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NATURAL SU(2)-STRUCTURES ON TANGENT SPHERE BUNDLES*

R. ALBUQUERQUET

Abstract. We define and study natural SU(2)-structures, in the sense of Conti-Salamon, on
the total space S of the tangent sphere bundle of any given oriented Riemannian 3-manifold M. We
recur to a fundamental exterior differential system of Riemannian geometry. Essentially, two types
of structures arise: the contact-hypo and the non-contact and, for each, we study the conditions
for being hypo, nearly-hypo or double-hypo. We discover new double-hypo structures on S3 x S2,
of which the well-known Sasaki-Einstein are a particular case. Hyperbolic geometry examples also
appear. In the search of the associated metrics, we find a theorem, useful for explicitly determining
the metric, which applies to all SU(2)-structures in general. Within our application to tangent sphere
bundles, we discover a whole new class of metrics specific to 3d-geometry. The evolution equations of
Conti-Salamon are considered, leading us to a new integrable SU(3)-structure on S x R4 associated
to any flat M.
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equations.
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1. The fundamental exterior differential system.

1.1. Introduction. The notion of SU(2)-structure was introduced by Conti and
Salamon in [16] and plays an important role in the theory of generalized Killing
spinors. It consists of the geometrical data induced on any hypersurface of a
real 6-dimensional manifold endowed with an integrable special-Hermitian or SU(3)-
structure. For the latter we refer for instance to [1].

SU(2)-structures become an independent notion on real 5-manifolds N. They are
given by three 2-forms wy,ws, w3 and a contact 1-form 6 satisfying certain relations
between them. These forms induce a Riemannian metric on N and a canonical SU(2)-
structure on ker#. The present article discovers a very useful result concerning the
deduction of such metric. Theorem 1.2 gives the following identity for the metric
Jsu sy On ker 0, where v is the volume form (v = %wi A wj, Vi), which indeed seems to
be new:

Towi A Yaws AWz = oy (T,9) v,  Vo,y € ker . (1)

For hypersurfaces N, the induced SU(2)-structure is hypo, i.e. satisfies the equa-
tions

dwy =0, d(9 A LUQ) =0, d(H N OJ3) =0. (2)

Conti and Salamon prove the ‘embeding property’, which is almost a reciprocal: an
analytic SU(2)-structure satisfying the hypo system admits an embedding into an
integrable special Hermitian manifold. This may eventually be compact, hence a
Calabi-Yau 3-fold.
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The hypo, the nearly-hypo, and other particular differential systems, imply inter-
esting geometry on N. For instance, one easily meets with Sasaki-Einstein manifolds.

This article studies the question raised in [8] regarding a certain SU(2)-structure
defined on the total space S of the tangent sphere bundle of a given oriented Rieman-
nian 3-manifold M. This shall be referred as the main example. We generalise the
construction with what we call the natural structures, supported by the fundamen-
tal exterior differential system of Riemannian geometry introduced in [4] and [8]. A
classification of SU(2)-structures according to first derivatives, which we then follow,
was developed in [10] and [19], two references well acquainted with the foundational
article of Conti and Salamon.

The exterior differential system discovered in [4] depends only on the orientation
and the metric on M. It consists, in general, of a natural contact 1-form 6 and set
of natural differential n-forms «y, ..., «, existing always on the total space S of the
(unit) tangent sphere bundle SM — M of any given oriented Riemannian n + 1-
manifold M. Of course, S inherits the induced metric from the well-known canonical
or Sasaki metric on T'M (not to be confused with Sasakian or Sasaki-Einstein metrics
below). The metric plays a central role in defining the ag, ..., a,. The compatible
contact structure # is due to Tashiro. Applications of the natural differential system
are discussed in [4].

Here we shall consider just the case n = 2, so that S is a 5-dimensional mani-
fold. The fundamental differential system brings up four pairwise-orthogonal 2-forms
g, oy, (o, df, satisfying:

da; =20 N as — 10 A ayp,
1 1
*0:040/\a2:—§a1/\a1:—idﬁ/\d& (3)

dao :9/\041, dO[Q :RUOéQ.

The function r = r(u) = Ric(u,u), v € S, and the 3-form RYas are curvature
dependent tensors. For constant sectional curvature K we have r = 2K and RVay =
—KOAN aq.

In dimension 3 we have the nice coincidence that the «; are 2-forms like df, and
then an SU(2)-structure naturally takes place. The main example is

wy = db, Wy = Qg — O, w3 =y (4)

but many other linear combinations give interesting structures as well. Two distinct
types appear with different properties. The distinction seems to be chiefly between
those for which d@ is in the linear span of the wq,ws,ws, and those for which it is out.
Our further results here concentrate more on the first type.

In [19], we see that Ferndndez, Ivanov, Munoz and Ugarte also discovered SU(2)-
structures on S for M = S3, which is the Stiefel-manifold Via. Our coordinate-
free tools lead us to generalise mildly one of those results and also to rediscover
the Sasaki-Einstein well-known metrics. More important, [19] introduces the nearly-
hypo and double-hypo structures, which have very deep relations with nearly-Kahler
manifolds and half-flat SU(3)-structures. As it is well-known, the latter yield true
Go-manifolds. Since we have found below new families of double-hypo structures
associated to hyperbolic base M, they should lead to interesting results inspired by
[19]. New developments from our construction and technique shall be continued in
the near future.
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Finally, we recall the evolution equations, again due to Conti and Salamon, and
solve them in one particular family of hypo manifolds. This leads us to a new in-
tegrable SU(3)-structure, associated to any given flat base M, defined on the space
S x Ry. Which is not a trivial analytic manifold.

1.2. The differential system. We briefly recall the theory from [4]. Let M
denote any oriented n + 1-dimensional Riemannian manifold. Then the space Tas,
i.e. the total space of the vector bundle 7 : TM — M, is well-known to be a
smooth manifold of dimension 2n + 2. In natural coordinates, we may identify V :=
kerdm with 7#*T'M, the tangent to the fibres. Taking the Levi-Civita connection
V:I(M;TM) — I'(M;T*M T M), we get the canonical decomposition of TTy; =
HoeV ~ 7TM & n*TM. The connection dependent horizontal distribution H
identifies again with 7T M via dw. Hence there exists a vector bundle endomorphism
B : TTyr — 17Ty which sends horizontals to verticals and verticals to 0; it is called
the mirror map. Most important is that B is parallel for the pull-back connection V*
by construction. We let B* denote the adjoint of B.

There are two canonical vector fields on Ty;. The first is the tautological vertical
vector field U, defined by U, = u, Yu € Tyy; it is the independent mirror of the
second, the geodesic spray, defined on the horizontal distribution and hence connection
dependent. Any given frame in H, followed by its mirror in V, clearly determines a
unique orientation on the manifold 7Ty;.

We recall the map J = B — B® gives the well-known canonical or Sasaki almost
complex structure on Tp;.

Next we consider the well-known canonical or Sasaki metric on the 2n-+2-manifold
Tarr- The mirror map becomes an isometry. Any frame at point v arising from an
orthonormal frame in H with the first vector equal to B*U/||U]||, together with the
mirror frame in V, in fixed order ‘first H, then V", is said to be an adapted frame of
T

We hence find that Tas\ (zero section) has structure group the Lie group SO(n), cf.
[8, Theorem 1.1]. A representation of SO(n), acting diagonally, occurs on the common
orthogonal distribution to the geodesic spray and to U. On these two directions, the
action is of course trivial.

Now we consider the constant radius s tangent sphere bundle of M

SM ={ueTM: |ul =s}. (5)

We let S = S, u denote the total space of S;M. We have T'S = UL C T, because
kerV*U = H and VU = v, Vv € V. In particular, this manifold is orientable.
The Riemannian submanifold S inherits the SO(n)-structure, which however is never
parallel because U is not parallel.

From the above remarks we have that any orthonormal frame w,eq,...,e, on M
induces by horizontal and vertical lifts an adapted frame eg, €1, ..., €y, €nt1,..., €2, €
T,S at point u € S, where eg = %BtUu e H,.

We denote by 6 the 1-form on S defined as

0=(UDB-)=sé. (6)

It is well-known that 6 and J define a metric contact structure on S. We also recall
the result df = e(+™1 ... 4 (" (from our usual notation: e = e’ A ¢/ and
this has norm 1). This is reminiscent of the Liouville form on 7% M, and one sees the
amazing fact that df no longer depends on s.
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The SO(n)-structure induces the following natural fundamental differential sys-
tem discovered in [4] of global n-forms ag, aq,...,a, on S.

We first write 7*vol,, for the vertical lift of the volume form of M (always a ©*
denotes a vertical lift). Then

1
an =~ U(m*vol,,) (7)

and for each 0 < i < n we define, Yvy,...,v, € TS,
1
CMi(Ul,...,’Un) = m Z Sg(O’) a"(BUUU'”aBUU7z—1‘,av0n,—i+1a"'7U€7n)' (8)

1)
oeSym(n)

For convenience one also writes a_; = a;,+1 = 0; we use the notation

Riij = (RY (ei,ej)en, e1) = (Ve,Ve,er, — Ve, Ve, er — Vieie;1k, €1)- 9)

THEOREM 1.1 (1st-order structure equations, [4]). We have

1
do; = ?<Z + 1) 0N o1+ RUOéi (10)
where
RVai= > > sRyjq € Aepinoa. (11)

0<j<q<np=1

Defining r = L7*Ric (U,U) = Z?Zl Rjoj0, a smooth function on S determined
by the Ricci curvature of M, we find that RVay = 0 and RVa; = —r 6 A ag. This is

1 2
dag = 5 0 Aoy, day = — 0 A ag — srvol. (12)
s s

Moreover, the differential forms 6, «,, and «,_1 are always coclosed. In every degree
we have

a; Adf = 0. (13)

No further assumptions are required, besides orientation and a metric, in order to find
the fundamental exterior differential system {6, a, ..., o, }25 associated to a given
oriented Riemannian manifold.

1.3. The 3d differential system. We now consider a 3-dimensional M together
with the total space S of the tangent 2-sphere bundle of radius s equipped with
canonical metric and orientation. We have the contact 1-form, § = se®, clearly
invariant for the action of SO(2) on R'™2%2 i.e. the trivial action on the 1-dimensional
summand and the diagonal action on R?*2,

The global invariant 2-forms, independent of the choice of adapted frame, are

ap = et?, a; = et — e, ay = e, dh = &3 + e*2. (14)
We also have

Oéo/\Oq:Otg/\Oq:Oéi/\dazo, ViZO,I,Q, (15)
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and

1 1 1
;*Hzao/\ozgz—§a1/\a1:—§d9/\d9. (16)

PROPOSITION 1.1 ([8]). The representation under SO(2) above, induced on the
vector bundle A°T*S, corresponds with the decomposition

A’R® = 4R & Wy & Wo & W (17)

where we have the four 1-dimensional invariants from (14) and three irreducible or-
thogonal subspaces W; defined by

Wy = [[6017 602]}’ Wy = [[603a 604]]7 W3 = [[¢17¢2]] (18)
where

Py = et 4?3, Py 1= €3 — 12, (19)

Other APT*S are easily decomposed. Since the canonical map A'R® @ A2R® —
A3R® has a kernel of dimension 40, there are many equivalent representations in the
space of 3-forms.

The scalar function r = S%W*Ric (U,U) = Rip10 + Ra2020 (recall 0 stands for the
point v € &) may be written using scalar and sectional curvatures as r = %scal —
K({e1,e2}) = gscal — Ryg12. If M is Einstein, this is Ric = A(-,-) for some constant
A, then clearly M has constant sectional curvature A/2.

Now recall we have the Sasaki almost complex structure J on Hy @ Vj, where
Hy = HNeg = [er,es] and Vo = V N UL = [es,e4] are sub-vector bundles of T'S.
We may further define Iy and I_, according to £, to be the unique map defined on
any adapted frame as

eg — 0, €] — ey — —eq, e3 — tey — —es. (20)

I,,I_ are commuting endomorphisms of TS. On one hand, JI, J! = JI,J ' =1,.
On the other, we have that J and I_ anti-commute, giving an Sp(1) = SU(2)-structure
in the sense of Conti-Salamon, as noticed in [8]. It is to these and other similar
structures that this article is devoted.

The following 1-form is an important irreducible tensor:

1
p=— UJ?T*RiC = R1012€4 — R2012€3. (21)
S

As complex line bundles, Hy and Vj are very particular to dimension 3. V{ is the
holomorphic tangent bundle when restricted to each fibre, S2, with aw restricting to
the Kéhler class. We have global 1-forms defined by

p = Rip12¢* — Rao12€®,

p1 = pB = Rip12¢> — Rop12¢’,
p2 = pl4 B = Rigize' + Ropia€?,
p3 = ply = Rig1a€® + Roprae™.
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Now, regarding exterior derivatives, from the general formulae in (12) and recall-
ing r = Rip10 + R2020, we have

1
dag = 5*29/\0% (23)

2
day = S 0Aaz —r0Aag. (24)
s
These are already decomposed into irreducibles. From [8, Theorem 2.2] we have
dQQ:GM—goAa1+saoAp € «Ws @ [xai] @ *Wo (25)

where, by (19), the 2-form ~ is defined as

1
v 1= Rygo2t)2 + 5(31001 — Ropo2)1 € Ws. (26)

The following result shall play a relevant role later on.

PROPOSITION 1.2 ([8]). The following assertions are equivalent on a connected
3-manifold: M has constant sectional curvature; r is constant; p = 0; v = 0; das =
A 1.

2

1.4. Conti-Salamon structures and hypo and nearly-hypo 5-manifolds.
SU(2)-structures on 5 dimensions are understood as the induced metric structures on
real hypersurfaces of SU(3) manifolds.

Let S denote any 5-dimensional manifold. It is said that S is endowed with an
SU(2)-structure if its frame bundle admits a reduction to SU(2) = Sp(1) via the
canonical plus trivial representation in C? @ R. Then there exists on S an orientation
and a metric such that 'S = L @ L+, where L C TS is a real line bundle and L*
is endowed with a metric compatible quaternionic structure. The concept was first
introduced by D. Conti and S. Salamon in [16]. Due to a canonical inclusion of SU(2)
in SO(5) and lift into Spin(5), the manifold S must be orientable and spin. SU(2)-
structures on S are in one-to-one correspondence with pairs of spin structures and
unit spinors.

Still following [16], an SU(2)-structure is defined by a 1-form 6, such that L+ =
ker 0, and three 2-forms wy, ws,ws on S such that

0 Nwi Awy # 0,
w; ANwj =0, Vi # 7, (27)
9p - Wi Awp =wy Aws =wz Awsg £ 0
and
Tow = Yyaws —> ws(z,y) >0, Vo,yeTS. (28)

We remark the system is verified under multiplication by any exp (tv/—1), t € R,
either on wy + v/—1lwsy or on wy + v—1lws.

One finds three almost complex structures ®; on L' compatible and positively
tame by the respective w;, yet inducing a unique positive definite metric

gsu(z) (I, y) = wi(z7 (bly)7 vxvy € LJ—' (29)



NATURAL SU(2)-STRUCTURES ON TANGENT SPHERE BUNDLES 463

Now we have a linear algebra result, which gives a formula for the induced metric
without finding any ;.

THEOREM 1.2. A system (0, w1, wsz,w3) defines an SU(2)-structure on S if and
only if it satisfies (27) and the bilinear map Jsuzy O Lt =kerf given by

Tawy A Yaws AWz = oy (T,9) v, YT,y € L+, (30)

is positive definite.

Proof. We first prove the condition is necessary. By [16, Corollary 1.3] we see
the triplet of the w; forms a frame of self-dual 2-forms of the pair L+, v, i.e. there
exists an orthonormal frame such that w; = e'? + €34, wy = e + %2, wy = el* 423,
Writing x = ), x;e; and y = ), y;e;, we have zw; = 1€ — zoel + z3e* — x4e® and
yawy = y1e® — yze + yge? — yoe* and hence

23 12 24 13 12 14
Tawyg N Yawe = T1Y1€7° + T1Yse " — T1yse"" — Tay1€ " — Tayse " + Tayse

34 14 24 13 23 34
—T3y1€” + T3yse ~ — Tayse T — TaYyse " + TaYyse " + Tyyoe” .

The identity of the given bilinear map with the metric follows:

Towr A yows Aws = (T1y1 + T2y2 + x3ys + x4y4)61234.

Now let us prove the condition is sufficient. Given the 1- and 2-forms satisfying
(27), we see there exists a four dimensional sub-vector bundle, say L+ C TS, on
which v is non-degenerate. By hypothesis, after symmetrizing, we have a positive
definite metric on L', so it is a matter of counting dimensions to see this is uniquely
determined. Since we have a volume 4-form, we know a priori that the reduction is
in 12 dimensions, from the structure group SL(4) to SU(2). Now the three 2-forms
are written w; = >3, ;o4 wijre®. With (27) we find the 18 — 6 = 12 dimensions.
On the other hand, in order to find an orthonormal frame ey, ..., es, with which one
proves the 2-forms to be self-dual for the metric in (30), we solve 4 +3 +2+1 =10
equations. So it is possible to solve these equations, leaving 2 dimensions free due to
the remark above. O

Thus the open condition (28) stands for some choice of ordering of wq, ws,ws.

Well understood, we assume ||f]|sy2y = 1 and, on the other hand, that any
non-vanishing multiple of § will define another SU(2)-structure.

The first property of such a metric is the relation with SU(3) real submanifold
geometry described in the founding article. The above notion is again equivalent to
a real, oriented 5-manifold 5, endowed with a 1-form 0, a 2-form w; and a complex
2-form ¢, corresponding to wo +/—1lws, which is type (2,0) for wy, cf. [16], and which
satisfies

OAw Awy #0, wi Ag =0, dNP=0, 21 Awy = P A . (31)

Reciprocally, since S is oriented, the corresponding SU(3)-structure on S x R follows
as the pair of a real symplectic 2-form w; + @ A dt and a complex volume 3-form
A (0 ++/—1dt).

Let us now recall some further developments from [10, 15, 16, 17, 19] on the theory
of SU(2)-structures. Conserved tensors may appear, leading to the characterization of
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Contact
hypo

some special Riemannian geometries. Such is the case of hypo structures, considered
first in [16]:

dw; =0, d(9 A LUQ) =0, d(6 AN UJ3) =0. (32)

There it is proved that hypo structures are precisely the SU(2)-structures which are
induced on a real analytic hypersurface from a complex 3-manifold endowed with an
integrable SU(3)-structure; ‘precisely’ meaning that any real analytic SU(2)-structure
satisfying (32) arises from such a 3-fold.

Another type of SU(2)-structure is considered in [19]. The nearly-hypo structures
on a 5-manifold S are defined by

dws = 30 A ws, d(0 Awy) = 2w Awy. (33)

Nearly-hypo structures give rise to a general construction of nearly-Kéhler structures
on S xR, cf. [19]. Structures which are both hypo and nearly-hypo are called double-

hypo:
dwy; =0, dws = 30 A ws, d(0 ANwy) = —2w1 Awy, d(@ Aw2) =0. (34)
They contain a smaller subset given by the Sasaki-Einstein 5-manifolds, i.e.
df = —2wy, dws = 30 A ws, dws = —30 A wo. (35)

In this case the respective SU(3)-fold is a Kéhler-Einstein manifold. Many non-trivial
examples of the above special geometries are given on products of spheres and Lie
groups in [19]. Examples on nilmanifolds are already constructed in [16].

A fifth special geometry is considered and studied in [10, 17]: the contact-hypo
structures are defined by

do = —2w1, d(9 A OJQ) = O, d(9 A w3) =0. (36)

Clearly, contact-hypo are hypo and contain the Sasaki-Einstein structures.

We would also consider the contact-nearly-hypo structures as those which satisfy
merely df = —2w; and dws = 36 A w3. However, these consist of the intersection of
double-hypo and contact-hypo structures. For instance we see

d(&/\wg):dﬂ/\wg—ﬂ/\dwg

1
:—§w1/\w2—9/\9/\w3 = 0.

Last but not least, the invariance of equations under multiplication of ¢ by
exp (tv/—1), t € R, is verified in the cases of hypo, contact-hypo and Sasaki-Einstein
structures.
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2. On the tangent sphere bundles of 3-manifolds.

2.1. The natural structures. We consider again the setting from Section 1.3,
where it is given an oriented Riemannian 3-manifold (M,g). We may then recall
the fundamental exterior differential system defined on the associated Riemannian
manifold S = S 5. The canonical or Sasaki metric on S, also denoted by g, is
required by the differential system, and so it shall keep its main role in the following
and be referred as the canonical Sasaki metric. We remark the natural transformations
below shall lead to truly non-trivial variations of the canonical metric, cf. Section 2.4.

Since we are interested in the contact and, in particular, the Sasakian geometry of
S, we shall give the name canonical Tashiro metric or structure to the almost contact
metric and contact structure defined on S by

1

- _ 1 _ t i _ t
9=7129 n= 6, ¢=B"-B+ ZU®0, {=-2BTU. (37)

252
Of course, 6 comes from (6). This structure (g,n, ®, ) is not quite the so-called stan-
dard structure, cf. [11, Section 9] or [14], but is also convenient, for many reasons. We
refer the reader to [3, 18] and the references therein for other important constructions
of natural almost contact structures on tangent sphere bundles.
We have the canonical orientation

1%~ A (dn)?, (38)

77(§) = 17 n= 5497 (1)2 - 71TS +€ ®777 (39)
.1 5 5

g=§dn(<1>,), g(@,®)=g-n®n (40)

and a reciprocal curious result.

PROPOSITION 2.1. If n = —pB for some p # 0 and we are to have (38-40), then
p = 1/2s% and the almost contact metric structure is given by (37).

Proof. Indeed the conditions are the required for an almost contact structure, cf.
[12, 13]. Recalling the non-linear property of the geodesic 1-form 6, which, for every
radius s, satisfies df = g((B' — B) ® 1), the result follows by simple computations. O

Notice the previous results are valid in any dimension. A classical result of Tashiro
proves ¢ is Sasakian if and only if M has constant sectional curvature S%

We may also deform the almost contact metric structure along &, i.e. taking for
Reeb vector field a multiple A of ¢ different of that for g in ¢+ = Hy @ Vy. It is
known that for certain values of A this metric is Sasaki-FEinstein. This phenomena
shall appear below.

Finally we are in the right moment to recall the main purpose of this article. That
is, to study the SU(2)-structures on S induced by the differential system 6, ag, a1, cva.

First of all we are led to define the 1-form 6 from (27) as a multiple of the
canonical contact 1-form #; secondly we define the three 2-forms wi,ws,ws as the
linear combinations

w1 = apQg + a1 + asas + azdl
wae = bgag + byag + boarg + b3db (41)

w3 = CoQg + C1Q] + Covg + 03d0
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where ag, ..., a3, bo,...,b3,co,...,c3 are constant coefficients.
Notice we have [|0|| = s, but always ||f]|sy2) = 1. Also, due to (16), we have

w1 Awy = (a} + a3 — agas) do A d6, (42)

w1 Awy = (a1by + aszbs — %aobg - %agbo) do A do (43)
and similar identities with the a, b, ¢’s. Therefore, by (27), we must have
a? 4+ a3 —apag = b3 +b3 — boby = ¢? + ¢35 —coca £ 0 (44)
and

(Lobg + a2b0 — 2a1b1 — 2a3b3 = b002 + b200 — 2b161 — 2b303 =
(45)
= cpag + Ccoag — 201(11 - 203(13 =0.

DEFINITION 2.1. A set of differential forms é, w1, ws,ws3 as the above defined,
with constant coefficients and satisfying (27,28), is called a natural SU(2)-structure
on S.

The natural SU(2)-structures are natural variations of the Sasaki metric on tan-
gent sphere bundles. They induce ‘g-natural’ metrics in the sense of well-known
references, such as [2, 3], but they also give a new class of natural metrics in these
5-dimensional manifolds. Our metrics are indeed of a more general kind as we shall
see in Proposition 2.8.

MAIN EXAMPLE.
e This main example was first devised in [8]. The orientation on Sy s is in-
duced by the ordering of any adapted coframe e, e!,. .., e*; but that on ker 6,

corresponding to v, is —e'23%. The SU(2)-structure is given by (df = —2w,)
0=-20=—2s¢€°, wr = dé, wo = o — Qy, w3 = Q1. (46)

Indeed, recalling the theory of the intrinsic geometry of Riemannian 3-
manifolds, we see that —2a9 A as = a1 A g = df A df = —2¢1234. Below
we shall prove the SU(2)-metric is Sasaki-Einstein if and only if M has con-
stant sectional curvature K = 3 and s = v/3/3 = /1/K. Also we shall
see the induced metric coincides with the canonical metric on S if and only
if s = % (just because of 0). Hence it is not the Sasakian, Tashiro metric
g on S g3(s) which is an Einstein metric. Finally we remark the choice of

0=0,w = —%d& etc., seems equally keen in the search for hypo equations,
but then we would miss the canonical Sasaki metric.

Notice the canonical Tashiro structure cannot be transformed homothetically into
the structure of the main example, as Proposition 2.1 shows, except for s = %

We remark the general SU(2)-structure remains invariant under isometries of M
lifted to isometries of the radius s tangent sphere bundle total space & with the
canonical metric. Indeed, an adapted frame is transformed into an adapted frame.
In particular, the new structures descend to a quotient space S/T' — M/T" for any

discrete subgroup I' C Isomy (M).
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Let us now analyse one of the structural equations.

LEMMA 2.1. Suppose dw; = 0. Then:
(i) wy = azdf or
(ii) wl = apag + asas + azdl, with as # 0, and M has constant sectional curvature
K =

ags2

Proof. Since dag = S%H/\oq, doy = %9/\042—7"9/\040 and das :9/\7—%9/\
a1 +sag A p, it follows immediately from the hypothesis that either as = 0 or p = 0.
Also we find 2 B + 20, — rajog + agy — a1 = 0. Knowing the representation
subspaces, thls 1mphes a; = 0, 2a9 — rass® = 0 and asy = 0. Now if as = 0, then
agp = a3 = 0 and we are in case i. If ay # 0, then v = 0 and by Proposition 1.2 we
have constant sectional curvature K given by ag — Kass? = 0. 0

Now let us study a second main equation, common to all five special SU(2)-
structures recalled in Section 1.4. Indeed, 6§ A w3 must always be closed. Let us
consider real constants cg, ..., c3 and

w3 = cog + 1y + can + c3db. (47)

LEMMA 2.2. Suppose d(6 Aws) = 0. Then:
(1) ws = covo + craq + cava, if M has constant sectional curvature,
(ii) w3 = coap + c1a1, if M has non-constant sectional curvature.

Proof. We have d(0 Aws) = df Aws — 0 A (D ¢jda;). From the first summand
and the fundamental equations (16) it follows that ¢35 = 0; the remaining summand
gives the equivalent condition that p = 0 or co = 0. Applying again Proposition 1.2,
we have the result. O

Constant coefficients restrict the curvature on the base manifold.

PROPOSITION 2.2. Suppose M has non-constant sectional curvature. Then there
do not exist natural hypo nor natural nearly-hypo structures on S.

Proof. Regarding the case hypo, by definition and part ii of the above Lemma,
we would need two 2-forms o.)g = boag + b1y, w3 = cpag + ciaq satisfying the
orthogonality relations b? = ¢? # 0 and bjc; = 0. For the case nearly-hypo, it is
not possible also to have three natural 2-forms giving a nearly-hypo sphere bundle,
because, in searching for ws = bpag + biay + baay + bsdf satisfying (33) and in
particular dws = 36 A ws for the necessarily ws = coag + c1; found above, we deduce
wo = bgag, which has vanishing square. O

2.2. Structures of type I. Following the above conclusions, we assume M has
constant sectional curvature. A first candidate for w; is that which is found in case i
of Lemma 2.1. We thus consider SU(2)-structures with

w1 = dé. (48)
REMARK. For a generalization, if we take w; = df and find a hypo structure, then

the structure can be adjusted accordingly (simply multiplying ws,ws by the same as).
Notwithstanding, for the nearly-hypo equations it is different. Assuming we have



468 R. ALBUQUERQUE

found (33) for the pair 0,w; = df, then the referred variation of w; together with
6 = M\, \ € R, yields by (33)

as = \ag and Aaz = a3 (49)
implying ag = 1. Therefore the solutions are 1-1 dependent on a3. The study then
continues in the next section.

‘We shall have a hypo structure and, preferably, a contact-hypo structure, if we
let 6 = —20 and take any two 2-forms, deduced from case i of Lemma 2.2, satisfying
(27) and (30)

wo = boag + by + baavg, w3 = Cog + C11 + CoQn. (50)

These shall be called the SU(2)-structures of type I. In sum, as in (44,45), we find the
system

b? —boby = 1
A —cocg =1 (51)
bQCQ -+ b260 - 2b101 =0.

A last condition is to be fulfilled by the b;,¢; € R: that ¢ = ws + /—1ws is (2,0) for

wi, cf. (28). As expected, notice the symmetry ¢ ~» exp(y/—1t)¢ leaves the system
(51) invariant.

PROPOSITION 2.3 (SU(2)-structures of type I). The natural SU(2)-structures on
S given by the canonical contact 1-form 0 and by the 2-forms wy,we,ws in (48),(50)
and (51) are in one-to-one correspondence with points of the real hypersurface

{(X,Y,A,B) eR*: B*(1+A**(X*+Y*) =1, B>0}, (52)

via the transformation

bo = (1 - A%)B2X + 2AB%*Y co = (1—A%)B%Y —2AB*X
by = (14 A%)B(Y — AX) o =—(1+A)B(X +4Y) . (53)
b2 = —(1—|—A2)2X Cy — —(1+A2)2Y

Proof. Let eg,e1,es,e3,e4 be an adapted frame orthonormal for the canonical
metric. Since eg is in the annihilator of all w;, it follows the new metric on S will have
eo orthogonal to the remaining e;. Since the structure is invariant, the compatible
almost complex structures ®; on ker# will be invariant (by isometries of M lifted
to §). For ®; compatible with w; = df and respecting formula (29), we may hence
write &2 = Az" — Bx? with some constants A, B and B > 0, where z is any vector
on Ty, M orthogonal to u € § and x, z? are the canonical lifts. The space of ®;
is indeed determined completely by A and B (it agrees with the symmetric space
Sp(2,R)/U(1), the Siegel domain or Poincaré half-plane, as studied e.g. in [9]). Thus
a basis {81, B2} of (1,0)-forms is determined up to factors by

B =e' +vV—=1(Ae® + pe') mod R,
such that

51(61 + ﬁ‘blel) = 07
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and similarly for 8o recurring to the mirror pair es, e4. Solving for A, 4 and removing
denominators, we obtain explicit solutions:

B = —Be' + V=I(ABe' + (1 + A%)e?)
By = —Be? + V=1(ABe? + (1 + A%)e!)

The (2,0)-form 1 A B2 is independent of the adapted frame, as expected:

Bi A By = (B> — A’B?)e'? — AB(1+ A%)(e™ + &) — (14 4%)%e™ +
+V—=1(—AB%'? — B(1 + A%)e'* — AB%¢'? — B(1 + A?)e*?)
= B2(1 — AQ)OéO — AB(I —|— AQ)al — (1 + A2)2042 —|—
+vV=1(-2AB%ag — B(1+ A*)ay).
The last condition required by an SU(2)-structure is that we + /—lws is a form of
type (2,0)-for ®1. In other words, we must have wy + v —1ws = (X ++/—1Y) 1 A B2
for some X,Y € R. Equivalently,
boawy + biar + baaa + vV —1(coao + cia1 + caar2) =

= XB*(1 - A%)ap — XAB(1 + A*)a1 — X(1 + A*)’an + 2Y AB’ap + YB(1 + A®)an +
V=1(-2XAB?a0 — XB(1 + A%)a1 + Y B*(1 — A®)ag — YAB(1 + A%)a1 — Y (1 + A*)*as).
This yields formulae (53) for the coefficients b, . .., ba, co, ..., co. Recalling (51), then
two short computations on the first rows, b? — bobo = 1 and ¢? — ¢y = 1, yield the
very same condition which is that defining the set (52). Finally, the last equation is
automatically satisfied, as we care to show next. Indeed, we have bycy —c1b7 = A and
boca — by = —A. Let us see this last identity:
boca — bier = (1+ A*)?B?(—(1 - A%)XY —24Y° + (Y — XA)(X + Y A4))

= (1+ A*?B*(—XY + A’XY —24Y* + XY + AY? — AX? — A’XY)
(1+ A%2AB*(-Y? - X?)
=—A.

Hence bgco + bacg — 2bicp = 0. 0

The above Proposition characterizes completely the 3-dimensional family of nat-
ural SU(2)-structures of type I. Later we shall see that condition (28) is assured by

bico — bocy > 0. (54)

The next result shall also be duely proved in Section 3.1.

PROPOSITION 2.4. The SU(2)-structures of type I which are compatible with the
canonical metric are given by A=0, B=1, X?> +Y? =1.

Recall the set of three 2-forms on the radius s tangent manifold S determines the
Riemannian structure up to the fixed ||9~HSU(2) = 1 (whereas ||f|| = s). Hence the
meaning of the word compatible in the last Proposition: the precisely same metric on
ker 6.

We now state the result which follows from various remarks above.

THEOREM 2.1 (Hypo). A natural SU(2)-structure on S with wi = d6 is hypo if
and only if M has constant sectional curvature and it is of type I. Defining 0 = —20
we obtain a contact-hypo structure, i.e. satisfying also df = —2w;.



470 R. ALBUQUERQUE

Moreover, for any X,Y € R such that X?>+Y? = 1, the SU(2)-structure given by
W2:Xa0+Ya17XQQ, (.L)3:Y0407XOZ17Y042 (55)
s hypo and compatible with the canonical metric.

COROLLARY 2.1. For any oriented Riemannian 3-manifold M, the main ex-
ample, (46), defines a contact SU(2)-structure compatible with the canonical metric;
which is hypo if and only if M has constant sectional curvature.

Thus, for each pair K, s, there exists a 3 dimensional family of contact-hypo
structures. However, notice that, as it happens with the main example, the induced
metric is the same under symmetry ¢ ~ exp(y/—1t)¢.

Let us now find the natural nearly-hypo structures, still with the obvious w;. Let
us stress that we exclude non-constant sectional curvature due to Proposition 2.2.

THEOREM 2.2 (Nearly-hypo). Suppose M has constant sectional curvature K.
Then the natural SU(2)-structures on the radius s tangent sphere bundle total space
S, with 6 =—20 and wy = df, are nearly-hypo if and only if they are of the kind given
in Proposition 2.3 and, moreover, of the kind given by

Kb 2Kby — b b
[ boOéQ + b1a1 + b2042, w3 = 3 ! (7)) 5 6;2 0a1 - 3?0(2 (56)
for any bo, by, by € R such that b3 — bobe = 1 and
(bo + s Kbo)? + 4s° K = 36s* (57)
and
b
K>—-———77—-. 58
s2(1+ b?) (58)
Moreover, such nearly-hypo structures are always contact-hypo.
The structures are compatible with the canonical metric if and only if (i) ba = —by,

b1 #0, 2 +b03 =1, K=3=5s2, or (ii) bp = —bg = £1, by =0, s°K + 1 = 6s°.

Proof. By condition wy A we = 0, we must have wy = bgag + by + baas, and by
the same reason or from Lemma 2.2, we must have w3 = cgag + craq + caas. Hence
such nearly-hypo structures exist if and only if they are of the referred kind, this is,
type L or (51). Next, we see that we just have to study dws = 36 A ws. Knowing that
the Ricci curvature of M satisfies r = 2K, we obtain the formula for ws:

dwe = bpdag + bidayg + badas
b 2b r
=0A (*0061 + 8721052 — ’I”blOto — 51)20[1)

52
by — s> Kb 2b
=0A (72Kb10[0 + 07220[1 + —21042)
S S
Kb1 i Sszg — bo b1 )
«@ a; — ——=Qa).
3 0 652 Tl
A computation on ¢ — coca = 1 yields (bg + s2Kbg)? + 45> K = 36s*, and these
conditions together with (54) are sufficient. Indeed, a very surprising result, the
remaining equation is immediately satisfied:

bobi  Kbaby  2Kbibs n 2boby

352 3 6 652

=30 A (

boco + baco — 2b1c1 =
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It is trivial to prove that d(9~ A wsg) = 0. Indirectly, we note the structure is contact-
nearly-hypo, cf. ending of Section 1.4. Hence it is double-hypo.

Compatibility with the canonical metric is easily seen to be equivalent to cases i
or ii. Only ¢? — cyea = 1 needs verification: in case i we have

(bo + s2Kby)? + 4s*K = (b + b2)* +4 = 36/9 = 365"
while case ii is
(bo + 82 Kby)? + 45° K = (2 — 652)% + 4(65% — 1) = 4 — 245% 4 365 + 245% — 4 = 365"
as we wished. O

SOME EXAMPLES.

e It seems there should exist a (co,c1,c3) conjugate to the class of solutions
(bo, b1, b2) = (bo,bo + 1,by + 2), for any by € R, of b — byby = 1. Looking at
ws above, then the best answer might always depend on K. Also notice this
example and case ii above both contain the main example, by = —1.

e Let us see the flat case, K = 0. The product manifold R® x S%(sq) for
so = 4/1/6 admits two, the author believes non-isometric, SU(2)-structures
both contact-hypo and double-hypo and not Sasaki-Einstein. The first is the
main ezample. The second is the above, necessarily with b3 = 36s = 1.
We chose sy on purpose, because we may then have by = —1, which indeed
returns to the main example. But also we may have by = 1 and then find a
structure given by 0=—20, w, =do,

Wy = O + 2041 + 3@2, W3 = —Q1 — 40[2. (59)

e For M a hyperbolic space we may also consider the main example, case ii, to
find another interesting double-hypo structure. For example, letting K = —3
and s = %, the required inequality holds. We remark that in this case dws =
dog = =30 A (3aa + ap).
Thus, for each pair K, s, there exists a 1-dimensional family of nearly-hypo struc-
tures. Now let us see the conditions for the Sasaki-Einstein structures.

COROLLARY 2.2. The double-hypo structures in Theorem 2.2 are Sasaki-FEinstein
if and only if M has positive constant sectional curvature

K =9s% (60)
In particular, of the double-hypo structures compatible with the canonical metric, case
i is always Sasaki-Einstein, while case ii implies K = 3 = s~2 — which is i again.

Proof. The condition to be verified is just dws = —30 Awy = 60 A wy where wWo, W3
are given by the Theorem. On the left hand side we have

Kbl SQKbQ — bo 2 bl
Kb() — 52K2b2 Kbl SQKbQ — b()
=660 N
(g 0t e T

and so

Kby — s2K?by = 185%by, Kby = 952by, 2 Kby — by = 185%bs.
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For b, # 0,
95%by — 815%by = 1852by, K =95, 95%by — by = 185%by.

The first and the last equations are, respectively, —9s%*by = by, —by = 95*b,. But these
are both equivalent to by + s> Kby = 0, precisely the condition in (57). For b; = 0, we
have boby = —1, and then we see the remaining two equations yield K +s? K2b3 = 185>
and s>Kb3 + 1 = 18s%b3 (multiplying by by gives equivalent conditions). These two
imply K = 952 and so we may proceed as before.

Finally, case i in the Theorem clearly satisfies K = 3 = 9s2. Case ii yields the
very same condition, because the solution to K = % = 952 is precisely 52 = % and
K=3.10

We describe all natural Sasaki-Einstein structures on S with
6=—20 and wy = do. (61)

Since K = 952, b2 = 1 + boby and by + s°Kby = 0, we define Q = Q(s,b2) =
+4/1 —9s%b3. Then the two remaining 2-forms satisfying (35) are

Wy = —984b20l0 + Qa1 + bQOZQ,
) ) (62)
w3 = 35°Qag + 3s“ba; — I E
3s
Below we shall find more information on the metric: it is the same for all by. Actually
this symmetry is the natural invariance on exp(tyv/—1)(w2 + v/ —1ws).

SOME EXAMPLES.
e Assuming Q = 0 (one can also follow bs = 0 for this case), equivalently,
by = :t&%, we have

wy = F3s2a £ w3 = Faj. (63)

@0‘2’
In particular, for S s with ray s = v/3/3 we obtain the main ezample, (46).
e By an exact sequence of homotopy groups, the simply connected Sasaki-
Einstein structures compatible with the canonical metric are given over a
unique simply connected base of sectional curvature K = 3 and tangent
sphere bundle with radius s = v/3 /3. This is, precisely the sphere M = S3(s)
since K = 1/s% The condition of equal radius on both base and tangent
spheres, in the quest for a Sasakian manifold, was first found by Tashiro, cf.

[4, 8]. The present metric is different.

Our invariant theory, as mentioned earlier, is suitable for any quotient manifold
M/T where T is a discrete group of isometries. New Sasaki-Einstein metrics on the
product of S? with a lens space may hence be described. We recall that such metrics
on such products were found in [20], with a particular interest on 3-dimensional lens
spaces; a coincidence with the metrics above is therefore not to be excluded.

2.3. Other hypo and nearly-hypo structures and case ii of Lemma 2.1.
Let us return to the general construction in Section 2.1. We may search for natural
nearly-hypo structures with = —2p#, p # 0, and generic w; different from the above.
Easy enough, equation d(é Awi) = —2wi A wy is equivalent to constant sectional
curvature of M and

azp = ai + a3 — apas. (64)
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The SU(2)-structure requires a3 # 0. Now, given a pair of generic 2-forms ws,ws
such that dws = 30 A w3 = —6pf A ws, then, recalling the computation in the proof
of Theorem 2.2, we see immediately how to write w3 in terms of the coefficients of
Wo = boOéo + blozl + b20[2 -+ b3d0:

Kbla SQKbQ—boa _ b1 o
3p 0 ! 3s2p

In particular, as found much earlier, we must have c3 = 0. The solutions for a nearly-
hypo structure are thus found within the following system, cf. (27):

w3 = 2. (65)

652p

a% + a% — apQ = asp

b3 + b3 — boby = aszp

b — 252 Kboba + s*K2b3 + 45> Kb? = 36stasp® (66)
apby + asbg — 2a1b1 — 2a3bs3 =0

apb1 — 2 Kasby + s?Ka1by — a1by = 0.

A sixth equation would come from ws A w3 = 0, but one sees this is automatically
satisfied — ‘a very surprising’ result already seen above.

Clearly, even the case ag = a1 = as = 0 is difficult to study.

Now let us look again for hypo structures, just satisfying dw; = 0. We are led
to case ii of Lemma 2.1, necessarily on a base M of constant sectional curvature

K= a‘;gz, where as # 0, and a closed 2-form, necessarily with a; = 0,

w1 = agoy + ag0ie + a3d9. (67)
It follows by Lemma 2.2 that only
Wy = boO[O -+ b1a1 + bQOéQ, W3 = CpQp “+ c1a1 + caan (68)

may participate in a hypo structure (0, wi,ws,ws). The coeflicients of these hypo
structures of type II must further solve the structural equations

b% — bobg = C% — CpCy = a% — apas 7é 0
boas + boag = coas + coag =0 (69)
boCQ -+ b260 - 2b101 =0.

It follows easily that case K = 0 does not admit hypo solutions of type II.

Let us also search for nearly-hypo structures with w; closed, of the type of well-
known case ii, i.e. of the previous type. Therefore, over the same base manifold. We
have system (66) and in particular ws determined by we. We have a; = 0 and we
know the curvature, K = a‘;gg, which merely solves automatically the last equation
in the system.

Double-hypo structures are the next interesting case. They are given by an extra
condition, d(f A we) = 0, which implies b3 = 0. The two systems above are then
reduced to ag,as,p # 0 and

K= aZgQ
a% — apaz = asp
b% — b0b2 = asp (70)

aobg + a2b0 =0
b2 — 252 Kbobg + s*K2b3 + 45> Kb? = 36s*asp®.
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We call these structures the natural SU(2)-structures on S of type IL.

THEOREM 2.3 (Double-hypo of type II). The natural SU(2)-structures with 1-
form 0 = —2pf and closed 2-form wy from case i of Lemma 2.1 are double-hypo if
and only if they are given by (67,65,70) and agas, asp > 0. Moreover, in this case M
has positive sectional curvature

K = 9s%p*. (71)

Proof. On the lhs of the last equation in the system, we have

b
(bo — > Kbs)* + 45 Kb7 = (by — o2 )? + 420 (azp + bob2)
a9 a9

1

= a—z ((bo(lg — a0b2)2 + 4a0a2a3p + 4(10@2[)0[)2)
2

_ dapasp

= o

The rhs yields the identity ¢ = 9s*p? and the result follows. The condition
agasg, agp > 0 is required by (303 and can only be proved later (Proposition 3.5). 0

Thus we are bound to positive sectional curvature.

Notice that df # —2w;, so these double-hypo structures are not contact hypo.
Yet we have the following result, which contrasts, for instance, with the double-hypo
in (59).

ProrosITION 2.5. All double-hypo structures of type II satisfy

dOJ3 = —39 A wa. (72)

Proof. First we notice that by + s> Kby = (bgaz + baag)/az = 0. Then we wish to
check dws = 6pf A wa, this is,

Kb1 S2Kb2 — bo 2
0N —————— (50 ANay —2KO AN
3p$2 oy + 682p (82 Q2 0[0)+
b
+ ! KO Aoy =6pd A (boao +brog + b2a2).
3ps?

This is equivalent to the system

2Kb,

—252K2%by 4+ 2Kby = 365°p*by, —s—
3s2p

= 6pby, 25°Kby — 2by = 365*p>by
or
—SQKbQ + by = 2bg, Kb, = 932])261, 82Kb2 — by = 282Kb2.

Since these three equations are satisfied, the result follows. O

In this case it seems there is a real SU(2) rather than SO(2) irreducibility, for in
this hypothesis the last result is quite easy to prove from the structure equations and
letting dws be a linear combination of the 6 A w;.

ExAMPLES. The following give two double-hypo structures, not contact-hypo.
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e With by = by =0, asgp =1 and radius s = 1, we have 0= -20, ¥ =1, K=
9p? and still an interval of solutions; one example is with K =5

3V5

2
w1 = 2a0 + - + —d@
V5
W = (1, W3 = 30[0 — ?042.
e Withag =2, ap =1, a3 =2, p=1and s? K = 2. This implies s = {/2/9 and
K = 3/2. For such arbitrary choices, there remains an interval of solutions;
one example is

w1 = 20[0 + (6] + 2d9,
2 2 (74)
7\/5040 + a1 + gag, w3 = :‘:\/50[0 + o F gag.

Theorem 2.3 generalizes the SU(2)-structure results found in [19, Proposition 6.3],
which are computed directly on S2 x S2. Our family of double-hypo structures on
S$3 x S? is one dimension higher. We remark that in [19] an auxiliary global parallel
frame field on S is used in order to deal with the differential geometry of the unit
tangent sphere bundle of the 3-sphere.

2.4. The metric explicit. We provide some further information on the SU(2)
metrics on S py with the most generic w;, linear combination of ag, a1, ag,df. Given
a set of coefficients ay, . .., c3, recall the metric induced on S is denoted by gy, -

The tautological horizontal or Reeb vector field —5—eg on S is dual to 6 =

—2pse®. We then must have |leg||sy(z) = 2s|p| and ker@ = kere? = = ker g, (€0, )-
Now we need to define the following functions:

g11 = g22 = (a1byg — apb1)cz + (agbs — azbo)er + (azby — aibs)co
933 = 944 = (a2b1 - alb2)03 + (a1b3 - a3b1)62 + (a352 - a253)C1
g12 =931 =0 (75)
913 = g2a = 5 (as(baco — bocz) + bs(aocz — azco) + c3(azby — aghs))

1

2

g1a = —ga3 = 5(a1(boca — bacy) + b1 (azco — apca) + c1(agbe — asby)).

PROPOSITION 2.6. Let ey, eq,...,eq be an adapted frame on S, hence orthonormal
for the canonical metric. Then the symmetric matriz G := [gy, ., (€, €5)]1<ij<a equals
[gij]1§i7j§4; chS ZS

g11 0 g13 —g23
= 0 g g2 g3 | (76)
913 923 933 O
—g23 g13 0  g33

Proof. A direct application of Theorem 1.2. O

We note that GG is indeed invariant of the choice of adapted frame, because that
is the case of the fundamental exterior differential system. Or, more plainly, because
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C is abelian. Further on, of course we must have condition (28), which is equivalent
to the metric being positive definite due to Theorem 1.2. A computation first gives

det G = (g11933 — gis — 933)°- (77)
Computing the minors of G yields the following result.

PROPOSITION 2.7. A natural SU(2) metric on S being positive definite is equiv-
alent to

911 >0, 911933 — 915 — 933 > 0. (78)

The metric matrix G announces a new class of natural metric on tangent sphere
bundles of 3-manifolds, which to the best of our knowledge was never considered
before. The structure yields the ‘g-natural’ metrics known in the literature, as well
as that new class. Recall the ‘g-natural’ metrics, e.g. from [2, 3, 18], refer to a
metric like the above but only involving a constant linear combination of § ® € and
g(z", yM), g™, y), g(z?,y") for the lifts of any 2,y € TM. Hence the importance by
the negative of the next result.

PROPOSITION 2.8. A natural SU(2) metric on S is a g-natural metric if and only
if ga3 = 0.

We remark there do exist structures with g3 = 0 and go3 # 0, cf. Proposition
3.5.

Next we give a formula for the unique endomorphisms ®; € EndT'S, fori = 1, 2, 3,
orthogonal for the SU(2) metric and such that

D, w; = wi, (I)? =—lps+ey® el (79)

Taking any adapted frame and denoting the matrices of ®;,w; restricted to ker 6 by
the same letters, we have

| aodi  Ais
w1 = |: —A?S (12J1 :| (80)
where (k € N)
_ O 1k _ —as a1
Ji = |: 1 0 :| and A3 = |: 4 —as :| . (81)

Equivalent notations follow for ws,ws, with Biz, C13, respectively, in place of Ajs.
Recall there exists a unique v € R, Vi, such that a? + a3 — apas = v, etc. So we have
A13A,{3 = (a0a2 + V)].Q. Since A13J1 = J1A13, we have wldjl = 1/14 with

W | a1 —Ay
w1 = |: A'{S CLoJl :| . (82)

The SU(2)-structure translates into w;®; = G for all ¢ = 1,2,3. This proves the
formulae
1

Next we deduce when an endomorphism, say @, does preserve the vertical tangent
bundle Vp, in which case we say simply ®; preserves the fibres or preserves V.
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PROPOSITION 2.9. ®; preserves the fibres if and only if

(84)

a2g23 + azgsz = 0
a2913 —a1g33 =0

In particular, if the SU(2) metric is compatible with the canonical metric and &
preserves the fibres, then a1 = az =0, ag = —ag, by = —ba, cg = —co.

Proof. Combining (83) with (76), condition ®;(Vy) C Vp is equivalent to the
vanishing of the top right corner of ®;. This is

913 —9g23
as.J — Aq3933 =0,
241 [ g3 i3 ] 13933

and hence the system.

If, furthermore, we have G = 14, then clearly a; = a3 = 0. And from g1; = g33 =
1, we get —agbics + apgbscy = 1, asbics — asbscy = 1 which yields ag = —ag # 0
and the determinant bycs — byc; # 0. Now from the formulae for ¢13,g14, we find
bg((loCQ — (1200) + 03(a2b0 - aobg) =0 and bl(ag(}o — (1062) + 1 (a0b2 — agbo) =0. In
other words, bg(CQ + CQ) — C3(b0 + bg) =0 and bl(Co + 62) — Cl(bg + bo) =0.0

Recall ker = Hy @ Vp, so it is only fair to consider the same question for hori-
zontals: we say ®q preserves Hy if ®1(Hy) C Hy. Equivalently,

(85)

apg23 + asgir =0
apg13 —aigi1 =0

A last remark applies only to diagonal metrics, i.e. g13 = g23 = 0. We recall
the studies in [5, 6] and specially [7] regarding a conformal change on the base metric
on M, a radius s of Ss s, a conformal change on H and Vj and, moreover, how
the previous three must relate, in order to build a homothety with the obvious map
between tangent sphere bundles with different radius. Certainly noteworthy results
in respect to classifying some of the SU(2) metrics above.

3. The two distinguished types and evolution equations.

3.1. The type I metrics. We resume with the natural SU(2)-structures of type
I, determined in Proposition 2.3, Theorems 2.1 and 2.2. We have ay = a1 = as =
by =c3=0, a3 =1, b3 —boby = ¢ — coca = 1, byca + bacy — 2bic; = 0, and therefore,
reading from Proposition (2.6), we prove the next result.

PROPOSITION 3.1. The natural SU(2) metrics of type I satisfy
g11 = g2z = bico — bocy
933 = gaa = bac1 — bico
g12 =934 =0 (86)
913 = 924 = %(5260 — boca)
914 = —g23 = 0.

Recall “ggo”= 45> completes the information on this metric. The nearly-hypo
structures of type I satisfy g13 # 0 in general. For the particular case of the structure
in (59), over a flat base and radius s with square 1/6, we see

g1 =1, g33=95, giz3=2. (87)
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Regarding the Sasaki-Einstein metrics found in (62), we have

g1 =35, g3 = g13 = 0. (88)

352’

PROPOSITION 3.2. For structures of type I, we have det G = 1. Moreover, the
metric defined by the matriz G is positive definite if and only if byco — bocy > 0.

Proof. The detailed computation, requiring (51) together with the above results
applied on (77), can be obviated if we notice that dd = w; induces the same volume-
form as the canonical metric. However, there is more; the computation yields g11g33 —
935 — g33 = 1. The second assertion then follows by Proposition 2.7. O

The following is a restatement of Proposition 2.4, finally with a proof.

PROPOSITION 3.3. The SU(2) metric of type I coincides on ker 0 with the canon-
ical metric if and only if by = —by = —c1, by = cg = —c2 and bg + b% =1.

Proof. Conditions (51) and G = 14 lead to the equivalent relations. O

Immediately we see that ®; arising from w; = df does not preserve the fibres. As
matrices, we have wy; = —Js, thus

g13la  g33la
o, = )G = . 89
! ° —giile  —gi3la (89)

In particular we verify that ®;2 = —14.
Now let us see @5 for general SU(2)-structures of type L.

PROPOSITION 3.4. &y preserves the fibres if and only if co = 0. If moreover
the metric is compatible with the canonical metric, then the case is that of the main
example.

Proof. By (84) the condition is equivalent to bsgss = 0 and bagi3 — b1gsz = 0.
Recalling (51), we have b3 = 0. On the other hand,

1 1
bagiz — bigss = §b300 — —bobacy — bibacy + bico

2
1 1 1 1
= ibgCO — 5()0[)202 — §b0b202 — 5[)300 + ¢o + bobaco
= C3.

The result now follows easily. O

One may verify as above that

®y preserves Hy <= c¢o=0. (90)

COROLLARY 3.1. ®9 preserves Hy and Vy if and only if £bs > 0 and

1
w1 = d9, Wy = bQOéQ — beéo, w3 = :f:Oq. (91)
2
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3.2. The double-hypo structures of type II. We return to the natural non
contact double-hypo structures (é, w1, wa,ws) of type II, found in Theorem 2.3, in
order to study the induced metric. However, our conclusion will be that this class of
metrics on S deserves a dedicated study.

PROPOSITION 3.5. Double-hypo structures of type II satisfy

a0a§ a2 apas

3
= = s = O = — .
911 30552 933 352 913 ) 923 352

The positive definite condition on the metric corresponds to agas > 0,azp > 0.

Proof. Besides a1 = b3 = ¢3 = 0 and ag,p # 0, we have system (70) and

K b]_ bO bl
cHh = — Cl = ——- Co = — .
07 3p ! 3s2p’ ? 3s%p

Therefore by + boKs? = (bgag + baag)/az = 0 and hence baco — bgca = 0. On the
other hand, by (75), we find immediately g11 = as(bico —boci), g3z = az(bacy — bica),
913 = $as(baco — bocz) and gaz = 3 (bi(aoca — azco) + c1(azby — agbz)) and then
the desired identities are trivial to deduce. Regarding the positive definite condition
required by Proposition 2.7 we definitely must have agas > 0. Since

4 2 2 2
911933 —92 —92 = dofs 09 = o3 (a2 — aoaz) = agp
139237 gg, 6t 9s4 Qagst 3 9agst 7

the result follows. O
Using (84) and (85) the following is trivial to check.

PROPOSITION 3.6. For natural double-hypo structures of type II, neither ®1, Py
or ®3 preserve the horizontal or the vertical distributions.

3.3. Evolution equations from hypo structures. Let us recall a question
raised in [16] regarding an SU(2) structure on a 5-dimensional manifold N and the
associated SU(3) metric defined on N x R, cf. (31).

The fundamental article on the generalized Killing spinors in dimension 5, which
introduces hypo structures, establishes when a smooth 1-parameter family of hypo
structures (5, w1, wa,ws)y on N, time t dependent, induces an integrable SU(3)
(Calabi-Yau) metric on the product manifold via (¢ = wa + v/—1w3)

F=wi4+0Adt, U=U,4+/-1U_=¢A(0+/—1dt). (93)
If wy, oA wa, 6 A ws are closed, then the evolution equations

3tw1 = —dé
A(wa A 0) = —dws (94)
Ar(ws A ) = duw,

are easily deduced as the integrability equations dF' = dW¥ = 0, cf. [16, Proposition
4.1]. Reciprocally, an integrable product structure arising from a family of SU(2)-
structures implies the hypo equations (32) for all ¢.

In the analytic category, by Cartan-Kéhler theory, [16, Theorem 4.4] establishes
the existence of solution to (94). The question remains open within the smooth



480 R. ALBUQUERQUE

category, quite puzzling due to the existence of non-analytic hypersurfaces in Calabi-
Yau manifolds.

An explicit solution is immediately provided for Sasaki-Einstein manifolds, on
N x Ry; it is known as the conical SU(3)-structure:

F=t%w +tOAdt, U =1t2pA (10 +/—1dt). (95)

Finally, one may consider the evolution equations on natural SU(2)-structures
on the total space S, ar of tangent sphere bundles and try to solve them within
the same natural category. It is a quite demanding problem, also because there
are other developments of the theory, namely in [19], which involve the nearly-hypo
structures and their own evolution equations now lifted to nearly-Kahler complex
3-folds. Interesting findings on double-hypo SU(2)-structures and half-flat SU(3)-
structures lead to constructions of manifolds with Gg-holonomy. They all lead to
further substantial questions applying on our context, so we leave the subject for the
moment and point the reader to a future work.

Nevertheless, we shall give a new solution to the evolution equations of Conti-
Salamon for one case on S with a natural hypo structure of type I. Given a hypo struc-
ture of type I by the usual constant values p in 6= —2p6 and as, by, b1, ba, co, c1,Co in
w1, ws, w3 over a constant sectional curvature K oriented 3-manifold, we wish to solve

the evolution equations within the type I natural hypo structures. In other words, we
wish to find P, A3, By, By, By, Cy, C1, Cy functions of ¢, such that

0= —2P60, w1 = Asdf, w2 = Boag+ Bia1 + Baaz, w3 = Coap+ Cra1 + Caas,
B? — BoBy = C? — CyCa = A2, BoCh + B2Co — 2B1Cy = 0, (96)
A3 > 0, Bloo — BQC1 > 0,

is a l-parameter family of SU(2)-structures solving (94) and containing the initial
structure. Recall from Theorem 2.1 that all these structures are automatically hypo.

ProproSITION 3.7. The natural type I evolution equations are equivalent to

Oy Az = 2P

o at(PBo) = *KCH
8t(PCO) - KBl s2KCy—Cy 97
0(PCy) = Kb OUPEy) = == (07)
0, (PCy) = 5" 0,(PBy) = S

The proof is immediate applying the usual formulae. In particular, if P = p is

constant, then both By and C; satisfy
K
0AEX — pQ—SQX =0 (98)

and so all B;, C; are in general of the elliptic kind. However, the assumption proves
not to be so fruitful, because then A3 = 2pt + a4 and since the solutions must satisfy
B? — BoBy = C} — CyCy = A3 = 4p*t* + dpayt + a3, Vt, cf. (51), we easily run into
contradiction. Clearly an exception occurs with the flat case, K = 0, a we shall see
below.

Another assumption to make would be P = pyt + ps with p1, po constant. This
leads to quadratic solutions, but only for K > 0 although not necessarily the Sasaki-
Einsten conical solution (95).
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3.4. An integrable special-Hermitian structure. Following the above dis-
cussion, we now solve the evolution equations for an oriented Riemannian flat 3-
manifold M and a natural hypo structure of type I on S .

We keep considering any radius s tangent sphere bundle. Indeed, the variable
s may enter into the solution as a function of ¢, over the fixed smooth manifold S.
The same is true for the curvature K, as long as a conformal change on M carries
along conveniently with any changes in s. These relations are well established in [7],
in particular for space forms. ~

In the present setting, we have K = 0 and the initial data of (6, w1,ws,ws) of
type I are the usual constants p, as, bg, ..., ca.

Then we have the following solution of system (97) with P =p > 0:

Az = 2pt + ay, By = bo, Co = co,
Co bo
Bi=—=t+b Ch=——t
1 2p82 + 4, 1 2p82 + C4, (99)
bo 2 Cq Co o by
By =— 242t Co=— e
2 125t + ps? +0s, 2 125t s? +¢s,
with ay4, by, c4, bs, c5 Teal constants.
The conditions required by SU(2)-structures follow:
2pt + a4 > 0,
bg 4 2 = 16p*s?, baco — bocs = 4p°s2ay, (100)
bi — b0b5 = Ci — CoCy = ai, boC5 + b5CO - 2b404 =0.

These equations come from the second line of (96). For instance, we have C? —CyCy =
2

A% if and only if %ﬁ —bost 3 A2+ Cpo%t —cocs = 4p*t? +4ptay + a3, and
thus three of the five equations follow. Notice B1Cy — BoC7 > 0 holds trivially.

Also, notice the substitution as = asz, by = by, c4 = ¢1, by = ba, c5 = ¢o solves
the third line and yields the initial structure at time ¢ = 0.

Regarding the general solution of system (97), notice the Bs and the C's determine
each other and, in the end, they determine Az and so finally A3 determines P. Hence
the solution is not very far from the above.

Finally we consider the main example over an oriented flat 3-manifold M. Letting
2ps = 1 and ag = by = ¢4 = b5 = ¢5 = 0 and, moreover, changing t/s for ¢, then
we may just as well let p = %, s = 1. We have the following solution of the natural
evolution equations:

é - —9, w1 = td&, Wo = tQOZQ — @, w3z = tal. (101)
And so we obtain a new integrable SU(3)-structure on Z = Sy x Ry:

F =tdf — 0 A dt, ¢ = wo + vV —1lws, (102)

U=0¢pA(—0++v—-1dt) =

) ) (103)
=0ANayg—tONay—tag ANdt —V—=1(t0 AN ag — t2aa Adt + ag A dt).

Indeed, in no trivial way becomes Z an open subset of C3. Nor for any flat trivializing-

neighborhood of M. We also recall

dOZO =0 AN aq, dOél =20 N o, dOZQ = 0, (104)
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in order to prove dF' = d¥ = 0.

REMARK. To give a direct proof of the fundamental differential system formulae
(3), deduced twice in general in [4, 8], now defined over the Euclidean space, one may
use coordinates (x!, 22, 23 u', u?,u?) on R? x §? with > (u%)? = 1 and the notation
dVF = dz' A da? Ada®, d9F = da? Adad A duF. Then

0= Zuidxi, ap= ®u'd®®, o= Ou'(d*? -d>?), ay= Du'd?. (105)
123 123 123
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