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spatial truncation error terms in the momentum conservation equations. By introducing an
improved discrete equilibrium for the D3Q19 stencil, we show that the reported spurious
currents in a square channel duct flow are caused by the form of the discrete equilibrium
and are not due to the structure and isotropy properties of the D3Q19 velocity set itself.
Numerical experiments on a square channel and a more complex nozzle geometry confirm
these results.

© 2019 Elsevier Inc. All rights reserved.

1. Truncation error analysis

We comment on the truncation error analysis and numerical artifacts of the D3Q19 lattice Boltzmann model reported in
[3]. We correct the spatial truncation error terms in the momentum conservation equation (20). All following equations use
the same notation as [3] with the exception of p := pg, since we reserve numeric subscripts to denote cartesian coordinates.
Our result for the momentum conservation equation reads
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This result differs from equation (20) of the original work [3] in the form of the velocity error terms of order c2At?, labeled
Ep. We obtain

EPP%7 = 8;90 (unty) + 890 (uitt ) — 9 0hdp (ud), (2)
for the D3Q27 model and
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for the D3Q19 model. All equations use Einstein summation convention in the bound indices i and j. Einstein summa-
tion convention does not apply to the free index h. The speed of sound is ¢s = \/gc. Our analysis is conducted with the

open-source computer algebra system sympy. For reproducibility, the source code for this automated analysis is provided
as additional material.

2. Improved D3Q19 equilibrium

In Silva et al. [3] the Ej terms are used to analyze the spatial truncation error of the D3Q19 and D3Q27 method. They
conclude that, with the standard incompressible equilibrium [2], the observed numerical artifacts for the D3Q19 model are
caused by the lack of isotropy support of the D3Q19 stencil. However, as will be detailed in a separate study, we find that
the reported artifacts for the square duct experiment do not occur if the D3Q19 equilibrium is changed to

—Ujlj ¢q=1(0,0,0)
F€ = wg p 4w p - { 3uicei — 3uiu; +6(uicg)*  cq € {(£1,0,0), (0,%1,0), (0,0, 1)} (4)
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instead of using the standard equilibrium

—3uju cq=(0,0,0)
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The weights wq of the improved equilibrium (4) are equal to the weights of the standard equilibrium, see (5) [1,3]. To
distinguish both D3Q19 equilibria, we label the standard version D3Q19-S and our improved version D3Q19-1. The D3Q19-I
model is constructed in moment space by matching discrete moments with moments of the continuous Maxwellian up
to O(u?). Alternatively, this new D3Q19-I model can also be obtained by using the MRT formalism of [1] and choosing
the three free parameters they introduce as we =3, w¢j = % and wy, = 2. Note that the lattice structure and isotropy
properties of the D3Q19 stencil remain unchanged. The error term for the D3Q19-I model reads

ELBQ]Q'I = 3p; 9 (Uf) -+ 33,33 (UnU;) + 81j0;89j (1 juup) + 8ijOnd;di (U juj) — 539 p (Uf). (6)
3. Numerical results

We repeat the numerical experiments for the square Poiseuille duct flow as reported in section 7.1. of [3]. As in the
original work [3] we restrict ourselves to the case of a duct that is aligned with the x-axis and leave the more general
case of an inclined flow to future work. As reported by [3] and confirmed here, the D3Q19-S lattice model shows spurious
currents in the y-z plane. The error is measured using the maximum velocity, normal to the flow direction normalized
with the maximum flow velocity: max(uq)/ max(up), where the x, y and z components of the Cartesian coordinate system
are labeled by the indices (0, 1, 2). This quantity is dimensionless and therefore suited for comparing results obtained at
different grid resolutions. As depicted in Fig. 1, the artifacts of the D3Q19-S model can be remedied with the improved
equilibrium formulation D3Q19-I1. While the D3Q19-S model has spurious currents that decrease with the resolution of
the lattice, the D3Q19-I and D3Q27 models show no spurious currents up to machine precision. These results demonstrate
that the artifacts can not be caused by a lack of isotropy of the D3Q19 stencil, since then the D3Q19-1 model would
show them as well. These numerical findings can be explained by the form of the error term Ej. Writing out the error
terms without Einstein summation convention for the duct flow scenario, where the change in x direction is zero dp(-) =0,
yields

010101 (upu1) + 910202 (uou1) + 919102 (UpU2) + 320202 (UoU2)
= | 310101 (u) + 010202(u?) + 310202 (u3) + 3910192 (U U2) + 20202 (U1 U2) (7)
d0()=0 310102(u?) + 019192 (U5) + 820292 (u3) + 910191 (U1u2) + 3919202 (U12)

ED3Q27

for the D3Q27 model,

010101 (uoU1) + 920202 (UoU2)
= | 910101 (u?) + 019202 (u3) + 010292 (U3) + 3010192 (U1U2) + 328292 (U1 U2) (8)
0O=0 | 910102(uf) 4 010102 (u5) + 020202(u3) 4 010101 (U1u2) + 3019202 (u1u2)

ED3QI9-I

for the improved D3Q19-I1 model, and
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Fig. 1. Spurious currents for different lattice models in duct flow scenario - corresponds to Fig. (4a) of [3].
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Fig. 2. Nozzle geometry for second simulation taken from [4]: specifications - not to scale (left) and rendering (right).

010101 (UoU1) + 020202 (uou2)
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d0()=0 — 1010102 (u3) + 310192(u?) + 9191 02(U2) + 028202 (U3) + 310191 (ugu2) + 3910292 (u1u2)

(9)

for the standard D3Q19-S model. In the investigated square duct scenario, the exact solution has no transverse velocity
components (u; =up = 0) i.e. only ug is different from zero. Only in the D3Q19-S model an error term containing ug enters
the y and z error components, whereas in the D3Q27 and the D3Q19-I model there is no influence of up on the y and z
errors. The highlighted terms 0, 8282(u(2)) in (9), lead to the observed spurious currents normal to the flow direction for the
standard D3Q19-S model.

The D3Q19-1 equilibrium leads to more accurate results also for a practically relevant scenario of a nozzle geometry
(Fig. 2) that has been employed in [4] to compare D3Q19-S and D3Q27. We use the same parametrization and evaluation
parameters as in Ref. [4]. It has been shown in Ref. [4] that the D3Q19-S lattice model produces qualitatively different
results than the D3Q27 model. These deficiencies were found to be independent of mesh resolution and Mach number, and
thus suspected to be caused by the lack of isotropy of the D3Q19 stencil. We here reproduce and confirm the results for
the standard D3Q19-S and the D3Q27 model and, additionally, conduct the simulations with the D3Q19-I lattice model.
Fig. 3 shows contour plots of the velocity in flow direction uy, at a slice x =4D. Due to the symmetry of the geometry
we expect the laminar flow profile to be radially symmetric. While the D3Q27 solution (right) shows perfect symmetry,
the standard D3Q19 lattice model yields a qualitatively different result. Despite requiring significantly less computational
resources compared to the D3Q27 model, the improved D3Q19 model also correctly recovers the same radially symmetric
solution.

To summarize, we have corrected the second order error terms in the momentum conservation equation from [3] and
demonstrated that the observed spurious currents are not inherently caused by the structure of the D3Q19 stencil and can
be remedied by a modified equilibrium.
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Fig. 3. Cross section at x =4D for D3Q19-S (left), D3Q19-I (middle) and D3Q27 (right) at Re = 250 using a pipe diameter of D = 80 cells.
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Appendix A. Supplementary material
Supplementary material related to this article can be found online at https://doi.org/10.1016/j.jcp.2019.109111.
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