finally, as LBM operates
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on uniform Cartesian meshes, the wet node strategy considered
here applies only for straight on-node boundaries, and its gener-
alization to set the no-slip condition on arbitrarily shaped walls
typically becomes more cumbersome to realize on regular grids.

• The linkwise strategy locates the physical boundary off-node,
placing the wall some distance away from the boundary node. In
this framework, it is preferable to consider the grid nodes at the
centroid of the computational cells. With this strategy, the
boundary condition is prescribed implicitly, as a truncated Taylor
series, with coefficients dictating the distance between the wall
and boundary node. With the exception of very particular poly-
nomial flows (e.g., linear and parabolic flows), the boundary con-
dition imposed may feature a certain degree of slip due to the
unaccounted terms in the series approximation. However, when
adopting higher-order linkwise strategies, such as the MLI or
multireflection schemes,41,43,45,61,62 this numerical slip becomes
restricted to the effect of Oð�3Þ terms, making the slip phenome-
non of very small magnitude in well-resolved simulations. On the
other hand, in under-resolved simulations, the ability to have slip
at walls tends to be a beneficial issue since it permits a smoother
accommodation of the bulk solution toward the boundary.
Finally, the linkwise operation principle permits describing, in a
more natural way, wall-boundary shapes that do not align with
the underlying mesh. In Sec. II F 2, this work proposed a revision
of the parabolic accurate MLI boundary scheme, including an
additional term to correct for specific artifacts that may be intro-
duced at the boundary by the rotation modeling effect.

Finally, to establish this work on more general grounds, both
LBM test cases considered in this study have been accompanied by
FEM simulations. To establish fair comparisons with LBM, we consid-
ered a FEM numerical scheme with linear interpolation functions on
uniform Cartesian meshes. This study permitted identifying differ-
ences and similarities between the LBM and the FEM modeling
approaches when tackling this problem class. Most notably, for the
modeling of the Poiseuille–Ekman rotating channel flow, it was found
that the TRT, with K ¼ 1=8, when using the SF scheme for the source
term and the wet node at boundaries, exactly matches the discrete
solution predicted by the linear FEM considered here. Such a finding
is in agreement with previous studies.55,56

As future work, it is planned to extend this study toward the sim-
ulation of more complex geometries and flow regimes, which include
the modeling of time-dependent effects and turbulent flows.28–30 Also,
since rotation has great utility in boosting the rates of many transport
phenomena processes,32,33 the LBM modeling of conjugate heat and
mass transfer in problems subject to rotation is programmed as the
next logical step in this study. In principle, a similar kind of numerical
analysis to that developed herein must be applied to those problem
classes in order to identify and correct the sort of numerical artifacts
discussed in this work, which were found to individually affect the
modeling of the diffusion and advection terms in the isothermal NSEs
under rotation.
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APPENDIX A: SECOND-ORDER SOURCE TERM: TRT
FORMULATION AND INCONSISTENCY PROOF

1. TRT formulation

The LBM source term formulation, expanded up to second
order in discrete velocity space, is popularized as the Guo forcing
formulation.26 The TRT representation of the Guo source model
requires modifying the symmetrical part of the original equilibrium,
Eq. (7), as follows:

eþq ¼ Pq þ Eq þ Kþ Sq; (A1a)

e�q ¼ jq þ K� Fq: (A1b)

Explicitly, the symmetric Sq and anti-symmetric Fq source contribu-
tions are given by

Fq ¼ tq Hð1Þ
qa Fa

¼ tq cqa Fqa; (A2a)

Sq ¼ 3 tq Hð2Þ
qab

ja Fb
q0

¼ 3 tq cqacqb � 1
3
dab

� �
ja Fb
q0

: (A2b)

2. Inconsistency proof

Consider the use of Eq. (A2) to represent the rotating force
term given in Eq. (15), for a fixed Cartesian reference frame
ðx; y; zÞ, takes the following explicit form:

Fq ¼ tq cqxðq0 ax þ 2Xz jyÞ þ cqyð�2Xz jxÞ

 �

; (A3a)
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Sq ¼ tq

"
ð3 c2qx � 1Þ ax jx þ 2Xz

jyjx
q0

� �
þ 3 cqxcqy ax jy þ 2Xz

j2y
q0

 !

þ 3 cqxcqy �2Xz
j2x
q0

 !
þ ð3 c2qy � 1Þ �2Xz

jxjy
q0

� �#
: (A3b)

In a previous work51 the consistency of this second-order force for-
mulation, Eq. (A2), to model rotating fluids was studied for a rotat-
ing channel Poiseuille flow. This case simplifies the macroscopic
forcing in Eq. (15) to Fx ¼ q0 ax and Fy ¼ �2Xz jx. It turns out
that, for this simple setup, it is already possible to verify that the
inclusion of the symmetric source component Sq in the forcing for-
mulation, makes the TRT scheme exactly equivalent to the follow-
ing finite-difference equation along the x-momentum component:

q0 ax þ
Kþ

3
D

2
z jx þ

2Xz K
þ

q0
Dzj

2
x ¼ 0: (A4)

Above, the last term on the left-hand side of Eq. (A4) is unphysical.
Its presence leads to many detrimental effects on the LBM steady
solution, as reported in previous studies.51,52 In this case, whenever
Eq. (A2b) is used to describe the Coriolis force term, the identified
unphysical quadratic velocity term in Eq. (A4), coming from the
inadequacy of the second-order LBM source formulation, will have
a negative impact on the LBM modeling of any kind of rotating
flow problem.27–39

APPENDIX B: ALTERNATIVE REPRESENTATION OF THE
NON-LINEAR EQUILIBRIA GIVEN IN SECS. II B AND IID

Sections II B and II D present the structure of the standard and
improved equilibrium in terms of Hermite polynomials. While this
notation is suitable from a theoretical analysis perspective, the com-
putational implementation of the equilibrium term may follow a
more convenient structure77,78 which is also more computationally
efficient.

Hence, the symmetrical component of the standard equilib-
rium term, named D3Q19-SE, which was originally presented in Eq.
(8b), may be rewritten in compact form as

Eq ¼
tq
2q0

�jaja ~cq ¼ ð0;0;0Þ
3ðcqajaÞ2� jaja ~cq 2 ð61;0;0Þ;ð0;61;0Þ;ð0;0;61Þ� �
3ðcqajaÞ2� jaja else:

8>><
>>:

(B1)

Similarly, the symmetrical component of the improved equilibrium
term, named D3Q19-IE, which was originally presented in Eq. (17),
may be rewritten in compact form as77,78

E?
q ¼

tq
2q0

�2
3
jaja ~cq ¼ð0;0;0Þ

4ðcqajaÞ2�2jaja ~cq 2 ð61;0;0Þ;ð0;61;0Þ;ð0;0;61Þ� �
3ðcqajaÞ2� c2qaj

2
a else:

8>>>><
>>>>:

(B2)
In the above equations, summation applies over repeated a indices,
where a ¼ x; y; zf g. Comparing Eqs. (B1) and (B2), virtually the

same number of operations is required. Hence, although the D3Q19-IE
model formulated on the Hermite basis formalism, given by Eq. (17),
may seem to increase the model complexity, its careful implementa-
tion77,78 through Eq. (B2) does not introduce any additional computa-
tional cost compared to the classical D3Q19-SE model.

APPENDIX C: DERIVATION OF BULK EQUATIONS
OF POISEUILLE–EKMAN CHANNEL FLOW GIVEN IN
SEC. III B 1

Starting with the exact steady-state recurrence equations of the
TRT scheme,41,42,44 given by the anti-symmetric component of Eq.
(5a), and then taking the first-order velocity moment along the x0

and y0 directions in the ðx0; y0; z0Þ frame, Eq. (14), we obtainXQm=2

q¼1

n̂�
q cqx0 ¼

XQm=2

q¼1

Dqe
þ
q cqx0 � Kþ XQm=2

q¼1

D
2
qe

�
q cqx0

þ K� 1
4

� �XQm=2

q¼1

D
2
qn̂

�
q cqx0 ; (C1a)

XQm=2

q¼1

n̂�
q cqy0 ¼

XQm=2

q¼1

Dqe
þ
q cqy0 � Kþ XQm=2

q¼1

D
2
qe

�
q cqy0

þ K� 1
4

� �XQm=2

q¼1

D
2
qn̂

�
q cqy0 : (C1b)

For the purpose of analysis, let us neglect the Dqeþ terms in these
equations. This option boils down to neglecting the pressure gradi-
ent and the momentum inertia terms. Such a simplification is justi-
fiable here because (i) these terms are absent from the Poiseuille–
Ekman rotating channel flow, described in Sec. III, and (ii) even if
they were present, as in general flows, they would not interfere with
the force implementation, which is the goal of the present analysis.

Let us consider a rotated channel setup. Here, only the diago-
nal links cqx0cqz0 6¼ 0 and cqy0cqz0 6¼ 0 (in the rotated setup) will pro-
vide a non-trivial solution, whereas the solution pertaining to the
non-diagonal links (in the rotated setup) is at equilibrium. The
application of the momentum conservation law, given by Eq. (11),
over the diagonal links permits determining the exact solution of
n̂�
q for this channel problem,44 which is given by

n̂�
q ¼ 3 tq c

2
qz0 cqx0Fx0 þ cqy0Fy0ð Þ: (C2)

Then, the introduction of Eq. (C2) for n̂�
q , Eq. (7) for e

�
q , and Eq.

(19) for Fð?Þ
q [the improved force (IF) scheme] into the TRT recur-

rence equations, Eq. (C1), and considering the relation between
linkwise and finite-difference operators, D

2
qw ¼ c2qz0 D

2
z0w, we obtain

3Fx0
XQm=2

q¼1

tqc
2
qx0c

2
qz0 þ 3Fy0

XQm=2

q¼1

tqcqx0cqy0c
2
qz0

¼ �KþD
2
z0 jx0
XQm=2

q¼1

tqc
2
qx0c

2
qz0 � KþD

2
z0 jy0
XQm=2

q¼1

tqcqx0cqy0c
2
qz0

� KD
2
z0Fx0

XQm=2

q¼1

tqc
2
qx0c

2
qz0 1þ 3 kx0 c2qz0 �

1
3

� �� �
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� KD
2
z0Fy0

XQm=2

q¼1

tqcqx0cqy0c
2
qz0 1þ 3 ky0 c2qz0 �

1
3

� �� �
þ 3 K� 1

4

� �
D

2
z0Fx0

XQm=2

q¼1

tqc
2
qx0c

4
qz0 þ 3 K� 1

4

� �
D

2
z0Fy0

XQm=2

q¼1

tqcqx0cqy0c
4
qz0 ; (C3a)

3Fx0
XQm=2

q¼1

tqcqx0cqy0c
2
qz0 þ 3Fy0

XQm=2

q¼1

tqc
2
qy0c

2
qz0 ¼ �KþD

2
z0 jx0
XQm=2

q¼1

tqcqx0cqy0c
2
qz0 � KþD

2
z0 jy0
XQm=2

q¼1

tqc
2
qy0c

2
qz0

� KD
2
z0Fx0

XQm=2

q¼1

tqcqx0cqy0c
2
qz0 1þ 3 kx0 c2qz0 �

1
3

� �� �
� KD

2
z0Fy0

XQm=2

q¼1

tqc
2
qy0c

2
qz0 1þ 3 ky0 c2qz0 �

1
3

� �� �

þ 3 K� 1
4

� �
D

2
z0Fx0

XQm=2

q¼1

tqcqx0cqy0c
4
qz0 þ 3 K� 1

4

� �
D

2
z0Fy0

XQm=2

q¼1

tqc
2
qy0c

4
qz0 :

(C3b)

Finally, we compute the second- and fourth-order velocity moments, given by Eq. (10), and the sixth-order velocity moment, given by Eq.
(26). As a result, Eqs. (C3a) and (C3b), respectively, reduce to

Fx0 ¼ �Kþ

3
D

2
z0 jx0 þ

4Kð3 cx0 ðhÞ � 1Þð1� kx0 Þ � 3 cx0 ðhÞ
12

� 	
D

2
z0Fx0 ; (C4a)

Fy0 ¼ �Kþ

3
D

2
z0 jy0 þ

4Kð3 cy0 ðaÞ � 1Þð1� ky0 Þ � 3 cy0 ðaÞ
12

� 	
D

2
z0Fy0 : (C4b)

It must be noted that the above results are only exact if the flow solutions are aligned with the lattice. Otherwise, these results are only
approximate. Both cases will be covered next.

1. Horizontal channel—exact solutions

By setting the angles h ¼ 0 and a ¼ 0, Eqs. (C4a) and (C4b), respectively, reduce to

Fx ¼ �Kþ

3
D

2
z jx �

K
3
ð1þ 2kxÞ � K� 1

4

� �� 	
D

2
zFx; (C5a)

Fy ¼ �Kþ

3
D

2
z jy �

K
3
ð1þ 2kyÞ � K� 1

4

� �� 	
D

2
zFy: (C5b)

The substitution of kx and ky by Eq. (22) into Eqs. (C5a) and (C5b) vanishes the spurious Laplacian force errors. Otherwise, by using the stan-
dard force (SF) scheme, where kx ¼ ky ¼ 0, the Eqs. (C4a) and (C4b) yield

Fx ¼ �Kþ

3
D

2
z jx þ

8K� 3
12

� �
D

2
zFx; (C6a)

Fy ¼ �Kþ

3
D

2
z jy þ

8K� 3
12

� �
D

2
zFy: (C6b)

The reproduction of the Poiseuille–Ekman channel flow equations requires substituting the Fx and Fy terms in Eqs. (C6a) and (C6b) by Eq.
(15). The result leads to the following equations:

q0ax þ 2Xz jy ¼ �Kþ

3
D

2
z jx þ

8K� 3
12

� �
2XzD

2
z jy; (C7a)

�2Xz jx ¼ �Kþ

3
D

2
z jy �

8K� 3
12

� �
2XzD

2
z jx: (C7b)

Finally, by introducing the definitions of the fluid viscosity � and the viscosity correction d� , given by Eqs. (4) and (43), respectively, we
arrive at Eqs. (41). In accordance with other problems solved with the TRT scheme,44,54–57 also in this case the source term correction van-
ishes for the choice K ¼ 3

8.

2. Inclined channel—approximate solutions

Equations (C4) are exact when h ¼ n p=4, with n ¼ 0; 1; 2;…, and a ¼ kp=4, with k 2 N0; otherwise, the obtained results are only
approximate. That is, when the angles h and/or a take arbitrary values, then the linkwise difference operators must be evaluated through the
following second-order (isotropic) approximations given by, e.g., D

2
qjx0cqx0 � @z0z0 jx0cqx0c2qz0 , so that Eqs. (C4) become expressed by the follow-

ing second-order partial differential equations:
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q0ax0 þ 2Xz0 jy0 � �� @z0z0 jx0 þ � d�
ð2Þ
x0 @z0z0 jy0 ; (C8)

�2Xz0 jx0 � �� @z0z0 jy0 � � d�
ð2Þ
y0 @z0z0 jx0 ; (C9)

with the following second-order approximation for the viscosity correction terms in arbitrary inclined flow:

d�
ð2Þ
x0 ¼ 4Kð3cx0 ðhÞ � 1Þð1� kx0 Þ � 3cx0 ðhÞ

12

� 	
2Xz0

�
; (C10)

d�
ð2Þ
y0 ¼ 4Kð3cy0 ðaÞ � 1Þð1� ky0 Þ � 3cy0 ðaÞ

12

� 	
2Xz0

�
: (C11)

APPENDIX D: DERIVATION OF BOUNDARY SCHEME [MODIFIED LINEAR INTERPOLATION (MLI)] GIVEN IN SEC. II F 2

The modified linear interpolation (MLI) scheme41,45,61,62 makes use of the adjustable coefficients in its update rule, given by Eq. (32), so
that its steady-state closure relation obeys the second-order Taylor expansion along the wall cut link q, given by

aðuÞ jq þ dqDqjq þ
d2q
2
D

2
qjq

 !
ð~xbÞ ¼ aðuÞjqð~xwÞ; 8aðuÞ 6¼ 0; (D1)

where jqð~xwÞ ¼ tq q0~cq �~uw, with ~uw accounting for the wall movement. The pre-factor aðuÞ parameterizes the interpolation coefficients
j1; j�1; j0f g as given by Eq. (D6).

The procedure to satisfy Eq. (D1) develops as follows. We expand the populations fq ¼ eþq þ e�q þ nþq þ n�q and f̂ q ¼ eþq þ e�q þ nþq þ
n�q þ n̂þ

q þ n̂�
q (recall n̂6

q ¼ � 1
s6 n

6
q ) and insert them into Eq. (32). Then, we collect the coefficients from identical terms, which can be repre-

sented as follows:

Aþeþq þA�e�q þ Bþn̂þ
q þ B�n̂�

q þ Fp:c:
q

h i
ð~xbÞ ¼ aðuÞjqð~xwÞ; (D2)

with

Aþ ¼ ðj1 þ j�1 þ j0 � 1Þ; A� ¼ ðj1 � j�1 þ j0 þ 1Þ;

Bþ ¼ ðj1 þ j�1Þ � Kþ þ 1
2

� �
Aþ

� 	
; B� ¼ ðj1 � j�1Þ � K� þ 1

2

� �
A�

� 	
: (D3)

Subsequently, we make explicit the macroscopic content of the equilibrium e6q and the symmetric non-equilibrium n̂þ
q populations. The e6q

terms are given by Eq. (7) where, as before, we neglect the non-linear contribution Eq from eþq term. The n̂þ
q term is determined by combining

Eq. (5a) with Eq. (5b) and, toward this end, we need the n̂�
q solution too, which for this problem is given by Eq. (C2) in the rotated Cartesian

frame. Then, the n̂þ
q term is given by

n̂þ
q ¼ Dqjq � d�

ð2Þ
a

2Xz0
DqFq; (D4)

with d�
ð2Þ
a ¼ ðd� ð2Þ

x0 ; d�
ð2Þ
y0 ; 0Þ. Altogether, this allows us to re-express Eq. (D2) in terms of macroscopic variables

AþPq þA�jq þA�K�Fð?Þ
q þ Bþ Dqjq � d�

ð2Þ
a

2Xz0
DqFq

 !
þ B�n̂�

q þ Fp:c:
q

" #
ð~xbÞ ¼ aðuÞjqð~xwÞ: (D5)

Finally, we require that Eq. (D5) matches Eq. (D1). To this end, we solve the following system:

Aþ ¼ ðj1 þ j�1 þ j0 � 1Þ ¼ 0

A� ¼ ðj1 � j�1 þ j0 þ 1Þ ¼ aðuÞ

Bþ ¼ ðj1 þ j�1Þ � Kþ þ 1
2

� �
Aþ

� 	
¼ aðuÞdq

)

j1 ¼ �1þ aðuÞ dq þ 1
2

� �
j0 ¼ 1� aðuÞdq

j�1 ¼ 1� aðuÞ

2
:

8>>>>>><
>>>>>>:

8>>>>>><
>>>>>>:

(D6)

The solution of Eq. (D6) yields
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aðuÞ jq þ dqDqjq � dq
d�

ð2Þ
a

2Xz0
DqFq þ K�Fð?Þ

q

 !�����
ð~xbÞ

þ B�n̂�
q ð~xbÞ þ Fp:c:

q ð~xbÞ ¼ aðuÞjqð~xwÞ: (D7)

Equation (D7) can be further simplified by developing B� ¼ ½ðj1 � j�1Þ � K� þ 1
2

� 
A�� ¼ �K�aðuÞ þ ðj1 � 1Þ, so that

aðuÞ jq þ dqDqjq � dq
d�

ð2Þ
a

2Xz0
DqFq þ K�ðFð?Þ

q � n̂�
q Þ

 !�����
ð~xbÞ

þ ðj1 � 1Þn̂�
q ð~xbÞ þ Fp:c:

q ð~xbÞ ¼ aðuÞjqð~xwÞ: (D8)

It is evident that, to recover the second-order Taylor expansion along each cut link q, as given by Eq. (D1), the content of the post-collision
correction Fp:c:

q in Eq. (D8) should be given by

Fp:c:
q ¼ aðuÞK�ðn̂�

q � Fð?Þ
q Þ þ ð1� j1Þn̂�

q þ aðuÞ dq
d�

ð2Þ
a

2Xz0
DqFq þ aðuÞ

d2q
2

D
2
qjq: (D9)

Note that, in Eq. (D8), all terms are determined at the boundary node location~xb.
In order to compute the last two terms in Eq. (D9), we can make use of the linkwise second-order finite-difference approximations

DqFqjf :d: and D
2
qjqjf :d:. Considering the approximation for DqFqjf :d: given in Eq. (35), then the term aðuÞ dq

d�
ð2Þ
a

2Xz0
DqFq can be computed as

follows:

aðuÞ dq
d�

ð2Þ
a

2Xz0
DqFqjf :d:ð~xbÞ ¼ aðuÞ

dz0

ðdz0 þ dz 0 Þ
tq cqz0

"
d�

ð2Þ
x0

2Xz0
cqx0

dz 0

dz0
Fx0 ð~xwÞ � Fx0 ð~xbÞð Þ þ dz0

dz 0
Fx0 ð~xbÞ � Fx0 ð~xw Þð Þ

� �

þ d�
ð2Þ
y0

2Xz0
cqy0

dz 0

dz0
Fy0 ð~xwÞ � Fy0 ð~xbÞ
� 
þ dz0

dz 0
Fy0 ð~xbÞ � Fy0 ð~xw Þ
� 
� �#

: (D10)

Moreover, considering the approximation for D
2
qjqjf :d: given Eq. (34), the term aðuÞ

d2q
2 D

2
qjq can be computed as follows:

aðuÞ
d2q
2

D
2
qjqjf :d:ð~xbÞ ¼ aðuÞ

d2z0
ðdz0 þ dz 0 Þ

tq cqx0
jx0 ð~xwÞ � jx0 ð~xbÞ

dz0
� jx0 ð~xbÞ � jx0 ð~xw Þ

dz 0

� �
þ cqy0

jy0 ð~xwÞ � jy0 ð~xbÞ
dz0

� jy0 ð~xbÞ � jy0 ð~yw Þ
dz 0

 !" #
: (D11)

Overall, this completes the proof that the MLI scheme, determined by the update rule given by Eq. (32), establishes an accurate parabolic
approximation for the no-slip velocity boundary condition, given by Eq. (D1), considering a wall moving with velocity ~uw and located with
an offset from the boundary node given by dq, where dq ¼ dz0 cqz0 in the adopted coordinate system, see Fig. 3(b).

APPENDIX E: DERIVATION OF BULK EQUATIONS OF ROTATING DUCT FLOW GIVEN IN SEC. IVB

Consider the steady-state Chapman–Enskog fourth-order expansion applied to the TRT equation41

n̂þ
q ¼ @qe

�
q � K� @2

qe
þ
q þ K� 1

12

� �
@3
qe

�
q � K� K� 1

6

� �
@4
qe

þ
q ; (E1a)

n̂�
q ¼ @qe

þ
q � Kþ @2

qe
�
q þ K� 1

12

� �
@3
qe

þ
q � Kþ K� 1

6

� �
@4
qe

�
q ; (E1b)

with @q ¼ cqa @a, @2
q ¼ cqacqb @ab, etc.

The approximation of the mass and momentum balance equations is produced by the zeroth-order velocity moment over Eq. (E1a) and
the first-order velocity moment over Eq. (E1b), respectivelyXQ�1

q¼0

n̂þ
q ¼@a

XQ�1

q¼0

cqa e
�
q � K� @ab

XQ�1

q¼0

cqacqb e
þ
q þ K� 1

12

� �
@abc

XQ�1

q¼0

cqacqbcqc e
�
q � K� K� 1

6

� �
@abcn

XQ�1

q¼0

cqacqbcqccqn e
þ
q ; (E2a)

XQ�1

q¼0

cqa n̂
�
q ¼ @b

XQ�1

q¼1

cqacqb e
þ
q � Kþ @bc

XQ�1

q¼0

cqacqbcqc e
�
q þ K� 1

12

� �
@bcn

XQ�1

q¼1

cqacqbcqccqn e
þ
q

� Kþ K� 1
6

� �
@abcng

XQ�1

q¼1

cqacqbcqccqncqg e
�
q : (E2b)

For convenience, let us introduce the compact notation
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PðeqÞ�
a ¼

XQ�1

q¼1

cqa e
�
q ; PðeqÞþ

ab ¼
XQ�1

q¼1

cqacqb e
þ
q ; PðeqÞ�

abc ¼
XQ�1

q¼1

cqacqbcqc e
�
q ;

PðeqÞþ
abcn ¼

XQ�1

q¼1

cqacqbcqccqn e
þ
q ; PðeqÞ�

abcng ¼
XQ�1

q¼1

cqacqbcqccqncqg e
�
q : (E3)

Equation (E1a) subject to the mass conservation law
PQ�1

q¼0 n̂þ
q ¼ 0 yields

0 ¼ @aP
ðeqÞ�
a � K� @abP

ðeqÞþ
ab þ K� 1

12

� �
@abcP

ðeqÞ�
abc � K� K� 1

6

� �
@abcnP

ðeqÞþ
abcn : (E4)

Equation (E1b) subject to the momentum conservation law
PQ�1

q¼1 cqa n̂
�
q ¼ Fa yields

Fa ¼ @bP
ðeqÞþ
ab � Kþ @bcP

ðeqÞ�
abc þ K� 1

12

� �
@bcnP

ðeqÞþ
abcn � Kþ K� 1

6

� �
@ bcngP

ðeqÞ�
abcng: (E5)

Developing Eq. (E4) over the x; y; zf g Cartesian system yields

0 ¼ @xP
ðeqÞ�
x þ @yP

ðeqÞ�
y þ @zP

ðeqÞ�
z � K� @xxP

ðeqÞþ
xx þ @yyP

ðeqÞþ
yy þ @zzP

ðeqÞþ
zz þ 2 @xyP

ðeqÞþ
xy þ 2 @xzP

ðeqÞþ
xz þ 2 @yzP

ðeqÞþ
yz

h i

þ K� 1
12

� �
@xxxP

ðeqÞ�
xxx þ @yyyP

ðeqÞ�
yyy þ @zzzP

ðeqÞ�
zzz þ 3 @xxyP

ðeqÞ�
xxy þ 3 @xxzP

ðeqÞ�
xxz þ 3 @xyyP

ðeqÞ�
xyy þ 3 @xzzP

ðeqÞ�
xzz þ 3 @yyzP

ðeqÞ�
yyz

h

þ3 @yzzP
ðeqÞ�
yzz þ 6 @xyzP

ðeqÞ�
xyz

i
� K� K� 1

6

� �
@xxxxP

ðeqÞþ
xxxx þ @yyyyP

ðeqÞþ
yyyy þ @zzzzP

ðeqÞþ
zzzz þ 6 @xxyyP

ðeqÞþ
xxyy þ 6 @x@x@z@zP

ðeqÞþ
xxzz

h
þ6 @yyzzP

ðeqÞþ
yyzz þ 12 @xxyzP

ðeqÞþ
xxyz þ 12 @xyyzP

ðeqÞþ
xyyz þ 12 @xyzzP

ðeqÞþ
xyzz þ 4 @xxxyP

ðeqÞþ
xxxy þ 4 @xxxzP

ðeqÞþ
xxxz þ 4 @xyyyP

ðeqÞþ
xyyy

þ4 @xzzzP
ðeqÞþ
xzzz þ 4 @yyyzP

ðeqÞþ
yyyyz þ 4 @yzzzP

ðeqÞþ
yzzz

i
; (E6)

and developing Eq. (E5) over each component of the x; y; zf g Cartesian system yields:

Fx ¼ @xP
ðeqÞþ
xx þ @yP

ðeqÞþ
xy þ @zP

ðeqÞþ
xz � Kþ @xxP

ðeqÞ�
xxx þ 2 @xyP

ðeqÞ�
xxy þ 2 @xzP

ðeqÞ�
xxz þ @yyP

ðeqÞ�
xyy þ 2 @yzP

ðeqÞ�
xyz þ @zzP

ðeqÞ�
xzz

h i

þ K� 1
12

� ��
@xxxP

ðeqÞþ
xxxx þ 3 @xxyP

ðeqÞþ
xxxy þ 3 @xxzP

ðeqÞþ
xxxz þ 3 @xyyP

ðeqÞþ
xxyy þ 6 @xyzP

ðeqÞþ
xxyz

þ 3 @xzzP
ðeqÞþ
xxzz þ @yyyP

ðeqÞþ
xyyy þ 3 @yyzP

ðeqÞþ
xyyz þ 3 @yzzP

ðeqÞþ
xyzz þ @zzzP

ðeqÞþ
xzzz

	
� Kþ K� 1

6

� ��
@xxxxP

ðeqÞ�
xxxxx þ @yyyyP

ðeqÞ�
xyyyy þ @zzzzP

ðeqÞ�
xzzzz

þ 6 @xxyyP
ðeqÞ�
xxxyy þ 6 @xxzzP

ðeqÞ�
xxxzz þ 6 @yyzzP

ðeqÞ�
xyyzz þ 12 @xxyzP

ðeqÞ�
xxxyz þ 12 @xyyzP

ðeqÞ�
xxyyz þ 12 @xyzzP

ðeqÞ�
xxyzz

þ 4 @xxxyP
ðeqÞ�
xxxxy þ 4 @xxxzP

ðeqÞ�
xxxxz þ 4 @xyyyP

ðeqÞ�
xxyyy þ 4 @xzzzP

ðeqÞ�
xxzzz þ 4 @yyyzP

ðeqÞ�
xyyyz þ 4 @yzzzP

ðeqÞ�
xyzzz

	
; (E7)

Fy ¼ @xP
ðeqÞþ
xy þ @yP

ðeqÞþ
yy þ @zP

ðeqÞþ
yz � Kþ

�
@xxP

ðeqÞ�
xxy þ 2 @xyP

ðeqÞ�
xyy þ 2 @xzP

ðeqÞ�
xyz þ @yyP

ðeqÞ�
yyy þ 2 @yzP

ðeqÞ�
yyz þ @zzP

ðeqÞ�
yzz

	

þ K� 1
12

� ��
@xxxP

ðeqÞþ
xxxy þ 3 @xxyP

ðeqÞþ
xxyy þ 3 @xxzP

ðeqÞþ
xxyz þ 3 @xyyP

ðeqÞþ
xyyy þ 6 @xyzP

ðeqÞþ
xyyz

þ 3 @xzzP
ðeqÞþ
xyzz þ @yyyP

ðeqÞþ
yyyy þ 3 @yyzP

ðeqÞþ
yyyz þ 3 @yzzP

ðeqÞþ
yyzz þ @zzzP

ðeqÞþ
yzzz

	
� Kþ K� 1

6

� ��
@xxxxP

ðeqÞ�
xxxxy þ @yyyyP

ðeqÞ�
yyyyy þ @zzzzP

ðeqÞ�
yzzzz

þ 6 @xxyyP
ðeqÞ�
xxyyy þ 6 @xxzzP

ðeqÞ�
xxyzz þ 6 @yyzzP

ðeqÞ�
yyyzz þ 12 @xxyzP

ðeqÞ�
xxyyz þ 12 @xyyzP

ðeqÞ�
xyyyz þ 12 @xyzzP

ðeqÞ�
xyyzz

þ 4 @xxxyP
ðeqÞ�
xxxyy þ 4 @xxxzP

ðeqÞ�
xxxyz þ 4 @xyyyP

ðeqÞ�
xyyyy þ 4 @xzzzP

ðeqÞ�
xyzzz þ 4 @yyyzP

ðeqÞ�
yyyyz þ 4 @yzzzP

ðeqÞ�
yyzzz

	
; (E8)
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Fz ¼ @xP
ðeqÞþ
xz þ @yP

ðeqÞþ
yz þ @zP

ðeqÞþ
zz � Kþ

�
@xxP

ðeqÞ�
xxz þ 2 @xyP

ðeqÞ�
xyz þ 2 @xzP

ðeqÞ�
xzz þ @yyP

ðeqÞ�
yyz þ 2 @yzP

ðeqÞ�
yzz þ @zzP

ðeqÞ�
zzz

	

þ K� 1
12

� ��
@xxxP

ðeqÞþ
xxxz þ 3 @xxyP

ðeqÞþ
xxyz þ 3 @xxzP

ðeqÞþ
xxzz þ 3 @xyyP

ðeqÞþ
xyyz þ 6 @xyzP

ðeqÞþ
xyzz

þ 3 @xzzP
ðeqÞþ
xzzz þ @yyyP

ðeqÞþ
yyyz þ 3 @yyzP

ðeqÞþ
yyzz þ 3 @yzzP

ðeqÞþ
yzzz þ @zzzP

ðeqÞþ
zzzz

	

� Kþ K� 1
6

� ��
@xxx@xP

ðeqÞ�
xxxxz þ @yyyyP

ðeqÞ�
yyyyz þ @zzzzP

ðeqÞ�
zzzzz þ 6 @xxyyP

ðeqÞ�
xxyyz þ 6 @xxzzP

ðeqÞ�
xxzzz þ 6 @yyzzP

ðeqÞ�
yyzzz

þ 12 @xxyzP
ðeqÞ�
xxyzz þ 12 @xyyzP

ðeqÞ�
xyyzz þ 12 @xyzzP

ðeqÞ�
xyzzz þ 4 @xxxyP

ðeqÞ�
xxxyz þ 4 @xxxzP

ðeqÞ�
xxxzz þ 4 @xyyyP

ðeqÞ�
xyyyz

þ 4 @xzzzP
ðeqÞ�
xzzzz þ 4 @yyyzP

ðeqÞ�
yyyzz þ 4 @y@z@z@zP

ðeqÞ�
yzzzz

	
: (E9)

1. D3Q19 model

Table X lists the TRT D3Q19 velocity moments, defined in Eq. (E3). Differences between D3Q19-SE and D3Q19-IE models lie in the
bold terms inside PðeqÞþ

xxyy , PðeqÞþ
xxzz , and PðeqÞþ

yyzz moments. The source term is considered inside the equilibrium, as defined in Eq. (7b), and Fq is
formulated based on the SF model, Eq. (8d).

The substitution of the TRT D3Q19 velocity moments displayed in Table X into Eq. (E6) yields

TABLE X. TRT velocity moments in D3Q19. The Hermite based standard equilibrium (D3Q19-SE) cannot be considered compatible with the D3Q19 lattice discretization as it
introduces the spurious terms in PðeqÞþ

xxyy , P
ðeqÞþ
xxzz , and PðeqÞþ

yyzz , which are marked in bold. The improved D3Q19 equilibrium (D3Q19-IE) recovers the exact same discretization
structure, with the exception of the undesirable bold terms, which are eliminated.

PðeqÞ�
x ¼ jx þ K� Fx PðeqÞ�

y ¼ jy þ K� Fy PðeqÞ�
z ¼ jz þ K�Fz

PðeqÞþ
xx ¼ P þ j2x

q0
PðeqÞþ

yy ¼ P þ j2y
q0

PðeqÞþ
zz ¼ P þ j2z

q0

PðeqÞþ
xy ¼ jxjy

q0
PðeqÞþ

xz ¼ jxjz
q0

PðeqÞþ
yz ¼ jyjz

q0

PðeqÞ�
xxx ¼ jx þ K� Fx PðeqÞ�

yyy ¼ jy þ K� Fy PðeqÞ�
zzz ¼ jz þ K� Fz

PðeqÞ�
xyy ¼ PðeqÞ�

xzz ¼ jx
3
þ K� Fx

3
PðeqÞ�

xxy ¼ PðeqÞ�
yzz ¼ jy

3
þ K� Fy

3
PðeqÞ�

xxz ¼ PðeqÞ�
yyz ¼ jz

3
þ K� Fz

3
PðeqÞ�

xyz ¼ 0

PðeqÞþ
xxxx ¼ P þ j2x

q0
PðeqÞþ

yyyy ¼ P þ j2y
q0

PðeqÞþ
zzzz ¼ P þ j2z

q0

PðeqÞþ
xxxy ¼ PðeqÞþ

xyyy ¼ jxjy
q0

PðeqÞþ
xxxz ¼ PðeqÞþ

xzzz ¼ jxjz
q0

PðeqÞþ
yyyz ¼ PðeqÞþ

yzzz ¼ jyjz
q0

PðeqÞþ
xxyz ¼ PðeqÞþ

xyyz ¼ PðeqÞþ
xyzz ¼ 0

PðeqÞþ
xxyy ¼ P

3
þ j2x þ j2y

3q0
� j2z
6q0

PðeqÞþ
xxzz ¼ P

3
þ j2x þ j2z

3q0
� j2y
6q0

PðeqÞþ
yyzz ¼ P

3
þ j2y þ j2z

3q0
� j2x
6q0

PðeqÞ�
xxxxx ¼ jx þ K� Fx PðeqÞ�

yyyyy ¼ jy þ K� Fy PðeqÞ�
zzzzz ¼ jz þ K� Fz

PðeqÞ�
xyyyy ¼ PðeqÞ�

xzzzz ¼ PðeqÞ�
xxxyy ¼ PðeqÞ�

xxxzz ¼
jx
3
þ K� Fx

3

PðeqÞ�
xxxxy ¼ PðeqÞ�

xxyyy ¼ PðeqÞ�
yzzzz ¼ PðeqÞ�

yyyzz ¼ jy
3
þ K� Fy

3

PðeqÞ�
xxxxz ¼ PðeqÞ�

xxzzz ¼ PðeqÞ�
yyyyz ¼ PðeqÞ�

yyzzz ¼ jz
3
þ K� Fz

3
PðeqÞ�

xyyzz ¼ PðeqÞ�
xxxyz ¼ PðeqÞ�

xxyzz ¼ PðeqÞ�
xyyyz ¼ PðeqÞ�

xxyyz ¼ PðeqÞ�
xyzzz ¼ 0
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0 ¼
�
@xjx þ @yjy þ @zjz

	
þ K�

�
@xFx þ @yFy þ @zFz

	

� K�
�
@xx P þ j2x

q0

 !
þ @yy P þ j2y

q0

 !
þ @zz P þ j2z

q0

 !
þ 2 @xy

jxjy
q0

� �
þ 2 @xz

jxjz
q0

� �
þ 2 @yz

jyjz
q0

� �	

þ K� 1
12

� ��
@xxxjx þ @yyyjy þ @zzzjz þ @xyyjx þ @xzzjx þ @xxyjy þ @yzzjy þ @xxzjz þ @yzzjz

	

þ K� K� 1
12

� ��
@xxxFx þ @yyyFy þ @zzzFz þ @xyyFx þ @xzzFx þ @xxyFy þ @yzzFy þ @xxzFz þ @yzzFz

	

� K� K� 1
6

� ��
@xxxx P þ j2x

q0

 !
þ @yyyy P þ j2y

q0

 !
þ @zzzz P þ j2z

q0

 !

þ 2 @xxyy P þ j2x þ j2y
q0

� j2z
2q0

 !
þ 2 @xxzz P þ j2x þ j2z

q0
� j2y
2q0

 !
þ 2 @yyzz P þ j2y þ j2z

q0
� j2x
2q0

 !

þ 4 @xxxy
jxjy
q0

� �
þ 4 @xxxz

jxjz
q0

� �
þ 4 @xyyy

jxjy
q0

� �
þ 4 @xzzz

jxjz
q0

� �
þ 4 @yyyz

jyjz
q0

� �
þ 4 @yzzz

jyjz
q0

� �	
: (E10)

The substitution of the TRT D3Q19 velocity moments of Table X into Eqs. (E7)–(E9) yields

Fx ¼ @x P þ j2x
q0

 !
þ @y

jxjy
q0

� �
þ @z

jxjz
q0

� �
� Kþ

3

�
@xxjx þ @yyjx þ @zzjx þ 2 @x @xjx þ @yjy þ @zjz

� 
	

� K
3

�
@xxFx þ @yyFx þ @zzFx þ 2 @x @xFx þ @yFy þ @zFz

� 
	þ K� 1
12

� ��
@xxx P þ j2x

q0

 !
þ @yyy

jxjy
q0

� �
þ @zzz

jxjz
q0

� �

þ 3 @xxy
jxjy
q0

� �
þ 3 @xxz

jxjz
q0

� �
þ @xyy P þ j2x þ j2y

q0
� j2z
2q0

 !
þ @xzz P þ j2x þ j2z

q0
� j2y
2q0

 !	

� Kþ

3
K� 1

6

� ��
3 @xxxxjx þ @yyyyjx þ @zzzzjx þ 6 @xxyyjx þ 6 @xxzzjx þ 4 @xxxyjy þ 4 @xyyyjy þ 4 @xxxzjz þ 4 @xzzzjz

	

� K
3

K� 1
6

� ��
3 @xxxxFx þ @yyyyFx þ @zzzzFx þ 6 @xxyyFx þ 6 @xxzzFx þ 4 @xxxyFy þ 4 @xyyyFy þ 4 @xxxzFz þ 4 @xzzzFz

	
; (E11)

Fy ¼ @x
jxjy
q0

� �
þ @y P þ j2y

q0

 !
þ @z

jyjz
q0

� �
� Kþ

3

�
@xxjy þ @yyjy þ @zzjy þ 2 @y @xjx þ @yjy þ @zjz

� 
	

� K
3

�
@xxFy þ @yyFy þ @zzFy þ 2 @y @xFx þ @yFy þ @zFz

� 
	þ K� 1
12

� ��
@xxx

jxjy
q0

� �
þ @yyy P þ j2y

q0

 !
þ @zzz

jyjz
q0

� �

þ 3 @xyy
jxjy
q0

� �
þ 3 @yyz

jyjz
q0

� �
þ @xxy P þ j2x þ j2y

q0
� j2z
2q0

 !
þ @yzz P þ j2y þ j2z

q0
� j2x
2q0

 !	

� Kþ

3
K� 1

6

� ��
@xxxxjy þ 3 @yyyyjy þ @zzzzjy þ 6 @xxyyjy þ 6 @yyzzjy þ 4 @xxxyjx þ 4 @xyyyjx þ 4 @yyyzjz þ 4 @yzzzjz

	

� K
3

K� 1
6

� ��
@xxxxFy þ 3 @yyyyFy þ @zzzzFy þ 6 @xxyyFy þ 6 @yyzzFy þ 4 @xxxyFx þ 4 @xyyyFx þ 4 @yyyzFz þ 4 @yzzzFz

	
; (E12)

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 37, 052010 (2025); doi: 10.1063/5.0268025 37, 052010-35

VC Author(s) 2025

 18 M
ay 2025 21:57:22

pubs.aip.org/aip/phf


Fz ¼ @x
jxjz
q0

� �
þ @y

jyjz
q0

� �
þ @z P þ j2z

q0

 !
� Kþ

3

�
@xxjz þ @yyjz þ @zzjz þ 2 @z @xjx þ @yjy þ @zjz

� 
	

� K
3

�
@xxFz þ @yyFz þ @zzFz þ 2 @z @xFx þ @yFy þ @zFz

� 
	þ K� 1
12

� ��
@xxx

jxjz
q0

� �
þ @yyy

jyjz
q0

� �
þ @zzz P þ j2z

q0

 !

þ 3 @xzz
jxjz
q0

� �
þ 3 @yzz

jyjz
q0

� �
þ @xxz P þ j2x þ j2z

q0
� j2y
2q0

 !
þ @yyz P þ j2y þ j2z

q0
� j2x
2q0

 !	

� Kþ

3
K� 1

6

� ��
@xxxxjz þ @yyyyjz þ 3 @zzzzjz þ 6 @xxzzjz þ 6 @yyzzjz þ 4 @xxxzjx þ 4 @xzzzjx þ 4 @yyyzjy þ 4 @yzzzjy

	

� K
3

K� 1
6

� ��
@xxxxFz þ @yyyyjz þ 3 @zzzzFz þ 6 @xxzzFz þ 6 @yyzzFz þ 4 @xxxzFx þ 4 @xzzzFx þ 4 @yyyzFy þ 4 @yzzzFy

	
: (E13)

2. D3Q27 model

Table XI lists the TRT D3Q27 velocity moments, defined in Eq. (E3). Similarly to the previous case, the source term is considered inside
the equilibrium, as defined in Eq. (7b), and Fq is formulated based on the SF model, Eq. (8d).

The substitution of the TRT D3Q27 velocity moments of Table XI into Eq. (E6) yields

TABLE XI. TRT velocity moments in D3Q27. The Hermite based standard equilibrium (D3Q27-SE) is considered.
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The substitution of the TRT D3Q27 velocity moments displayed in Table XI into Eqs. (E7)–(E9) yields
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