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Abstract

Common behaviors in families of numerical semigroups led to the introduction
of Frobenius varieties, pseudo-varieties and restricted varieties concepts. These facts
allow us to build, arrange and give algorithms to compute its elements with a given
genus, multiplicity and Frobenius number.

This thesis is devoted to the study of families of numerical semigroups fitting one
of the three above concepts. Families of numerical semigroups covered are modularly
equidistant, with concentration two, with fixed multiplicity and concentration, without
consecutive small elements, coated with odd elements and with distances no admissi-
ble between gaps greater than its multiplicity.

Lastly, we study the Frobenius restricted variety of the numerical semigroups con-
tained in a given one where we give formulas for the Frobenius and genus number
restricted. Further, we generalize Bras-Amords and Wilf’s conjecture.

Keywords: Numerical semigroups, Frobenius number, varieties, pseudo-varieties,

restricted varieties.






Resumo

Estudo de algumas variedades do nimero de Frobenius

Comportamentos comuns em familias de semigrupos numéricos levaram a
introdugdo de conceitos de variedades, pseudo-variedades e variedades restritas de
Frobenius. Esses fatos nos permitem construir, organizar e fornecer algoritmos para
computar seus elementos com um determinado género, multiplicidade e nimero de
Frobenius.

Esta tese € dedicada ao estudo de familias de semigrupos numéricos que se en-
caixam em um dos trés conceitos acima. Familias de semigrupos numéricos abor-
dados sdo modularmente equidistantes, com concentra¢ao dois, com multiplicidade
e concentracao fixas, sem elementos consecutivos menores que o nimero de Frobe-
nius, revestidos com elementos impares e com distancias nao admissiveis entre buracos
maiores que sua multiplicidade.

Por fim, estudamos a variedade restrita de Frobenius dos semigrupos numéricos
contidos num semigrupo dado onde damos férmulas para os nimeros de Frobenius e
género restritos. Além disso, generalizamos as conjecturas de Bras-Amorés e Wilf.

Palavras-chave: Semigrupos numéricos, nimero de Frobenius, variedades,

pseudo-variedades, variedades restritas.
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Introduction

At the end of the 19th century, the German Frobeniu{r] (1849-1917) raised the
following question: given relative prime integers a;, as, . . . , a, find the largest positive
integer that cannot be expressed as an integer conical combinatio of these numbers.

This problem became known as the (diophantine) Frobenius problem (also re-
ferred to as the coin problem, postage stamp problem, or the Chicken McNuggets
numbers) and is usually denoted by g(ay, ..., a,) [Ram05].

In 1857, while investigating the partition number function which represents the
number of possible partitions of a non-negative integer, Sylveste(18 14-1897) [Syl57]
defined the function d(m;ay,...,a,), called the denumerant, as the number of non-
negative integer representations of m by ay,...,a,. In 1882, Sylvester [Syl82, page
134] solved the Frobenius problem for n = 2 getting g(a, a,) = a;a, — a; — a,. Later,
in 1884, in the Educational Times journal, Sylvester [Syl84| put the question of finding
such a formula as a recreational problem.

Curtis showed that, in some sense, a search for a simple formula when n = 3 is
impossible. Indeed, Curtis [Cur90] proved that in the case n = 3, and consequently in
all cases n > 3, the Frobenius number cannot be given by closed formulas of a certain

Ferdinand Georg Frobenius (1849-1917), was a German mathematician, best known for his con-
tributions to the theory of elliptic functions, differential equations, number theory, and to group theory.

Also, he was the first to give full proof for the Cayley-Hamilton theorem in linear algebra.

’An integer conical combination is a type of linear combination where the coefficients are non-

negative integers.

3James Joseph Sylvester (1814-1897), was an English mathematician. He made fundamental con-
tributions to matrix theory, invariant theory, number theory, partition theory, and combinatorics.

1



2 INTRODUCTION
type (formulas which can be reduced to a finite set of certain polynomials) [Ram0S,
p. 35].

Recently, the Frobenius problem, or FP for short, has aroused great interest in the
computational area due to its complexity.

The study of numerical semigroups is equivalent to that of nonnegative integer
solutions to Diophantine equations of the form a;x; + --- + a,x, = b with positive
integer coefficients reduced to the case gcd(ay,...,a,) = 1. For a thorough treatment
of the subject see [RGS09] and [RGS99, chapter 10]. The book [ADGS20] covers
some applications such as how to compute the minimal presentations, Betti elements,
factorizations and divisibility of numerical semigroups.

The numerical semigroup membership problem, or NSMP, is the problem of deter-
mining if, given a certain positive integer ¢ and a numerical semigroup S, the integer ¢
is contained in §.

The numerical semigroup membership problem is NP-complete (that is, it is in NP
and is hard for NP), as shown in [PS98]. This fact was used by Jorge Ramirez Alfonsin
in 1996 [Ram96] to finally prove that the Frobenius problem is NP-hard (under Turing
reductions). He proved that the NSMP can be Turing reduced to the FP. As the NSMP
is NP-complete, he concluded that the FP is NP-hard [OT21a, p. 4].

The numerical semigroup membership problem can be trivially Turing reduced
to the problem of finding the Sylvester denumerant. Thus, the Sylvester denumerant

problem is in NP-hard [Oss19, p. 24].

Problem Computational Complexity
Frobenius problem NP-hard
NS membership problem NP-complete
Sylvester denumerant NP-hard

Taking advantage of this, work has been done in the field of code theory with nu-

merical semigroups, see for instance [BA13, DFGSL13|] and the references therein.



INTRODUCTION 3
New works have gone even further by proposing quantum algorithms for these combi-
natoric invariants of numerical semigroups [Oss19, 0T21a,/OT21b].

In the present work we will study some families of numerical semigroups which
present common behaviors strongly related to the Frobenius number. These common
behaviors allow us to build and arrange the elements of families of numerical semi-
groups. We arrange them in a tree and give algorithms that allow the computation of
its whole set with a given Frobenius number and other invariants.

We know that if S and 7 are numerical semigroups, then S N 7T is a numerical
semigroup. Furthermore, if S is a numerical semigroup different from N, then § U
{F(S)} will be also [RGS09, Lemma 4.1].

In this way, one can define a Frobenius variety by families of numerical semi-
groups closed under finite intersections and the union with the Frobenius number
[Ros08b].

We already know that the set of all numerical semigroups is a Frobenius variety.
Families of numerical semigroups as Arf, Saturated and with Toms decompositon
are also notable examples of varieties [Ros08b]. The intersection of Frobenius vari-
eties is a Frobenius variety. So, for example, the set of Arf numerical semigroups
having a Toms decomposition is a Frobenius variety.

However, there exist families of numerical semigroups that are not varieties, but
with a very similar behavior. Thus the concept of Frobenius pseudo-varieties was
introduced in [RR15] and it generalizes the concept of varieties. By the way, every
variety is a pseudo-variety.

Unfortunately, this was not enough. Because we can still find significant families
of numerical semigroups which are not pseudo-varieties. So the concept of R-variety
(that is, Frobenius restricted variety) came on the scene and it generalizes the concept

of pseudo-varieties [RR18]. Indeed, every pseudo-variety is a R-variety.



4 INTRODUCTION

Families studied in chapters 2-7 fit into one of the three above concepts. For in-
stance, a family of numerical semigroups without consecutive small elements is a va-
riety, the family of numerical semigroups with concentration k is a pseudo-variety and
the family of numerical semigroups contained in a given one is a R-variety.

If S is a numerical semigroup, then m(S) = min(S \{0}), F(S) = max(Z\S), c(S) =
F(S) + 1, g(S) the cardinality of N\S, n(S) the cardinality of the elements of § bellow
the Frobenius number and e(S) the cardinality of the minimal system of generators
of § are six important invariants of S known as multiplicity, Frobenius number,
conductor, genus, the number of small elements and embedding dimension of S,
respectively. See chapter|l|for more details.

In 1978, Wiliﬂ conjectured that every numerical semigroup S satisfies

g(§) < (e(S) = Dn(S).

Wilf question [Wil78] which is nowadays know as Wilf’s conjecture was:
(a) Is it true that for a fixed k the fraction Q/y of omitted values is at most 1—(1/k)?
In Wilf’s notation y stands for the conductor ¢, Q for the genus and k for the

embedded dimension. Thus

g/c<1—1/e]
which we can rearrange as
c e e—1+1 1
-2 = =1+
g e—1 e—1 e—1
SO
c 1
-=1> = <e-log<s(e=1)(c—-g)
g e—1 c—g
Hence

2(S) < (e(S) - Dn(S)|

“Herbert Saul Wilf (1931-2012), was an American mathematician, who specialized in combina-

torics and graph theory.
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This question is still widely open and it is one of the most important problems in
numerical semigroup theory. Some families of numerical semigroups for which it is
known that the conjecture is true are collected in [Del20] and [ADGS20, p. 11]. We

summarize some results here in table[1]

1882 | Sylvester [Syl82] o e(s)=2
1986 | Froberg et al [FGH86/ e e(s)=3
2012 | Sammartano [Sam12| e e(S)>m(S5)/2
e m(§)<8
2012 | Zhai [Zhal3] o the average of ns fulfilling this

inequality tends to one when
the genus goes to infinity

2015 | Fromentin and Hivert [FH16]| e g(5)<60
2015 | Eliahou [Elil8]] e c(s) <3m(S)
2019 | Bruns [BGSOW20] et al e m(s) <18
2019 | Eliahou and Marin-Aragén[EMA21] | e n(s) < 12
2019 | Eliahou [Eli20] e e(S)>m(5)/3
2019 | Delgado and Eliahou [Eli20] e g(5)<80

e 2(S5) <1007
TaBLE 1. Numerical semigroups satisfying Wilf’s conjecture so far.

The result c¢(s) < 3m(S) of Eliahou (2015), together with the work of Zhai (2012),
imply that Wilf’s conjecture is asymptotically true as g — oo. The case e(S) > m(S)/3
covers more than 99.999% of numerical semigroups of genus g < 45.

In chapter 3] we prove that numerical semigroups with concentration 2 and its gen-
eralization satisfy Wilf’s conjecture. Coe-semigroups for which a particular condition
is true also satisfy (see chapter [5)). Furthermore, we generalize Wilf’s conjecture for
Frobenius R-variety of the numerical semigroups contained in a given one.

Many authors agree that mathematics is a science of pattern and order (see for
example [Ste88, Dev96]) and, in the context of numerical semigroups Bras-Amords,
after computing the number n, of numerical semigroups with genus up to 50 in 2008

[BAOS8], saw a beautiful behavior and conjectured

(1) ng > ng_y +ny,forg>2
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eei g, Ng1 T N0
(i) lim =—&= =1
g—?OO

nyg

n
(iii) im —~ = ¢, where ¢ =
82® Ng_1

is the golden ratio.

From (i1) and (iii) we have a Fibonacci-like property on the number of numerical
semigroups of a given genus and that the associated quotient sequence approaches the
golden ratio. Notice also that (ii1) = (i1). These items (2/3 of the conjecture) were
proved by Alex Zhai while he was an undergraduate [Zhal3][Kap17, p. 2].

However, it is still not known in general if for a fixed positive integer g there are
more numerical semigroups with genus g + 1 than numerical semigroups with genus g
(the first item).

In other words, the sequence of the number n, of numerical semigroups with genus
g grows as fast as the Fibonacci numbers, but it is still not known whether it is nonde-
creasing.

Computations have been extended to g < 67 by Fromentin and Hivert [FH16] and
Delgado, Garcia-Sanchez, and Morais have implemented a program to find the set of
all numerical semigroups of genus g in the NumericalSgps package for the computer
algebra system GAP [DGSM20, GAP22].

In chapter [/| we generalize Bras-Amords conjecture for Frobenius restricted vari-
eties of the numerical semigroups contained in a given one.

This work is organized as follows:

Chapter 1 - Numerical Semigroups Preliminaries. Here we present some ba-
sic definitions and known results related to numerical semigroups: notable
elements, irreducible numerical semigroups and a collection of common be-
haviors in families of numerical semigroups. In the last one we will see the
concepts and comparisons of (Frobenius) varieties, pseudo-varieties and R-

varieties.
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Chapter 2 - Modularly Equidistant numerical semigroups. In this chapter
we study the so-called Modularly Equidistant numerical semigroups. We ar-
range this kind of numerical semigroups modulo a in a tree and give algo-
rithms for computing its whole set with fixed multiplicity, genus and Frobe-
nius number. We close this chapter by giving attention to those with maximal
embedding dimension. Results are published in [RBT21].

Chapter 3 - Numerical semigroups with concentration 2 and . This chapter
is broken into two sections. The first is dedicated to the study of numerical
semigroups of concentration 2. We give algorithms to calculate the whole
set of this class of semigroups with given multiplicity, genus or Frobenius
number. Separately, we prove that this class of semigroups verifies Wilf’s
conjecture. In the second section we study numerical semigroups with fixed
multiplicity and concentration, Ci[m]. With the same approach, we give al-
gorithms to calculate the whole set of this class of semigroups with a given
genus or Frobenius number. In addition, we prove that if S € Cy[m] with
k < \/? , then § verifies the Wilf’s conjecture. The first section has already
been published [RBT22b] and the second is submitted.

Chapter 4 - Numerical semigroups without consecutive small elements. In
this chapter we study A-semigroups, that is, numerical semigroups which
have no consecutive elements less than the Frobenius number. We will see
that the set of all A-semigroups is a Frobenius variety and we give algorithms
that allow the computation of its whole set with a given genus, multiplic-
ity and Frobenius number. From this we examine interesting families of A-
semigroups which are Frobenius varieties, pseudo-varieties and R-varieties.

Results are published in [RBT22¢].
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Chapter 5 - Numerical semigroups coated with odd elements. A numerical
semigroup S is coated with odd elements (Coe-semigroup), if {x — 1, x + 1} C
S for all odd element x in S. In this chapter, we will study this kind of
numerical semigroups. In particular, we are interested in the study of the
Frobenius number, genus and embedding dimension of a numerical semi-
group of this type. Furthermore, we arrange the set of all Coe-semigroups in
a rooted tree and give an algorithm to recursively obtain its elements. Also,
Coe-semigroups satisfy Wilf’s conjecture if a particular condition holds. The
results of this chapter are submitted for publication.

Chapter 6 - Numerical semigroups with distances no admissible between
gaps greater than its multiplicity. In this chapter we will study the sets
of numerical semigroups with distances no admissible between gaps greater
than its multiplicity, denoted by $(A), and the ones with fixed multiplicity,
denoted by P(A, m). First, we order the elements of $(A) in a tree with root
N. Second, we found that a partition of the set P(A, m) is a Frobenius pseudo-
variety and, the set (A, m) is a finite tree wherein its vertices are Frobenius
pseudo-varieties. The results of this chapter are submitted for publication.

Chapter 7 - Frobenius R-Variety of the Numerical Semigroups Contained
in a Given One. Let A be a numerical semigroup and R(A) =
{S | S is a numerical semigroup and S € A}. We prove that R(A) is a Frobe-
nius R-variety that can be arranged in a tree rooted in A. We introduce the
concepts of Frobenius and genus number of S restricted to A (respectively
FA(S) and ga(S)). We give formulas for FA(S), ga(S) and generalizations
of the Bras-Amorés’s and Wilf’s conjecture. Moreover, we will show that
most of the results of irreducibility can be generalized to R(A)-irreducibility.

Results are published in [RBT22a].



CHAPTER 1

Numerical Semigroups Preliminaries

In this chapter we present some basic definitions and known results, needed later
in this work, related to the numerical semigroups. Some more specific definitions and
known results may be presented locally when needed. Results from sections 1 and 2
were extracted from [RGS99, chapter 10], [RGS09] and [ADGS20]. Section 3 is a
compilation of [Ros08b], [RR1S5] and [RR18].

1. Notable elements

We use N and Z to denote the set of nonnegative integers and the set of the integers,
respectively.

A semigroup is a pair (S, +), where S is a nonempty set and + is a binary operation
defined on S verifying the associative law, that is, for all a, b, c € S we have a+(b+c) =
(a + b) + c. If there exists an element € S suchthatt+ s =s+¢=sforalls € S
we say that (S, +) is a monoid . This element is usually denoted by 0. In addition,
S is a commutative monoid if for all a,b € §, a +b = b + a. An example of a
commutative monoid is (N, +). All semigroups and monoids considered in this work
are commutative. A submonoid of a monoid § is a subset A of S such that 0 € A and
for every a,b € A we have that a + b € A. Clearly, {0} and N are submonoids of N.

Given a nonempty subset A of a monoid S, the monoid generated by A is the least
(with respect to set inclusion) submonoid of S containing A, which turns out to be the

intersection of all submonoids of S containing A. It follows easily that

(A ={ljay +---+A,a,|a; € A,A; e Nforalli € {1,...,n}}
9



10 1. NUMERICAL SEMIGROUPS PRELIMINARIES

The set A is a system of generators of S if (A) = §, and we will say that S is
generated by A. A monoid S is finitely generated if there exists a system of generators
of § with finitely many elements. Moreover, we say that A is a minimal system of
generators of S if no proper subset of A generates S. It is denoted by A = msg(S).

Given two monoids X and Y, amap f : X — Y is a monoid homomorphism if
fla+b) = f(a) + f(b) for all a,b € X and f(0) = 0. We say that f is a monoid
isomorphism if f is bijective.

A numerical semigroup is a submonoid of (N, +) such that the greatest common

divisor of its elements is equal to one.

Lemma 1. [RGS99, p. 105] [RGS09, Lemma 2.1] Let A be a nonempty subset of N.
Then (A) is a numerical semigroup if and only if gcd(A) = 1.

Let S be a submonoid of N and let G(S) be the subgroup of Z generated by §
(thatis, G(S) ={s'—s | s/, s € §}). If 1 € G(S), then we say that S is a numerical

semigroup.

Example 2. Let S = 2N, the set of even nonnegative integers. Then, S is a submonoid

of N. The group spanned by S is 2Z; hence S is not a numerical semigroup.

The following result gives us alternative ways of defining a numerical semigroup.

Proposition 3. [RGS99, p. 105] Let S be a submonoid of N. The following conditions

are equivalent:
(1) S is a numerical semigroup,
(2) the group spanned by S is Z,
(3) N\S is finite.

Proor. (1) implies (2) G(S) = nZ for some n € N. Since gcd(S) = 1, the element

n must be equal to 1.
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(2) implies (3) Since G(S) = Z, we have that 1 € G(S) = Z and by the definition
of G(§), there exists s and s” in S such that s —s = 1. Hence s’ = s+ 1 which implies

that

{s,s+ 1,25 4+2,35+3,...,(s—Ds+(s—1} CS.

We show that for every n € N such that n > (s — 1)s + (s — 1), the element n belongs to
S. Let g and r be elements of N such thatn = gs+r, withO < r < 5. Sincen = gs+r >
(s—Ds+(s—1),wehaveg>s—1>r. Thusn=gs+r=(q-r)s+r(s+1)eS.
(3) implies (1) Assume that N\S has finitely many elements. Then there exist s € S
such that s + 1 € §. This implies that gcd(S) = 1. O

Proposition 4. [RGS09, Proposition 2.2] Every nontrivial submonoid of N is isomor-

phic to a numerical semigroup.

Proor. Let M be a nontrivial submonoid of N and let d = gcd(M). We know that

S = <{% |lmeM }> is a numerical semigroup [RGS09, Lemma 2.1]. The map

fiM =S, f(m):g

is clearly a monoid isomorphism (i.e., a bijective monoid homomorphism). O

Example 5. The submonoid (3,7) = {0,3,6,7,9, 10, 12, —} is an example of a numer-

ical semigroup. The arrow means that every integer larger than 12 is in the set.

Taking into account Proposition |3|it makes sense to consider the greatest integer
not belonging to §. We call this element the Frobenius number of S and it is denoted
by F(S). The number ¢(S) = F(S) + 1 is said to be the conductor of S.

The set N\S will be denoted by G(S) and we call it the set of gaps of S. Its
cardinality is called the genus of S and is denoted by g(S ). The small elements (also
known as sporadic or left elements) of S are those elements that are smaller than F(S).

Its set is denoted N(S) and its cardinality n(S) .
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Given n € §\{0}, the Apéry set (named so in honour of [Apé46]) of S with respect
to n is defined by
ApS,n)={seS|s—n¢Ss}

A proof for the following result can be seen in [RGS09, Lemma 2.4].

Lemma 6. [RGS09, Lemma 2.4] Let S be a numerical semigroup and let n be a
nonzero element of S. Then, Ap(S,n) = {0 = w(0),w(1),...,w(n — 1)}, where w(i) is

the least element of S congruent with i modulo n, for all i € {0,...,n— 1}.

So the Apéry set consists of the least element of S in each congruence class mod-
ulo n. Hence, #Ap(S,n) = n. Here and from now on # before a set will denote its

cardinality.

Lemma 7. [RGS09, Lemma 2.6] Let S be a numerical semigroup and let n € S\{0}.

Then for all s € S, there exists a unique (k,w) € N X Ap(S, n) such that

s =kn+w.

The set Ap(S, n) determines completely the semigroup S, since S = (Ap(S,n) U
{n}). Moreover, Ap(S, n) contains in general more information that an arbitrary set of

generators of S.

Remark 8. If § is a numerical semigroup and n € S\{0} then Ap(S,n) =
{w(0) = 0,w(l),...,w(n—1)}. From Lemma [/| we have that an integer z is in S if

and only if z > w(z mod n).

Let A and B be subsets of integer numbers. @ We define A + B

{a+b : a€ A, be B}. Furthermore, from hereon S * := §\{0} sometimes.

Lemma 9. [RGS09, Lemma 2.3] Let S be a numerical semigroup. Then S*\(S* +S*)
is a system of generators of S. Furthermore, every system of generators of S contains

SIS+ S5).
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Lemma 9] which says that $*\(S* + S*) is the minimal system of generators of S,

combined with § = (Ap(S, n) U {n}), for any n € §\{0}, results:

Theorem 10. [RGS09, Theorem 2.7] Every numerical semigroup admits a unique

minimal system of generators. This minimal system of generators is finite.

From Proposition 4| and Theorem |10] we obtain the following consequence.

Corollary 11. [RGS09, Corollary 2.8] Every submonoid of (N, +) has a unique mini-

mal system of generators, which is finite.

Let S be a numerical semigroup. The cardinality of the minimal system of gener-
ators of S is called embedding dimension of S, and is denoted by e(S). The smallest

nonzero element of S is called the multiplicity of S and is denoted by m(S$').

Lemma 12. [RGS09, Proposition 2.10] Let S be a numerical semigroup. We have
e(S) <m(S).

Let S be a numerical semigroup. We say that S has maximal embedding dimen-
sion if e(S) = m(S). We will call it a MED-semigroup for short.

In particular, we have the ordinary numerical semigroups (also known as half-
line), and denoted by O,,, which are MED-semigroups. Indeed, if S = {0,m, —} is a
numerical semigroup with multiplicity m. It is easy to check that a minimal system of
generators for S is {m,m+1,...,2m—1}and Ap(S,m) = {0,m+1,...,2m—1}. Hence
e(S) =m(S) =m.

The next result is due to Selmer [Sel77] and can be used to compute F(S) and g(5 ),

from one of the Apéry sets of the numerical semigroup S .

Proposition 13. [RGS09, Proposition 2.12] Let S be a numerical semigroup and let n

be a nonzero element of S. Then

(1) F(S) = max(Ap(S,n)) —n;
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(2) &8) = LS enpsm W) = 5.

Example 14. [Syl82, page 134][Syl84] Let S = (a, b) be a numerical semigroup. We
have
Ap(S,a) ={0,b,2b,...,(a— 1)b}.
(1) FS)=(@-1)b-a=ab—-a-b.

2) g8) =B +2b+- +(a- Dby - 5t = =D - O

Let S be a numerical semigroup. Following the notation introduced in [RB02], we

say that the pseudo-Frobenius numbers of S are the elements of the set
PF(S) ={xe€Z\S | x+ s € § forevery s € S\{0}}

The cardinality of the previous set is an important invariant of S called the type of
S denoted by t(S). From the definition it easily follows that F(S) € PF(S), in fact, is
the maximum of this set.

Leta, b € Z. We define <g as follows: a <g bif b—a € §. Clearly, <y is a (partial)
order relation (reflexive, antisymmetric, and transitive). With this order relation Z
becomes a partially ordered set (or poset) . The following result states that PF(S ) are

precisely the maximal gaps of S with respect to <g.

Proposition 15. [ADGS20, Proposition 7] Let S be a numerical semigroup. We have

PE(S) = Maximals (Z\S).
We can also recover the pseudo-Frobenius elements in terms of the Apéry sets.

Proposition 16. [ADGS20, Proposition 8] Let S be a numerical semigroup and let
neS*. Then
PF(S) = {w —n | w € Maximals., Ap(S, n)}

From the previous proposition, we obtain an upper bound for the type of a numer-

ical semigroup.



2. IRREDUCIBLE NUMERICAL SEMIGROUPS 15

Corollary 17. Let S be a numerical semigroup other than N, then
t(S)<m(S)-1
2. Irreducible numerical semigroups

One type of numerical semigroups which are among the most studied are the ir-
reducible numerical semigroups for their relevance in ring theory. A numerical semi-
group is irreducible if it cannot be expressed as an intersection of two numerical
semigroups properly containing it. Irreducible numerical semigroups gather both sym-

metric and pseudo-symmetric numerical semigroups.

Lemma 18. [RGS09, Lemma4.1] Let S be a numerical semigroup other than N. Then

S U{F(S)} is a numerical semigroup.

Proor. The complement of S U {F(S)} in N is finite, because N\S is finite.

Take a,b € S U {F(S)}. If any of them is F(S), then a + b > F(S) and thus
a+b e SU{FS)}. If bothaand b arein S, thena+b € § C S U{F(S)}. As
0 € S U{F(S)}, this proves that S U {F(S)} is a numerical semigroup. O

Lemma 19. [RGS09, Exercise 2.2] Let S and T be numerical semigroups. Then S N'T

is a numerical semigroup.

Proor. Clearly, S N T contains the zero element. Now, ifa,b € SNT,thena,b € S
and a, b € T, both of which are closed under addition. So a+b lives in S and 7, thereby
a+beSNT.

Finally, as S and T are numerical semigroups the complements of S and 7 in N
are finite, S = N\S and 7 = N\T respectively. By De Morgan’s law of intersection
we have S UT = (S N T), combined with the fact that the union of finite sets is finite
leads us to the desired result. Namely S NT =N\(S NT)is finite, and this completes

the proof. O

The next result shows that the irreducible numerical semigroups are maximal in

the set of numerical semigroups with fixed Frobenius number.
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Theorem 20. [RB03, Theorem 1] The following conditions are equivalent:
(1) S isirreducible;
(2) S is maximal in the set of all numerical semigroups with Frobenius number
F(S);

(3) S is maximal in the set of all numerical semigroups that do not contain F(S).

A numerical semigroup S is symmetric (respectively, pseudo-symmetric ) if it is

irreducible and F(S) is odd (respectively, even).

Proposition 21. [RGS09, Proposition 4.4] Let S be a numerical semigroup.
(1) S is symmetric if and only if F(S) is odd and x € Z\S implies F(§) —x € S,
(2) S is pseudo-symmetric if and only if F(S) is even and x € Z\S implies that

either F(S)—xe S orx = @

Sometimes the previous proposition is used as the definition of the concepts of
symmetric and pseudo-symmetric numerical semigroups.
The maximality of irreducible numerical semigroups in the set of numerical semi-

groups with the same Frobenius number translates to minimality in terms of gaps.

Corollary 22. [RGS09, Corollary 4.5] Let S be a numerical semigroup.

F(S)+1
(1) S is symmetric if and only if g(S) = L

F(S) +2

(2) S is pseudo-symmetric if and only if g(S) = >
Hence irreducible numerical semigroups are those with the least possible genus

once the Frobenius number is fixed.

Corollary 23. [RGS09, Corollary 4.7] Every numerical semigroup with embedding

dimension two is symmetric.

A numerical semigroup is said to be almost symmetric if its genus is the arithmetic
mean of its Frobenius number and its type. It is a class of semigroups that includes the

symmetric and the pseudo-symmetric ones.
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Corollary 24. [ADGS20, Corollary 10] Every irreducible numerical semigroup is al-

most symmetric.

Note that Wilf’s conjecture holds for irreducible numerical semigroups [DMO06,
Proposition 2.2].
The next result reveals that we can decompose a numerical semigroup into irre-

ducibles.

Proposition 25. [RGS09, Proposition 4.44] Every numerical semigroup can be ex-

pressed as a finite intersection of irreducible numerical semigroups.

3. Common behaviors in families of numerical semigroups

3.1. Trees. A graph G = (V, E) consists of a set V and a collection E of ordered
pairs (v, w) of distinct elements from V. Elements of V are called vertices and elements
of E are called edges. A path of length n connecting the vertices u and v of G is a
sequence of n distinct edges of the form (vo, vy), (vi,v2), ..., (Vs_1,V,) With vy = u and
V= V.

A graph G is a tree if there exists a vertex r (known as the root of G) such that for
every other vertex v of G, there exists a unique path connecting v and r. If (u,v) is an
edge of a tree, then we say that u is a child of v. If there exists a path connecting the
vertices u and v, then we say that u is a descendant of v.

A binary tree is a rooted tree in which every vertex has 0, 1 or 2 children. A vertex

of a tree with no child is a leaf.

Definition 26 (The tree of the set of all numerical semigroups). Let S be the set formed
by all numerical semigroups. We denote by G(S) the tree associated do S. In this tree,

the vertices are the elements of S, (7, ) is anedge if S = T U{F(T")} and N is the root.
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Proposition 27. If S is a numerical semigroup, then the unique path connecting S
with N is given by C(S) = {So € S| € --- € S} (the chain of numerical semigroups
associated to S ), where So =S, Si11 =S; U{F(S)}, foralli <n,and S, = N.

Example 28. C({4,5,6,7)) = {{(4,5,6,7),(3,4,5),(2,3),(1) = N}.

Note that if S = T U {F(T')}, then F(T') becomes a minimal generator of S, which
in addition is greater than the Frobenius number of §. Conversely, if we choose a
minimal generator a of S, then S \{a} is a numerical semigroup, and if this generator is
greater than the Frobenius number, then F(S \{a}) = a. With this information in mind,

we have the following property.

Proposition 29. [RGS09, Proposition 7.1] The children of S € S are
S\ai},...,S\{a,}, where ay,...,a, are the minimal generators of S that are greater

than F(S).
This result allows us to construct recurrently the set of all numerical semigroups.

Example 30. The first levels (with respect to the genus) of G(S), figure m

N={1) -
(2,3) F=1)
(3,4,5) (=2 (2,5) (=3

T T

(4,5,6,7) r=3 (3,5,7) =9y (3,4) (-5 (2,7) (F=5
AN 1

Ficure 1. The tree of the set of all numerical semigroups

Observe that (3,4) is a leaf: it has not got any child.
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The purpose of this section is to define a structure that allows us to build and
arrange the elements of families of numerical semigroups. To perform this task we
will see definitions, monoids associated and the minimal system of generators with

respect to varieties, pseudo-varieties and restricted varieties.

3.2. Analysis of the set of numerical semigroups. We have already seen that if
S and T are numerical semigroups (with § # N). Then § U {F(S)} and S N T are
numerical semigroups, Lemmas [I8]and

Lemma 31. [Ros08a, Lemma 1.7] Let S be a numerical semigroup. Then S\{a} is a

numerical semigroup if and only if a € msg(S).

Proposition 32. [RGS09, Propositon 7.1] Let S and T be numerical semigroups. Then
S =T U{F(T)}if and only if T = S\{a} for some a € msg(S) such that a > F(S).

Proposition 33. [RGS09, Propositon 7.4] Let S and T be numerical semigroups such
that S = T U{F(T)}. Then F(S) < F(T) and g(T) = g(S) + 1.

These facts enable us to construct recursively all numerical semigroups with genus

g + 1 from all numerical semigroups with genus g.

3.3. Frobenius varieties. For certain families of numerical semigroups we can
observe a similar behavior to that described in the two previous subsections. This

observation allows us to introduce the concept of (Frobenius) variety.

Definition 34. [Ros08b|] A Frobenius variety is a nonempty family V of numerical

semigroups fulfilling the following conditions:

(D) ifS, TeV, ,thenSNT €V,
2)ifS eVand S #N, then S U {F(S)} € V.

Clearly the set of all numerical semigroups is a Frobenius variety. The chain as-

sociated to a numerical semigroup is also a Frobenius variety. Moreover, the set of
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oversemigroups of S is a Frobenius variety. Other notable examples of Frobenius va-

rieties are:

Example 35. Families that are varieties:

o Arf numerical semigroups;
e Saturated numerical semigroups;
e Numerical semigroups having a Toms decomposition;

e Numerical semigroups defined by strongly admissible linear patterns.

Example 36. Families that are not varieties:
e Numerical semigroups with maximal embedding dimension and multiplicity
nt,

e Numerical semigroups defined by non-homogeneous patterns.
Remark 37. N belongs to every Frobenius variety.

Proposition 38. [RGS09, Proposition 7.19] The intersection of Frobenius varieties is

a Frobenius variety.

Example 39. The set of Arf numerical semigroups having a Toms decomposition is a

Frobenius variety.

3.4. V-monoids and V-systems of generators. Lemma 19 proves that the inter-
section of finitely many numerical semigroups is a numerical semigroup. However,
nonfinite intersections of numerical semigroups are not in general numerical semi-
groups as it is shown in the following example. Nevertheless, they are always sub-

monoids of N.

Example 40. It can be easily seen that m<n, n+ 1) ={0}.
neN

Let V be a Frobenius variety. A submonoid M of N is a ‘V-moneoid if it can be

expressed as an intersection of elements in V.
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Lemma 41. [Ros08b, Lemma 10] The intersection of V-monoids is a V-monoid.

Let A € N. The V-monoid generated by A (denoted by V(A)) is the intersection

of all the V-monoids containing A.

Lemma 42. [Ros08b, Lemma 11] V(A) is the intersection of all elements of V con-

taining A.

If M = V(A), then A is a V-system of generators of M.
If no proper subset of A is a V-system of generators of M, then we say that A is a

minimal V-system of generators of M.

Theorem 43. [Ros08b. Corollary 19] Every V-monoid M has a unique minimal V-

system of generators, which in addition is finite (A = msg.,(M)).

Lemma 44. [Ros08b. Proposition 24] If M is a V-monoid and x € M, then the set
M\{x} is a V-monoid if and only if x € msg.,(M).

3.5. The tree of a Frobenius variety. Let V' be a Frobenius variety. Let G(V)
be the tree associated to V. We have that the vertices are the elements of V, (T, S) is
an edge if S = T U {F(T)} and N is the root.

If § € V, then the unique path connecting S with N is C(S) = {So € S| &
.-+ C §,} (the chain of numerical semigroups associated to S ), where So = S, S;11 =

S;U{F(S))}, foralli <n,and S, = N.

Theorem 45. [Ros08b, Theorem 27] Let V be a Frobenius variety. The graph G(V)
is a tree with root equal to N. Furthermore, the children of a vertex S € V are

S\{a1},...,S\{a,} where a,, ..., a, are the elements of msg.,(s) which are greater than

F(S).

3.6. Frobenius pseudo-varieties. The common behavior of families of numerical
semigroups led up to defining the Frobenius varieties. However, there exist families of

numerical semigroups that are not varieties, but with a very similar behavior.
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The family of numerical semigroups with maximal embedding dimension and mul-
tiplicity equal to m is not a variety.

The following definition generalizes the concept of varieties.

Definition 46. [RR1S5] A Frobenius pseudo-variety is a non-empty family ¥ of nu-

merical semigroups that fulfills the following conditions:

(1) £ has a maximum element max(%) (with respect to the inclusion order);
2) IfS, T eP,thenS NT € P;
3) IfS ePand S # max(P), then S U {F(S)} € P.

Example 47. Examples of pseudo-varieties:

e The set of all numerical semigroups with multiplicity m.

e The set of numerical semigroups with maximal embedding dimension and
multiplicity m.

e The set of numerical semigroups admitting a strong admissible pattern and

multiplicity m: m-varieties [BAGSVO13].

In general, the intersection of pseudo-varieties is not a pseudo-variety. For exam-
ple, if S and T are different numerical semigroups, then $; = {S} and P, = {T} are

pseudo-varieties, but £ N P, = {0} is not.

3.7. Pseudo-varieties and varieties. From the definitions, it is clear that every
variety is a pseudo-variety. However, there are pseudo-varieties that are not varieties.
For example, if S is a numerical semigroup different from N, then {S} is a pseudo-

variety but not a variety.

Proposition 48. [RR1S, Propositon 2.1] If P is a pseudo-variety, then P is a variety
if and only if N € P.

Proposition 49. [RR1S5, Propositon 2.2] If P is a family of numerical semigroups with
maximum A, then P is a pseudo-variety if and only if P U C(A) is a variety.
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Lemma 50. [RR1S, Lemma 2.4] If P is a pseudo-variety and S € P, then max(P) €
C(S).

Lemma 51. [RR1S5, Lemma 2.6] If S 1, S, A are numerical semigroups such that A €
CS)NC(S,), then A e C(S1 N SH).

Theorem 52. [RR15, Theorem 2.7] Let V be a variety and let A € V. Then
DV,A) =1{S € V| A € C(S)} is a pseudo-variety. Every pseudo-variety can be

obtained in this way.

Example 53. [RR15, Example 2.8] D(S,{0,m,—}) = {S € S| S € {0,m,—>}}is a

pseudo-variety.

3.8. P-monoids and P-systems of generators. Let  be a pseudo-variety. A
submonoid M of N is a -monoid if it can be expressed as an intersection of elements

in P.
Lemma 54. [RR1S5, Lemma 3.1] The intersection of P-monoids is a P-monoid.

Let A € max(#). The P-monoid generated by A (denoted by $(A)) is the inter-

section of all the $-monoids containing A.

Lemma 55. [RR15, Lemma 3.2] P(A) is the intersection of all elements of P contain-

ing A.

If M = P(A), then A is a P-system of generators of M.
If no proper subset of A is a P-system of generators of M, then we say that A is a

minimal P-system of generators of M.

Theorem 56. [RR1S5, Corollary 3.9] Every P-monoid M has a unique minimal P-

system of generators, which in addition is finite (A = msg,(M)).

Lemma 57. [RR1S5, Lemma 4.2] If M is a P-monoid and x € M, then the set M\{x}
is a P-monoid if and only if x € msgy(M).
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3.9. The tree of a pseudo-variety. Let  be a pseudo-variety (with maximum
max(P)). Let G(P) be the tree associated to . We have that the vertices are the
elements of P, (T,S5) is an edge if S = T U {F(T')} and max (%) is the root.

If S € P, then the unique path connecting S with max(%) is the chain Cp(S) =
{So € S8S1 € -+ < S,), where Sg = S, Sis1 = S; U{F(S)))}, forall i < n, and
S, = max(P).

Theorem 58. [RR15, Theorem 4.3] The children of S € P are S\{a},...,S\{a,}

where ay, ... ,a, are the elements of msg,(S ) which are greater than F(S).

A pseudo-variety is a subtree obtained from the tree of a variety when we take a

vertex and all its descendants.

3.10. Frobenius restricted varieties. The concept of Frobenius restricted variety
(R-variety for short) generalizes the concept of pseudo-variety and there exist signif-
icant families of numerical semigroups which are R-varieties but not pseudo-varieties
(see [RR18, Example 2.3]).

If S and T are numerical semigroups such that § C 7T, then S U {max(7T\S)} is
another numerical semigroup [RGS09, Lemma 4.35].

F7(S) = max(T\S) is the Frobenius number of S restricted to 7.

Definition 59. [RR18] A R-variety (that is, Frobenius restricted variety) is a non-

empty family R of numerical semigroups that fulfills the following conditions:

(1) R has a maximum element max(R) (with respect to the inclusion order);
) IfS, TeR thenS NT e R,
(3) If S e Rand S # max(R), then S U {Frax®)(S)} € R.

3.11. R-varieties, pseudo-varieties and varieties.

Proposition 60. [RR18, Proposition 2.2] Every pseudo-variety is a R-variety.
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The converse of the above result is false (see [RR18, Example 2.3]).

Proposition 61. [RR18, Proposition 2.4] If R is a R-variety, then R is a pseudo-variety
if and only if F(S) € max(R) for all S € R such that S # max(R).

Corollary 62. [RR18, Corollary 2.5] If R is a R-variety, then R is a variety if and only
ifNeR.

Theorem 63. [RR18, Theorem 2.9] Let V be a variety and let T be a numerical
semigroup. Then Vy ={S NT | S € V}is a R-variety. Every R-variety is of this form.
Corollary 64. [RR18, Crollary 2.11] If R is a R-variety and U is a numerical semi-

group, then Ry ={S NU | S € R} is a R-variety.

Corollary 65. [RR18, Crollary 2.12] Let P be a pseudo-variety and T be a numerical
semigroup. Then Py ={S NT | S € P} is a R-variety. Every R-variety is of this form.

3.12. R-monoids and R-systems of generators. Let R be an R-variety. A sub-

monoid M of N is a R-monoid if it can be expressed as an intersection of elements in

R.

Lemma 66. [RR18, Lemma 3.1] The intersection of R-monoids is a R-monoid.

Let A € max(R). The R-monoid generated by A (denoted by R(A)) is the inter-

section of all the R-monoids containing A.

Lemma 67. [RR18, Lemma 3.2] R(A) is the intersection of all elements of R contain-

ing A.

If M = R(A), then A is a R-system of generators of M.
If no proper subset of A is a R-system of generators of M, then we say that A is a

minimal R-system of generators of M.

Theorem 68. [RR18, Theorem 3.7] Every R-monoid M has a unique minimal R-

system of generators, which in addition is finite (A = msgg(M)).
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Lemma 69. [RR18, Proposition 3.8] If M is a R-monoid and x € M, then the set
M\{x} is a R-monoid if and only if x € msgx(M).

3.13. The tree of an R-variety. Let R be an R-variety (with maximum max(R)).
Let G(R) be the tree associated to R. We have that the vertices are the elements of R,
(T,S)isanedge if S = T U {Fp®)(T)} and max(R) is the root.

If S € R, then the unique path connecting S with max(R) is the chain Cg(S) =
{So &S, €~ 8,5, where Sg =85, S5i1 =S U {Frnaw(S)}, foralli < n, and

S, = max(R).

Theorem 70. [RR18, Theorem 4.4] The children of S € R are S\{a},...,S\{a,}

where ay, . .., a, are the elements of msgg(S) which are greater than F(S).

There exists R-varieties that are not the set formed by all the descendants of an

element belonging to a variety.



CHAPTER 2

Modularly Equidistant numerical semigroups

If § is a numerical semigroup and s € S, we denote by nextg(s) =
min{x € S | s < x}. Let a be an integer greater than or equal to two. A numerical
semigroup is equidistant modulo a if nexts(s) — s — 1 is a multiple of a for every
s € S. In this chapter we give algorithms for computing the whole set of equidistant
numerical semigroups modulo a with fixed multiplicity, genus and Frobenius number.
Moreover, we will study this kind of semigroups with maximal embedding dimension.

Results are published in [RBT21].

1. Definitions and preliminaries

Given a numerical semigroup S and s € S, we denote by nextg(s) =
min{x € S | s <x}. For a € N\{0, 1}, we say that § is an equidistant numerical
semigroup modulo a if nextg(s) — s — 1 is a multiple of a for every s € S.

We denote by
E(a) ={S | S is equidistant numerical semigroup modulo a} .

Our aim in this chapter is to study of this kind of numerical semigroups.

This work is a generalization of the study of the parity numerical semigroups
[MR20a]. Indeed a numerical semigroup § is parity if s + nextg(s) is odd for ev-
ery s € §. Clearly s + nextg(s) is odd if and only if nextg(s) — s — 1 is a multiple of
2. Therefore, the parity numerical semigroups are equidistant numerical semigroups

modulo 2.

27
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A numerical semigroup S is prefect if {x —1,x+ 1} € § then x € S (see for
instance [MR19]], [MR20b]). Observe that every equidistant modularly numerical
semigroup is a perfect numerical semigroup. In fact, if S is equidistant numerical
semigroup modulo a and {x — 1,x+ 1} C § then x € S, because otherwise nextg(x —
1) =x+1and thennextg(x—1)—-(x—-1)—-1=x+1—-x+1-1 =1 thatis nota
multiple of a.

We briefly outline the structure of this chapter. In Section |2, we will order the
elements of E(a) in a tree rooted in N. We will characterize the children of a vertex
and this will allow us to build recursively the elements of E(a).

As a consequence of the results of Section [2, we will be presented in Section
an algorithmic procedure to compute all elements in E(a) with a given multiplicity
and genus. In Section 4, we get an algorithm for computing the set E(a) with a given
Frobenius number and we also characterize the maximal elements of this set.

In Section |5} we characterize the elements in E(a) with maximal embedding di-

mension.
2. The tree associated to E(a)

In this section, we characterize the set E(a), for a given a integer greater than or

equal to 2. We see how this set can be arranged in a tree.
Lemma 71. If S € E(a) then m(S) = 1(mod a).

Proor. Clearly, nexts(0) = m(S) and thus m(S)—0—1 is a multiple of a. Therefore,

we have that m(S) = 1(mod a). |

It is clear that N is a numerical semigroup that belongs to E(a). If S € E(a) and
S # Nthenm(S) > 2, and so there exists k£ € N\{0} such that m(S') = 1+ka. Therefore,

a <m(S).

Lemma 72. If S € E(a)\{N}, then {F(S),F(S)—-1,...,F(S) - (a— 1)} S N\S.
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Proor. Since F(S) > m(S) - 1 > a we have that
{F(S),F(S)-1,...,F(S§)—(a—1)} < N\{0}. Assume that there exists i €
{1,...,a—1}suchthat F(S)—ie S andletr=min{i € {1,...,a— 1} |F(S)—-ie S}
Then nextg(F(S) —#) = F(S)+ 1. AsS € E(@)thenF(S)+1 - (F(S)—-f —-1isa
multiple of a. Hence ¢t = la for some [ € N\{0} and consequently ¢ > a, which is

impossible. O
Lemma 73. If S € E(a)\{N}, then S U{F(S),F(S)-1,...,F(S) - (a - 1)} € E(a).

Proor. Since a < m(S), by applying Lemma we get that T = S U
{F(S),F(S)—-1,...,F(S) - (a— 1)} is a numerical semigroup. Let s € § such that
nexts(s) = F(S§) + 1. In order to conclude the proof, it suffices to show that
nextr(s) — s — 1 is a multiple of a. As nexty(s) = F(S) — (a — 1) then nexty(s) —s—11s
multiple of @ if and only if F(S) —(a—1) — s —1 = F(S) — s — a is multiple of a. But
this is true, because if S € E(a) then F(§) + 1 — s — 1 = nextg(s) — s — 1 is multiple of

a. O

The previous result can be viewed as a procedure to construct a sequence
{S, | n € N} of elements in E(a). Given a numerical semigroup S, we define recur-
sively

.SO:S,

oS .. = S, U{FS).FS)-1,....,FS,)-(@-1)} ifS, #N
TN otherwise.

The next result can be easily proved.

Proposition 74. If S € E(a) and {S, | n € N} is the previous sequence, then there
exists k € N such that S; = N. Furthermore, for every i € {0,1,...,k— 1} then
card(S ;+1\S)) = a and k = £

We illustrate the previous result with an example.

Example 75. In the following sequence of elements of E(2) we have k = 3.

S0=<5,6,7>C85;=<5,6,7,8,9>C85,=<3,4,5>C53;=N.
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We define the graph G(E(a)) as graph whose vertices are the elements of E(a) and
(S,T) € E(a) xE(a)isanedgeif T =S U{F(S),F(S)—-1,...,F() - (a—-1)}. From
Proposition |74, we deduce the following.

Theorem 76. The graph G(E(a)) is a tree with root equal to N.

Note that the tree G(E(a)) can be constructed recursively, from the root N in each
step we are joining each of the vertices with its children. Our next goal is to charac-
terize the children of an arbitrary vertex in the tree G(E(a)). We distinguish two cases

depending on whether or not the vertex is N.

Lemma 77. The vertex N has a unique child in the tree G(E(a)) that is {0,a + 1, —}.

Proor. If § is a child of N, then S U {F(S),F(S)—-1,...,F(S)—-(a—-1)} = Nand

thus S ={0,a + 1, —}. m|

Proposition 78. Let T € E(a)\{N}. Then the set of children of T, in the tree G(E(a)),
isequal to {T\{x,x+1,....,.x+@—- D} |[{x,x+1,....,x+(@a—- 1)} S msg(T) and x >

F(T)}.

Proor. If T € E(a)\{N}, then by Lemma we have that m(7) > a. Since
S is a child of T then T = S U {F(S),F(S)-1,...,F(S)—-(a-1)}. Hence
{F(S),F(S)-1,...,FS)—(a—-1)} Smsg(T) and F(S) — (a— 1) > F(T).

Conversely, if {x,x+1,...,x+(@—-1)} € msg(T) and x > F(T) then, us-
ing repeatedly Lemma we obtain that § = T\{x,x+1,....,x+(@—1)} is
a numerical semigroup with F(S) = x + a — 1. Therefore, T = § U

{F(S),F(§)-1,...,F(S)—(a—1)} and thus S isa child of 7. O

Example 79. Let us construct recursively the tree G(E(2)).
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N
|
(3,4,5)
(5,6,7,8,9) (3,7,8)
5, 6,7 Vz\\ \8
(7,8,9,10,11,12,13%5,8,9, 11,12) (5,6,9,13) (5,6,7)  (3,10,11)

The numbers that appear on either side of the edges is the elements that we remove
from the semigroup to obtain its child. For example (3,4, 5)\{3,4} = (5,6,7,8,9).
Observe that E(a) has infinite cardinality, because {0, ka + 1, —)} € E(a) for all

k € N.

3. The set E(a) with a given multiplicity and genus

We will denote by E(a,m) = {S € E(a) | m(S) = m}. By Lemma([71] we obtain that
E(a,m) # 0 if and only if m = ka + 1 for some k € N. It is clear that E(a, 1) = {N}.

From now on, assume that m = ka + 1 with k € N\{0}. It is clear that maximum
element in E(a) is (m,m+1,...,2m—1) = {0, m, —»}. From Lemma (73] we deduce the

next result.

Lemma 80. If S € E(a,m) and S + {0,m,—>}, then S U
{F(S),F(S)-1,...,F(§)—-(a-1)} € E(a,m).
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The previous lemma allows us to define recurrently the sequence {S, | n € N} of

elements of S € E(a,m). If S € E(a, m), then

[ ] SO = S’
oS .. = S, U{ES ), FS,) - 1,...,FS,) —(@-1)} if S, #{0,m,—}
w170, m, —) otherwise.

The next result has immediate proof.

Proposition 81. If S € E(a,m) and {S,, | n € N} is the previous sequence, then there
exists k € N such that S = {0,m,—}. Moreover, for every i € {0,1,...,k — 1} then

card(S ;1 \S;) = a and k = €D,

a

As a consequence of Lemma|/1|and Proposition we have the following result.
Corollary 82. If S € E(a,m) then g(S) is a multiple of a.

We define the graph G(E(a, m)) as follows: E(a, m) is its set of vertices and (S, T) €
E(a) x E(a)isanedgeif T =S U{F(S),F(S)—-1,...,F(S)—-(a—-1)}.
The following result is a consequence of Propositions [/8and

Theorem 83. The graph G(E(a, m)) is a tree rooted in {0, m, —}. Moreover, the set of

children of T is equal to

{T\{x,x+1,...,x+@-D} | {x,x+1,....,x+ (a— 1)} Cmsg(T),

x> F(T)) and x # m}.

Example 84. We are going to build the tree G(E(2, 5)).
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(5,6,7,8,9)
(5,8,9,11,12) (5,6,9,13) (5,6,7)

8,% \&12

(5,11,12,13,14) (5,8,9)

11,1// b&2,13 13, 14

(5,13,14,16,17) (5,11,14,17,18)(5,11,12,18,19)

Observe that for t € N\{0} we have that (m) U {tm, -} € E(a, m) and so E(a, m)
has infinite cardinality. Our next aim in this section will be to show an algorithm that
allows us to compute the set E(a, m) with a given genus.

Let G be a tree with root and v one of its vertices. We define the depth of the vertex
v as the length of the path that connects v to the root of G, denoted by dg(v). Given
k € N, denote by

N(G,k) ={v|ds(v) = k}.
We define the height of the tree G by /(G) = max {k € N | N(G, k) # 0}.

As a consequence of Proposition |81 we have the following result.

Proposition 85. Let S € E(a,m). Then S € N(G (E(a,m)),k) if and only if g(S)

m-—1+ ak.

The next lemma follows immediately from the definitions.

Lemma 86. If % € N, then N(G(E(a,m)),k + 1) =
{S | S is a child of an element in N(G (E(a, m)) , k)}.
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We are already able to give an algorithm that allows us to compute the set E(a, m)
with a given genus. Note that § € E(a,m) then {I,...,m—1} € N\S and thus

g(S) > m — 1. Moreover, by Corollary |82, we have that g(5) is a multiple of a.

Algorithm 1

INPUT: a, m and g nonnegative integers suchthat2 <a<m-—-1<g,
m = I(mod a) and g = O(mod a).

OUTPUT: The set {S € E(a,m) | g(S) = g}.

1:Seti=m—-1andA ={(m,m+1,...,2m— 1)}
2: while True do
3: if i = g then

4. return A
5: forS eAdo
6: Bs ={{x,x+1,...,x+(a— 1)} Cmsg(S),x > F(S) and x # m}

T:A = Usea S\, x+1,....x+(@—-D} [ {x,x+1,...,x+ (a— 1)} € Bs},
i =1+ aand go to step 2.

Example 87. Let us compute the set {S € E(2,5) | g(S) = 8} using Algorithm 1.
(1) Seti =4and A = {(5,6,7,8,9)}.
(2) The first loop constructs Bise7s9y = {{6,7},{7,8},{8,9}} then A =
{(5,6,7,8,9\{6,7},(5,6,7,8,9\{7,8},(5,6,7,8,9H\{8,9}},i = 6,
(3) the second loop constructs Bsgo 11,12y = {{8,9},{11,12}}, Bs69.13 = 0 and
B(s67, = 0 then
A=1{(58,9,11,12)\{8,9},(5,8,9, 11, 12)\{11,12}},i = 8.

Hence {S € E(2,5) | g(S) = 8} = {(5,11,12,13,14),(5,8,9)}.

4. The set E(a) with a given Frobenius number

Our aim in this section will be to show an algorithm that allows us to compute
the set E(a) with a given Frobenius number. If S is a numerical semigroup such that
S # N, then we have that F(S) > m(S) — 1. Besides, by Lemma[71} if S € E(a)\{N}
then m(S) = 1 + ka for some k£ € N\{0}. Since m(S) < F(S)+ 1andm(S) = 1 + ka

then k < @
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Given a rational number g we denote by |g]| its integer part, that is, |g] =

max {z € Z | z < q}. We can announce the following result.

Lemma 88. Let F(S) be an integer greater than or equal to two.  Then
F
{S € E(a) | F(S) = F} = U:"1 {S € E(a,ka+ 1) | F(S) = F}.

Clearly, {S € E(a,ka+ 1) | F(S) = ka} = {0,ka + 1 —}.

Lemma 89. Let k € N\{O} such thatka+1 < F. Then {S € E(a,ka+ 1) | F(S) = F} #
0 if and only if F mod (ka+ 1) ¢ {0,1,...,a— 1}.

Proor. Necessity. If S € E(a,ka + 1) and F(S) = F then, applying
Lemma we have that {F(S),F(S)—-1,...,F(§)—-(a—-1)} € N\S. Therefore,
{F(S),F(S)-1,....FS)—(@a-D}Nn<ka +1) = 0 and so F mod (ka + 1) ¢
{0,1,...,a—1}.

Suf ficiency. Assume that r = F mod (ka + 1). Then F = g(ka + 1) + r for some
g € N\{O}and r € {a, ..., ka}. Hence we obtain that

S ={0,ka+1,2(ka+1),...,qtka+ 1),qtka+ 1)+ 1,...,

gka+1)+r—a,F+1,-}eE()

and F(S) = F. m|

Now by using Lemmas [88] and [89] in order to compute the set E(a) with a given
Frobenius number F it is enough to give an algorithm that compute this set with
m a positive integer and verify that 2 < a < m-1, m < F, m = I(mod a) and

(Fmod m)¢1{0,1,...,a—1}.
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Algorithm 2
INPUT: a, m and F nonnegative integers such that2 <a <m — 1,

m< F,m=1(mod a)and (¥ mod m) ¢ {0,1,...,a—1}.
OUTPUT: The set {S € E(a,m) | F(S) = F}.

I:B=0and A ={(m,m+1,...,2m— 1)}

2: while True do

3: forS e€Ado

4: Compute By = {{x,x+1,...,x+ (a— 1)} Cmsg(S) | x # m,

x>FS)andx+(a—-1) < F}

5: B:=BU{S\{x,x+1,....,x+(@-1)}|S €A,
{x,x+1,....,.x+(a-1)}eBsandx+(a—1) = F}

6: A= UsaalS\ e, x+1,...,x+(@a- 1)} |
{x,x+1,....,.x+(a—-1)}eBsandx+(a—1) < F}

7: if A =0 then

8: return B

Next, we illustrate this method with an example.

Example 90. Let us compute the set {S € E(2) | F(S) = 12}.
First, by using Lemma 88 we have that
{S €eEQ)|FS) =12} = Unepsrornazn S € E2,m)|F(S)=12}. From Lemma
we obtain that {S € E(2,3) |F(S) =12} = 0 and {S € EQ2,11) | F(S) =12} =
(0. Moreover, by the observation made after the Lemma we get that
{S € E(2,13) | F(S) =12} = {0,13,—}. Therefore, by using Algorithm 2, we have
to compute the set {S € E(2,m) | F(S) = 12} withm € {5,7,9}.

For example we will calculate the set {S € E(2,5) | F(S) = 12}.

(1) Start B=0and A = {(5,6,7,8,9)}.
(2) The first loop constructs B(se789y = {{6,7},{7, 8}, {8, 9}}
then B = 0,
(3) nextconstructs A = {(5,6,7,8,9)\{6,7},(5,6,7,8, M\{7, 8},(5,6,7,8,9)\{8,9}},
(4) the second loop constructs B(sso11,12) = {{8,9},{11,12}}, Bse9.13y = 0 and
Bsery =0
then B = {(5,8,9, 11, 12)\{11, 12}},
(5) next constructs A = {(5,8,9, 11, 12)\{8, 9}},
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(6) the third loop constructs Bs j1,12,13,14) = {{11, 12}}
then B = {(5,8,9),(5,11,12,13, 14)\{11, 12}},
(7) next constructs A = 0,

8) {S € E(2,5) | F(S) =12} = {(5,8,9),(5,13,14, 16, 17)}.

Next, we are interested in characterizing the maximal elements in the set

{S € E(a) | F(S) = F}. The next result is well known.

Lemma 91. [RGSGGJMO03, Lemma 10] Let S and T be two numerical semigroups

such that S € T and x = max(T\S). Then S U {x} is a numerical semigroup.

Proposition 92. Let {S,T} C E(a) such that S € T, x = max(T\S) and let s € S
such that s < x < nexts(s). If{x; <xy<---<x,} ={teT|s<t<nexts(s)} then

S Ufx1,x2,...,x} € E(a), ris a multiple of a and S U {x,, x,_1, ..., X,—@a-1)} € E(a).

Proor. By repeatedly applying Lemma we get that § U {x},x,...,x,} 1s a
numerical semigroup. Moreover, as {S,7} C E(a) such that S C T, we deduce that
S U{xy, xa,...,x} € E(a).

Since 5§ < x; < --- < X, < nextg(s) are consecutive elements of 7 and T € E(a),
then there exist {k;,...k,;} CNsuchthat x; = s+ kja+1,x, = s+kja+ 1+ kya +
1,...,x, = stkja+1+---+k.a+1 and thus nexts(s) = s+kja+1+---+k.a+1+k.,a+1.
Therefore, nextg(s) — s = kia+ 1+ ---+ka+ 1+ k. a+1. AsS € E(a) then
nextg(s)—s—1 = ta for some ¢ € N. Consequently kja+1+- - -+k,a+1+k,,ja+1 = ta+1.
Then (k; +---+k,+1)a+r+1 = ta+1 and thus r is a multiple of a. Assume that r = la
for some [ € N\{0}

To conclude the proof, we check that S U {X(—1ya+15 X4-1)a+2s - - - » X=Dya+a} € E(@).
In order to see this, it is enough to see that x;_j),+1 — s — 1 is a multiple of a. This is
true because xg_jy+1 —S—1=s+kja+1+ka+1+--+kp_pgria+1—-s—-1=

(ky + -+ kg-1y+1)a+ (I = 1)a + 1 — 1 is a multiple of a. o

Given a sequence of nonnegative integers n; < n, < --- < n,, we say that it is

equidistant modulo a if n;,1 —n; — 1 is a multiple of a forall i € {1,..., p — 1}.
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Let S be a numerical semigroup. An element of s € S is called a-refinable if
there exists {x; < x; <--- < x,} C {x e N|s < x <nextg(s) and x, < F(S)} such that
S U{xy, x2, ..., x,} is a numerical semigroup and the sequence s, X1, X2, . . ., X4, N€Xtg ()

is equidistant modulo a. We denote by R(S) = {s € S | S is a-refinable}.

Theorem 93. Let S € E(a) with F(S) = F. Then S is a maximal element in the set
{T € E(a) | F(T) = F} if and only if R(S) = 0.

Proor. Necessity. If R(S) # 0, then there exists s € R(S). Hence there exist
{x1 < xp <--- < x,} € N\{0} such that the sequence s < x; < x; < -+ < x, < nextg(s)
is equidistant modulo a with x, < F and S U {x;, x5, ..., x,} is a numerical semigroup.
We deduce that S U{xy, x», ..., x,} € E(a) with F(S U{x{, x5, ..., x,}) = F contradicting
the maximality of S.

Suf ficiency. If we suppose that S is not maximal, then there exists 7 € E(a) with
F(T) =Fand S € T. Let x = max(T\S) and s € § such that s < x < nextg(s). By
applying Proposition[92] we obtain that s € R(S) and thus R(S) # 0. O

5. The elements of E(a) with maximal embedding dimension

The following result can be deduced from [BDF97, Proposition /.2.9].

Lemma 94. Let S be a numerical semigroup. Then S is a MED-semigroup if and only

if{s—m(S) | s € S\{0}} is a numerical semigroup.

Proposition 95. Let S be a MED-semigroup. Then S € E(a) if and only if T =
{s —m(S)| s eS\{0}}is an element of E(a) and m(S) = 1(mod a).

Proor. Necessity. By Lemmas[94]and[71] we have that T is a numerical semigroup
and m(S) = I(mod a), respectively. To conclude the proof it suffices to see that
nextr(t) —t — 1 is a multiple of a for every t € T. If t € T, then there exists s € §\{0}
such that r = s —m(S) and so nexty(¢) = nextg () — m(S ). Therefore, nextr(t) —t—1 =

nextg(s)—m(S)—(s—m(S))—1 = nexts(s)— s— 1 is a multiple of a, because S € E(a).



5. THE ELEMENTS OF E(A) WITH MAXIMAL EMBEDDING DIMENSION 39

Suf ficiency. Let us see that S € E(a), that is, if s € § then nextg(s) — s — 11is a
multiple of a. If s = 0, then nextg(s)—0—1 = m(S)— 1 is a multiple of a. If s # 0, then
s—m(s) =t € T and nexty(f) = nextg(s)—m(S ). Hence nextg(s)—s—1 = nexty(r)—r—1

is multiple of a, because T € E(a). O

From Lemma [94] it is easy to deduce the following result.

Lemma 96. Let S be a numerical semigroup and x € S\{0}. Then S (x) = ({x}+5)U{0}
is a MED-semigroup with multiplicity x. Moreover, every MED-semigroup is of this

form.

Proposition 97. Let S € E(a) and x € S\{0} such that x = 1(mod a). Then S (x) =
({x}+S)U{0} is an equidistant MED-semigroup modulo a. Moreover, every equidistant

MED-semigroup modulo a is of this form.

Proor. By Lemma we obtain that S (x) is a MED-semigroup with multiplicity
x. Clearly S = {s — x| s € S(x)\{0}} and thus, applying Proposition |95 we obtain that
S (x) is equidistant modulo a.

Let T be an equidistant MED-semigroup modulo a. Then by Proposition 95 we
getthat S = {T —m(T) |t e T\{0}} € E(a) and m(T) = 1(mod a). Therefore, T =
({m(T)} + S) U {0} with S € E(a) and m(T') € S such that m(7) = 1(mod a). |

From [Ros03], we can deduce the next result.

Proposition 98. Le S be a numerical semigroup, n € S\{0} and T = ({n} + S) U {0} .

Then the following conditions hold:

(1) T is MED-semigroup

(2) m(T) = n.

(3) F(T) =F(S) +n.

(4) gT)=g(S)+n-1

(5) msg(T) = Ap(S,n) + {n}.
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Example 99. It is clear that S = (5, 8,9) is an equidistant numerical semigroup mod-
ulo 2. We have that 9 is an element in S such that 9 = 1(mod 2). Then from Propo-
sition we obtain that 7 = ({9} + §) U {0} is is an equidistant MED-semigroup
modulo 2. Since F(S) = 12, g(S) = 8 and Ap(S,9) = {0,5,8,10, 13, 15, 16, 20, 21},
by Proposition we have that F(T) = 12+9 =21, g(T) = 8+9—-1 = 16 and
msg(T) =1{9,14,17,19,22,24,25,29,30}.



CHAPTER 3

Numerical semigroups with concentration

1. Numerical semigroups with concentration two

In this section, we study the class of numerical semigroups with concentration
2. We give algorithms to calculate the whole set of this class of semigroups with a
given multiplicity, genus or Frobenius number. Separately, we prove that this class
of semigroups verifies Wilf’s conjecture. This section has been already published in

[RBT22b].

1.1. Definitions and preliminaries. If S is a numerical semigroup and s an ele-
ment in S, we denote by nextg(s) the integer min{x € S | s < x}. We define the con-
centration of a numerical semigroup S as C(S§) = max {nextg(s) — s | s € S\{0}}.
The least nonnegative integer belonging to S is called the multiplicity, denoted by
m(S). Clearly, we have that if S is a numerical semigroup with concentration 1 then
S ={0,m(S), —}. Remember that S is called the ordinary numerical semigroup and
is denoted by O,,.

Our aim in this section is to study the numerical semigroups with concentration

This section is organized as follows. In Subsection we give a characterization
of numerical semigroups with concentration 2 in terms of its minimal system of gen-
erators. For m € N\{0, 1} we denote by C,[m] the set of all numerical semigroups with

concentration 2 and multiplicity m, that is,

Cy[m] ={S | S is a numerical semigroup, C(S) = 2 and m(S) = m}.
41
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In this subsection, we will order the elements of C,[m] to construct a tree with
root. This ordering will provide us with an algorithmic procedure that allows us to
recursively build the elements C;[m].

We started subsection [I.3|by seeing that C,[m] is a finite set if and only if m is odd.
Besides we give an algorithm that allows us to compute all elements of C,[m] with a
given genus.

Given S a numerical semigroup, we define N($) to be the set {s € S | s < F(S)}
and n(S) its cardinality.

In 1978, Wilf conjectured (see [Wil78]) every numerical semigroup S satisfies
g(S) < (e(S) — )n(S). This question is still widely open and it is one of the most
important problems in numerical semigroups theory. A very good source of the state
of the art of this problem is [Dell8]. Our aim in subsection will be to prove that
numerical semigroups with concentration 2 verify Wilf’s conjecture.

By using the terminology of [RB03], a numerical semigroup is irreducible if it can-
not be expressed as the intersection of two numerical semigroups properly containing
it. A numerical semigroup is a symmetric numerical semigroup (pseudo-symmetric,
resp.) if it is irreducible and its Frobenius number is odd (even, resp). This class
of numerical semigroups are probably the numerical semigroups that have been more
studied in the literature (see [Kun70] and [BDF97]).

Given a positive integer F, denote by
Cy(F) ={S | S is a numerical semigroup, C(S) = 2 and F(S) = F}

and I(C,(F)) = {S € C,(F) | S is a irreducible numerical semigroup}.

In subsection we define an equivalence relation ~ over C,(F) such that
Co(F)/~ = {[S]1]S € I(Cy(F))} where [S] denotes the equivalence class of S with
respect to ~. Hence, in order to compute all the elements in C,(F) it is enough to

determine all elements in /(C,(F)) and, for each S € I(C,(F)), to compute the class
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[S]. As a consequence of this study, we give an algorithm that allows us to calculate

the whole set of C,(F).

1.2. The tree associated to C,[m]. We started this subsection by presenting sev-

eral characterizations for the numerical semigroups with concentration 2.

Proposition 100. Let S be a numerical semigroup such that S is not the ordinary. The
following conditions are equivalent:

(1) C(S) =2.

(2) h+1¢€S forall h € N\S such that h > m(S).

(3) {s+1,s+2}NS #0forall s e S\{0}.

(4) {x+1,x+2} NS # 0 for all x € msg(S).

Proor. (1) implies (2). Let s € S\{0} such that s < h < nextg(s) with &7 > m(S)
and thus nextg(s) — s < 2. Hence & + 1 = nextg(s) € S.

(2) implies (3). For s € $\{0} we have s + 1 > m(S). If s + 1 € N\S then by (2),
we conclude that s +2 € S.

(3) implies (4). Trivial.

(4) implies (1). Suppose that msg(S) = {ny,n,,...,n.}. If s € $\{0}, then there
exists (A,...,4.,) € N\{(,...,0)} such that s = Ajn; +--- + An,.. Let 4; # 0
with i € {1,...,e}. As by hypothesis {n; + 1,n; +2} NS # 0, if n; + 1 € S then
s+1l=A4m+--+Q—-Dn;+---+A.n,+n;+ 1 and thus s + 1 € S. In the same way,
if n; + 2 € S we obtain that s + 2 € §. Hence nextg(s) — s < 2, that is, C(S) = 2.

O

Example 101. Using the previous proposition we deduce that S = (5,7, 9) is a numer-

ical semigroup with C(S) = 2, because {5+ 2,7 +2,9+ 1} CS.

Given m belonging to N\{0, 1}, we denote by
Cy[m] ={S | S is a numerical semigroup, C(S) = 2 and m(S') = m} and

Cy[m] ={S | S is a numerical semigroup, C(S) < 2 and m(S) = m}.
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The next result characterizes the set C,[m] and it has an immediate proof.

Proposition 102. If m € N\{0, 1}, then C,[m] = C,[m] U {O,,}.

Lemma 103. [fm € N\{0, 1} and S € Cy[m], then S U {F(S)} € C,[m].

The previous result enable us, given an element S € C,[m], to define recursively
the following sequence of elements in C,[m]:
* So=15,

oS . = S, U{E(S,)} if S, # On
=17 0, otherwise.

The next is a direct consequence of g(S ,+1) < g(S,) whenever S, # O,,.

Proposition 104. I[fm € N\{0, 1}, S € Cy[m] and {S,, | n € N} is the previous sequence

of numerical semigroups, then there exists k € N such that S, = O,,.

We define the graph G(C,[m]) as the graph whose vertices are elements of C;[m]

and (S,T) € Cy[m] x Cy[m] is an edge if T = S U {F(S)}. As a consequence of
Proposition [104] we deduce the following.

Theorem 105. If m € N\{0, 1}, then the graph G(C,|m]) is a tree with root equal to
O,

Previous results allow us to construct recursively the elements of the set C,[m],
starting in O,,, we connect each vertex with its children. We will characterize the

children of an arbitrary vertex of this tree.

Proposition 106. Let m € N\{0, 1} and S € C,[m]. Then the set of children of S in the

tree G(C,[m)) is equal to {S\{x} | x € msg(S), x > F(S) + 2}.

Proor. If x € msg(S) and x > F(S)+2, then by applying (3) of Proposition[I00|and
Lemma[31]we have that S \{x} € C,[m]. Hence S \{x} is a child of S with F(S\{x}) = x.

Conversely, if T is a child of S, then T € Cy[m] and S = T U {F(T)}. Hence we
deduce that 7 = S\{F(T)}. By Lemma we have that F(T) € msg(S) and since
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S = T U{F(T)} then F(S) < F(T). Since T € C,[m] then, by (3) Proposition [100}
we obtain that F(T) — 1 € T. Therefore, F(T) — 1 € S and consequently F(T) >
F(S)+2. O

Example 107. Let us construct the tree G(C,[3]).

(3,4,5)
/‘\5
(3,5,7) (3,4)

I :
(3,5)

1.3. The genus of the elements in C,[m]. It is clear that, in the tree G(C,[m]),
the elements of C,[m] with minimum genus are the children of O,,. Consequently, we

obtain the following result.

\%

Proposition 108. If m € N\{0,1} and S € GCy[m], then g(§)

m.  Furthermore, we have the following equality {S € Cy[m]|g(S) = m}
{O,\im+1i}|iefl,....m—1}}.

From the previous characterization, it is natural to ask which are the elements of
C,[m] with maximum genus. As a consequence of the next proposition, we will see
that if m is even then C,[m] contains elements of any genus greater than or equal to m.

If S is a numerical semigroup, then N\S is a finite set and thus we conclude our

next result.

Lemma 109. If S is a numerical semigroup, then

{T | T is a numerical semigroup and S C T} has a finite number of elements.

Proposition 110. Let m € N\{0, 1}. Then C,[m] is finite if and only if m is odd.
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ProoF. Necessity. Assume that m is even and n € N and denote by S (n) = ({m} +
{2.k | k € N}) U {n, —}. Clearly, we have that S (n) is an element of C,[m] for all n >
m + 2 and so C,[m] is an infinite set.

Sufficiency. If § € GC,[m], then by Proposition we deduce that
fm+1,m+2} NS # 0. Hence, either (m,m + 1) C S or (mym + 2) C S. Since
m 1s odd we have that (m, m + 1) and (m, m + 2) are numerical semigroups. Therefore,
we can conclude that C,[m] C {T | T is a numerical semigroup and (m,m + 1) C T}U
{T | T is a numerical semigroup and (m,m +2) C T}. By applying now Lemma [109]

we get that C,[m] is a finite set. |
As a consequence of the previous proposition, we obtain the following result.

Corollary 111. If m € N\{0, 1} such that m is even, then the set of the genus of the

elements in Cy[m] is equal to {m, —}.

Now our aim is to give an algorithm to compute all elements in the set C,[m] with
fixed genus. To this end, we need to introduce some concepts and results.

Remember that N(G, k) = {v | ds(v) = k} denotes the set of vertices v with depth

The next result is easy to prove.

Proposition 112. Let m € N\{0, 1} and k € N. Then the following conditions hold.
(1) N(G(Calml), k) = {S € Colm] | g(S) = m ~ 1 +k}.
(2) N(G(Calml).k+ 1) = {S | S is a child of an element in N(G(Ca[m]). k))}.
(3) If m is odd, then
(5) 1S € Calml} = {m,m + 1,....m + h(G(Calm])) - 1},

We are already in a condition to present the announced algorithm.

Algorithm 113.
InpuT: Integers m, g suchthat 1 <m—-1<g.

QOurrpur: The set {S € Gy[m] | g(S) = g}
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M) A={mm+1,....2m—-1)},i=m— 1.

(2) If i = g then return A.

(3) Foreach S € A compute Bg = {T | T is achild of § € G(m)}.
(4) If Uges Bs = 0, then return 0.

(5) A :=Jgeq Bs,i =i+ 1and go to step 2.

Example 114. Let us compute the set {S e C,[4] | g(S) = 5}.
(1) Start with A = (4,5,6,7),i = 3.
(2) The first loop constructs Buse7, = {(4,6,7,9),(4,5,7),¢4,5,6)} and then
A=1{4,6,7,9),(4,5,7),¢4,5,6)},i = 4.
(3) The second loop constructs By e79y = {{(4,6,9,11),(4,6,7)}, Bus7 = 0 and
Buse =0andthen A = {(4,6,9,11),(4,6,7)},i = 5.
Hence {S € C,[4]] g(S) = 5} = ((4,6,9, 11), (4,6, 7)).

We finished this subsection by putting two problems:

(1) What is the cardinality of C,[m] if m is odd and belongs to N\{0, 1}?

(2) What is the height of the tree G(C,[m]) if m is odd and belongs to N\{0, 1}?

1.4. Wilf’s conjecture. Our first aim in this subsection is to prove that every nu-
merical semigroup with concentration 2 satisfies Wilf’s conjecture.

Using the terminology introduced in [RB22] a numerical semigroup S is elemen-
tary if F(S) < 2m(S). Let us start by recalling the following result of Kaplan in
[Kap12, Proposition 26].

Lemma 115. Every elementary numerical semigroup satisfies Wilf’s conjecture.
As a consequence of [Syl84] and [FGH86] we have the following result.

Lemma 116. If S is a numerical semigroup with e(S) € {2,3}, then S satisfies Wilf’s

conjecture.

Lemma 117. If S € Cy[m] and F(S) > 2m, thenn(S) > 5 + 2.
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Proor. Let A = m=a<ay < ---<2m=a} = {s|seS andm < s <2m}.
Since A € N(5)\{0} we get that n(S) > #A + 1. On the other hand, as § € C;[m]
thena;,y —a; < 2foralli e {l,...,k—1}. Then we have that m = (a; — a;_;) + (a1 —

ar-2)+---+(ay—ay) < 2(k—1). Therefore #A =k > 5+ 1 and thusn(S) > 7 +2. O

Theorem 118. Every numerical semigroup with concentration 2 satisfies Wilf’s con-

jecture.

Proor. Taking into account Lemmas and we assume that F(S) > 2m
and e(S) > 4. We need to show that if S € C,[m] then g(S) < (e(S) — I)n(S). By
Proposition we have that, if h» € N\S and 7 > m then h + 1 € §. Therefore, the
correspondence

fi{h e N\S | h = m} — N(S)\{0},
defined by f(h) = h+ 1 if h # F(S) and f(F(S)) = m is an injective map. Hence
g(§) <m+n(S)-2. As by Lemman(S) > 7 +2 this forces 2n(S) > m+4 > m—2.
Then we obtain that g(§) <m+n(S)—-2 <3n(S) < (e(S)— 1)n(S), because e(S) > 4.

This proves that S verifies Wilf’s Conjecture. O

Taking advantage of the introduction of elementary numerical semigroups, we give
an algorithm to compute the set of all elementary numerical semigroups with concen-

tration 2 and multiplicity m, that is,
EC,[m] ={S | S € Cy[m] and S is an elementary numerical semigroup}.

The next result is easy to prove and it can be deducted from [Zhal0, Proposition

2.1].

Lemma 119. Let m € N\{0,1} and let A C {m+1,...,2m —1}. Then {O,m} U A U
{2m, —} is an elementary numerical semigroup with multiplicity m. Furthermore, ev-

ery elementary numerical semigroup with multiplicity m is of this form.

Given m € N\{0, 1}, we denote by

EC,[m] = {S | S is elementary semigroup, C(S) <2 and m(S) = m}.
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It is easy to prove our next result.

Lemma 120. Let m € N\{0, 1}. Then the following conditions hold:
(1) ECalm] = ECa[m] U{O,}.
(2) If S € EC,[m], then S U{F(S)} € EC,[m].

Given S € EC,[m], by using Lemma , we can define recursively the following
sequence of elements in EC,[m].
[ ] SO = S’

S . — S, U{E(S )} if S, # O,
=17\ 0, otherwise.

The next result has immediate proof.

Lemma 121. If m € N\{0, 1}, S € EC;,[m] and {S, | n € N} is the previous sequence

of numerical semigroups, then there exists k € N such that S, = O,,.

We can define a new graph G(EC,[m]) as graph whose vertices are the elements of

EC,[m] and (S, T) € EC,[m] X EC,[m] is anedge if T = S U {F(S)}.

As a consequence of Lemma([I21]and Proposition[I06] we have the following result.

Proposition 122. If m € N\{0, 1}, then the graph G(EC,[m]) is a tree rooted
in O,. Moreover, the set of children of the vertice S in the tree is the set

{S\{x} | x e msg(S), F(T)+2 < x<2m— 1}

Example 123. Let us construct the tree G(EC,[4]).

4,5,6,7)
5 7
4,6,7,9) (4,5,7) 4,5,6)

K

4,6,9,11)
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On the same line as the previous subsection, we finished this subsection by putting

two problems :

(1) What is the cardinality of EC,[m] if m belongs to N\{0, 1}?

(2) What is the height of the tree G(EC,[m]) if m belongs to N\{0, 1}?

1.5. The Frobenius number. Our aim in this subsection is to give an algorithm
to compute the whole set of numerical semigroups with concentration 2 and with fixed

Frobenius number.

Proposition 124. [BR12b, Lemma 4] Let S be a numerical semigroup with the Frobe-

nius number F. Then:

(1) S is irreducible if and only if S is maximal in the set of all the numerical
semigroups with the Frobenius number F.

(2) If h = max{x €N\S | F—x ¢S and x # 5}, then S U {h} is a numerical
semigroups with Frobenius number F.

(3) S is irreducible if and only if{x EN\S |F—-—x¢S and x # g} =0.
The following result has immediate proof.

Lemma 125. Let S be a numerical semigroup with concentration 2, x € N\S, x # F(S)
and let S U {x} be a numerical semigroup, then S U {x} is a numerical semigroup with

concentration 2 and Frobenius number F(S).

Given F € N\{0, 1}, we denote by
Cy(F) ={S | S is a numerical semigroup, C(S) = 2 and F(S) = F}.
Let S be a non-irreducible numerical semigroup. Denote by a(S) the integer
max{x € N\S | F(S) - x ¢ S and x # 2},
As a consequence of Lemma and (2) of Proposition we can define recur-

sively the following sequence of elements of C,(F):

e Sp=3S,



1. NUMERICAL SEMIGROUPS WITH CONCENTRATION TWO 51

L4 Sn+1 =

S, U{a(S,)} if S, is non-irreducible
S, otherwise.

Taking into account the previous results the next result is easy to prove.

Proposition 126. Let F € N\{0,1}, S € Co(F) and let {S, | n € N} be the previous
sequence. Then there exists a positive integer k such that S is an irreducible numerical

semigroup.

For k € \{0} we will call S the irreducible numerical semigroup associated with S
and it will be denoted by 7'(§).

We define the following equivalence relation over C,(F):
S ~ T ifand only if #(S) = 7(T).

We denote the equivalence class of S € C,(F) modulo ~by [S] ={T € Co(F) | S ~ T}
and the quotient set Co(F)/~={[S]| S € C,(F)}.
Denote by Z7(C,(F)) = {S € Co(F) | S is irreducible}.

As a consequence of Proposition we have the following result.

Theorem 127. If F € N\{0, 1}, then the quotient set Co(F)/~ = {[S]| S € I(Cy(F))}.
Moreover, if (S, T} C I(Co(F))and S # T then [S]1N[T] = 0.

In view of Theorem [127] in order to determine explicitly the elements in the set
C,(F) we need:

1) an algorithm to compute the set 7(C,(F));

2) an algorithm to compute the class [S], for each S € 7(C,(F)).

An efficient procedure to compute the set of irreducible numerical semigroups with
the Frobenius number F is given in [BR13]. Using Proposition we can decide if
a numerical semigroup is or is not of concentration 2. Therefore we have solved 1).

Now we will focus on solving 2). Let A € 7(C,(F)). We define the graph G([A])
whose vertices are the elements of [A] and (S, T) € [A] X [A] is an edge if and only if

T =S5 Ul{aS)).
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By convention, we write a(S) = —oco whenever § is irreducible because in this

case, a(S) does not exist.

Proposition 128. If F € N\{0, 1} and A € I(C,(F)), then G([A]) is a tree rooted in A.
Moreover, the set of children of a vertex T is equal to
{T\{x} | x € msg(T), % <x<F, a(T) < xand

{(x—1,x+1}C T or x=m(T)}.

Proor. If § isachildof T, then T = S U{a(S)} and thus § = T\{a(S)}. By Lemma
lﬂl, we have that a(S) € msg(T). It is clear that g < a(S) < Fand a(S) = m(T) or
{a(S)—-1,a(S)+ 1} C T. Also we have that a(T) < a(S).

Conversely, if x € msg(T), g <x< Fand{x-1,x+1} C T or x = m(T) then
T\{x} € Co(F). If (T) < x then g(T'\{x}) = x. Hence T = T\{x} U {a(T\{x})} and so
T\{x}is achild of T. i

Example 129. Applying Proposition [124] we have that A = (5,6,7,8) € 7(C»(9))).
Now by applying Proposition [128| we can construct G([A]).

(5,6,7,8)
% I\
(6,7,8,10,11) (5,7,8,11) (5,6,8)

o/

(7,8,10,11,12,13) <(6,8,10,11,13,15)
(8,10,11,12,13,14,15,17)

An edge S — T is labelled x whenever S is obtain from 7 by removing x, ie,

S =T\{x}.
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2. Numerical semigroups with fixed multiplicity and concentration

In this section, we study the class of numerical semigroups with multiplicity
m and concentration less or equal to k, denoted by C,[m]. We give algorithms to
calculate the whole set C,[m] with a given genus or Frobenius number. In addition,
we prove that if § € Cy[m] with k < \/?, then S verifies the Wilf’s conjecture. The

results of this section are submitted for publication.

2.1. Definitions and preliminaries. If S is a numerical semigroup and s € §\{0},
we have that nexts(s) = min{x € § | s < x} and prevg(s) = max{x € S | x < s}.

Given m and k positive integers, we denote by

Z(m) ={S | S is a numerical semigroup with m(S) = m}

and by, Ci[m] ={S | S € Z(m) with C(S) < k}.

Observe that if k > m, then C[m] = -Z(m). The purpose of the present section is
to study the set of numerical semigroups C;[m] whenm >3 and k € {2,...,m — 1}.

In [RGS09, Corollary 2.8] it is shown that every submonoid of (N, +) has a unique
minimal system of generators, which is finite. We denote by msg(M) the minimal
system of generators of M, its cardinality is called the embedding dimension of M
denoted by e(M).

This section is organized as follows. In Subsection we will show that if S is a
numerical semigroup, then C(S) = max {nexts(x) — x | x € msg(S)}. Also, we will see
thatif § € Ci[m] and S # O,, then S U {F(S)} € Ci[m]. This will allow us to order the
elements of C;[m] making a tree with root O,,. We will characterize the children of an
arbitrary vertex of this tree and this will give us an algorithmic procedure to compute
the elements C,[m] with a given genus. Besides, we will prove that C;[m] is an infinite

set if and only if there exists d € {2, ..., k} wherein d divides m.
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Given S € Z(m),denote by 8(S) = SN{m + 1,...,2m — 1}. An (k, m)-setis aset A
fulfilling that A = 6(S), for some S € C,[m]. We started the Subsection[2.3] by proving
that the set Ci[m] is equal to {S € Z(m) | A C S for some (k, m) — set A}. From this
fact, we will show that C;[m] is the union of finitely many Frobenius pseudo-varieties
(see [RR15]).

Remember that a numerical semigroup is elementary if F(S) < 2m.
Denote by &m) = {S € Z(m)|S iselementary} and by &(Ci[m]) =
{S € Ci[m] | S is elementary}. In Subsection we will prove that the set
E(Cy[m])isequal to ({0} U {m,m+x;,m+ X1+ xp, ..., m+ X1 + X2+ + X, } U {2m, —
L, X2, 00, X, Xp01) €41, JkPhand xp + x4+ + Xp+1 = m}. As a consequence
of this, we will give an algorithm to compute the whole set E(Ci[m]) with a given
genus and Frobenius number.

Denote by Ci[m, F] = {S € Ci[m] | F(S) = F }. In Subsection we will give
an algorithm to compute whole set C;[m, F] (note that the case F(S) < 2m has
been studied in the Subsection [2.3). Using the terminology introduced in [RBO03]
a numerical semigroup is irreducible if it cannot be expressed as the intersection
of two numerical semigroups properly containing it. Denote by .#(Ci[m, F]) =
{S € Ci[m, F]|S is irreducible}. In this subsection, we define an equivalence relation
~ over Ci[m, F] such that Ci[m, F]/~= {[S]|S € #(Ci[m, F])} where [S] denotes
the equivalence class of § with respect to ~.

As a consequence of this result, in order to determine explicitly the elements in the

set Cy[m, F'] we need:

1) an algorithm to compute the set .#(Cy[m, F]);

2) an algorithm to compute the class [S], for each § € .Z(Ci[m, F]).

Since (1) is solved in the same way as in [BOR21], we only need to solve (2).
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An element s in S is a small element if s < F(S). Denote by N(S') the set of all

small elements in S and by n(S) its cardinality. In Subsection[2.5] we will show that if
S € Cy[m] with k < \/?, then S satisfies Wilf’s conjecture.

2.2. The tree associated to C,[m]. Throughout this section, m and k are positive

integers such that 2 < k < m — 1. From [RGS09, Lemma 2.3] we can deduce the

following result.

Lemma 130. Let M be a submonoid of (N, +) such that M # {0} and M* = M\{0}.
Then msg(M) = M*\(M* + M™).

The next result gives us characterizations for numerical semigroups with multiplic-

ity m and concentration less or equal to k.

Proposition 131. Let S be a numerical semigroup with m(S) = m. The following

conditions are equivalent:

(1) S belongs to Ci[m].

(2) if h e N\S such thath > m(S), then{h+1,....,h+k—-1} NS £ 0.
(3){s+1,....,s+k}NS #0forall s € S\{0}.

(4) {(x+1,....,x+k}NS #0forall x € msg(S).

Proor. (1) implies (2). Let s € $\{0} such that s < h < nextg(s). As h > m(S),
then s > m and thus nextg(s) — s < k. Hence, i + (nextg(s) — h) € S and nextg(s)—h €
{1,....k—1}.

(2) implies (3). If s+ 1 ¢ S then by (2), we deduce that {s +2,...,s +k} NS # 0.

(3) implies (4). Trivial.

(4) implies (1). If s € S\{0}, then there exists x € msg(S) and ¢ € § such that
s=x+t Letie{l,...,k}suchthat x+i€ S. Thens+i=x+i+¢t €S and thus

nexts(s) —s<s+i—s<k. O

From the proof of the previous proposition, we obtain the following.
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Corollary 132. If S is a numerical semigroup, then C(S) =

max {nexts(x) — x | x € msg(S)}.

Example 133. Using the previous results, we deduce that § = (5,7,9) is a numerical
semigroup with G(§) = 2, because max{nexts(5) — 5, nexts(7) — 7,nexts(9) — 9} =
max{7-5,9-7,10-9} =2

The following result can be deduced from (2) Proposition [I31]
Corollary 134. If{S,T} C £ (m) such that S C T and S € Cy[m], then T € C;[m]

It is well known that if S is a numerical semigroup such that S # N, then S U{F(S)}

is a numerical semigroup. As a consequence of Corollary[134] we have the next result.

Corollary 135. If S € Ci[m] such that S # O,,, then S U {F(S)} € Ci[m]

The previous result enable us, given an element S € C[m], to define recursively

the following sequence of elements in Cy[m]:

[ SO = S’
oS .. = S, U{E(S )} if S, # Oy
w171 0, otherwise.

The next result is easy to prove.

Proposition 136. If'S € Ci[m] and {S, | n € N} is the previous sequence of numerical

semigroups, then S os)-m+1 = Op.

We define the graph G(C;[m]) as the graph whose vertices are elements of C[m]
and (S,7T) € Ci[m] x Ci[m] is anedge if T = S U {F(S)}.

As a consequence of Proposition [136] we have the following result.

Theorem 137. The graph G(Ci[m]) is a tree with root equal to O,,.

From this, it is possible to construct recursively the elements of the set G(Cy[m]),
starting in O,,, we connect each vertex with its children. Hence, we need to character-

ize the children of an arbitrary vertex of this tree.
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The following result is easy to prove.

Proposition 138. If S € Cy[m], then the set of children of S in the tree G(Ci[m]) is
equal to {S\{x} | x € msg(S), x > F(S)+2}U{S\{F(S)+1} | F(S)+1 € msg(S), F(S)+
1 #mand F(S) + 2 — prevg(F(S) + 1) < k}.

Example 139. By using the previous proposition, let us construct the tree G(C,[5]).
A(5) =(5,6,7,8,9)

PR

(5,7,8,9,11) (5,6,8,9) (5,6,7,9)  (5,6,7,8)

/N s

(5,7,9,11,13) (5,7,8,11) (5,7,8,9) (5,6,8)

115&\

(5,7,9,13) (5,7,9,11) (5,7,8)

13
(5,7,9)

We have that G(GC,[5]) is finite, in fact by [RBT22b, Proposition 12] we already
knew that G(C,[5]) is finite but, for example, G(C,[4]) is infinite. Our next goal is to
characterize the pair of positive integers (k, m) such that C;[m] is finite.

Hence we can announce the next result.

Proposition 140. The set Ci[m] is infinite if and only if there exists d divisor of m such
that2 < d < k.

Proor. Necessity. If § € Ci[m], then nexts(m) € {m+1,...,m+k} and so

Cilm] € {S | S is a numerical semigroup and (m,m + i) C S, forsome i € {1,...,k}}.
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By using Lemma we can deduce that there exists i € {l,...,k} such that
gcd(m,m + i) =d # 1. Hence, d is a divisor of m such that 2 < d < k.

Suf ficiency. For each t € N define S () = {0} U ({m}+(d))U{m + t.d, —}. Is clear
that S(¢) is a numerical semigroup in Ci[m] with F(S(t)) = m + t.d — 1. Therefore,

C,[m] is an infinite set. O

Example 141. Letd = 2, m = 14 and k = 3. As 2 divides 14 and 2 < 3, by Proposition
140} we have that C3[14] has infinite carnality.

On the other hand, none of the elements of {2, 3,4} divides 25, then we have that
C4[25] has finite cardinality.

Let us finish this subsection by giving an algorithm that allows us to compute the
whole set C,[m] with a given genus.

The following result is easy to prove.

Lemma 142. With the above notation, we have that:

(1) N(G(Ci[m]),n) ={S € Cy[m] | g(S) =m—1+nj,
(2) N(G(Ci[m]),n+ 1) ={S | S is a child of an element in N(G(Cy[m], n))}.

Algorithm 143.

InpuT: Integers m, g such that g > m — 1.

Output: The set {S € Ci[m] | g(S) = g}
) A={mm+1,....2m—-1)},i=m— 1.
(2) If i = g then return A.
(3) Foreach S € A compute Bg = {T | T is a child of S € G(Cy[m])}.
(4) If (Jgeq Bs = 0, then return (.
(5) A :=Jgea Bs,i=1i+ 1and go to step 2.

Example 144. Let us compute the set {S € C3[4] | g(S) = 6}.

(1) Start with A = {(4,5,6,7)},i = 3.



2. NUMERICAL SEMIGROUPS WITH CONCENTRATION K 59

(2) The first loop constructs Buse7, = {(4,6,7,9),(4,5,7),¢4,5,6)} and then
A =1{4,6,7,9),(4,5,7),(4,5,6)},i = 4.

(3) The second loop constructs Bue79y = {{4,7,9,10),(4,6,9,11),(4,6,7)},
Bus;y, = {(4,511)} and Bysgy = 0 and then A =
{(4,7,9,10),(4,6,9,11),(4,6,7),¢4,5,11)},i = 5.

(4) The third loop constructs Bu7910y = {{(4,7,10,13),¢4,7,9)}, Bugo.iny
{(4,6,11,13),(4,6,9)}, Bue7 = 0 and Busiy = {(4,5)} and then A
{<4,7,10,13),¢4,7,9),(4,6,11,13),¢(4,6,9),(4,5)},i = 6.

(5) Return
{(4,7,10,13),¢4,7,9),(4,6,11,13),(4,6,9),(4,5)}.

2.3. (k,m)-sets. Recall that, a (k,m)-setisthesetd(S)=S N{m+1,...,2m—1}

with S € C;[m]. The next result characterizes the set C;[m].

Theorem 145. With the above notation, Ci[m] = {S € Z(m) | A C S for some (k,m)—
set A}.

Proor. If § € Ci[m], then S is a numerical semigroup with multiplicity m and
0(S)cS.

Conversely, if A is a (k,m)-set, S € Z(m) such that A C §, we distinguish two
cases:

(1) If ged({fm} UA) = 1, then T = {{m} U A) € Z(m). From (4) Proposition
we deduce that T € Cy[m]. Since S € Z(m), T C S and T € Ci[m], then by
Corollary we have that S € Cy[m].

(2) If ged(im}UA) =d # 1,then T = ({m} U A) U{F(S) + 1, >} € Ci[m] and
T C S. By applying again Corollary [I134] we get that S € Cy[m].

The next result is easy to prove.

Lemma 146. If A C {m, —}, then P(A) = {S € L (m) | A C S} is a Frobenius pseudo-
variety with max(P(A)) = O,,.
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Note that, if the set Minimalsc {A | A is a (k, m) — set} = {AI,AZ, ... ,Ap}, then as a
consequence of Theorem , we have that C;[m] = f’: , P(A;). From this fact follows

the next result.

Proposition 147. With the above notation, Ci[m] is the union of finitely many Frobe-

nius pseudo-varieties.

Our next goal is to give an algorithm to compute all (k, m)-sets, given positive
integers k and m. To this end, we need to introduce some concepts and results.

Given a (k,m)-set Asuchthat A # {m+ 1,m+ 2,...,2m — 1}, denote by
BA) =max({m+1,m+2,...,2m—1}\A).

The following result is easy to prove.

Lemma 148. If A is a (k,m)-setand A C B C {m+ 1,m+2,...,2m— 1}, then B is

also a (k, m)-set.

The previous result enable us, given a (k, m)-set A , to define recursively the fol-

lowing sequence of (k, m)-sets:

°* Ay =A,
o« A = A, U{BA)} ifA, #{m+1,m+2,...,2m—1}
MUY m+ L,m+2,...,2m— 1} otherwise.

Let €(k,m) = {A | A is a (k, m) — set}. We define the graph G(%(k, m)) as the graph
whose vertices are elements of %' (k,m) and (X, Y) € €' (k,m) X € (k,m) is an edge if

Y = X U {B(X)}. From the previous results, it is easy to prove the next one.

Proposition 149. The graph G(€(k,m)) is a tree with root equal to
m+1,m+2,...,2m—1}. Moreover, if A is a (k,m)-set, then the set of chil-
dren of A in the tree G(%(k,m)) is equal to {A\{a} | {a,a+1,...,2m—1} C
Aand either a<m+k—1or{a-1l,a-2,...,a—(k—=1)}NA # 0}.

Example 150. By using Proposition 149|, let us construct the tree G(%'(2, 4)).
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{5,6,7}
{6,7} 5.7 {5,6}

K

{6}

Observe that Minimalsc(%'(2,4)) = {{6},{5,7}}. Hence, by Theorem we ob-
tain that C,[4] = {S | § € £ (4) with {6} C S or {5,7} C S}. Moreover, by Proposition
C,[4] is the union of the Frobenius pseudo-varieties {S | S € Z(4) with {6} C S}
and {S | S € Z(4) with {5,7} c S}.

Now, our goal in this subsection is to compute all (k, m)-sets with a given cardinal-
ity.

Proposition 151. Let p be a positive integer. The following conditions are equivalents.

(1) A is an (k, m)-set with cardinality p,

(2)A:{m+x1,m+x1+x2,...,m+x1+xz+---+xpI(xl,xz,...,xp,xp+1)e
{1,.... k""" and Xi+ X4+ Xy + Xy = mb
Proor. 1) implies 2). Assume that A = {a1 <Ay < -+ <ap}, X, = a; — m,
Xis1 = G —a; foralli € {1,...,p—1} and x,,; = 2m — a,. Then, we can con-
clude that (xi, X2, ..., Xp, Xp11) € (.. &P x +x+ - + X, + Xpy1 = m and
A:{m+x1,m+x1+x2,...,m+x1+x2+~-+x,,}.

2) implies 1). It is clear that, under desired conditions, every A = {m + x;,m +
Xp+X,...om+xi+x+--+x,} C{m+1,m+2,...,2m - 1}. Then, we have
that § = {0,m} UA U {2m,—} € Ci[m] and A = 6(S). Hence, A is an (k, m)-set with

cardinality p. O

Given ¢ € Q and p € N\{0}, we denote by [¢g] = min{z€ Z|¢g <z} and by
n(k,m, p) = #{A | A is an (k, m) — set with cardinality p}.
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As a consequence of Proposition [151] we obtain the following result.

Corollary 152. With the above notation, we have that n(k,m, p) # 0 if and only if
[%1— 1< p <m-— 1. Furthermore, n(k,m, p) = #{(x1, X2,...,Xp41) € (1,..., kP

Xi+Xp 4+ X, + Xpog = m).

Example 153. By using Proposition let us calculate:
(1) the set {A|Aisa(2,4)— set with cardinality 2}, which is equal to
{({d+x,4+x+x) | (Lx,x3) € {1,2) and x; + x5 + x3 = 4},
Since {(x1, x2,x3) € {1,2 | x; + x + x3 = 4} = {(1,1,2),(1,2,1),(2,1, 1)},
then the solution is {{5, 6}, {5, 7}, {6, 7}};
(2) the set {A | Ais a (2,4) — set with cardinality 1}, which is equal to { {4 + x;} |
(x1,x2) € {1,2})2 and x; +x, = 4}. As{(x1,x2) € {1,2}% | x;+x, = 4} = {(2,2)},

then the solution is equal to {{6}}.

Recall that S is an elementary numerical semigroup if F(S) < 2m(S). We denote

by &E(m) the set of elementary numerical semigroups with multiplicity m.

Proposition 154. [RB22, Lemma 1] Let A be a subset of {m+ 1,...,2m — 1}. Then
{0,m} UA U {2m, —} is an elementary numerical semigroup with multiplicity m. More-

over, every elementary numerical semigroup with multiplicity m is of this form.

Denote by
E(Ci[m]) = {S € Ci[m] | S is elementary} .

Thus, by using Theorem and Propositions and[154] we deduce the next result.

Proposition 155. With the above notation, E(Ci[m]) = {{0} U {m,m + x;,m + x| +
Xo,ooomAxi+x+ -+ X, U2m, — | (X, X2, ..., Xp, Xpi1) € {1,.... k""" and x; +

X+ o+ Xpyy = mb

As a consequence of the previous proposition, we have the next result.
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Corollary 156. Let g be a positive integer. Then, the set of
{S € ECi[m]) with g(S) =g} is equal to {{0} U {mm + x,m + x3 +
Xo,oo,m + X1+ Xp + o0+ Xopeo) U 2m,—  } | (X1, X2, ., Xp, Xom—g-1) €
{1,..., kP Vand x; + xp + -+ - + Xoyego1 = m}.

Example 157. Let us calculate all numerical semigroups S in &(C;[5]) with g(§) = 6.
By Corollary we have that {S € E(C;3[5]) with g(S) = 6} = {{0} U {5,5 + x1,5 +
X1+ 0} U{10,— } | (x,x0,x3) € {1,2,3)3 and x; + x2 + x3 = 5}. As {(x], X2, X3) €
{1,2,3P and x; + x, + x3 = 5} = {(1,1,3),(1,2,2),(1,3,1),(2,1,2),(2,2,1), (3,1, 1)},
then {S§ € &(Cs[5]) | gS) = 6} = {0} U A U {10,—} such that A belongs to
{{5,6,7},{5,6,8},{5,6,9},{5,7,8},{5,7,9},{5,8,9} }.

Given a positive integer F, denote by
Cilm, F1=1{S € C[m] | F(S) = F }.

We will finish this subsection by studying the elementary elements in Cy[m, F].

The next result is easy to prove.

Proposition 158. With the above notation, we have the following:

(1) If F = m — 1 then C[m, F] = {0,,};

(2) IfF=m+rwithl <r<k-1, then C[m,F] ={{0,m} UAU{m+r+1,—
YWACim+1,...,m+r—1});

(3) If F =m+rwithk <r <m, then C[m,F] ={{00m}UAU{m+r+1,—> }|
A={m+x;,m+x+Xp,....,m+x+x2+++Xx,}, (X1,X2,...,%Xp, Xps1) €

(1,..., k""" with x + X+ X, + Xy =7+ Land xp4 > 2}.

Example 159. Let us calculate the set of numerical semigroups C;[5, 8]. By Propo-
sition 158|, we get that C,[5,8] = {{0,5 UA U {9,-} | A = {5+ x1}, (x1,x2) €
{1,2)? with x;+x; =4 and x; > 2JU{{5+x;,5+x,+ X5}, (x1, X2, x3) € {1,2}° with x; +

X + x3 = 4 and x3 > 2}. Then, C,[5,8] = {{0,5} UA U {9, -} | A € {{7},{6,7}}}.
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2.4. Non elementary elements of C,[m, F]. The aim of this subsection is to give
an algorithm to compute all elements in the set Ci[m, F] with F' > 2m.

If S is a numerical semigroup, then g(§) > % (see, [RGS09, Lemma 2.14]. As
a consequence of Corollary we obtain that the irreducible numerical semigroups
are those with the least possible genus in terms of their Frobenius number.

Given S a nonirreducible numerical semigroup, here we will denote by a(S) =
max {x eN\S |F(S)—x¢ S and x # @} If S is an irreducible numerical semi-
group, then by definition a(S) = 0. Observe that, if a(S) # 0 then @ < a(S) < F(S).

As a consequence of Corollary and Proposition if § € Ci[m, F], we can

define the following sequence of the elements in Cy[m, F1]:
e So=2,

e S =S, U{a’(Sn)}

It is easy to prove the next result.

Proposition 160. Ler S € Ci[m, F] and let (S ,),en be the previous sequence. Then
there exists a nonnegative integer p such that S , is an irreducible numerical semigroup

in Ci[m, F1].

We denote by I(S) the irreducible S, obtained from a numerical semigroup S .

We define the following equivalence relation over C;[m, F1:
S ~ T if and only if I(S) = I(T).

Denote the equivalence class modulo ~ by [S] = {T € C;[m, F]|S ~ T} and by
I (Cilm, F]) = {S € C[m, F]|S isirreducible}. As a consequence of Proposition

160, we deduce the next result.

Theorem 161. The quotient set Ci[m, Fl/~= {[S]|S € Z(Ci[m, F])}. Moreover, if
{S, T} C A (Ci[m, F])and S #T then [SIN[T] =0
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In view of Theorem in order to determine explicitly the elements in the set

Ci[m, F] we need:

1) an algorithm to compute the set .#(Cy[m, F]).

2) an algorithm to compute the class [S], for each § € .Z(Cy[m, F]).

In [BOR21] it was given an efficient algorithm to compute all irreducible numeri-
cal semigroups with fixed multiplicity m and Frobenius number F. By using Proposi-
tion we choose those with concentration less or equal to k£ and thus we solve 1).
Our goal is to provide an algorithm to solve 2).

Let V be an element in .#(C;[m, F]). Let G([V]) be the graph with vertex set [V]
and (§,7) € [V] x[V]isanedgeifand only if 7 = § U {a(S)} and a(S) # 0.

Proposition 162. IfV € .7 (Ci[m, F)), then the graph G([V)) is a tree with root equal
to V. Moreover, the children of a vertex T is {T\{x} | x € msg(T), g <x<F, aT) <

x, nextr(x) — prevy(x) < k and x > m}.

Proor. If S isachildof T, then T = S U{a(S)} with a(S) # 0 and thus T \{a(S)} =
S. By Lemmalﬂl, we have that a(S) € msg(T). Clearly, % <al§S)< F,a(T) < a(S)
and nextr(a(S)) — prevy(a(S)) < k.

Conversely, if x € msg(T), g < x < F, nextr(x) — prevy(x) < k, then we get
that T\{x} € Ci[m, F]. If a(T) < x, then we have that a(T\{x}) = x. Therefore,
T = (T\{x}) U {a(T\{x}} and thus T\{x} is a child of T. O

Algorithm 163.
Input: V € Z(Ci[m, F]).
Ovutpurt: The set [V].
1. A={V}and C = {V}.
2. For each S € C compute the set
Bg ={T | T is child of § in the tree G([V])}.
3. C =Ugee Bs.-
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4. If C = 0 then return A.
5. A=AUC gotostep 2.

Example 164. By using Propositions and we have that (5,7,9,11) €
J(C5[5, 13]). Let us compute [(5,7,9, 11)].

e Start with A = {(5,7,9,11)} and C = {(5,7,9, 11)}.

e The first loop constructs Bisz911y = {(5,7,11),(5,7,9)}, then C =
{(5,7,11),(5,7,9)} and thus A = {(5,7,9, 11),(5,7,11),¢(5,7,9)}

e The second loop constructs Bz = {(5,7,16,18),} and
Bs7.9) = 0, then C = {(5,7,16,18),} and thus A =
{(5,7,9,11),¢(5,7,11),¢(5,7,9),(5,7, 16, 18)}.

e The third loop constructs Bs 716,15y = 0, then C = 0.

e Hence, [(5,7,9,11)] = {5,7,9,11),¢(5,7,11),(5,7,9),(5,7, 16, 18)}.

2.5. Wilf’s conjecture. The next result is in [Elil8, Corollary 6.5].

Lemma 165. If S is a numerical semigroup with F(S) + 1 < 3m(S), then S verifies

Wilf’s conjecture.

It is clear that {0, 1,...,F(S)} = N(S)U INN\S) and so F(S) + 1 = g(S) + n(S).

Hence, we have that F(S) + 1 < e(S)n(S) is another way to present Wilf’s conjecture.

Theorem 166. If S € £ (m), p = #6(S) and 2m < (p + 1)?, then S satisfies the Wilf’s

conjecture.

Proor. Letg e Nand r € {1,...,m — 1} such that F(S) = gm +r. If g € {0, 1,2},
then by Lemma[165] S satisfies the Wilf’s conjecture.

Now, we suppose that ¢ > 3. By Lemma [I30] we know that 8(S) U {m} C msg(S)
and thus p + 1 < e(S). Clearly, we have that {0}, 6(S) U {m}, {m} + (6(S) U {m}),
{2m} + (8(S) U {m}), ..., {(g — 2)m} + (6(S) U {m}) are disjoint subsets of the set N(§S)

and so we can conclude that (g — 1)(p + 1) + 1 < n(S).
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As by hypothesis 2m < (p + 1)?, then 2(q — )m < (g — 1)(p + 1)>. If ¢ > 3, then
g+1<2(g—1)and so we deduce that (g + 1)m < (g — 1)(p + 1)%. Since r < m — 1,
then we have that F(S) + 1 = (g+ Dm < (g — D)(p + 1)®2. As p+1 < e(S) thus
F(S)+1<(g—1)p+ De(S). By applying that (¢ — 1)(p + 1) + 1 < n(S), we obtain
that F(S) + 1 < e(S)(n(S) — 1). Hence, we get that F(S) + 1 < e(5)n(S) and thus §

verifies Wilf’s conjecture. O
Corollary 167. If S € Ci[m] with k < \/? then S satisfies the Wilf’s conjecture.

Proor. If § € C;[m], by Proposition 151|, then (S) = {m+x;,m+x;+x,...,m+
Xi+X0+ 42X, | (X1, X050, X, Xpiy) € (1,..., kP!
From Corollary [152] we have that #9(S) > [2] - L. If k < /Z, then 2m < (%)? this

implies that 2m < (p + 1)>. By using Theorem [166] we can conclude that S satisfies

and x;+x4- -+ X, + X, = m}.

Wilf’s conjecture. O

Example 168. By applying the above corollary we get that if § € Cs[100], then S

satisfies Wilf’s conjecture.






CHAPTER 4

Numerical semigroups without consecutive small elements

In this chapter, we study A-semigroups, that is, numerical semigroups which
have no consecutive elements less than the Frobenius number. We give algorithms
that allow the computation of the whole set of A-semigroups with a given genus, mul-
tiplicity and Frobenius number and from this we examine interesting families of A-
semigroups which are Frobenius varieties, pseudo-varieties and R-varieties. Results of

this chapter are published in [RBT22c].

1. Definitions and preliminaries

We say that S is an A-semigroup if it has no consecutive elements in N(§), that is,
if {x,x+ 1} C § then F(S) < x.

Denote by .7 the set of all A-semigroups. In Section 2| we see that .o/ is a Frobe-
nius variety. This fact allows us to arrange the elements of .7 in a tree with root. We
describe the children of any vertex of this tree and this will enable us to recursively
construct the entire set of elements in .7

An A-monoid is a submonoid of (N, +) which can be expressed as the intersection
of A-semigroups. In Section 3| we show that a submonoid M of (N, +) is an A-monoid
if and only if M is an A-semigroup or M is not a numerical semigroup. If X C N, then
we will see that there exists the least A-monoid that contains X, denoted by A(X). If
M = A(X), then we will say that X is an A-system of generators of M. Moreover if
M # A(X) forevery Y C X, then we say that X is a minimal A-system of generators of

M. In this section, we see that every A-monoid admits a unique finite minimal system

69
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of generators. We denote by mAsg(M) the minimal A-system of generators of M and
we will see that mAsg(M) = {x € msg(M) | M\{x} is A-monoid}. The A-embedding
dimension of M is the cardinality of mAsg(M), denoted by e, (M).

An AMED-semigroup is an A-semigroup which is a MED-semigroup. In Section
we see that there exists a one-to-one correspondence between the set of all numerical
semigroups and the set of AMED-semigroups. Inspired by [Arf48]], Lipman in [Lip71]
introduces and motivates the study of Arf rings. The characterization of these rings
via their value semigroups yields the Arf property for numerical semigroups. In this
section, we also show that every Arf numerical semigroup is AMED-semigroup.

For a positive integer m, we denote by
o/(m) ={S | S is an A-semigroup and m(S) = m} and

A MED(m) ={S | S is an AMED-semigroup and m(S) = m}.

In section |5, we see that o/(m) and <7 .# &2 (m) are Frobenius pseudo-variety.
This fact enables us to order the elements of <7 (m) and &7 .# &2 (m) in a tree with
root and, as a consequence, we give an algorithm to compute all elements of .o/ (m)
(o M E P (m), respectively) with a given genus.

Given F and m positive integers, denote by
o/ (m,F)=1{S | S is an A-semigroup with m(S) = m and F(S) = F}.

In Section [6] we give an algorithmic method to compute <7 (m, F) with F < 2m. For

the case F' > 2m we need to introduce the following notation:

o Am,F) ={F(S)—ilie{l,....m(S)—1}}.

o IfS € &/(m,F), then B(S) ={xe A(m,F) | x ¢ S}.

e Bim, F) ={B C Alm, F)\(m) | {x,x + 1} N B # 0if {x,x+ 1} C A(m, F)}.

e If B € B(m, F), then &/(m,F,B) = {S | S is an A-semigroup with m(S) =
m,F(S) = F and B(S) = B}.
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In this section, we will see that the set {</(m, F, B) | B € B(m, F)} is a partition of

the set .o/ (m, F). Therefore, to compute the whole o7 (m, F) it is sufficient to give an
algorithm that computes <7 (m, F, B) for each B € B(m, F).

In section [7] we will show that if T € <7(m, F, B), then R(T) = {S € «/(m, F, B) |

S C T} is a Frobenius R-variety. As a consequence of this fact, it is possible to

order, in a rooted tree, all the elements of R(7T) and also to give an algorithm that

computes R(7T'). Finally, we describe an algorithm to compute the set <7 (m, F, B).

The idea is the following: first, we compute the Maximals(.</ (m, F, B)) and for each

T € Maximals(</(m, F, B)) it is possible to compute the whole set R(T).
2. Frobenius variety of A-semigroups

Our aim in this section is to see that the class of A-semigroups is a Frobenius

variety. In order to see this, we need the next result which is easy to prove.

Lemma 169. IfS and T are numerical semigroups then S N T is a numerical semi-

group such that F(S N'T) = max {F(S), F(T)}.
As a consequence of previous lemma we have the following result.

Proposition 170. The set o7 = {S | S is an A-semigroup} is a Frobenius variety.

We define the graph G(.«/) as follows: o7 is the vertex set and (S,T) € & X <7 is
an edge if and only if 7 = § U {F(S)}.
The next result is deduced from [Ros08b|, Theorem 27]

Proposition 171. The graph G(<7) is a tree with root N. Furthermore, the set of
children of vertex T is {T\{x} | x € msg(T'), x > F(T) and T\{x} € </}.

The following result is straightforward to prove.

Lemma 172. Let M be a submonoid of (N, +) and x € M. Then M\{x} is a submonoid
of (N, +) if and only if x € msg(M).
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As a consequence of the definition of an A-semigroup and Lemma [172] we obtain

the following.

Proposition 173. Let T € o7 and x € msg(T) such that x > F(T). Then T\{x} € </ if
and only if x e {F(T) + 1,F(T) + 2}.

In order to recursively build the tree G(.%7), starting from N, it suffices to compute
the children of each vertex of G(.«7). However, by applying Propositions and|173]
we can build G(.«7). Since G(.<7) has infinite cardinal it is not possible to build a whole

tree, thus the hanging points indicate that the process continues.

N

1

(2,3)

/\

3,4,5) (2,5)
>N s
4,5,6,7 3,5,7) 2,7)
4 5 5 7
(5,6,7,8,9) (4,6,7,9) (3,7,8) 2,9)

Although all numerical semigroups we have built previously are MED-semigroups,

it is not always so as we see in the next example.

Example 174. S = (5,7,11,13) = {0,5,7,10, -} is an A-semigroup which is not
MED-semigroup.

Moreover, in the previous tree, there are no leaves, but we will see that if we

continue building the tree it has leaves.
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Example 175. § = (7,10,22,23,25,26) = {0,7,10,14,17,20 —} is an A-semigroup
such that F(S) = 19. Since msg(S)N{F(S) + 1,F(S) + 2} = 0, then applying Proposi-

tions|l71|and 5 we get that S has no children, and so S is a leaf.

It is clear that if k € N\{0} then (2, 2k + 1) is an A-semigroup. In the next propo-
sition, we will show that these are the only A-semigroups with embedding dimension

two.

Lemma 176. If S is a symmetric numerical semigroup with m(S) > 3, then S is not

an A-semigroup.

Proor. Since {1,2} € N\S, then {F(S)—-2,F(S) -1} € N(S), and thus S is not

A-semigroup. O

Lemma 177. [RGS09, Corollary 4.7] Every numerical semigroup with embedding

dimension two is symmetric.

As a consequence of Lemmas and|[177] we have the following.

Proposition 178. The set of all A-semigroups of embedding dimension two is equal to
{(2,2k + 1) | k € N\{0}}.

We finish this section by posing the following problem: how to calculate all A-
semigroups of embedding dimension three?

3. A-Monoids

Nonfinite intersections of A-semigroups are not necessarily an A-semigroup. To

remember we rewrite example

Example 179. Given n € N, denote by S, = {0,n, —}. It can be easily seen that S, is

an A-semigroup but (),ay S, = {0} is not a numerical semigroup.
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Clearly, the intersection of A-semigroups is always a submonoid of (NN, +). This
fact motivates the following definition: an A-monoid is a submonoid of (N, +) which

can be expressed as an intersection of A-semigroups.

Proposition 180. Let M be a submonoid of (N, +). Then M is an A-monoid if and only

if M is an A-semigroup or M is not a numerical semigroup.

Proor. Necessity. If M is a numerical semigroup, then N\ M is finite. Hence there
exist finitely many A-semigroups that contain M. From Proposition[I70] we obtain that
M is an A-semigroup.

Suf ficiency. If M is an A-semigroup, then M is an A-monoid. If M is not a
numerical semigroup then gcd (M) # 1. We deduce that S, = M U {k, >} is A-
semigroup for all k € N. Clearly (v Sk = M and thus M is an A-monoid. O

As a consequence of Lemma[ 1] Lemma [42] and Theorem §3| we have the follow-
ing:
Proposition 181. Every A-monoid M admits a unique minimal A-system of generators.

Furthermore, this A-system of generators is contained in msg(M).

We denote by mAsg(M) the minimal A-system of generators of A-monoid M. The
A-embedding dimension of M is the cardinality of mAsg(M), denoted by e4(M). As a
consequence of Proposition [I81] we have that e, (M) < e(M).

The next result is deduced from Lemma

Lemma 182. Let M be an A-monoid and x € M. The set M\{x} is an A-monoid if and
only if x € mAsg(M).

By Proposition [180, we have that if M is an A-monoid then M is an A-semigroup

or M is not a numerical semigroup and thus we have the following.

Proposition 183. Let M be a A-monoid.
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(1) If M is not a numerical semigroup, then mAsg(M) = msg(M)
(2) If M is an A-semigroup, then mAsg(M) = msg(M) N {1,2,...,F(M) + 2}.

Proor. (1) From Lemma [172] and Proposition we deduce that if x € msg(M)
then M\{x} is an A-monoid. The proof follows by applying Proposition and
Lemmall82]

(2) Suppose that x € msg(M). If x < F(M) then, from Lemma we obtain that
M\{x} is an A-semigroup. Now, if x > F(M) then, by Lemma and Proposition
we have that M\{x} is an A-semigroup if and only if x € {F(M) + 1, F(M) + 2}.
The proof now follows by applying Proposition and Lemma [182] O

Example 184. 1) Let M be a submonoid of (N, +) such that msg(M) = {6, 10}. Since
gcd {6, 10} # 1 then M is not a numerical semigroup and so mAsg(M) = {6, 10}.

2) Let M be a submonoid of (N, +) such that msg(M) = {6,10,19,21,23}. We
have that M = {0,6,10,12,16,18 —} is an A-semigroup such that F(M) = 17. By
Proposition@we obtain that mAsg(M) = {6, 10, 19}.

4. AMED-Semigroups

Recall that S is a MED-semigroup if e(S) = m(S) and an AMED-semigroup is an
A-semigroup which is a MED-semigroup.

The following result can be deduced from [BDF97, Proposition /.2.9]

Proposition 185. Let S be a numerical semigroup. Then S is a MED-semigroup if

and only {s — m(S) | s € S\{0}} is a numerical semigroup.

As a consequence of the previous proposition, we have the following.

Corollary 186. Let S be a numerical semigroup and x € S\{0}. Then S, = ({x}+S)U
{0} is a MED-semigroup with m(S ;) = x, F(S,) = F(S) + xand g(S,) = g(S)+x— 1.

Furthermore, every MED-semigroup is of this form.

The next result shows whenever a numerical semigroup is replaced by an A-

semigroup the two previous results remain valid.
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Proposition 187. Let S be a numerical semigroup. Then S is an AMED-semigroup if
andonly T ={s—m(S) | s € S\{0}} is an A-semigroup.

Proor. Necessity. By applying Proposition T is a numerical semigroup. If
T is not A-semigroup, then exists {t,t+1} € T and t + 1 < F(T) = F(S) — m(S).
Let s € S such that r = s — m(S). Then we have that t + 1 = s + 1 — m(S) and so
s + 1 € §. Therefore we obtain that {s, s+ 1} € S and s + 1 < F(S). Consequently S
is not A-semigroup.

Suf ficiency. Itis clear that S = ({m($)}+7)U{0} and m(S) € T\{0}. By Corollary
F(S) =F(T)+m(S). If § is not A-semigroup then there exists {s, s + 1} C S such
that s+ 1 < F(S). Ifr=s—-m(S), then{r,r+ 1} C T andr+ 1 < F(T), and so T is not

A-semigroup. O

Corollary 188. If S is an A-semigroup and x € S\{0}, then T = ({x} + §) U {0} is an
AMED-semigroup. Moreover, every AMED-semigroup is of this form.

Proor. From Corollary we have that T is an AMED-semigroup. If P is an
AMED-semigroup, then by Proposition we obtain that
Q ={p—m(P)| p € P\{0}} is A-semigroup. In order to conclude the proof, it suffices
to note that P = ({m(P)} + Q) U {0} and m(P) € O\{0}. |

Lemma 189. [Ros03, Corollary 4] Let S and T be two numerical semigroups, and let
se€S\{0}andt e T\{O}. If {s} +S)U {0} =({t}+ T)U {0}, then s =tand S =T.

Let .7,,, be the set of all numerical semigroups and let .¢7,,.; be the set of all AMED-

semigroups. From this we deduce the following correspondence.

Proposition 190. The map ¢ : Sy — Dpea, defined by ¢(S) = ({2m(S)} + 25 U
{2F(S) + 1, —>})) U {0} is injective.

Proor. For a given § € .%,,, suppose that P = 25 U {2F(S) + 1, —»}. Clearly P
is an A-semigroup with 2m(S) € P\{0}. By applying Corollary [I188] we obtain that
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({2m(S)} + P) U {0} is an AMED-semigroup and thus ¢(S) € .2,.,. Furthermore, from
Lemma[I89] we get that ¢ is an injective map. m]

The following result can be deduced from [RGS09, Proposition 3.1].

Lemma 191. Let S be a numerical semigroup. Then S is a MED-semigroup if and

only msg(S) = (Ap(S, m(5))\{0}) U {m(S)}.
Note that m(S') = min(msg(S)) and we denote by M(S) = max(msg(S)).

Proposition 192. IfS is an AMED-semigroup, then

mAsg(S) = {x € msg(S) | x < M(S)—m(S) + 2}.

Proor. From Lemmas [13|and we obtain that F(S) = M(S) — m(S). The proof
now follows by using Proposition O

Observe that, if § is a numerical semigroup with m(S) > 3, then M(S) — m(S) +
2 < M(S) and thus by the previous result M(S) ¢ mAsg(S). From this and since

e(S) < m(S) we have the next result.
Corollary 193. If S is an AMED-semigroup with m(S) > 3, then e4(S) < m(S) — 1.

We propose the following problem: to characterize the whole class of AMED-
semigroups such that e4(S) = m(S) — 1.
A numerical semigroup § is Arf if for all x,y,z€ S withz<y<x,x+y-z€S.

As a consequence of [RGS09, Proposition 3.12] we have the next result.

Lemma 194. If S is an Arf numerical semigroup, then S is a MED-semigroup.

A sequence xi, X, ..., X, of positive integers is an Arf sequence if it fulfills the
following:
(D 2<x<x<+- <,

2) X1 €{xp X+ X215 ..., x;+---+x1,—>}forallief{l,...,n—1}.
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Lemma 195. [GSHKR17, Proposition 1] Let S be a proper subset of N. Then S is an
Arf numerical semigroup if and only if there exists an Arf sequence x1,x; ..., X, such

that

S =10, X, X + Xty oy Xy + Xy + 0+ X,
As a consequence of Lemmas [[94] and [195] we obtain the following result.

Proposition 196. Every Arf numerical semigroup is an AMED-semigroup.

Let us finish this section to talk about a special kind of Arf numerical semigroups
which are those saturated numerical semigroups. Besides, in the literature, one finds
many manuscripts devoted to the study of analytically irreducible one-dimensional
local domains via their value semigroups. Following this line of research, the char-
acterization of these rings in terms of their value semigroups yields the Arf and satu-
rated numerical semigroups. Saturated rings were introduced in three different ways in
[Zar71a, |Zar71b, |Zar75], [PT69], and [Cam83]. Though their definitions coincide
for algebraically closed fields of zero characteristic.

For a numerical semigroup S and s € S\{0}, set
ds(s) =ged{xe S |x < s}.

We say that a numerical semigroup S is saturated if s + dg(s) € S for all s € $\{0}.

The next result can be deduced from [RGS09, Lemma 3.31]

Proposition 197. If S is a saturated numerical semigroup, then S is an Arf numerical

semigroup.
The following result can be used to compute all numerical semigroups of this kind.

Proposition 198. [RGSGGB04, Theorem 6] Let ny < ny, < -+ < n, be positive inte-

gers such that gcd(ny, ny, ... ,n,) = 1. Foreveryi € {l,...,p}, setd; = ged(ny,...,n;)
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and forall je{l,---,p— 1} denote
k= max {k € N | n; + kd; < nj.1|. Then
{0,”1,”1 +dy,....,ny +kidy,ny,n +d,,...,n

+ kods, . .. slp-1,Np-1 + dpfl’- s Np1 F kpfldp,l,l/lp,l’lp + 1,—)}

is a saturated numerical semigroup. Moreover, every saturated numerical semigroup

is of this form.
5. A-semigroups with a given multiplicity
Recall that for m a positive integer, we denote by
o/ (m) ={S | S is an A-semigroup and m(S) = m}.
The next result is easy to prove.

Proposition 199. If m is a positive integer, then <7/ (m) is a Frobenius pseudo-variety.

Moreover, max(2/(m)) = {0, m, —}.

We define the graph G(<7(m)) as follows: o7 (m) is the vertex set and (S,7T) €
o/ (m) X o/ (m) is an edge if and only if 7 = S U {F(S)}.
As a consequence of [RR1S, Lemma 12 and Theorem 3] we have the following

result.

Proposition 200. The graph G(<7 (m)) is a tree with root {0, m, —}. Furthermore, the
set of children of vertex S is equal to {S\{x} | x € msg(S), x > F(S) and S\{x} €
o/ (m)}.

As a consequence of Propositions and [200] we have the next result.

Corollary 201. If S € o/ (m), then the set of the children of S is equal to {S\{x} | x €
msg(S) N{F(S) + 1,F(S) + 2} and x # m}.

By the way, by applying Propositions [200| and Corollary 201} we can recursively
build the tree G((.7(4))).



80 4. NUMERICAL SEMIGROUPS WITHOUT CONSECUTIVE SMALL ELEMENTS

4,5,6,7)
5
(4,6,7,9)
4,7,9,10) (4,6,9,11)
17 1y
(4,9,10,11) (4,6,11,13)
T9 T 11
(4,10,11,13) (4,6,13,15)
10 11 13
(4,11,13,14) (4,10,13,15) (4,6,15,17)

Note that the piece of tree we built all numerical semigroups are MED-semigroups.
In fact, all elements in 27 (2), <7 (3), and <7 (4) are MED-semigroups as we see in the

following result.
Proposition 202. IfS € o/(2) U &/ (3) U &7 (4), then S is a MED-semigroup.

Proor. (1) If S € 27(2), by Proposition then S = (2,2k + 1) for some k €
N\{0} and so S is a MED-semigroup.
(2) If S € @/(3)and n = min{x € S | x # 3k, and k € N\{0}}, then S = (3) U {n, —}.
We distinguish two cases.
2.1) If n = 3k+ 1 with k € N\{0}, then § = (3,3k+ 1,3k + 2) and thus S is a
MED-semigroup.
(22) It n = 3k + 2 with k € N\{0}, then S = (3,3k+ 2,3k +4) and so §S is a
MED-semigroup.
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(3) Suppose that S € o7 (4) and Ap(S,4) = {0 = w(0), w(1), w(2), w(3)}. We distin-
guish three cases.
(3.1) If w(1) = min {w(1), w(2), w(3)}, then clearly S = (4) U {w(1), —}. Therefore
S =&, w(),w(l) + 1,w(1) + 2) and consequently S is a MED-semigroup.
(3.2) If w(3) = min{w(1),w(2),w(3)}, then we have that § = (4) U {w(3), —=}.
Wherefore S = (4, w(3), w(3) + 2,w(3) + 3) and so S is a MED-semigroup.
(3.3) If w(2) = min{w(l),w(2),w(3)}, then we get that S = (4, w(2)) U
{min {w(1),w(3)},— }. Hence, the minimal system of generators of S is
either {4, w(2), w(1), w(1) + 2} or {4, w(2), w(3),w(3) + 2} depending on the
min {w(1), w(3)} if it is equal to w(1) or w(3), respectively. In both cases, we

obtain that S is a MED-semigroup.

Remark 203. Note that in the set .7 (5) there are numerical semigroups that are not

MED-semigroups, as we can see in Example (174

Observe that if k € N\{0}, then the semigroup S = (m)U{km, —} belongs to <7 (m).
Therefore, for every m € N\{0, 1} the set <7 (m) has infinite cardinality. An algorithmic
procedure is given in [RR15, Algorithm 1] to compute the set of all elements of .<7 (m)
with a certain fixed genus.

Let m be a positive integer, we denote by
A MEPD(m) ={S | S is an AMED-semigroup and m(S) = m}.

Our next task in this section will be to prove that o7 .# & %(m) is a Frobenius

pseudo-variety. In order to do this we need to introduce some previous results.

Lemma 204. [RGSGGBO03, Proposition 3] Let S| and S, be two MED-semigroups
with multiplicity m. Then S| N S, is a MED-semigroup of multiplicity m.

The next result is easily deduced from [RGSGGB03, Lemma 10]
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Lemma 205. If S is a MED-semigroup with F(S) > m(S), then S U F(S) is also a

MED-semigroup with the same multiplicity.

As the semigroup {0, m, —} is the maximum element in .o/ .# & % (m) (with respect

to the inclusion order), then using Lemmas and [205] we obtain the next result.

Proposition 206. If m is a positive integer, then the set o/ # & P(m) is a Frobenius

pseudo-variety.

Note that if &k € N\{0}, then the semigroup S = (m) U {km,—} belongs to
A MEPD(m). Hence, for every m € N\{0, 1} the set o7 .# & Z(m) has infinite car-
dinality. Proposition ensures that &7 . # & 2(m) = </ (m) for m € {2,3,4}. Note
also that &/ # &5 %(1) = o/(1) = N.

We define the graph G(<7 4 & 2(m)) as follows: o7 4 & 2 (m) is the vertex set and
S, T)e A MED(m) X o MEPD(m)is an edge if and only if T = § U {F(S)}.

As a consequence of [RR1S, Lemma 12 and Theorem 3] we have:
Proposition 207. The graph G(/ # & Y (m)) is a tree with root {0,m, —}. Further-

more, the set of children of vertex S is {S\{x} | x € msg(S),x > F(S) and S\{x} €
A ME D (m)).

Combining Propositions and 207, we get the following.

Corollary 208. If S € of M & P (m), then the set of children of S is equal to {S\{x} |
x € msg(S) N{F(S) + 1,F(S) + 2}, x #m, and x + m € msg(S \{x})}.

By applying Propositions 207 and Corollary we can recursively build the tree
G(A MED(S)).
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(5,6,7,8,9)

6
(5,7,8,9,11)
8

(5,8,9,11,12) (5,7,9,11,13)

2N\

(5,9,11,12,13)  (5,8,11,12,14)

T

(5,11,12,13,14)

Applying again [RR1S, Algorithm 1], we can compute the set of all elements of

A M E P (m) with a certain fixed genus.

6. A-semigroups with a given Frobenius number and multiplicity
Let F' and m be positive integers. We denote by
o/ (m,F)=1{S | S is an A-semigroup with m(S) = m and F(S) = F}.
Proposition 209. Let F and m be positive integers. Then </ (m, F) # 0 if and only if
m—1<Fandm{F.

Proor. The necessary condition is trivial, the sufficiency follows from the fact that

(m) U{F + 1, —} belongs to <7 (m, F). O

In order to study the set <7 (m, F') we distinguish two cases depending on F' < 2m

or F' > 2m.
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Lemma 210. [RB22, Lemma 2.1] Let m € N\{0,1} and A € {m+1,...,2m - 1}.
Then S = {0,m}UAU{2m, —} is an elementary numerical semigroup with multiplicity

m. Moreover, every elementary numerical semigroup with multiplicity m is of this form.

The following characterization can be deduced from Lemma [210{and describe the

whole set .o/ (m, F)inthecase m— 1 < F <2m—1landm # F.

Proposition 211. Let m e N\{0, 1} and F e {m —1,m+ 1,...,2m — 1}.
(1) If F =m— 1, then o/ (m, F) = {{0,m, —}}.
(2) If F =m+ kwithk € {1,2}, then &/ (m, F) = {{0,m,m+k+1 —}}.
3)IfF = m+kwith3 < k < m-1, then /(m,F) = {{0,m} UA U
m+k+1,-} suchthat AC{m+2,....m+k—-1} and A

does not contain consecutive elements}.

Note that to compute the whole set .7 (m, F) is sufficient to give an algorithm which
computes all subsets of a set {a,a + 1,...,a + b}, given two positive integers a and b,

which does not contain consecutive elements.

Observe that to give a subset of {a,a + 1,...,a + b} it is equivalent to give an el-
ement in {0, 1}**!. In fact with this notation the element (xo, X1, . . ., Xp) represents the
subset{a+i|x; =1andi € {0,...,b}}. Therefore we need an algorithm that computes

b+1

all elements in {0, 1}""" which does not contain two 1s as consecutive numbers.

Algorithm 1
INPUT: n a positive integer.
OUTPUT: {(x1,...,x,) € {0, 1}" | x; - x;451 =0, forallie{l,...,n—1}}.

1: Ap = {(0), (D}.

2: Ay = {(al,...,ak, 1) | (al,...,ak) € Ay andak = O}U
{(ai,...,a,,0) | (ay,...,a;) € Ay}

3: return A,,.

Now let us compute 7 (m, F'), considering the case where F > 2m.
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Given a numerical semigroup S, denote by
AS)={F©)-iliefl,....m(S)-1}}.

Proposition 212. Let S be a numerical semigroup. Then S is an A-semigroup if and

only if {x,x + 1} £ S if {x,x+ 1} C A(S).

Proor. Necessity. Suppose that S is an A-semigroup. If {x,x+ 1} C §, then
F(S) < x and thus {x, x + 1} £ A(S).

Suf ficiency. If S is not an A-semigroup, then there exists {s,s + 1} € N(S).
Suppose that k = max{n e N|s+ 1+ nm(S) < F(S)}. Therefore, it is clear that
{s+km(S),s+1+km(S)CAS)NS. O

Let Aom,F) = {F—-1,...,F—-(m—-1}. If § € &/(m, F), we denote by B(S) =
{xe Am,F) | x ¢ S}. Note that as a consequence of Proposition we have that
{x,x+ 1} N B(S) # 0if {x,x+ 1} C A(m, F). Observe also that A(m, F) contains an
element multiple of m whichisin §.

Denote by
Bm,F) ={BC A(m, F)\(m) | {x,x+ 1}NB#0if {x,x+ 1} C A(m, F)}.
Given B € B(m, F), denote by
o/ (m, F,B) ={S | § is an A-semigroup with m(S) = m,F(S) = F and B(S) = B}.

Clearly < (m, F, B) # 0, because (m) U (A(m, F)\B) U{F + 1, >} € o/ (m, F, B).

It is easy to prove the following result.

Proposition 213. Let m and F be positive integers such that F > 2m and m { F.Then,
the set {7/ (m, F, B) | B € B(m, F)} is a partition of the set </ (m, F).
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7. Algorithm to compute <7 (m, F, B)

Our aim in this section is to describe an algorithm to compute .o/ (m, F, B), given
m and F positive integers such that m > 2, F > 2m and B € B(m, F). The idea of this

algorithm follows the following steps:

(1) First we will give an algorithm that computes all of the maximal elements in
< (m, F, B);
(2) for T € o/ (m, F, B), we will give an algorithm that computes all of the ele-

ments in <7 (m, F, B) which are contained in 7.

Proposition 214. Let C be a nonempty subset of N\{0} and m € N\{0}. Let
D(C,m) = {S | S is a numerical semigroup,m(S) =mand S N C = 0} and D(C) =
{S | S is a numerical semigroup and S N C = 0}. If P is a maximal element in D(C, m),

then there exists a maximal element T in D(C) such that P = T\{1,2,...,m — 1}.

Proor. If P is not a maximal element in D(C), then there exists a maximal element
T in D(C) such that P ¢ T. It is clear that T\{1,2,...,m — 1} is in D(C,m) and P C
T\{1,2,...,m—1}. Since P is a maximal element in D(C, m), then P = T\{1,2,...,m—
1}. m|

If C is a nonempty subset of N\{0}, then [RB19, Algorithm 1] computes the set

A (C) = Maximals {S | S is a numerical semigroup and S N C = 0}.

Algorithm 2

INPUT: m and F positive integers such thatm > 2, F > 2m, m ¢ F
and B € B(m, F).

OUTPUT: The set Maximals(.e/ (m, F, B)).

1: using the [RB19, Algorithm 1] computes .Z (B U {F}).
2: return Maximals {T\{1,2,...,m—1}| T € .#(B U {F})}.
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As the Algorithm 2 computes the set Maximals(e/(m, F, B)). Next, we de-

scribe an algorithm (Algorithm 3) which allows us to compute the set R(T) =
{S € d(m,F,B)|S CT}fromT € .o/ (m,F,B).

If § and T are numerical semigroups and S C 7, then we denote by F;(S) =

max(7'\S) called the Frobenius number of S restricted to T. By definition F(T) = —1.

As a consequence of [RGS09, Lemma 4.35] we have the following result.

Lemma 215. If S and T are numerical semigroups and S C T, then S U {Fr(S)} is

also a numerical semigroup.

If T is an element in </ (m, F, B), then T = max(R(T)). On the other hand if
{P,Q} C &/(m,F,B), then PN Q € o/(m, F, B). As a consequence of these two state-

ments and Lemma we have the next result.

Proposition 216. Let m and F be positive integers such thatm > 2, F > 2m, m { F
and B € B(m, F). If T € </ (m, F, B), then R(T) is a Frobenius R-variety.

We define the graph G(R(T)) as the graph whose vertices are the elements of R(T)
and (P,Q) € R(T) X R(T) is an edge if Q = P U {F7(P)}.
The following result can be deduced from [RR18, Corollary 4.5]

Proposition 217. Let m and F be positive integers such thatm > 2, F > 2m, m { F and
B e B(m,F). If T € o/ (m, F, B), then the graph G(R(T)) is a tree rooted in T. More-
over, the set of children of S is equal to {S\{x} | x € msg(S), x > Fy(S) and S \{x} €
R(T)}.

Note that S\{x} € R(T) if and only if S\{x} € &/ (m, F, B). As a consequence of
Proposition we have the next result.

Corollary 218. Let m and F be positive integers such that m > 2, F > 2m m { F,
B € B(m,F)and T € </ (m, F, B). Then, in the tree G(R(T)) the set of children of S is
equal to {S\{x} | x e msg(S), Fr(S) < x< F, x # mand x ¢ A(m, F)}.
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Example 219. Using Proposition and Corollary [218] let us construct recursively
the tree G(R(T')) with T = (6, 8, 10, 21,23, 25) € 7(6, 19, {15, 17}).

(6,8,10,21,23,25)

S

(6,10, 14,21,23,25) (6,8,21,23,25)

to

(6,14,16,21,23,25)

Algorithm 3

INPUT: m and F positive integers such thatm > 2, F > 2m, m ¥ F
and B € B(m, F).

OUTPUT: The set </ (m, F, B).

1: using the Algorithm 2 computes .# = Maximals(.<Z (m, F, B)).
2: foreach T € .# computes R(T).
3: return | J;c 4 R(T).




CHAPTER 5

Numerical semigroups coated with odd elements

A numerical semigroup S is coated with odd elements (Coe-semigroup), if
{x—1,x+ 1} € § for all odd element x in S. In this chapter, we will study this kind
of numerical semigroup. In particular, we are interested in the study of the Frobenius
number, genus and embedding dimension of a numerical semigroup of this type. In
addition, we solve the Frobenius problem for Coe-semigroups with embedding dimen-

sion three. The results of this chapter are submitted for publication.

1. Definitions and preliminaries

A numerical semigroup, S, is coated with odd elements, if {x — 1,x+ 1} € S for
all odd element x in S. Henceforth known as Coe-semigroup, which will be the object
of study in this work.

Denote by ¢ = {S | S is a Coe-semigroup}. In Section [2, we will show that, if
S € ¢ then S U {F(S),F(S) — 1} € €. This result will be used in Section [3] to order
the elements of ¢ in a rooted tree. We will characterize the children of a vertex in
this tree and this will allow us to give an algorithm procedure to obtain recursively the
elements of €.

In Section 4, we will see that given k an odd positive integer, then €' (k) =
{S | § is a Coe-semigroup and k € S} is a finite set. Moreover, given p a positive in-
teger, €(Frob < p) = {§ | § is a Coe-semigroup with F(S) < p} and €' (gen < p) =

{S | § is a Coe-semigroup with g(S) < p} are also finite sets. Following the same line

89
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of the previous section, we are going to order these three families of semigroups in a
rooted tree.

A Coe-monoid is a submonoid of (N, +) which can be expressed as an intersection
of Coe-semigroups. It is clear that the intersection of Coe-monoids is a Coe-monoid.
This allows us to introduce the smallest Coe-monoid containing a subset X of N, de-
noted by Coe(X). In Section |5, we will show that a submonoid M of (N, +) is an
Coe-monoid if and only if either M C {2k | k € N} or M is a Coe-semigroup. We will
give an algorithm to compute Coe(X) and will see that Coe(X) is a Coe-semigroup if
and only if X contains at least an odd element.

In Section |6 we will study the Coe-semigroups which are MED-semigroups.

Finally, in Section [/, we will study the Coe-semigroups with a unique odd minimal
generator. We will show that this kind of numerical semigroups are equal to the set
{T|T=25U({2s+1}+2S5), S is a numerical semigroup and {s, s+ 1} € §}. We will
give formulas for F(T), g(T') and e(T') as a function of F(S), g(S) and e(S ). From these
results, we will prove that if S verifies Wilf’s conjecture, then 7 also verifies the same
conjecture. In addition, we will solve the Frobenius problem for Coe-semigroups with

embedding dimension three.

2. First results

Note that N is a Coe-semigroup with m(lN) = 1 and F(N) = —1. Hence, if S is
a numerical semigroup and § # N, then we let us consider that m(S) € N\{0, 1} and

F(S) € N\{0}.

Proposition 220. If S is a Coe-semigroup and S # N, then m(S) is an even integer

and F(S) is an odd integer.

Proor. As § # N, then m(S) > 2 and F(S) > 1. If m(S) is odd, then we get

that m(S) — 1 € S, a contradiction. If F(S) is even, then F(S) + 1 is an odd element
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belonging to §. Hence, we obtain that (F(S) + 1) — 1 = F(§) € §, a contradiction

again. O

Proposition 221. Let S be a numerical semigroup. The following conditions are equiv-

alent.

(1) S is a Coe-semigroup.
(2) {x—1,x+ 1} C S forall odd element x in msg(S).

Proor. 1) implies 2) Trivial.
2) implies 1) Let s be an odd element in S. Clearly, there exists an odd element x
in msg(§), such that s — x € S. Then, we obtainthat s — 1 = x—-1+s—x € § and

s+1l=x+1+s—-—xe8§ andso S is a Coe-semigroup. O

Example 222. By applying Proposition 221} we have that S = (4,6,7) is a Coe-

semigroup, because {7 — 1,7+ 1} C S.
The next result has immediate proof.

Lemma 223. If S is a numerical semigroup such that S # N, then S U {F(S)} and

S U{F(S) — 1,F(S)} are also numerical semigroups.

Observe that, if S is a Coe-semigroup such that S # N, then we have that § U{F(S)}
is not necessarily a Coe-semigroup. In fact, S = {0, 6, 10, —} is a Coe-semigroup, but
S U{FS)} = {0,6,9,10,—} is not a Coe-semigroup. In addition, if S is a Coe-
semigroup then F(S) — 1 may or may not belong to S. Indeed, we have that § =
{0, 6,10, —} 1s a Coe-semigroup such that F(S) -1 ¢ S and T = {0,6,8,10, >} is a

Coe-semigroup such that F(T) -1 € T.

Lemma 224. If S is a Coe-semigroup such that S # N, then S U{F(S) - 1,F(S)}isa

Coe-semigroup.

Proor. Applying Lemma [223] we obtain that S U {F(S) — 1, F(S)} is a numerical
semigroup. We know that, by Proposition 220} F(S) is an odd integer. As {F(S) —
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LLES) + 1} € S U{F(S) — 1,F(S)}, we deduce that S U {F(S) — 1,F(S)} is a Coe-

semigroup. O

As a consequence of Lemma [224] we have all the ingredients needed to give
a recursive way of calculating a sequence of Coe-semigroups. For a given a Coe-

semigroup S :

.S():S’

e S _ SnU{F(Sn)_laF(Sn)} 1fSn5éN
TN otherwise.

The next result is trivial.

Proposition 225. If S is a Coe-semigroup, then there exists a sequence of Coe-
semigroups, S =S¢ < S1 C -+ € Sy =N. Furthermore, the cardinality of S;.1\S; is

lor2forallic{0,1,...,k—1}

We will refer to the previous sequence as the chain of Coe-semigroups associated
with S and k is the length of this chain, denoted by .

The following result is easy to prove.

Proposition 226. Let S be a Coe-semigroup. The cardinality of the set
{x e N\S | x is odd} is equal to Is.

Example 227. Clearly S = (6,8,13,14,15,17) ={0,6, 8, 12, —} is a Coe-semigroup.
The chain of Coe-semigrops associated to S is the following: § = S¢o € §; =
{0,6,8,10 »} € §, = {0,6,8, -} € §5 = {0,6,>} € S4 = {0,455} € S5 =
{0,2 -} € S¢ = N. The cardinality of {x € N\S | xisodd} = {1,3,5,7,9,11} is
6=1I.

3. The tree of Coe-semigroups

Our main goal in this section will be to build the tree whose vertex set is ¢ =

{S | § is a Coe-semigroup}.
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We define the graph G(%) as the graph whose vertices are elements of 4 and
(S, T)e € x€isanedgeif T =S U{F(S) - 1,F(S)}.

As a consequence of Proposition [225] we have the following.

Proposition 228. The graph G(¥) is a tree with root equal to N.

It is clear that we can build recursively the tree G(%), starting in N and we con-
nect each vertex with its children. Hence, we need to characterize the children of an
arbitrary vertex of this tree.

The next result is easy to prove.

Lemma 229. Let S be a numerical semigroup such that S # N and {x,x + 1} C S.

Then S\{x, x + 1} is a numerical semigroup if and only if {x, x + 1} C msg(S).

Lemma 230. Let S be a Coe-semigroup and let x be an odd element in msg(S), such
that x > F(S). Then S\{x} is a child of S in the tree G(%).

Proor. By Lemma we have that S \{x} is a numerical with F(S \{x}) = x. Since
x is odd then S \{x} is a Coe-semigroup and x — 1 € §. Moreover, we can deduce that
S\{x} U{FS\{xD),FS\{x}) —1}) = S\{x} U {x,x — 1} = S and thus S\{x} is a child
of S in the tree G(%). O

Lemma 231. Let S be a Coe-semigroup and let T be a child of S in the tree G(€) such
that g(T) = g(S) + 1. Then, there exists an odd element x in msg(S) with x > F(S)
such that T = S\{x}.

Proor. If T is a child of § such that g(T) = g(S) + 1, then we obtain that 7 U
{F(T)} = S and so T = S\{F(T)}. By using Lemma [31] we have that F(T") € msg(S)
and it is clear that F(S') < F(T'). Applying Proposition 220} we conclude that F(T') is
odd. ]

Lemma 232. Let S be a Coe-semigroup such that {F(S) + 1,F(S) + 2} C msg(S).
Then S\{F(S) + 1,F(S) + 2} is a child of S in the tree G(¥).
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Proor. By Lemma 229] we have that 7 = S\{F(S) + 1,F(S) + 2} is a numerical
semigroup such that F(T) = F(S) + 2. By applying Proposition 220, F(S) is odd
and so F(T) is also odd. Hence, we deduce that 7 is a Coe-semigroup. As § =

T U{F(T),F(T) — 1}, then we get that T is a child of S. O

Lemma 233. Let S be a Coe-semigroup and let T be a child of S in the tree
G(%) such that g(T) = g(S) + 2. Then, {F(S)+ 1,F(S)+2} C msg(S) and T =
SMFE(S) + 1,F(S) + 2}

Proor. If T is a child of §, then T is a Coe-semigroup and S = TU{F(T),F(T) — 1}.
Since g(T) = g(§) + 2, this implies that F(T) — 1 ¢ T. By applying Proposi-
tion F(T) is odd and so F(T) — 2 is also odd. As F(§) -1 ¢ T and T is
a Coe-semigroup, we obtain that F(T) — 2 ¢ T and thus F(S) = F(T) — 2. Con-
sequently, 7 = S\{F(S) + 1,F(S) + 2} and by using Lemma we conclude that
{F(S) + 1,F(S) + 2} € msg(S). O

As a consequence of Lemmas[230} 231} [232]and 233| we obtain the following result.

Theorem 234. Let S be a Coe-semigroup, then set of children of S in the tree G(%) is

equal to:

(1) {S\{x} | x is an odd element in msg(S) with x > F(S)} if
{F(S) + 1,E(S) + 2} € msg(§).

(2) {S\{x} | x is an odd element in msg(S) with x > F(S)} U
{S\UF(S) + 1,F(S) + 2}} if {F(S)+ 1,F(S) + 2} € msg(S).

It is clear that for all kK € N\{0} we have that {0, 2k, —} is a Coe-semigroup, this
implies that the set % has infinite cardinality.
The last theorem can be used to recurrently construct the tree G(%), starting in N,

containing the set of all Coe-semigroups.
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N
h
(2,3)
y ‘3\
(4,5,6,7) (2,5)

MVV &\ T 5
6,7,8,9,10,11)  (4,6,7,9) (4,5,6) 2,7)

Note that the numbers that appear on either side of the edges are the elements that

we remove from the vertex to obtain its child.

4. Examples of finite trees

Given k € N we denote by
€ (k) ={S | S is a Coe-semigroup and k € S }.

If k is an even positive integer and n € {x € N | x > k}, then ({k} + (2)) U{0,n, =} €
% (k) and so, in this case, % '(k) has infinite cardinality. Our first aim in this section is
to see that €’(k) has finite cardinality when £ is an odd positive integer.

If S is a numerical semigroup, then N\S is a finite set and so we obtain the follow-

ing result.

Lemma 235. If S is a numerical semigroup, then

{T | T is a numerical semigroup and S C T} is a finite set.
Proposition 236. If k is an odd positive integer, then € (k) is a nonempty finite set.

Proor. Since N € %'(k), then €'(k) # 0. If S € €(k), then we have that (k —

I,k,k+ 1) € S and it is clear that (k — 1, k, k + 1) is a numerical semigroup. Besides,
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% (k) € {T | T is a numerical semigroup and <k — 1,k,k+ 1) C T}. By Lemma

we can deduce that €'(k) is a finite set. O

The following result is easy to prove.

Lemma 237. Let k be a positive integer and let S € € (k) such that S # N. Then
S U{F(S),F(S) - 1} € € (k).

We define the graph G(%'(k)) as the graph whose vertices are elements of €’(k) and
(S,T) e € (k) x €(k)isanedgeif T =S U{F(S) — 1,F(S)}.

Using the same argument of Section [3) we have the following result.

Theorem 238. If k is a positive integer, then the graph G(%€'(k)) is a tree with root
equal to N. Furthermore, if S € € (k) then the set of children of S in the tree G(%€ (k))
is equal to:
(1) {S\{x} | x is an odd element in msg(S) with x > F(S) and x # k} if
{F(S) + LLE(S) + 2} € msg(S)\{k}.
(2) {S\{x} | x is an odd element in msg(S) with x > F(S) and x # k}
U{S\{F(S) + 1,F(S) + 2}} if {F(S) + 1,F(S) + 2} € msg(S)\{k}.

Example 239. We are going to build the tree G(%(5)).

N
K
2,3)
4,5,6,7) (2,5)

K

4,5,6)
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Given a positive integer F, denote by

¢ (Frob < F)={S | S is a Coe-semigroup with F(S) < F}.

Note that if S is an element in € (Frob < F), then {F +1,—} C S and thus

% (Frob < F) is a finite set.

The next result is easy to prove.

Lemma 240. Let F be a positive integer and let S € € (Frob < F) such that S # N.

Then S U{F(S),F(S) -1} € €(Frob < F).

F)) as follows: @ (Frob < F) is

A

Now, we define the graph G(¥¢'(Frob <
its set of vertices and (S,T) € €(Frob < F) X €(Frob < F) is an edge if

T =S U{F(S)—-1,F(S)}.
By using again the same argument of Section 3| we have the next result.

Theorem 241. If F is a positive integer, then the graph G(€ (Frob < F)) is a tree with
root equal to N. Furthermore, if S € € (Frob < F) then the set of children of S in the

tree G(6' (Frob < F)) is equal to:

(1) {S\{x} | x is an odd element in msg(S) with F(S) < x < F}

{F(S)+ 1,F(S) + 2} ¢ {x e msg(S) | x < F}.
(2) {S\{x} | x is an odd element in msg(S) with F(S) < x < F}
U{S\{F(S) + 1,E(S) + 21} if (F(S) + 1,F(S) + 2} C {x e msg(S) | x < F}.

Example 242. We are going to build the tree G(4'(Frob < 5)).
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N
h
(2,3)
y ‘3\
(4,5,6,7) (2,5)
M,M \5 T 5
(6,7,8,9,10,11) 4,6,7,9) (2,7)

Given a positive integer g, denote by
% (gen < g) ={S | S is a Coe-semigroup with g(S) < g}.

In [RGS09, Lemma 2.14] it is shown that, if S is a numerical semigroup then F(S') <
2g(S) — 1. Therefore, we obtain that €(gen < g) C € (Frob < 2g — 1) and so

@ (gen < g) is a finite set.

The next result is easy to prove.

Lemma 243. Let g be a positive integer and let S € € (gen < g) such that S # N.
Then S U{F(S),F(S)—1} € €(gen < g).

We define the graph G(%'(gen < g)) as follows: €' (gen < g) is its set of vertices
and (S,7) € €(gen < g) X €(gen < g)isanedge if T =S U{F(S) — 1,F(S)}.

By using again the same argument of Section (3| we have the next result.

Theorem 244. If g is a positive integer, then the graph G(€ (gen < g)) is a tree with
root equal to N. Furthermore, if S € € (gen < g) then the set of children of S in the

tree G(€'(gen < g)) is equal to:
(1) the set of children of S in the tree G(%) if g(S) < g — 2 (see Theorem[234).
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(2) {S\{x} | x is an odd element in msg(S) with x > F(S)} if g(S) = g — 1.
(3) the empty setif g(S) = g.

Example 245. We are going to build the tree G(¢(gen < 4)).

N
1
2,3) (D)
y '3\

(4,5,6,7) (3) (2,5)(2)

N s
(4,6,7,9) (4) 4,5,6) (4) 2,7)(3)

E
(2,99 @

Observe that the numbers that appear on the right side of each of the semigroups

are their genera.

5. Coe-monoids

It is well known that the intersection of finitely many numerical semigroups is a

numerical semigroup. Hence, the next result is easy to prove.

Proposition 246. The intersection of finitely many Coe-semigroups is a Coe-

semigroup.

Note that the previous result does not hold for infinite intersections. In fact, by
using Proposition[221] we can deduce that (2, 2k + 1) is a Coe-semigroup for all k € N

and (Men(2, 2k + 1) = (2) is not a numerical semigroup.
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Clearly, the intersection (finite or infinite) of numerical semigroups is a submonoid
of (NN, +). A Coe-monoid is a submonoid of (N, +) which can be expressed as an inter-
section of Coe-semigroups. Besides, the intersection of Coe-monoids is a Coe-monoid.
In view of this, given X a subset of N, we can define the Coe-monoid generated by X
as the intersection of all Coe-monoids containing X, denoted by Coe(X). Then, we
have that Coe(X) is the smallest Coe-monoid containing X.

The next result has immediate proof.

Proposition 247. If X is a subset of N, then Coe(X) is the intersection of all Coe-

semigroups that contain X.

If M is a Coe-monoid and X is a subset of N such that M = Coe(X), then we say
that X is a coe-system of generators of M.

The following properties are a direct consequence of the definitions.

Lemma 248. Let X and Y be subsets of N and let M be a Coe-monoid. Then the
following conditions hold:

(1) If X C Y then Coe(X) C Coe(Y),

(2) Coe(X) = Coe({X)),

(3) Coe(M) =M,

(4) Coe(X\{0}) = Coe(X),

(5) Coe(0) = {0}.

Proposition 249. Let M be a Coe-monoid such that M # {0}. Then there exists a
nonempty finite subset of N\{0} such that M = Coe(X).

Proor. We have that msg(M) is a nonempty finite subset N\{0O} such that M =
(msg(M)). By applying Lemma [248] we deduce that M = Coe(msg(M)). O

As a consequence of the previous proposition, we have the following result.
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Corollary 250. The set formed by all Coe-monoids is equal to
{Coe(X) | X is a nonempty finite subset of N\{0}} U {{O}}.

Given X a nonempty finite subset of N\{0}, our next aim in this section will be to

show a procedure that allows us to compute Coe(X).

Theorem 251. Let M be a submonoid of (N, +) such that M # {0}. The following

conditions are equivalent.

(1) M is a Coe-monoid.
(2) {x—1,x+ 1} C M for all odd element x in M.
(3) {x—1,x+ 1} C M for all odd element x in msg(M).

Proor. The equivalence between conditions 2) and 3) is analogous to the proof of
Proposition 221}

1) implies 2) If M is a Coe-monoid, then there exists a family {S;},c; of Coe-
semigroups such that M = (,;S;. If x is an odd element in M, then x € §; for all
iel. As{x—1,x+ 1} C §;foralli€ I, then we getthat {x — 1, x+ 1} C (), S: = M.

2) implies 1) It is clear that M, = M U {2k, —} is a Coe-semigroup for all k € N.

Hence, M = (a0 My is a Coe-monoid. O

Corollary 252. Let M be a submonoid of (N, +). Then M is a Coe-monoid if and only
if either M C (2) or M is a Coe-semigroup.

Proor. If M is a Coe-monoid that does not contain odd elements, then M C (2). On
the other hand, if x is an odd element in M, then by Theorem {(x—1,x,x+1} C
M. Therefore, we can conclude that M is a numerical semigroup which is a Coe-
semigroup.

Conversely, if M C (2), then, by applying condition 2) of Theorem 251] we get
that M is a Coe-monoid. Furthermore, if M is a Coe-semigroup, then it is a Coe-

monoid. u
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Corollary 253. If X is a subset of N\{0}, then Coe(X) is a submonoid of (N, +) gener-

ated by X U {x + 1| x is an odd element in X} U {x — 1 | x is an odd element in X}.

Proor. Let A = X U {x+1]|xisanoddelementin X} U
{x — 1] xis an odd element in X}. By condition 2) of Theorem we get that
(A) € Coe(X) and by condition 3) of Theorem we obtain that Coe(X) C A.
Whence, (A) = Coe(X). |

Example 254. By using Corollary 253 we obtain that Coe({4,7}) = (4,6,7,8) =
(4,6,7).

The following result is easy to prove.

Corollary 255. Let X be a subset of N\{0}. Then, Coe(X) is a Coe-semigroup if and

only if X contains at least one odd element.
6. Coe-semigroups with maximal embedding dimension
From [BDF97, Proposition 1.2.9] we can deduce the next result.

Lemma 256. Let S be a numerical semigroup. Then S is an MED-semigroup if and

only if {s —m(S) | s € S\{0}} is a numerical semigroup.

Proposition 257. Let S be a MED-semigroup such that S # N. Then S is a Coe-
semigroup if and only if m(S) is even and T = {—-m(S)} + (S\{0}) is a Coe-semigroup.

ProOF. Necessity. From Lemma we have that T is a numerical semigroup
and by Proposition m(S) is even. Let # be an odd element in 7. Then there
exists s € § such that # = s — m(S) and s is odd. Since S is a Coe-semigroup then
{s—1,s+1}CSandsof{r—1,r+1}={s—-1-m(S),s+1-m(S)} C T. Hence, T
is a Coe-semigroup.

Suf ficiency. Let s be an odd element in S'. Then s —m(S) is an odd element in 7.
As T is a Coe-semigroup then{s — 1 —m(S),s+1 -m(S)} C T andso{s— 1,5+ 1} C

S. Consequently, S is a Coe-semigroup. O
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From Lemma [256] is easy to prove the following result.

Lemma 258. If'S is a numerical semigroup and x € S\{0}, then S, = ({x}+S)U{0} is
a MED-semigroup with m(S ) = x. Moreover, every MED-semigroup is of this form.

Proposition 259. Let S be a Coe-semigroup and let x be an even element in S \{0}.
Then S = ({x} + S) U {0} is a Coe-semigroup with maximal embedding dimension.
Moreover, every Coe-semigroup with maximal embedding dimension, distinct of N, is

of this form.

Proor. By using Lemma we know that S, is a MED-semigroup with m(S ;) =
x. Clearly, that § = {—x} + (§,\{0}) and by Proposition we get that S is a Coe-
semigroup.

Now, let T be a Coe-semigroup with maximal embedding dimension, distinct from
N. By Proposition [220] we have that m(7') is even and, by Proposition 257] we deduce
that Q = {-m(7)} + (T'\{0}) is a Coe-semigroup. Finally, T = ({m(7)} + Q) U {0}

wherein Q is a Coe-semigroup and m(7') is an even element in Q. O

From [Ros03], we can deduce the next result.

Proposition 260. Le S be a numerical semigroup, x € S\{0} and T = ({x} +S) U {0}.
Then the following conditions hold:

(1) T is a MED-semigroup

(2) m(T) = x.

(3) F(T) =F(S) + x.

(4) &T)=g(S) +x- L

(5) msg(T) = Ap(S, x) + {x}.

Example 261. From Example [222| we have that S = (4,6,7) = {0,4,6,7,8, 10, =}
is a Coe-semigroup. Since 6 is an even element in S, then by applying Propositions
and we obtain that T = ({6} + S) U {0} is a Coe-semigroup with maximal
embedding dimension, m(7) = 6, F(T) =9+ 6 =15, g(T) =5+6—-1 = 10 and
msg(T) = Ap(S,6) + {6} ={0,4,7,8,11,15} + {6} = {6,10, 13, 14,17, 21}.
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7. Coe-semigroups with an unique odd minimal generator

Our first aim in this section is to prove Theorem[264] which can be used to construct

a whole set of Coe-semigroups with a unique odd minimal generator.

Lemma 262. Let S be a numerical semigroup and {s,s + 1} C S. Then T = 2S U({2s+
1} +2S) is a Coe-semigroup. Moreover, 2s + 1 is the unique odd minimal generator in

T.

Proor. The sum of two elements in 25 belongs to 2S. The sum of two elements
in {25 + 1} + 25 belongs to 25. The sum of an element in 25 and an element in
{25 + 1} + 2§ belongs to {2s + 1} + 25. As a result of the previous observations,
we can conclude that 7 is a numerical semigroup. Besides, if msg(§) = {nl, e np},
then {an, ey 2np, 28 + 1} is a system of generators of 7 and 2s + 1 is the unique
odd minimal generator in 7. Since {s,s + 1} € §, then {25,2s +2} € T and so, by

Proposition 221} we obtain that 7" is a Coe-semigroup. m]

Lemma 263. Let T be a Coe-semigroup, with T # N, and x the unique odd minimal
generator in T. Then there exists a numerical semigroup S suchthat T = 2S5 U({x}+2S)

and{%l,%+l}§S.

Proor. If A = {a € msg(T) | a is even}, then msg(T) = A U {x}. Since T is a Coe-
semigroup, then {x — 1, x+ 1} C T andso{x—1,x+ 1} C(A). Asged{x—1,x+ 1} =
2, then gcd {A} = 2 and therefore § = ({g |a € A}) is a numerical semigroup.

Since {x — 1,x+ 1} C (A), then 2x = (x — 1) + (x + 1) € (A) and we obtain that
T = (A) U ({x} + (A)). Besides, we have that (A) = 25, then T = 25 U ({x} + 25).

}:{%1,%1+1}§S. O

—_

Finally, if {x — 1, x + 1} C (A), then we get that {x;21 xt

|

As a consequence of Lemma’s and [263] we obtain the next result.

Theorem 264. If S is a numerical semigroup and {s,s + 1} C S, then T =25 U ({2s +
1} + 25) is a Coe-semigroup with an unique odd minimal generator. Moreover, every

Coe-semigroup with a unique odd minimal generator is of this form.
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Proposition 265. Let S be a numerical semigroup, and {s,s + 1} C S, then T =
28 U({2s + 1} + 2S). Then the following conditions hold:

(1) m(T) = 2m(S).

(2) F(T) =2F(S) + 2s + 1).

(3) &(T) =2g(S) +s.

(4) msg(T) = 2msg(S)) U {2s + 1}.

(5) e(T)=e(S) + 1.

Proor. (1) Trivial.

(2) It is sufficient to see that all even elements greater than 2F(S) and all odd
elements greater than 2s + 1 + 2F(S) belong to T. Since 2s + 1 + 2F(S) ¢ T,
then F(T) = 2s + 1 + 2F(S)

(3) The cardinality of the set of the even elements not in 7 is equal to g(S). The
set of the odd elements not in 7 is equal to {2k+ 1 | k€ {0,1,...,s—1}} U
{25+ 1+ 2x| x € N\S}. Hence, we get that g(T) = 2g(S) + s.

(4) If msg(S) = {n.....n,}, then T = (2ny,...,2n,, 25 + 1). In fact, 25 + 1 ¢
(2ny,...,2n,). In order to conclude the proof, it suffices to show that 2n; ¢
(2n,,...,2n,,2s + 1). Suppose that there exists {/11,/12,...,/1,,} C N such
that 2n; = 4;(2s + 1) + 2(2ny) + -+ + 4,(2n,). Hence, we get that 4, is
even and n; = %(ZS + 1)+ Aony + -+ -+ A,n,, with {%1 Aoy, /1,,} C N. Since

-1

msg(S) = {nl,...,np} and2s+1 € S, thenn; = 25+ 1. We have that s = '”T

and as {s,s + 1} C S, then {”12_1, ”12“} C S\{0} . Therefore, ’“2_1 + '”2“ =n

and so n; ¢ msg(S), a contradiction.
(5) Follow directly from the (4).

O

Example 266. If S = (5,7,9) then m(S) =5, F(S) = 13, g(5) = 8, msg(S) ={5,7,9}
and e(S) = 3. Since {14, 15} C S, then by Theorem[264] T = 2§ U ({29} + 2S) is a
Coe-semigroup. By Proposition[265] we obtain that m(T) = 10, F(T') = 55, g(T) = 30,
msg(7T) = {10, 14, 18,29} and e(T) = 4.
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Let S be a numerical semigroup. We say that s is a small element in S if s < F(S).
Denote by N(S) the set of all small elements in S and by n(S) its cardinality. Note that
F(S)+1=g(S)+n(S).

Proposition 267. Let S be a numerical semigroup, {s,s + 1} C S and T =25 U({2s+

1} + 2S). If S verifies Wilf’s conjecture, then T also verifies the same conjecture.

Proor. As n(T) = F(T) + 1 — g(T), then by Proposition [265] we have that
n(7T)=2FS)+Q2s+1)+1-02g(S)+s)=2FES)+1—-g(5))+s=2n(S) + 5. We

have that T verifies Wilf’s conjecture if

g(T) < (e(T) - D(T) =

2g(S)+s<e(S)2n(S) + 5) =

(e(S)-1Ds
—
Since S verifies Wilf’s conjecture, then g(S) < (e(S)— 1)n(S), n(S) > 0 and M >

g(S) = (e(S) = Dn(S) +n(S) +

0 and therefore T also verifies the same conjecture. O

Example 268. If S is a numerical semigroup with e(S) = 3, then by [DM06, Theorem
2.11], we have that § verifies Wilf’s conjecture. If {s, s + 1} € §, then by Proposition
265| we obtain that 7 = 25 U ({2s + 1} + 25) is a Coe-semigroup which verifies Wilf’s

conjecture.

We finish this section by studying the class of Coe-semigroups with embedding
dimension 1, 2, and 3. Clearly, the numerical semigroups, N and (2,2k + 1) with

k € N\{0}, are all Coe-semigroups with embedding dimension 1 and 2.

Lemma 269. If'S is a Coe-semigroup with e(S) = 3, then S has a unique odd minimal

generator.

Proor. If msg(S) = {n; < n, < n3}, then by Proposition 220, we get that n; is

an even integer. If n, and n3 are two odd integers, as {n, — 1,n, + 1} € T, then
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{n,—1,n, + 1} C (ny) and so n; = 2. Therefore, m(S) = 2 and e(S) < m(S) = 2

a contradiction. O

Proposition 270. Let a and b be positive integers such that 2 < a < b, gcd{a,b} = 1
and {s,s + 1} C (a,b). Then T = (2a,2b,2s + 1) is a Coe-semigroup with embedding
dimension 3. Moreover, every Coe-semigroup with embedding dimension 3 is of this

form.

Proor. As an immediate consequence of Theorem [264] Proposition [265] and
Lemma 269! m|

By applying Propositions [263] and Example [14] we obtain the next result.

Proposition 271. If S is a Coe-semigroup, msg(S) = {ny, ny, n3} and n3 an odd integer,
then:
(]) F(S):n3+%—n1 — ns.

(2) g(S) =" + (2 - 1)(Z -1

From [RGS09, Lemma 2.14] we know that if S is a numerical semigroup, then

a(8) > % Following the terminology introduced in [Kun70] a numerical semi-

group is symmetric if g(S) = %

By Proposition [271] we have the following result.

Corollary 272. If S is a Coe-semigroup with e(S) = 3, then S is a symmetric numeri-

cal semigroup.






CHAPTER 6

Numerical semigroups with distances no admissible between gaps

greater than its multiplicity

In this chapter, we will study the sets of numerical semigroups with distances
no admissible between gaps greater than its multiplicity, $(A), and the ones with
fixed multiplicity, P(A, m). First, we order the elements of $(A) in a tree with root
N. Second, we found that y(X), a partition of the set (A, m), is a Frobenius pseudo-
variety and the set (A, m) is a finite tree wherein its vertices are Frobenius pseudo-

varieties. The results of this chapter are submitted for publication.

1. Definitions and preliminaries

We denote by H(S) = {x e N\S | x > m(S)}.

Let A be a nonempty set of N\{O}. An PD(A)-semigroup is a numerical semi-
group S such that H(S) + A € §. Our main purpose in this work is to study
this class of numerical semigroups. In particular, we will study the sets P(A) =
{S | § is an PD(A)-semigroup} and P(A,m) = {S € P(A) | m(S) = m}. TIts study is
clearly motivated by generalizing to other classes of semigroups studied before, such

as:

(1) If we denote by &(m) the set of elementary numerical semigroups with
multiplicity m, then we have that E(m) = P({m}, m).

(2) In the first section of chapter 2, we studied numerical semigroups with
concentration two. It is easy to see that this class coincides with the set

P1}L, m)\O,.
109
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This work is organized as follows. In Section [2, we will order the elements of
P(A) to construct a tree with root N. This ordering will provide us with an algorithmic
procedure that allows us to recursively build the elements of P(A).

In Section |3, we will show that (A, m) has infinite cardinality if and only if m is
an even number and all elements in A are odd numbers.

If S is a numerical semigroup, we denote by P(S) = {xe€S |m<x<2mj.
A subset of m+1,m+2,...,2m—1}, X, is an PD(A,m)-set if X = P(S)
for some PD(A,m)-semigroup. If X is a PD(A,m)-set we denote by
v(X) = {SePDA,m)|P(S)=X}. In Section we will see that the set
{y(X) | X is a PD(A, m)-set} is a partition of the set (A, m). Furthermore, following
the notation introduced in [RR15], we will prove that y(X) is a Frobenius pseudo-
variety. We will show that the elements of the set {y(X) | X is an PD(A, m)-set} can be
ordered in a finite tree. From this, we will see the set P(A, m) is a finite tree wherein
its vertices are Frobenius pseudo-varieties.

Finally, in Section[5|we will provide algorithms to produce all elements in P(A, m)

with fixed genus or fixed Frobenius number.
2. The tree of PD(A)-semigroups

Throughout this chapter A will be a nonempty set of N\{0}. The next result is easy

to prove.

Lemma 273. If S is a PD(A)-semigroup and S # N, then S U {F(S)} is a PD(A)-

semigroup.

The above result enable us, given a PD(A)-semigroup S, to define recursively the

following sequence of a PD(A)-semigroups, as:

e 50=3S5,

oS . = S, U{FS,)} ifS, #N
TN otherwise.
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The next result is trivial.

Proposition 274. If S is a PD(A)-semigroup and {S,, | n € N} is the previous sequence

of numerical semigroups, then there exists k € N such that S = N.

We define G(P(A)) as the graph whose vertices are elements of P(A) and (S,7T) €
P(A) x P(A)is an edge if T = S U {F(S)}. As a consequence of Lemma [274] we have

the following.

Proposition 275. The graph G(P(A)) is a tree with root equal to N.

Clearly, we can construct the elements of the set (A) recursively, starting in N, we
connect each vertex with its children. Therefore, we need to characterize the children

of an arbitrary vertex of this tree.

Proposition 276. If S € P(A), then the set of children of S in the tree G(P(A)) is equal
to {S\{x} | x e msg(S), x > F(S) and x —a ¢ H(S\{x}), Ya € A}.

Proor. If T is a child of S, then T € P(A) and S = T U {F(T)}. Hence, we can
deduce that T = S\{F(T)}. Using Lemma we have that F(T) € msg(S) and as
S =T U{F(T)} then F(S) < F(T). Moreover, since T € P(A) and F(T) ¢ T, then
F(T)—a ¢ H(T) for all a € A.

Conversely, suppose that x € msg(S), x > F(S) and x —a ¢ H(S \{x}) forall a € A.
Then, by Lemma 31} S\{x} is a numerical semigroup with F(S\{x}) = x. By applying
x—a¢ HS\{x}) foralla € Aand S € P(A), we deduce that S \{x} € P(A). Finally, as
S = S\{x} UF(S\{x}) then S\{x} is a child of S in the tree G(P(A)). O

Observe that, since the ordinary numerical semigroup O,, € P(A) for all m € N,

then we get that the set $(A) has infinite cardinality.

Example 277. Let us construct the tree G(P({2})).
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N
h
(2,3)
/ ‘3\
3,4,5) (2,5)
/ \\

3. PD(A)-semigroups with a given multiplicity

From now on m denotes a positive integer greater than or equal to 2. Our first
aim in this section is to see which conditions must m and A fulfill so that (A, m) has
infinite cardinality.

If S is a numerical semigroup, then N\S is a finite set and so we get the following

result.

Lemma 278, Let S be a  numerical  semigroup, the  set

{T | T is a numerical semigroup and S C T} is a finite set.

Lemma 279. Let the hypothesis be as above. Then the following conditions hold:
(1) {S e P(A,m) | m+ 1€ S}is a finite set.
(2) {S € P(A,m) | 2m — 1 € S} is a finite set.
(3) Ifxeim+1,m+2,...,2m— 2}, then
{S e P(A,m) | {x,x+ 1} C H(S)} is a finite set.
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(4) If xe{m+1,m+2,...,2m— 2}, then
{S e P(A,m) | {x,x + 1} C S} is a finite set.

Proor. (1) Since gcd{m,m + 1} = I, then by Lemma
we get that (m,m + 1) is a numerical semigroup with mul-
tiplicity — m. It is clear that {S €ePA,m)|m+1€S} c
{T | T is a numerical semigroup and (m,m+ 1) C T} and, by Lemma
the last set is finite.

(2) The proof is similar to 1) using 2m — 1 in place of m + 1.

3)As {x,x + 1} < H(S), if a € A, then {x + a,x + a +
1} € § and ged{x + a,x + a + 1} = 1 To conclude the
proof it is enough to note that {S € P(A,m)|{x,x+ 1} C H(S)} C
{T | T is a numerical semigroup and {x + a,x +a+ 1) C T} and, by Lemma
the last set is finite.

4) Clearly {S € PAm | {xx + 1} < S} < (T |
T is a numerical semigroup and (x,x + 1) € T} and, again by Lemma
the last set is finite.

O

Lemma 280. With the notation above, if P(A, m) has infinite cardinality, then m is an

even number.

Proor. By using (1) and (3) of Lemma we deduce that if the
set P(A,m) has infinite cardinality, then {S € P(A,m)|m+1¢S andm+2 € S}
is also an infinite set. Since {SePAm)|m+1¢Sandm+2e€S} C
{T | T is a numerical semigroup and {m,m +2) C T}. By applying Lemmas |1| and
2’78, we obtain that gcd{m,m + 2} # 1. Therefore gcd{m,m + 2} = 2 and so m is

an even number. O

Lemma 281. With the notation above, if P(A, m) has infinite cardinality, then all ele-

ments in A are odd numbers.
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Proor. For the same reasons as  previously, we  have that
{SePAm)|m+1¢Sandm+2e€S} is an infinite set. If a € A, then we get
that mm+2,m+1+a} C€ S and {SePAm)|m+1¢Sandm+2€S} C
{T | T is a numerical semigroup and {(m,m +2,m+1+a) C T}. By using Lemma

2’78, we can deduce that gcd{m,m + 2,m + 1 + a} = gcd{m,2,1 + a} # 1. Hence

gcd{m, 2,1+ a} = 2 and so a is an odd number. O
We are ready to show the above-announced result.

Theorem 282. With the notation above, the set P(A, m) has infinite cardinality if and

only if m is an even number and all elements in A are odd numbers.

Proor. Necessity. This is an immediate consequence of Lemmas and
Suf ficiency. Suppose that m is an even number. For each n € {m, —} we denote

by S(n) = {2k | k € {0 z —>} } U {n, —}. It is easy to see that S (n) € (A, m) and thus

PR

P(A, m) has infinite cardinality. O

We define the graph G(P(A,m)) as the graph whose vertices are elements of
P(A,m) and (S,T) € P(A,m) X P(A,m) is an edge if T = S U {F(S)}. In the same

way, as in Section [2, we have the following result.

Proposition 283. The graph G(P(A, m)) is a tree with root equal to the ordinary nu-
merical semigroup O,,. Furthermore, the set of children of S in the tree G(P(A, m)) is

equal to {S\{x} | x € msg(S), x # m, x > F(S) and x — a ¢ H(S \{x}), Ya € A}.

In the next examples, we are going to build the trees G(P({2},4)) and G(P ({3}, 4)).

Observe that by Theorem [282] we get that the first is finite and the second is infinite.

Example 284. We are going to build the finite tree G(P({2}, 4)).
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(4,5,6,7)
(4,6,7,9) 4,5,7) 4,5,6)

A
4,7,9,10) 4,6,7) (4,5,11)
/ o
4,7,10,13) (4,7,9) 4,5)
10 13

4,7,13) (4,7,10)

13
4, 7,17)

17
4.7

Example 285. We are going to construct the infinite tree G(P({3},4)).
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4,5,6,7)
4,6,7,9) 4,5,7) 4,5,6)
RN
4,7,9,10) 4,6,9,11%X4,6,7) <(4,5,11)

e A

(4,9,10,11) (4,7,9) (4,6,11,13)¢4,6,9) 4,5)

11 1 13
(4,9,10,15) (4,6,13,15) (4,6,11)

SIS

(4,9,10) (4,6,15,17) (4,6,13)

4. Partition of the set P(A, m)

Given a numerical semigroup S, we denote by
PS)={xeS | m(S)+1<x<2m(S)— 1} and by
PS)={m(S)+1,...,2m(S) — 1} \{P(S)}.

Proposition 286. Let S be a numerical semigroup. Then S is an PD(A)-semigroup if
and only if P(S)+ A CS.

Proor. As P(S) C H(S),if x € P(S) then x € H(S) and so {x}+A C §. Conversely,
ifhe HS)theni = hmodm € {l,...,m—1}and m + i € P(S). Moreover, there

exists g € Nsuchthat h =m+ i+ g.m. Hence, {h}+ A={m+i}+A+{gm}CS. O

Let R be the equivalence relation defined on P(A, m) by

S RT if and only if P(S) = P(T).
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Let [.S'] denote the class of S € P(A, m) modulo R, i.e.,
[S]={TePA,m)|SRT}.
Hence, the quotient set of (A, m) induced by R is the set
PA,mR={[S]]|S € PA,m)}.

The power set of a set X is the set of all subsets of X, denoted by P(X) =
{(Y|YcXj.
Proposition 287. The correspondence

¢:PAmMR—-P({m+1,....2m—1})

such that ([S]) = P(S) is an injective map.

Proor. Clearly, ¢ is a map, because if [S] = [T] then S R T and so P(T) = P(S).

Since ¢([S]) = ¢([T]) implies that P(T) = P(S) and thus [S] = [T], we get that ¢ is

injective. o

An PD(A, m)-set is a subset, X, of {m+1,...,2m — 1} that verifies: if a € A,

befm+1,....2m—-1}\Xandm+1<a+b<2m-1,thena+b e X.

Proposition 288. If ¢ is the map defined in Proposition then Im(p) =
{X | X is a PD(A, m)-set}.

Proor. If X € Im(yp), then there exists S € P(A, m) such that P(S) = X and thus
Xc{m+1,....2m—1}. Still,ifac A,be{m+1,...,2m—1}\X then b € H(S) and
soa+b € S. Consequently,if m+1 <a+b <2m-1,thena+ b € X. Hence, we
obtain that X is an PD(A, m)-set.

Conversely, if X is a PD(A, m)-set, then we deduce that S x = {0, m}UXU{2m, —} €
P(A, m) and P(S x) = X. Wherefore, X € Im(p). O

Given X a PD(A, m)-set, we denote by y(X) = {S e P(A,m) | P(S) = X}. As a
consequence of Propositions and [288] we establish the following result.
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Theorem 289. With notation above, the set {y(X) | X is a PD(A, m)-set} defines a (dis-
joint) partition of P(A, m).

Our aim in this section is to prove that if X is a PD(A, m)-set, then y(X) is a Frobe-

nius pseudo-variety.
Proposition 290. If X is a PD(A, m)-set, then y(X) is a Frobenius pseudo-variety.

Proor. Clearly, Sx = {0,m} U X U {2m, —} is the maximum element in the set
PA,m). If {S, T} € y(X), then P(S) = X and P(T) = X. Hence, we can conclude that
P(SNT)=Xandso P(SNT) = P(S) = P(T). By using Proposition , we have
that W+A = W+A CSNTandthus S NT € P(A,m). Consequently, S N T

is an element of y(X).

IfS € y(X)and S # Sy, then we obtain that F(S) > 2m and thus S U {F(S)} €
v(X). O

Following the notation introduced in [BR12a] a numerical semigroup S is elemen-
tary if F(S) < 2m(S). In [RB22] a broad study of these semigroups is carried out
which were also studied in [KY13|] and [Zha10].

Proposition 291. The following conditions are equivalent.

(1) S is an elementary numerical semigroup and S € P(A, m) .

(2) S = S for some PD(A, m)-set X.

Proor. 1) implies 2). By Proposition 288] we obtain that P(S) is a PD(A, m)-set.
If S is elementary, then {2m, —} C § and thus § = {0,m} U P(S) U {2m, —} = S p().
2) implies 1). From the proof of Proposition 290} we have that S x € (A, m) and

so S x is an elementary numerical semigroup. O

Let 8(A,m) = {S € P(A,m) | S is elementary} = {Syx | X is an PD(A, m)-set}. The
maximum element in the set &(A, m) is the ordinary numerical semigroup O,,. From

Lemma[273] we can deduce the following result.
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Lemma 292. IfS € E&(A,m)and S # O, then S U{F(S)} € E(A, m).

The previous result allows us, given S € E(A, m) to define recursively the following

sequence of elements in E(A, m) as:

e 50=325,
oS . = S, U{R(S,)) if S, # O,
=17 0, otherwise.

Now, we define the graph G(E(A, m)) as the graph whose vertices are elements of
EA,m)and (S, T) € E(A,m)xEA, m)isanedgeif T = S U{F(S)}. Itis easy to prove

the following result.

Proposition 293. The graph G(E(A, m)) is a finite tree with root equal to the ordinary

numerical semigroup Q,,.

It is clear that, if X is a PD(A, m)-set, then y(X) = [Sx]. As a consequence of
Theorem 289]and Proposition [291] we obtain the next result.

Proposition 294. With notation above, the set {[S]|S € E(A, m} defines a (disjoint)
partition of P(A, m).

By using Propositions [290] [293] and 294] we can formulate the following result.

Corollary 295. The set P(A,m) is a finite tree in which each vertex is a Frobenius

pseudo-variety.

5. Algorithms for computing all the elements in (A, m)

From Theorem we deduce that {y(X) | X is a PD(A, m)-set} is a partition of
the set P(A,m). Hence, in order to determine explicitly the elements in P(A, m) we
will need:

(1) an algorithm to compute the set of all PD(A, m)-set.

(2) an algorithm to compute the set y(X), given X an PD(A, m)-set.
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In the literature, one finds many algorithms devoted to computing the power set of
aset{m+1,...,2m— 1}, i.e., P({m+ 1,...,2m — 1}). Moreover, it is easy to check
whether an element in this set is or isn’t an PD(A, m)-set. As we have issue (1) solved,

then we give the following example.

Example 296. Let us fully compute the set PD({2}, 5)-set. We need the set

P({6,7,8,9}) = {0,{6}, {7}, {8}, {9}, {6, 7}, {6, 8}, {6, 9}, {7, 8}, {7, 9},
{8,9},16,7,8},1{6,7,9},16,8,9},{7,8,9},{6,7,8,9} }.

Note that X C {6,7, 8,9} is a PD({2}, 5)-set if fulfills the following: if 6 ¢ X then 8 € X
and if 7 ¢ X then 9 € X. Hence, the PD({2}, 5)-set are

{6,7},1{6,9},{7, 8}, {8,9},{6,7,8},{6,7,9},{6,8,9},{7,8,9},{6,7,8,9} .

Our main goal in this section is to solve the issue 2). By Proposition 290} we know
that Sy = {0,m} U X U {2m, —} is the maximum element in y(X) and if S € y(X) such
that S # Sx, then § U{F(S)} € v(X). Moreover, S x is the unique element in y(X) such
that F(S x) < 2m.

If X is a PD(A, m)-set and S € y(X), then we can define recursively the following

sequence of elements in y(X):

e S5p=2,

v | SuUIES) ifF(S,) > 2m
TS n otherwise.

The next result has immediate proof.

Lemma 297. If X is a PD(A, m)-set, S € y(X) and {S, | n € N} is the previous se-

quence of numerical semigroups in y(X), then there exists k € N such that S, = Sx.

We define the graph G(y(X)) as the graph whose vertices are elements of y(X) and
(S, 7T) e y(X)xy(X)isanedge if T =S U{F(S)}. It is not hard to prove the following

result.
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Proposition 298. If X is a PD(A, m)-set, then the graph G(y(X)) is a tree with root

equal to Sy.

Furthermore, the set of children of S in the tree G(y(X)) is equal to

{S\{b} | b € msg(S), b > max{F(S),2m}, and b —a ¢ H(S\{b}), Ya € A}.

We illustrate the above results with the following example.

Example 299. Clearly the set {16, 17} is a PD({6},9)-set. Let us compute the graph
G(y({16,17})). By using Proposition [298], the graph G(y({16, 17})) is a tree with root

equal to S {16,17} {O 9} {16, 17} U

{18, -} =(9,16,17,19,20,21,22,23,24).

Using again Proposition we compute the children of each vertex.

9,16,17,19,20,21,22,23,24)

22 24
23

9,16,17,19,20,21,23,24,31)
'(9,16,17, 19,20, 21 22,24)

/ N
9,16,17,19,20,21,24,31)

24

9,16,17,19,20,21,24)

9,16,17,19,20,21,31)

31

9,16,17,19,20,21)

(9, 16,17,19,20,21,23, 31)
(9,16,17,19,20,21,23,24)

9,16,17,19,20,21,22,2

S

9,16,17,19,20,21,22

Now our aim is to give an algorithm to compute all elements in P(A, m) with a

given genus. For this purpose, we need to introduce some concepts and results.

Remember that N(G, k) =

The next result is easy to prove.

vldg(v) =

k} denotes the set of vertices v with depth
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Proposition 300. Let m € N\{0, 1} and k € N. Then the following conditions hold.
(1) N(GPA,m), k) = (S € P(A,m) | 2(S)=m—1+kl.
(2) N(GP(A,m)),k+ 1) ={S | S is a child of an element in N(G(P(A, m)), k)}.
(3) If P(A, m) is an infinite set, then {g(S) | S € P(A,m)} = {m—1,>}.
(4) If PA,m) is a finite set, then {g(S)|S € P(A,m)} =
m—1,m,....m—1+ h(GP(A, m)))}.

We are ready to present the advertised algorithm.

Algorithm 301. Input: g a positive integer greater than or equal to m — 1.
Output: The set {S € P(A,m) | g(S) = g}.
1) Start withi=m—land X = {(m,m+1,---,2m— 1)}.
2) If i = g, then return X.
3) For each S € X compute
Bs ={T | T is achild of S € G(P(A, m))}.
4) If the set  Jgex Bs = 0, return 0.
5) X = Ugex Bs, 1 =1+ 1and go to step 2).

With Proposition in mind, let us see in an example how our algorithm works.

Example 302. Let us compute the set {S € P({3},4) | g(S) = 6}.

(1) Start withi =3 and X = (4,5,6,7).

(2) The first loop constructs Buse7, = {(4,6,7,9),(4,5,7),¢4,5,6)} and then
X ={(4,6,7,9),(4,5,7),(4,5,6)},i = 4.

(3) The second loop constructs
Bue79y =1{(4,7,9,10),(4,6,9,11),(4,6,7)},
Buszy ={(4,5,11)} and B s6y = 0 and then
X =1{4,7,9,10),¢(4,6,9,11),(4,6,7),¢4,5,11)},i = 5.

(4) The third loop constructs Bu7910y = {(4,9,10,11),¢4,7,9)}, Bueoiy =
{(4,6,11,13),(4,6,9)} and B467, = 0 and



5. ALGORITHMS FOR COMPUTING ALL THE ELEMENTS IN P(A, M) 123
Busay = {(4,5)) then
X =1{4,9,10,11),¢4,7,9),(4,6,11,13),¢4,6,9),(4,5)},i = 6.
(5) Return {S € P({3},4) | g(S) = 6} =
= {(4,9,10,11),¢4,7,9),(4,6,11,13),(4,6,9),(4,5)}.

We finish this section showing an algorithm that allows us to compute all elements
in P(A, m), with a given Frobenius number. The operation of this algorithm is based
on the fact that if S is a vertex of the tree G(P(A, m)) then every descendant of S has a

Frobenius number greater than F(S).

Algorithm 303. Input: F a positive integer greater than or equal tom — 1 and m ¢ F.
Output: The set {S € P(A,m) | F(S) = F}

1) Start withC =0Qand X = {{m,m+1,...,2m— 1)}
2) For each S € X compute
Bs ={T | T isachild of § € G(P(A,m))},
Cs ={T € Bs | F(T) = F}and Ds ={T € Bs | F(T) < F}.
3) Do C = C U {Usex Cs}-
4) If the set ( Jgex Ds = 0, return C.
5) Do X = [ Jgex Ds and go to step 2).

Example 304. Let us compute the set {S € P({3},4) | F(S) = 7}.

(1) Start with with C =0 and X = (4,5,6,7).
(2) The first loop constructs Buse7y = {(4,6,7,9),(4,5,7),(4,5,6)}, Cia567) =
{(4,5,6)} and D567y = {(4,6,7,9),¢4,5,7} then
C={4,56)and X = {(4,6,7,9),(4,5,7)}.
(3) The second loop constructs
Bugro =1(4,7,9,10),¢(4,6,9,11),¢4,6,7)},
Cupr9) = {(4,6,9,11)} and Dis679) = {(4,7,9,10),(4,6,7)},
and it constructs By s7, = {(4,5,11)} and Cu57y = {{(4,5,11)} and Dy 57y = 0
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then C = {(4,5,6),(4,6,9,11),(4,5,11)} and
X ={(4,7,9,10),(4,6,7)}.

(4) The third loop constructs Bu79.10y = {(4,9,10,11),(4,7,9)} and Ca79.10y =
{(4,9,10, 11)} and D(479.10y = {{(4,7,9)} and it constructs B ¢7, = 0 then
C=1{4,5,6),(4,6,9,11),(4,5,11),¢(4,9,10, 11)}, X = {(4,7,9)}.

(5) The fourth loop constructs B 79, = 0 then
C =1{4,5,6),(4,6,9,11),¢(4,5,11),¢(4,9,10, 11)}.

(6) Return {S € P({3},4) | F(S) =7} =
={{4,5,6),(4,6,9,11),(4,5,11),¢(4,9,10, 11)}.



CHAPTER 7

Frobenius R-variety of the numerical semigroups containing a

given semigroup

In this chapter, we will study Frobenius R-variety of the numerical semigroups

containing a given one. This study was published in [RBT22a].
1. Definitions and preliminaries

Throughout this chapter A will denote a numerical semigroup and
R(A) :={S | S is a numerical semigroup and S C A}.

If §$ € R(A) and § # A, then we denote by FA(S) := max(A\S) and ga(§S) :=
#(A\S) called the Frobenius number and genus of S restricted to A, respectively.
By definition Fp(A) = —1.

In section [2} we start by seeing that R(A) is a Frobenius R-variety which can be
arranged in a tree rooted. From this, given a nonnegative integer g, we exhibit an
algorithmic process to determine the set {S € R(A) | ga(S) = g}.

We denote by

a(A, g) :=#{S €R(A) | ga($) = g}
To determine (N, g) is a classic problem that has been widely treated in the literature
(see for example [Eli10], [Kap12], [Zhal0] and [Zhal3]). Some of these works are
motivated by Bras-Amoros’s conjecture [BA08] which says that a(N, g) < a(N, g+1)
for a fixed nonnegative integer g. This assumption is still open. In this section, we
generalize Bras-Amords’s conjecture in as follows:

e Given A and g € N then a(A, g2) < a(A, g + 1)?
125
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In section |3| we generalize the Frobenius problem in the following way:

e Given A, to find formulas in terms of the elements in A and msg(S) to compute
FA(S) and ga(S5).

We will see how this new problem is open for embedding dimension two.

The set of gaps of the first type is defined as N(§) = {x e N\S | F(§) —x € S}
and the set of gaps of the second type as N(S) ={xeN\S | F(S)—x ¢ S}. So,
in a similar way, for § € R(A) we define No(S) = {x € S | FA(S) —x € A}, NA(S) =
{x €S | x <Fx(S)and FA(S) — x & A}, na(S) = #NA(S) and 715(S) = #NA(S).

Let S € R(A) such that S # A. An integer f € A\S is called a pseudo-Frobenius
number of § restricted to A if f + S\{0} € §. We will denote by PFA(S) the set
of pseudo-Frobenius numbers of § restricted to A and its carnality is the type of §
restricted to A, denoted by tA(S).

In section 4 we show that x € A\S if and only if there exists f € PFA(S) such
that f — x € §. As a consequence we obtain that the following inequality g (S) <
tA(S)(nA(S) + 1na(S)) holds.

Wilf conjecture [Wil78] can be reestated as gn(S) < (e(S) — D(mn(S) + nu(S)).
A deduction from Wilf’s original question has already been presented on page 4 In
section 4| we generalize the Wilf’s conjecture in the following way:

o If S € R(A), then ga(S) < (e(S) — D(na(S) + na(S5))?

A numerical semigroup S € R(A) is R(A)-irreducible if it cannot be expressed
as the intersection of two numerical semigroups of R(A) properly containing it. In

section |5| we see that if § € R(A) is an R(A)-irreducible numerical semigroup if and

only if PFA(S) = {Fa(S)} or PFA(S) = {FA(S ), FAZ(S)}. Furthermore, we show that

PFA(S) = {FA(S)} (respectively PFa(S) = {Fa(S), 2422} if and only if ga($) = na(S)
(respectively ga(S) = na(S) + 1 and FAT(S) e A).
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2. Frobenius R-variety

Let A be a numerical semigroup and recall that R(A) denotes the set of all numerical
semigroups contained in A. Remember that the next result is deduced from [RGS09,

Lemma 4.35]).

Lemma 305. Let S and T be two numerical semigroups such that S € T. Then

S U {max(T\S)} is also a numerical semigroup.

As a consequence of the previous lemma, we obtain that if S € R(A) and § # A
then S U {FA(S)} € R(A). From here, we can deduce the following result (this is also a

consequence of [RR18, Example 2.3]).

Proposition 306. If A is a numerical semigroup then R(A) is a Frobenius R-variety.

Furthermore A = max (R(A)).

We define the graph G(R(A)) as follows: R(A) is its set of vertices and (S,7) €
R(A)xR(A)isaedgeif T =S U {FA(S)}.
The following result can be deduced from Theorem

Theorem 307. The graph G(R(A)) is a tree rooted in A. Moreover, the set of children
of S is equal to {S\{x} | x € msg(S) and x > Fx(S)}.

In order to recurrently build the tree G(R(A)), starting from A, it is sufficient to
compute the children of each vertex of G(R(A)). However, by applying Theorem [307}
we can build the G(R((2, 5))). Since R({2, 5)) has infinite cardinal it is not possible to

build a whole tree, thus the hanging points indicate that the process continues.

Example 308. We are going to build the G(R(({2,5))). Thus, we obtain the next di-
agram, where each vertex is represented by its minimal system of generators as a

numerical semigroup.



128 7. FROBENIUS R-VARIETY OF THE NUMERICAL SEMIGROUPS

2,5)
F=3
FA(S) = 2, F:/ \
e (S)=1 (4,5,6,7) 2,7
ga(S) =2 / 5 \\ 7
(5,6,7,8,9) 4,6,7 4,5,7) (4,5,6) (2,9)
// l\\ / \ 17 )

(6. 11x: 7, 8 9,115, 6, 8 9%5,6,7,9%5, 6,7, 8X4,7,9,10¥4, 6,9, 11X4, 6,7) (4,5, 11) (2,11)

Ficure 1. The first three layers of the tree G(R((2, 5))).

The number that appears on either side of the edges is the element that we remove
from the semigroup to obtain its child. Note that, this number becomes the Frobenius
number of the new child restricted to (2, 5).

The next result is easy to prove.

Proposition 309. If k € N then the following conditions hold.

(1) N(G(R(Q)),k) = {S € R(A) | ga($) = K.
(2) N(G(R(A)),k+1) ={S € R(A) | S is a child of an element in N(G(R(A)), k))}.

The following algorithm computes all the elements in R(A) of a given genus re-

stricted.

Algorithm 310.
INPUT: g nonnegative integer.
Output: The set {S € R(A) | ga(S) = g}
(1) A={A},i=0.
(2) If i = g then return A.
(3) For each S € A compute the set Bg = {x € msg(S) | x > Fa(S)}.
4) A:=UsealS\{x} | x € Bs},i =i+ 1 and go to step 2.
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Example 311. Suppose that A = (2,5). Let us compute the set {S € R(A) | ga(S) = 3}
using Algorithm 310

(1) Start A =(2,5),i=0.

(2) the first loop constructs B, sy = {2,5} then A = {(4,5,6,7),(2,7)},i = 1.

(3) the second loop constructs Buse7, = {4,5,6,7}, Bpo7, = {7} then A =
{(5,6,7,8,9),(4,6,7,9),(4,5,7),(4,5,6),(2,9)},i = 2.

(4) the third loop constructs B(56,78.9 = {5,6,7,8,9},
Buer9y = 16,7,9}, Busyn = {7}, Busey = 0, Bpo =
{9y then A = {¢6,8,9,10,11),(5,7,8,9,11),(5,6,8,9),

(5,6,7,9),¢5,6,7,8),{(4,7,9,10),(4,6,9,11),(4,6,7),(4,5,11), (2, 11)}.

Hence {S € R(A)|ga(S)=3} = {6,7,8,9,10,11),¢5,7,8,9,11),(5,6,8,9),
(5,6,7,9),(5,6,7,8),(4,7,9,10),¢4,6,9,11),(4,6,7),(4,5,11), (2, L )}.

Bras-Amor6s has computed the number of semigroups of genus at most 50 and left

us the next conjecture.

Conjecture 312. [BAO8] If g € N then a(N, g) < a(N, g + 1).

Note that, by using Algorithm [310] we can compute the “first elements” of the se-

quence {a(A, g)},¢ and thus we generalize the Bras-Amoros’s conjecture as follows.
Conjecture 313. If g € N then a(A,g) < a(A,g + 1).

3. Frobenius problem

Notice that the Frobenius problem consists in finding formulas in terms of the
minimal generating set of a numerical semigroup S for Fy(S) and gn(S).

Now, we generalize the Frobenius problem in the following way: given a numerical
semigroup A, to find formulas in terms of the elements in msg(S) to compute FA(S)

and ga(S).
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Observe, that this problem is open for embedding dimension two. Naturally the
need arises to find formulas for Fx({a, b)) and ga({a, b)) whether {a, b} € A\{0} such
that gcd({a, b)) = 1.

Theorem 314. Let S € R(A) such that S # A, n € S\{0}, w(@) €
Ap(A,n) and w' (@) € Ap(S,n) for all i € {1,....,n — 1}. Then there ex-
ists (ki,...,ko—1) € N'U such that w(i) = w(i) + kn. Moreover, FA(S) =

max {w(@) + kin | k; e N\{O}and i € {1,...,n—1}} —nand ga(S) =ky + -+ - + k,_1.

Proor. Since § € R(A) we have that w(i) < w'(i) foralli € {1,...,n—1}. As
w’ (i) = w(i)mod n then there exists k; € N such that w/(i) = w(i) + k;n. Note that if
ki =0foralli € {1,...,n— 1} then § = A. Hence, there exists some k; # 0 with
iefl,...,n—1}

By definition, we have FA(S) € A\S and FAo(S) + n € S, then FA(S) +
n € Ap(S,n)\{0}. Hence, we obtain that FA(S) + n = w() + kn for
some i € {l,....,n — 1} and k;, # O. As a consequence, Fa(S) <
max {w(i) + kin | k; e N\{O}andi € {1,...,n—1}} — n. On the other hand, if k; # O
withi e {l,...,n— 1}, then w(i) + ksn — n € A\S and thus w(i) + kin — n < Fa(S). We
conclude that FA(S) = max {w(i) + k,n | k; e N\{O} andi e {1,...,n—1}} — n.

It is clear that x € A\S if and only if w(x mod n) < x < w'(x mod n). Then
AS = {w@)+tn|t€{0,...,k—1}, kK, e N\{0}, andi € {l,...,n—1}}. Therefore,
we get that ga(S) =k + -+ + k1. O

Let S be a numerical semigroup and n € S\{0}. Since Ap(N,n) = {0 = w(0),1 =
w(l),...,n—1=w(n - 1)} and by Theorem [314|there exists (ki, ..., k,_;) € N*"! such
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that Ap(S,n) ={0 =w'(0),l + kkpn =w'(1),...,n—1 + k,_yn = w'(n — 1)}. Whence,
an(S) =k +---+k,y =

1
=—(kn+1+---+kn+n-1-1+---+n-1)) =
n

:%(w'(l)+---+w'(n—1)—n(n_l)).

2

Consequently, gn(S) = % (wae Ap(S.) w’) - (";1) which is the well-known formula given

by Selmer in [Sel77].

Proposition 315. Let S € R(A). Then na(S) < ga(S) < #{x € A\{0} | x < FA(S)}.

Proor. If x € §, then FA(S) — x ¢ S. Therefore, the map
NA(S) = A\S, x> FA(S) — x
is injective, which proves that ny(S) < ga(§).

Clearly, if x € A\S then x € A\{0} and x < F(S). This implies that go(S) <

#{x € A\{0} | x < FA(S)}. O

Let § be a numerical semigroup. Then, we have that Ny(S) =
{xeS |Fu(S)—xeN}={xeS |x<Fun(S)} and the carnality of the set
{x € N\{0} | x < Fy(S)} is equal to Fy(S). From Proposition [315] we can deduce the
well-known inequalities #{x € § | x < Fi(5)} < gn(S) < Fu(S).

Proposition 316. Let S € R(A). Then na(S) + ga(S) = #(A\{x € S | FA(S) — x & A}).

Proor. Since Na(S) and A\S are disjoint sets, then nA(S) +
ga(s) = #(Na(S)UA\S) = #{xeS|Fa(S)-x€AUA\S) =
#(A\{x € S | FAo(S) — x € A}). O

Let S be a numerical semigroup. Then, we have that Nu(S) = {x € § | x < Fn(5)}
and N\{xe S |Fy(S)-x¢N} = N\{FyS)+1,—-} = {0,1,....,Fa(S)}. By
applying the previous proposition, we can obtain the already known equality

#{xeS |x <FulS)}+gu(S) =Fu(S) + 1.
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As a consequence of Proposition [316] we obtain the following result.
Corollary 317. Let S € R(A). Then ga(S) + na(S) + na(S) =#{x € A| x < Fa(S)}.

4. The pseudo-Frobenius numbers

Let S € R(A). Our next goal, in this section, is to give an algorithm method to

compute the pseudo-Frobenius numbers of S restricted to A.
Proposition 318. Let S € R(A). Then PFA(S) = PFu(S) NA.

Proor. If f € PFA(S), then f € A\S and f + S\{0O} € S. Hence f € N\S and
f+S\{0} € S. This implies that f € PFy(S) N A. For the other inclusion, if f €
PFy(S) N Athen f e A\S and f + S\{0O} C S. Whence f € PFA(S). O

From the previous proposition, we have the following result, which gives an upper

bound for the type of S restricted to A.
Corollary 319. If S € R(A), then to(S) < tw(S).

Observe that the formula for the pseudo-Frobenius numbers in terms of the Apéry
sets, Proposition [16|from [FGHS86, Proposition 7], can be written in the restricted form

as PFy(S) = {w — n | w € Maximales., Ap(S, n)}.

Remark 320. In numericalsgps GAP package [DGSM20] is given an algorithm to
compute PFy(S). By applying Proposition 318, we obtain a method for computing
PFA(S).

Indeed be A = {0,5, -} and S = A\{7, 8}.

gap> S := NumericalSemigroup(5, 6, 9, 13);
<Numerical semigroup with 4 generators>
gap> PseudoFrobenius(S);

(4, 7, 8]
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We get that PFA(S) = {4,7,8} N A ={7,8}.
As a consequence of Propositions and [16| we obtain the following.

Corollary 321. IfS € R(A), {1, f} € PFA(S) and f, # f>, then fi — > ¢ S.

From [RB02; Proposition 12] we deduce the following result, which highlights the

role that PFy(S) plays in a numerical semigroup.

Lemma 322. Let S be a numerical semigroup and x € N. Then x ¢ S if and only if
there exists f € PEn(S) such that f —x € S.

The next result generalizes the previous lemma.

Theorem 323. Let S € R(A) and x € A. Then x ¢ S if and only if there exists
f € PEA(S) such that f —x € S.

Proor. Suppose that x € A\S. Then by Lemma [322] there exists f € PFy(S) such
that f —x € S and thus f —x € A. Hence, f = x+ (f —x) € Aand so f € A. By
applying Proposition we conclude that f € PFA(S).

Conversely, if f € PFA(S) such that f —x € S,as f =x+ (f —x) ¢ S, then we

obtain that x ¢ §. |

Let S be a numerical semigroup. By applying [FGH86, Theorem 20], we can
deduce that gn(S) < tn(S)#{x € S | x < Fu(S)}. The following corollary generalizes

the previous upper bound for the genus of S restricted to N.
Corollary 324. If S € R(A), then ga(S) < ta(S) (na(S) + na(S)).
Proor. If x € A\S, by Theorem [323] there exists f € PFA(S) such that f —x € S.
Denote by f, = min{f € PFA(S) | f — x € §}. Then, the map
A\S > PFAS) X {xe S | x < Fa(S)}, x (fr, fx —X).

is injective. Hence, we get that desired result

ga(S) S HPFA(S)#{x € S | x < FaA(S)} = ta(S) (na(S) + na(S)). O
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We finished this section making the following generalization of Wilf’s conjecture:

if § € R(A), then it is true that gA(S) < (e(S) — 1) (na(S) + nA(S))?
5. Irreducibility

Recall that a numerical semigroup is irreducible if it can not be expressed as an
intersection of two numerical semigroups containing it properly. Similarly we define
R(A)-Irreducibility in section |1} In [RB03] it is proved that S is irreducible if and only
if is maximal (with respect to set inclusion) in the set {7 € R(N) | Fn(T) = Fn(S)}.
Furthermore, remember that a numerical semigroup S is symmetric (respectively
pseudo-symmetric) if it is irreducible and PF(S) = {F(S)} (respectively PF(S) =

{F(S ), @}) Our aim in this section is to generalize these concepts and results.

Theorem 325. Let S € R(A). The following conditions are equivalent.
(1) S is R(A) — irreducible
(2) S is maximal in the set {T € R(A) | FA(T) = Fa(S)}.
(3) S is maximal in the set {T € R(A) | Fo(S) € T}

Proor. 1) implies 2) Let T € R(A) such that S € T and FA(T) = Fa(S). By
Proposition [306] we obtain that S U {FA(S)} € R(A). Since (S U{FA(S)HNT =S we
deduce that § =T.

2) implies 3) Let T € R(A) such that S C 7 and FA(S) ¢ T. Applying Proposition
306|repeatedly, we have that 7 = T U {x € A | x > FA(S)} € R(A) and FA(T) = Fa(S).
By 2) we conclude that S = T andso § = T.

3) implies 1) Let T} and T, be two numerical semigroups that contain S properly.
Then, by 3) FA(S) € T, and FA(S) € T,. Therefore S # Ty N T, and so S is R(A)-

irreducible. O

The set of fundamental gaps is defined as FG(S) = {x € G(S) | {2x,3x} C S} and
the set of special gaps as SG(S) = {x € PF(S) | 2x € S}. The latter can be seen as
SG(S) = max FG(S).
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LetS € R(A). Anelement i € A\S is said to be a special gap of S restricted to A
if S U {h} is a numerical semigroup. We denote by S GA(S) the set of all special gaps
of S restricted to A. Observe that if S # A then FA(S) € SGA(S).

Theorem 326. Let S € R(A) and S # A. The following conditions are equivalent.
(1) S is R(A) — irreducible
(2) SGA(S) = {Fa(S)}
(3) #SGA(S) = 1.

Proor. 1) implies 2) Suppose that SGA(S) # {Fa(S)}. This means that there exists
h € SGA(S) such that i # FA(S). Hence S U {h} and S U {FA(S)} are two elements
in R(A) that contain S properly. Then, we get that (S U {h}) N (S UFA(S)) = S,
contradicting that S is R(A)-irreducible.

2) implies 3) Trivial.

3) implies 1) Suppose that S is not R(A) — irreducible. From Theorem 2),
there exists 7 € R(A) such that S & T with FA(T) = Fx(S). By Lemma 305 if 4 is the
maximum element in 7\S then 2 € SGA(S). However {h, FA(S)} C SG(S) such that

h # FA(S). This is a contradiction. O

We can see that the previous theorem is a generalization of [RGS09, Corollary

4.38 ]. The next result highlights the relation between the sets PFA(S) and S GA(S).

Proposition 327. If S € R(A), then the following conditions hold:
(1) SGA(S) = {x € PFA(S) | 2x € S},
(2) SGA(S) = SGn(S) N A.

Proor. 1) If h € SGA(S) then h € A\S and S U {h} is a numerical semigroup.
Whence, 2/ € S and for all s € § we have that 2+.S C S\{0} and thus & € PFA(S). For
the other inclusion, take i € PEA(S), 2h € §. Then, & € A\S and S U {A} is a numerical
semigroup and thus 1 € SG4(S).

2) It is straightforward to use Proposition [318] O
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Note that if x € PFA(S) and 2x ¢ §, then 2x € PFA(S). This gives us the following

result which is an alternative characterization of S GA(S).
Proposition 328. IfS € R(A), then SGA(S) = {x € PFA(S) | 2x ¢ PF,}.

Using Remark and Proposition we have an algorithm to compute the set
SGA(S).

Theorem 329. Let S € R(A). Then S is R(A)-irreducible if and only if PEA(S) =
{Fa(S)} or PEA(S) = {FA(S), FAéS)}'

Proor. Necessity. 1If § is R(A)-irreducible, then by Theorem we have
that SGA(S) = {Fa(S)}. By applying Propositions and we obtain that
SGA(S) = {x€PFA(S)|2x € S}={x € PFA(S) | 2x ¢ PFA(S)} = {FA(S)} and thus
PFA(S) = {Fa(S)} or PFA(S) = {Fa(S), 242},

Sufficiency. If PFA(S) = {Fa(S)} or PFA(S) = {FA(S ), Tal) } then by Propositions

[327)and 328 we have that SGA(S) = {Fa(S)}. Hence, applying Theorem[326|we obtain
that § is R(A)-irreducible. O

If S € R(A) and PFo(S) = {Fa(S)} (respectively PFA(S) = {Fa(S), 242}) then
we say that S is a numerical semigroup R(A)-symmetric (respectively R(A)-pseudo-
symmetric).

As a consequence of Theorem we have that the R(A)-irreducible numerical
semigroups gather both R(A)-symmetric and R(A)-pseudo-symmetric numerical semi-

groups.

Proposition 330. Let S € R(A). Then S is R(A)-symmetric if and only if gA(S) =
na(S).

Proor. Necessity. By Proposition [315] we know that gA(S') > na(S). On the other
hand, if S is R(A)-symmetric, then PFA(S) = {FA(S)} and applying Theorem [323| the
map

A\S — Na(S), x = Fa(S) —x
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is injective, which proves that gA(S) < na(S). Consequently gA(S) = na(S).
Suf ficiency. If ga(S) = na(S), then the map
NA(S) = A\S, s = FA(S) —s
is bijective and thus A\S = {FA(S) — 5| s € Na(S)}. By using Corollary we de-

duce that PFA(S) = {FA(S)}. Hence S is R(A)-symmetric. O

Note that ny(S) + gn(S) = Fu(S) + 1. From Proposition [330, we deduce that a
numerical semigroup S is R(N)-symmetric if and only if gn(S) = w This result

already appears in [RGS09, Corollary 4.5 (1)].

Lemma 331. Let S € R(A) with S being a R(A)-pseudo-symmetric and x € A\S with
x# 23 Then Fo(S)—x €.

Proor. If § is R(A)-pseudo-symmetric, then PFA(S) = {FA(S ), FAES)}. By Theorem

[323] for x € A\S we obtain F5(S) —x € S or 2 — x e §. If 42 — x € S, then
B EsS) ¢ PF,(S) we obtain that 282 1 F6)_ v e g
Hence FA(S) —x € S. O

x € $\{0} and by applying that

Proposition 332. Let S € R(A). Then S is R(A)-pseudo-symmetric if and only if
ga(S) =na(S) + 1 and 22 € A,

Proor. If S is R(A)-pseudo-symmetric, by applying Propositions and[330] then
we obtain that gA(S') > na(S) + 1. From Lemma [331] the map

FA(S
LS

is injective and thus gA(S) — 1 < n(S). Hence we get equality.

} = Na(S), x> Fa(S) —x

Conversely, If gA(S) = na(S) + 1 and @ € A. The map
FA(S)
2
is bijective and thus A\S = {Fa(S) — x| x € Na($)}U{%E2}. By Corollary[321} we

deduce that PFA(S) = {FA(S ), @} Consequently, S is R(A)-pseudo-symmetric. 0O

NAS) = (A\S)H\

1, x> Fa(S)—x
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Since gn(S) + ni(S) = Fu(S) + 1, then, by previous proposition, we have that S

is R(A)-pseudo-symmetric if and only if gn(S) = w and @ € N. Note that

EA(S)
2

an(S) = w From this we get the result of [RGS09, Corollary 4.5 (2)], which

€ N if and only if Fy(S) is even and so this statement is guaranteed because

states that S’ is R(IN)-pseudo-symmetric if and only if gn(S) = w Observe that in
general the condition, given in Proposition % € A is not superfluous as we will

see in the next example.

Example 333. Let A = {0,5,—} and S = A\{7,8}. Then we have that gA(S) = 2,
na(S) = 1 and PFA(S) = {7, 8}. Therefore in this case ga(S) = na(S) + 1 and S is not

R(A)-pseudo-symmetric.
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