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ABSTRACT. In this paper it is considered a fourth order problem composed
of a fully nonlinear differential equation and functional boundary conditions
satisfying some monotone conditions.This functional dependence on u,u’ and
u/’and generalizes several types of boundary conditions such as Sturm-Liouville,
multipoint, maximum and/or minimum arguments, or nonlocal. The main
theorem is an existence and location result as it provides not only the existence,
but also some qualitative information about the solution.

1. Introduction. In this work we consider the problem composed of the fully
nonlinear fourth order equation

u) (2) = f(2,u (@) o (x) " (@), 0" (2)) (1)

with z € I := [0,1], where f : I x R* — R is a continuous function, and the
functional boundary conditions

Lo(u,u’,u",u(0)) = 0
, =0,

Lo (u, o', u”,u”(0),u" (0)) =0, (2)
(1),u" (1)) =0,

where Lo, L1 : C(I)3xR — R and Ly, L3 : C(I)? xR? — R are continuous functions
satisfying some monotonicity assumptions to be defined in the sequel.

These type of fourth order problems have been studied by several authors with
different boundary conditions and several methods, see [4, 5], [7, [10, [IT] and the
references therein. The functional dependence covers several types of boundary
conditions, such as separated, multi-point, nonlocal,...Therefore, the current result
improves, somehow, the papers referred to above.
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The method used was suggested by [3], applied to third order problems and by [I]
to fourth order, now improved with the functional dependence on every boundary
conditions, Lo, L1, L and L3. In this sense, this paper improves also [2].

In short, the keypoints of the arguments are: a priori estimates on the third
derivative provided by a Nagumo-type condition ([10, [12]); an auxiliary and trun-
cated problem, where the corresponding linear and homogeneous problem has only
the trivial solution; an open and bounded set where the Leray-Schauder degree is
well defined (]9]).

Lower and upper solutions technique allows us to obtain not only the existence
of solutions but also to locate the solution and its first and second derivatives. In
fact, this location part can be useful to get some information about the existent
solution. Two examples: if lower and upper solutions are ordered and the lower
function is nonnegative or strictly positive, the solution is nonnegative or strictly
positive, respectively; if the second derivatives of lower and upper solutions have
the same sign, the solution is not trivial and, moreover, it can not be a straight line
(see Example 2 at last section).

2. Definitions and auxiliary results. In this section we define a Nagumo-type
growth condition on the nonlinear part of the differential equation that will be an
important tool to prove an a priori bound for the third derivative of the correspon-
ding solutions.

In the following, C*([0,1]) denotes the space of real valued functions with con-
tinuous i-derivative in [0, 1], for ¢ = 1, ..., k, equipped with the norm

= (@) .
Iller = gas {[y@)]: = € [0,1]}.

By C(]0,1]) we denote the space of continuous functions with the norm
= max |y(z)].
loll = ma lo(o)

Definition 2.1. Given a subset E C [0,1] x R%, a continuos function f : E — R
is said to satisfy a Nagumo-type condition in F if there exists a real continuous
function hg : R — [k, +00], for some k > 0, such that

|f(x,y0, 91,92, 93)| < hie (lysl) Y (2,90, y1,Y2,93) € E, (3)

+o0 t
/0 e (D 0 dt = +00. (4)

Lemma 2.2. [[10], Lemma 1 ] Let f : [0,1] x R* — R be a continuous function
satisfying Nagumo-type conditions (3) and (4) in
E: {(m7y07y17y2ay3) € [07 1] X R4 Y (:E) S Y; S Fz (1’), 7;:07172}7
where v; (x) and T; (x) are continuous functions such that, for i =0,1,2,
vi (x) < Ty (x), Vz €[0,1].
Then for every p > 0 there is R > 0 such that every solution u (x) of equation
(1) satisfying

with

vi (@) < u® (z) < Ty (x), Yo e[0,1], (5)
fori=0,1,2, satisfies ||v""]| < R.
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Remark 1. Observe that R depends only on the functions hg, 72 and I's and not
on the boundary conditions.

The following monotonicity assumptions on the boundary conditions will be con-
sidered:

(Hy) Lo, L1 : C([0,1])®> x R — R are nondecreasing in all variables except
the fourth one.

(Hs) Ly : C([0,1])® x R? — R is nondecreasing in all variables, except the
fourth one.

(Hs) L3 : C([0,1])® x R? — R is nondecreasing in the first, second and third
variables and nonincreasing in the fifth one.

Definition 2.3. A function o € C*([0,1]) is a lower solution of problem (1)-(2) if:

o) (@) > [ (z,a(z),d (z),0" (x) 0" (x)), (6)
and
Ly (a,d/, 0,0/ (0)) >0, (7)
LQ (Ck,a/, al/’all (0) ,O/H (0)) Z 07
Ls (a, o, 0,0 (1), (1)) > 0.
The function 3 € C*([0,1]) is an upper solution of the problem (1)-(2) if the
reversed inequalities hold.

3. Existence and location result. The main theorem can be said to be an ex-
istence and location result as it provides the existence of a solution but also some
strips where the solution and its first and second derivatives are located.

Theorem 3.1. Let f: [0,1] xR* — R be a continuous function. Suppose that there
are lower and upper solutions of the problem (1))-(2), a(x) and B (z), respectively,
such that,

a(0)<p(0), o (0)<p(0), o'(z)<p"(x), Vzel0,1], (8)
[ satisfies Nagumo conditions (3) and (4)) in
B — { (2, 90,91, Y2,93) € [0,1] x R* - o () <o < B (), }
i o (z) Sy < B (x), o (z) <yo < B" (2)
and
f @, 0,0 y2,y3) > f (2,90, 91,92, y3) > f (2,6, 6", y2,93) , (9)

fOT’ Oé(fl)) < Yo < 6(1‘), o (Jf) < Y < ﬂ,($)7 in [Oal]v and ﬁzed (xvy25y3) S
[0,1] x R2.

If conditions (Hy) — (Hs) hold, then problem (1)-(2) has at least one solution
u(z) € C*([0,1]), such that

o (z) <u (z) < 8D (z), Vzel0,1], fori=0,1,2.
Proof. Let us consider the continuous functions J; given by

al (z) if y; < a (x),
§i(y) =19 y@ if o@D (2) <y <pW(z) , i=0,1,2,  (10)
A () if y9 > 9 (x).
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For A € [0, 1], consider the homotopic equation

u (@) = (S (2,00 (2,0 (2)) 01 (2,00 (2)), 8 (0" (x)) , u” (2)))
+u” (x) — Noa (z,u” (),

and the boundary conditions

u (0) = Ao (0,u (0) + Lo (u, v, u”,u(0))),
u' (0) = A0 (0,4 (0) + Ly (u, v/, u”,u' (0))),
u” (0) = o2 (0,u” (0) + Lo (u, v/, u”, v (0) ,u" (0))),
u” (1) = A2 (L,u” (1) + Lg (u, v’ u”, u" (1) ,u" (1))

Let 75 > 0 be large enough, such that, for every x € [0,1],

—ro <o’ (z) < 0" (x) < g,
fx,B8(x),0 (x),0" (x),0)+ry— 5" (x) >0,
flz,a(x),d (z),a” (x),0) —re —a” (z) <O0.

Step 1 For every solution wu (x) of the problem (11)-(12) we have

[u" (z)| <7y |u'(z)| <r1 |u(z)] <ro, Vo e[0,1],

(11)

(12)

(13)

with r1 := ro +max {|a’ (0)], |6 (0)|} and r¢ := r1 +max {|a (0)|,|5(0)|}, indepen-

dentely of X €[0,1].

By contradiction assume that first condition does not hold. Then, there is A €
[0,1], € [0,1] and a solution w (z) of (I1)-(12) such that |u” (z)| > ra. In the case

u” (z) < —rg define

min u” (z) = u" (z9) < —ry < 0.
z€(0,1]

If 29 € ]0,1[ then u" (x9) = 0 and u*) (x) > 0. Therefore by (9) and (13), for

A € [0,1], we obtain the following contradiction

0 < ul™ ()=
A (f (0,00 (20, u (20)) , 01 (w0, u' (20)) , 92 (w0, u” (20)) , u” (20)))

)
+ ’(L” (ZCQ) - /\52 (1‘0, ’u"(l‘o))
= A(f (0,00 (z0,u (20)) , 1 (w0, v (x0)) , " (20),0)) +u” (o) — a” (20)
< A(f (o, (20) , & (x0) , " (20),0)) + 12 — &’ (29) <O

If Tog = 0 then

min u” (x) :=u" (0) < —ry <0.
z€[0,1]
For A €]0,1], by (12) and (10), the following contradiction is obtained

—7r9

AV AV

u” (0) = Xo2 (0,u” (0) + La(u,u',u” ;4" (0), 4" (0)))
A’ (0) > —ro.

The arguments for xy = 1, are similar and therefore u” (z) < rq, Vz € [0,1],

VA e[0,1].
The case u” (x) > ry is analogous and so

|u” (x)| < re, Yz €[0,1],VA €]0,1].
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Integrating in [0, x],
x
!/ 1 /!
u'(z) = / u”(s)ds + u' (0)
0

_ /u”(s)ds—i—)\él (0,0 (0) + Ly (w, o, ", (0))) .
0
Therefore,

| ()]

IN

/Oz " ()] ds + |61 (0, (0) + L (uy oty u”, ' (0)))]
< rg+max{la’ (0)],]6 (0)[}.
Similarly,
w(z) = /0 o (s)ds + u (0)
- /Om W (5)ds + A5 (0,1 (0) + Lo (u, ', u",u (0))).
Therefore,

lu(z)| < r1 + max {|a (0)|,]8(0)|},Vz € [0,1].

Step 2- There is R > 0 such that, every solution u(x) of problem (11)-(12)
satisfies

|u"" (z)| < R, Vz €10,1],

independently of A € [0,1].

In order to apply Lemma 2.2 define the set

Er = {(2,y0,y1,¥2,y3) € [a,b] x R* : —=r; <y <y, i=0,1,2},
with r;, ¢ = 0, 1,2, given by Step 1, and, for A € [0, 1], the function F) : Fr — R is
given by
Fy (2,90, Y1,Y2,Y3) = Af (2,00 (¥,90) ,01 (2, y1) , 02 (7, y2) , y3) + y2 — Ad2 (2, 2) -

Since f satisfies (3) in Eg,
[P (2,50, 91,92, 93)| = [Af (2,00 (2,90) 01 (z,91) , 62 (2, y2) , y3) + y2 — Ad2 (2, y2)]
IAEg (lys])] + 2 + | Aa (2)]
< heg (lys]) + 2re.

So F) satisfies (3) with hg replaced by hg, (x) := hg, (z) + 2ry in Eg. For the
integral condition, we have

“+oo t “+oo t
/o I (1) o hen(t)+2r

> L /+OO t dt = +o0
-1+ 2% 0 o (t) ,
and therefore (4)) holds.

Applying Lemma 2.2/ with ~; () = —r;, T'; () = r;, 1 = 0, 1,2, there exists R > 0
such that

ANVAN

|u"" (z)| < R, Vx € [a,b].
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Observe that as r2 and hg, do not depend on A, so R does not depend on A.
Step 3- Problem (11)-(12)has at least a solution uy (z) for A = 1.
Define the operators
L:0*([0,1]) c C3([0,1]) — C ([0, 1]) x R*.
given by
Lu= (u(i”) — ", u(0), 4 (0),u” (0),u" (1)) :
and Ny : C3 ([a,b]) — C ([a,b]) x R*, given by

Ny — A (2,00 (z,u(x)), 61 (2,0 (2)), 82 (x,u” (2)),u” (z)) — Na (z,u” (x)),
A Aoy, Arx, Aax, Az ’

where
Aorn: = Moo (0,u(0) + Lo (u,u',u”,u(0))),
Ay = A6 (0,4 (0) + Ly (u, o/, u” 4’ (0))),
Aoy = A2 (0,u” (0) + Lo (u,u’,u”,u” (0),u" (0))),

Asn: = Moo (L,u” (1) + Lg (u, v/, u”,u” (1) ,u" (1))).
As £ is compact it can be used to define completely continuous operator
T+ (C*([0,1]),R) — (C*([0,1]),R)
given by
T (u) = L7INy (u) .
For r;, i =0,1,2 and R given by Steps 1 and 2, we consider the set

Q={yec®(o,1): [y

Therefore, the degree d (7, (2,0) is well defined for every A € [0,1], and by the
invariance under homotopy, d (7y,,0) = d(71,Q,0).
The equation Ty (u) = u is equivalent to the homogeneous problem

{ ul™) () — " (x) =0,
u(0) = (0) =u"(0) =u" (1) =0,

which admits only the trivial solution. Then, by degree theory, d(7p,,0) = +1,
and so the equation u = 77 (u) has at least one solution. That is, the problem
consisting of the equation

ul™ (z) = f (2,0 (x,u(x)),01 (z, 0 (2)), 82 (x,u”" (), 0" (x))  (14)
+u” (z) — g (x,u” (x))
and the boundary conditions
u(0) = 60(0,u(0) + Lo(u,u’,u”,u(0))),
w'(0) = 61(0,u'(0) + Li(u,u',u”,4/(0))),
' (0) = 62(0,u"(0) + Lo(u,u’,u”,u"(0),u"(0))),
u’(1) = 6&(1,u"(1) + La(u, v, u”, u"(1),4"(1))),

has at least one solution uq (z) in €.

<r, i=0,1,2, ||y < R} .

Step 4- The function uy (x) is a solution of the problem (1)-(2)
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This function u; () will be a solution of the original problem (I))-(2) if
al (z) < u(li) (x) < B9 (), i=0,1,2, Yz € [0,1],

and
a(0) < w1 (0) + Lo (u1,u, uf,u1 (0)) < B(0)
o’ (0) <y (0) + Ly (ur,uy, uy, vy (0)) < B"(0)
o’ (0) < uf (0) + La (u, uy, uf,uy (0),uf’ (0)) < 8" (0)
o (1) < uf (1) + Ly (ur, uy, uf,uy (1), uf’ (1)) < 87 (1)
hold.

Suppose, by contradiction, that there is z € [0,1] such that o (z) > uf (x) and
define

o, [uf () — " ()] == u} (x2) — @ (22) < 0.

If 2o € ]0,1[, then v}’ (z3) = o (x2) and u(™) (z5) — a(™) (z5) > 0 and the
following contradiction is obtained, by ()

uy" (w2) =0 (x)
= [ (22,00 (w2, u1 (22)) , 01 (22,0} (22)), 0" (22) , " (22))
+uf (22) — " (22) — ™) ()
< flmg, (), (22),0" (z2),a" (x2)) — ™) (25) <0
If 22 = 0, then

min _[uf () —a” (x)] :=uf (0) — " (0) < 0
z€[0,1]

o
IN

and
ulll (0) = 62(0, ulll (0) + Lz (u1, ullv u/llv ull/ (0) 7uI1H (0))
' (0) > uff (0)
The case xo = 1 follows similar arguments and, therefore o (z) < uf (z), for

every = € [0,1]. Analogously it can be proved that v (z) < ” (x), and so
o’ (x) <uf (z) <B"(x), Vz €[0,1].

v

The inequalities
o (z) <uy(z) < B (2), a(@) <u (@) < B(x), Yo el01],

are easily obtained by integration.
As the boundary conditions, assume that

w1 (0) + Lo (u, v, uf,u1 (0)) < a(0). (15)

By (10),
u1(0) = 60(0,u1(0) + Lo(ur, uy, uf, u1(0))) = a(0)
and, by (8), u1(0) > /(0) and uf(0) > «”(0). Therefore, by (H;) and (7)) this
contradiction with (15) is achieved:
u1 (0) + Lo (ula ullv u/1/7 u1 (0)) (0) + Lo (ula ulla ul’ ( ))

a(0) + Lo (o, o', 0", (0)) > a (0).
Analogously it is shown that uy (0) + Lo (ug, uy, v, u1 (0),u] (0),u] (0)) < B(0).
Remaining inequalities can be proved by a similar technique. O

\%
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4. Examples. The first example deals with the fourth order equation
u) (2) = —u (@) = (@) + (" (2))* + " (@) + 1], (16)
where 6 € [0,2], and the functional boundary conditions

fol u(s)ds + m[%)i] o (z) +u”(zg) — ku(0) =0
ze|0,

u(zy) —nu’ (0) =0 an
[ u(s)ds —u” (0) = 0
u (1) +u"(1)=0

with k£ > 41/6, n > 2 and x,z1 € [0,1].
Functions «, 8 € [0,1] — R given by

a(r)=-2>—z—land B(z) =2+ +1
are, respectively, lower and upper solutions for (16)-(17), with

0
—yo— 1 +ys +ys + 1|7,

f (xay07y1ay27y3)

1
Lo(z1,22,23,24) = /zlder max 22+23(x0) kzy,
a:E 1
0
Li(21,22,23,24) = 2z1(x1) —n24,
1
Lo(21, 22,23, 24,25) = /21d8—24,

0
L3(21,22,23,24,25) = —24— 2s5.

As the continuous function f verifies (3) and (4) for
pr. (y3) = 14+ [ys + 1)°,
with 6 € [0, 2], in
—2?—r-1<yy<z’+az+1
E, = (x,90,y1,%2,y3) € [0,1] x R*: 2 —1<y; <2x+1

—2<ys <2

then, by Theorem [3.1} there is a solution u (x) for problem (16)- (17) such that

2’ —z—-1 < u(@)<z*+z+1,
—2r—1 < u'(z)<22+1,
-2 < u'’(z) <2, vz € [0,1]
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Second example considers the fourth order multipoint problem

n=1

where S gi S0 pi

nln’nln’

+o0

nln?

u(w) ((E) _ _Ol(u(x))?) _ 0'1|u//0.01u/(;v) +92028 |’U,/N({E)|

za u(wn)+2b0 ’(:cn)JchO ' (2n) — ku (0) = 0
Za U(xn)Jerl ’(wn)+Zcu (@) —mu' (0) =0

o (0) + 20" (0) =0
u’ (1) =2

for i = 0,1, are positive convergent series to

a’, b and ¢!, respectively, x,, T, € [0,1], k > 7a° —|—8b0 +8c° and n > 3(7a +8b! +

8ct).

The functions «, 3 € [0,1] — R given by

a(r)=2%and 3 (z) = —2° +42® + 32+ 1

are, respectively, lower and upper solutions of (I8) with

f($7y03y17y27y3) =

LO(ZlaZ2723aZ4) -

Li(z1,22,23,24) =

L2(21722,23,24,Z5) =

L3(z1, 22, 23, 24, 25) =

—0.1(y0)® — 0.1y — 2|01 + 203/ |ys|

+oo +o00 +o00o
Z al 21 (xn) + Z b2 zo(20) + Z 2 z3(x) — k2g
n=1 n=1 n=1
+oo +oo +oo
Z alz (@) + Z bl 2o (@) + Z cl23(Zn) — n2a
n=1 n=1 n=1

24 + 225

24—2.

As the continuous function f verifies (3) and (4)) for

op. (y3) = 34.3+0.6 %% +20/Jys|

n

E* = (x,yanlay27y3) €

ngy —zd 4+ 422 +3zx+1
[0,1] xR*:  22<y, <-322+82+3

then, by Theorem 3.1}, there is a solution u (z) of problem (I8)) such that, for every

z €10,1],
22
2x

2

VAN VANV

u(r) < —a + 4% + 3z + 1, (19)
u' (z) < =322 +8x+3
u'(z) < —6z + 8. (20)

Remark that this solution u is nonnegative, by (19). Moreover, by (20), u is not
a trivial solution, neither can be a straight line.
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