RELAXATION IN SBV, (€;5%1)

GRACA CARITA, IRENE FONSECA, AND GIOVANNI LEONI

ABSTRACT. An integral representation formula is obtained for the relaxation of a class of energy
functionals defined in the class of SBV,, functions that are constrained to have values on the sphere
Cha

1. INTRODUCTION

Equilibrium problems for liquid crystals and magnetostrictive materials lead naturally to the
study of variational problems in which the underlying function space is a subset of Borel functions
with values on the sphere (see [26], [43]). More generally, for bulk energies there is a large literature
on lower semicontinuity, relaxation, and regularity for functionals of the type

E (u) := /Qf (x,u,Vu) dz, we W (Q; M),

where Q ¢ RY is open and bounded, 1 < p < 0o, and M C R? is a regular m-dimensional manifold,
m € N, (see, e.g., [16], [24], [33], [34], [35]). If f (z,u,-) is nonconvex, usually u — E (u) fails to be
lower semicontinuous, and thus we must consider the relaxed energy

& (u) := inf {liminfE (un) = up € WP (M), u, — uin L (Q; M)} )

One of the main objectives of relaxation theory is to find an integral representation for & (u). If
p > 1 and the integrand f satisfies a coercivity hypothesis of the type

e €)> 5160

for LN-ae. x € Q, for all u € M and ¢ € RN and for some C > 0, then the domain of £
remains in the Sobolev space W' (; M). On the other hand, if p = 1, then it may happen
that discontinuous fields are approached by sequences of smooth maps with bounded energy, in
which case the domain of €& may escape Wh! (2; M) and include bounded variation type fields. In
this context the relaxed energy £ has been studied by Alicandro, Corbo Esposito, and Leone [1]
when M = S9! the unit sphere in R?, and f has linear growth. This result was later extended
by Mucci [41] to general manifolds and for a restricted class of integrands satisfying an isotropy
condition, and subsequently by Babadjian and Millot [8], who removed this restriction. Note that
the integrands treated and the arguments used in [1] and [8] fall within the general theory developed
for the unconstrained case in [4], [31], and [13].

The key arguments in [1], [41], and [8] are the density of smooth functions in WP (£2; M) (see
[10], [11], and [37] for the precise statement) and a projection technique introduced in [39], [38].

In this paper we address a constrained variational problem that seems to fall outside the scope
of these techniques. Precisely, we consider the functional

F (u) := / f(z,u,Vu) dz —I—/ g (ac,u+,u_,l/u) dHN ! u € SBYV, (Q;Sd_1> ,
Q S(u)
where p > 1, the functions f : Q x S~ 1 x RN — [0, 00) and g : Q x ST x 891 x SN=1 [0, 00)
satisfy the hypotheses:
1
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(Fy) f is Carathéodory,
(F») there exists C' > 0 such that

él&\p < fl@u <CA+Ef)

for LN-a.e. x € Q, for all u € S9! and ¢ € RN,
(G1) g is continuous,
(G2) there exists C' > 0 such that

1
C
forallz € Q, X\, 0 € S9! and v e SN,

(G3) g(x,\,0,—v) =g (z,0,\,v) forall z € Q, \, § € S and v € SN~L.

Here it is important to observe that functions in SBYV, (Q;Sd_l) cannot be approximated by
smooth functions. Instead, we adapt to the constrained case an approximation result due to Braides
and Chiado-Piat (see Lemma 5.2 in [15]) using regularity results developed by Carriero and Leaci
[18] (see also [22]) for a constrained Mumford-Shah type functional, which allows us to replace the
projection argument in [39], [38], with the one due to Carriero and Leaci (see [18], Lemma 3.5).

The purpose of this paper is to obtain an integral representation for the localized relaxed energy

F(u; A) = inf {1innli£fF(un;A) : up € SBY, (A; sd—1> , tp — u in L1 (A;Rd>} . (1)

<g(z,\0,v)<C

with A € A(Q) and u € SBV,, (€;5%71), where A (Q) denotes the family of all open subsets of €.
Precisely,

Theorem 1.1. Assume that

p=2
and that f and g satisfy (F1), (F2) and (G1), (G2), (G3), respectively. Then for every u €
SBV; (€ 8471) and A € A(Q),

F(u;A) = / Qrf (x,u,Vu) dx +/ Rg (:U,u+,u_, yu) dHN L,
A S(u)NA
where Qrf (x,u,-) and Rg(x,-,-,-) denote, respectively, the tangential quasiconvex envelope of
f(z,u,-), and the BV -elliptic envelope of g (x,-,-,-).

The treatment of the unconstrained case may be found in [5], [14] and [15].

This paper is organized as follows. In Section 2 we give a brief overview of preliminary results,
and in Section 3 we establish the lower bound for the relaxed energy F. To obtain the upper bound
for F, in Section 4, we show that F is a variational functional (see Definition 4.1 in [6]), that is,
(H1) F(us;-) is the restriction to A(€2) of a Radon measure;

(Hs) Fis local, i.e., F(u; A) = F(v; A) whenever u = v LN-a.e. in A € A(Q);
(H3) F(:; A) is LY(Q;RY) sequentially lower semicontinuous, that is,

F (u; A) < liminf F (uy; A)
whenever 4 € A(Q) and u, — u in L' (Q;RY).
Note that property (Hz) follows from (1.1), while property (Hj3) from (1.1) and a diagonal

argument. The main difficulty is to prove that F (u;-) satisfies (H;). We will show that F (u;-)
satisfies (Hp) for a special class of functions u such that

weC (Q \ K Sd*) N SBY, (Q; Sd”) , (1.2)

where the compact set K C (2 satisfies suitable conditions (see (4.2) below). The key result is
Lemma 4.3, in which we show that every admissible sequence for F (u; A) can be modified to
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match u in a neighborhood of JA, without increasing the energy. The proof of this lemma relies
strongly on the regularity of u away from K, together with a projection argument introduced by
Carriero and Leaci (see [18], Lemma 3.5).

Once (Hy) is established, using blow up techniques developed in [31], [32], we obtain the integral
representation for all u as in (1.2). To remove the additional smoothness of u, we use the regu-
larity results of Carriero and Leaci [18] and of Schoen and Uhlenbeck (see Theorem 2.2.4 in [40])
for sphere-valued minimizers of the Mumford-Shah functional, in order to approximate any u in
SBV; (€; 8471 in a strong sense by a sequence {u,} of the type (1.2) (see Lemma 4.4). The fact
that p = 2 is only used to ensure C'*° regularity outside the set K. Indeed, for p > 1, p # 2, it is
known that p-harmonic functions are only C1, and this prevents the use of Sard’s theorem (see the
proof of Case 4 of Substep 1b in Theorem 4.1). We remark that all the other preparatory results
do not need this restriction, and thus we present them for arbitrary p > 1, although a different
argument is needed to treat Case 4 of Substep 1b in Theorem 4.1 for p # 2, and this is ongoing
work.

2. PRELIMINARIES

In the following © C R¥ is an open bounded set and we denote by A () and B () the families
of open and Borel subsets of €2, respectively. The Lebesgue N-dimensional measure is denoted by
LN while HV~! stands for the (N — 1)-dimensional Hausdorff measure. The unit cube in RV,

(—%, %)N, is denoted by @ and we set @ (zg,¢) 1= z¢ + €@ for € > 0. We define @, := R, (Q),

where R, is a rotation such that R, (ey) = v. The constant C' may vary from line to line.

Definition 2.1. A function u € L' (Q;Rd) 18 said to be of bounded variation, and we write
u € BV (Q;Rd), if forallt =1,...,d, and j = 1,..., N, there exists a Radon measure p;;j such

that 5
i ®

ulxacdx:—/ dib;i

@52 @ de=— [ o

for every ¢ € C (4 R).

The distributional derivative Du is a d X N matrix-valued measure with components p;;. The
total variation of the measure Du is given by

d
| Du| (Q) := sup {2/ u'divg; dr: p € C (Q;RdXN> s el < 1}.
=179

We briefly recall some facts about functions of bounded variation. For more details we refer the
reader to [5], [27], [36], and [44].

Definition 2.2. Given u € BV (Q;Rd) the approximate upper limit and the approximate lower

limit of each component u', i =1,...,d, are defined by
' LN {yeQnQ(z,e): v (y) >t
(UZ)+($) = inf {tER: lim (ly Q(iﬂvg) u' (y) > t}) :O}
e—0t €
and
N LN ({yeQnQ(z,e): u'(y) <t
()" (&) i=sup {t e iy O UEONQEI ) <) _ 0} |
£e—

respectively. The jump set of u is defined by

S (u) == O {m eQ: (u) ()< (u’)+ (a:)}

i=1
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It can be shown that S (u) and the complement of the set of Lebesgue points of u differ, at
most, by a set of H¥~! measure zero. Moreover, S (u) is (N — 1)-rectifiable, i.e., there are C!
hypersurfaces I'; such that

HYTH(S () \ UZTy) = 0.
In addition, for HN"'-a.e. 2 € S (u) it is possible to find a, b € R? and v € SV~ such that

. 1 i 1
o [ ) —aldy=0. S [ ) by =0,
where QF (z,¢) == {y € Qu (z,¢) : (y —z,v) >0} and Q; (z,€) :={y € Qu (z,¢) : {y —z,v) <O}
The triplet (a,b,v) is uniquely determined up to a change of sign of v and an interchange between
a and b and it will be denoted by (ut (z),u™ (x), vy (z)). In the sequel, we write that

(a,b,v) « (d',V/, V) (2.1)
if (a,b,v) = (d',0/,V) or (a,b,v) = (b,d,—1").
Choosing a normal v, (x) to S (u) at z, we denote the jump of u across S (u) by [u] :==u™ —u~.

The distributional derivative of u € BV (Q; ]Rd) admits the decomposition
Du = Vul™ | Q+ ([u] @ v,) HN LS (u) + C (u),

where Vu represents the density of the absolutely continuous part of the Radon measure Du
with respect to the Lebesgue measure. The Hausdorff, or jump, part of Du is represented by
([u] @ v) HN (S (u) N Q) and C (u) is the Cantor part of Du. The measure C (u) is singular
with respect to the Lebesgue measure and is diffuse, i.e., every Borel set E C Q with HV =1 (E) < oo
has Cantor measure zero.

We say that a set E C RY is a set of finite perimeter in Q if yg € BV (Q), that is,

sup{/ divpdr : ¢ € C} (Q;Rd), el < 1} < 00.
E

The perimeter of E in € is the total variation of the characteristic function xg in £ and it is
denoted by Per (E; Q).

The relation between functions in BV (£2) and sets of finite perimeter is given by the Fleming-
Rishel coarea formula

|Dul () = /OO Per ({z € Q: u(x) > t};Q) dt. (2.2)

—00

For every set F of finite perimeter in €2, we have
Per (E;Q) = HN 1 (0" E),

where 0* F represents the reduced boundary of E in Q, i.e., 0" ENQ =S5 (xg) NQ.
Special functions of bounded variation were introduced by De Giorgi and Ambrosio [21] in the
study of image segmentation in computer vision.

Definition 2.3. The space of special functions of bounded variation, SBV (Q;Rd), 18 the space
of all functions w in BV (Q;R?) such that C (u) = 0.

We say that a function u € SBV (Q; Rd) belongs to SBV,, (Q; Rd), p>1,if
Vu € LP (Q;Rd) and HY 1 (S (u)) < oo
A sequence {u, } C SBV,, (Q;R?) converges strongly to u in SBV,, if
Uy — win L1 (Q;Rd) , Vu, — Vu in LP (Q;RdXN) ,

HN (S (un) AS (1)) — 0, / (uf — |+ [ug —u-]) dH¥1 0. (23)
S(un)US (u)
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Here we choose the orientation
=v, HN lae onS(u,) NS (u). (2.4)
The space SBVj (Q; Rd) is defined by

Uy

SBV; (Q;Rd) - {u € SBV (Q;Rd> . Vu=0 LV-ac. in Q and HV7L (S (u)) < oo} .
We recall the definition of quasiconvexity.

Definition 2.4. A Borel function f: RN — [~o0, 00| is said to be quasiconvex if

FO < g [ 1€+ el dy (25)

for every open bounded Q C RN with LN (0Q) = 0, for every & € RN and for every ¢ €
VVol’OO (Q;Rd) whenever the right hand side of (2.5) exists as a Lebesque integral.

Here, and in what follows, the space W& e (Q; Rd) denotes the W1 weak * closure of CS° (Q; ]Rd).
Given f : RN — (—00, 0c], the quasiconver envelope Qf : RN — (—o00, 0] of f is defined by

Qf (§) :=sup {f(f) RPN 5 (—00,00] is quasiconvex, f < f},

where ¢ € RN where we use the convention that sup () = —oo.
If f: RN — R is a Borel function locally bounded from below, then it can be shown that the
quasiconvex envelope of f is given by

Qf (&) Zin{/Qf(ﬁﬂLVso(y)) dy : o€ Wy'™ (Q;Rd)},

see [30].
For manifold-constrained fields the appropriate notion of quasiconvexity was introduced in [24],
precisely,

Definition 2.5. Let M C R? be an m-dimensional manifold of class C, with 1 < m < d, and
let f: RN — R be a Borel function locally bounded from below. The tangential quasiconvex

envelope, Q7 f, of f is defined by
Qrf(z¢) = iﬂf{/Qf(§+V<P (2)) do: @€ W™ (T (M))},
zeM and € € [T, (M), where T, (M) is the tangent space to M at z.

Setting M := {(z,f) EMXR™N . ¢ [T, (M)]N}, a Borel function f : M — R is said to be
tangentially quasiconver if

[(2,6) =Qrf (%) for all (z,&) € M.

It was proved in [24] that under the conditions of Definition 2.5, one has

QTf (Z, 5) = Q? (Za E) (26)
for all z € M and ¢ € [T, (M)]Y, where F : M x RN — R is the function defined by
[(2,8) = f(P:€), (2.7)

(2,€) € MxR>*N_ Here P& := (P!, ..., P.&Y), where ¢ stands for the it" column of the matrix
€ € RN and P, is the orthogonal projection of R? onto the tangent space T, (M). In the special
case in which M is the unit sphere S?~1, then for € R?\ {0} and & € RV,

P = (ded ~Ze Z) ¢ (2.8)

2 Il
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is the orthogonal projection of £ onto the plane perpendicular to ﬁ, ie., P.EeT & (Sdil) and so
the function (2.7) takes the simple form

f(28) = f((laxa — 2 ® 2) §)
(2,6) € 871 x RN Note that we may extend f to R?\ {0} x RN by

f(2,8):=f <<Hd><d— é ®]j) §) :

Definition 2.6. Given a Borel set E C RY, a Borel function g : E x E x SN~ — [0, 00] is said to
be BV-elliptic if for every (a,b,v) € E x E x SN=1,

/ g (ut um,v) dHN Tt > g (a,b,v)
S(u)

for all functions u € SBV) (Q,,;]Rd) N L (Qy;Rd) that take values in 2 and such that v = ugqyp,
in a neighborhood of 0Q),. Here

b ifx-v >0,
Uapu (2) ::{ a ifx-v<O.

If the set £ C R? is bounded, then it turns out that BV-ellipticity is a necessary and sufficient
condition for sequential lower semicontinuity of functionals of the form

(2.9)

u€ SBVy (4 E) — / g (u+,u_,uu) dHN1
S(u)

under appropriate conditions on the integrand g. We refer to Theorem 5.14 in [5] for more details.

Definition 2.7. Given a Borel set E C R and a Borel function g: E x E x S¥~1 —[0,00), the
BV-elliptic envelope Rg : E x E x SN=1 — [0,00] of g is defined by

Rg (a,b,v) :=inf {/ gut,um,v,) dHN1: we SBY, (Q,,;Rd) N L™ (Qy;Rd) , (2.10)
S(u)

U= Ugp, 0N 0Qy }’
(a,b,v) € B x B x SN~1,

3. LOWER BOUND
Set,
F(u;A) = / Qrf (z,u,Vu) dx +/ Rg (:U,u+,u_,l/u) dHN (3.1)
A S(u)NA

where u € SBV,, (€;5971) and A € A ().
The main result of this section is the following sequential lower semicontinuity theorem.

Theorem 3.1. Let Q C RY be open and bounded. Assume that f: Q x S¥=1 x RN — [0, 00) and
g: QxS 1x §4=1x §N=1 [0, 00) satisfy hypotheses (Fy), (F») and (G1), (G2), (G3), respectively.
Then for every u € SBV, (Q; Sdil), p>1, Ae A(Q), and every sequence {u,} C SBV, (A; Sdil)
converging to u in L (A; Rd),

F(u; A) <liminf F (up; A) . (3.2)

n—0o0

The proof of the previous theorem uses the next two lemmas.
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Lemma 3.2. Assume that g : Qx S971 x §971 x SN=1 [0, 00) satisfies conditions (G1) and (G3),
leta, be ST ve SN {w,} CC(Qu;Q), {u,} C SBY, (Ql,; Sdil) be such that up, — Uqp,, in
Lt (Qy;Rd) and

liminf/ 9 (wn W), ut (1) un (Y) v, () dHY ™ (y) < o, lim [ [Vun (y)[" dy=0.
S(un)

n—oo n—oo Ql/
(3.3

Then there exists a sequence {v,} C SBVp(QV;Sd—l) such that v, — ugp, LYQu;RY), v, =
Ug by 10 a neighborhood of 0Q,,
immint [0 o0 ). 00,05 00 ) )

n—oo

n—oo

< liminf / g (wn (), 0t () (1), v () dHN (),
S(un)

and
lim |V, ()| dy = 0.

n—oo QV
Proof. Without loss of generality, we take a = eq, b = e1, v = ey, we denote u,p, by uo, i.e.,

e ifyn >0,
uo (y) = { eqa ifyy <0,
and we write @ in place of Q,.
Extract a subsequence (not relabeled) such that
liminf/ g (wn,u;‘,ufl,yun) dHN™! = lim g (wnjuz,u;,uun) dHN 1 < 0.
n—00 Jg(u, =90 JS(un)
In view of (G) and since {u,} converges to ug in L! (Q; Rd), we may also assume that the sequence
of Radon measures v, := HY~1[(S (u,) N Q) weakly star converges in the sense of measures to some
nonnegative Radon measure v and that {u,} converges to ug pointwise LN-ae. in Q.
Using an argument of Carriero and Leaci (see [18], Lemma 3.5), we modify the sequence {u,} in
such a way that its projection onto the sphere is Lipschitz. For each z € R? set 2/ := (zl, .. ,zd_l)
and 2" := (22,...,2%) so that (/,29) € R¥™! x R and (2!,2”) € R x R, Set

QT ={yeqQ: yny >0}, Q ={yeQ: ynv <0},

and define . . , ' .

i (y) — { (maX (un (y) ) §) y Up (y)) lf Yy e Q,’

! (up (y) ,max (uf (y),3)) ifyeQ
Since |up| = 1 in @ and {u,} converges to uy pointwise £LV-a.e. in @, we have that {i,} still
converges to ug pointwise £N-a.e. in @, and since % < |un| < 2, by the Lebesgue dominated

convergence theorem, we have that {u,} converges to ug in L4 (Q; Rd) for every 1 < ¢ < 0.

Using the fact that the function f; (¢) := max (t, %), t € R, is Lipschitz, by Corollary 3.1 in [3]

and Corollary 3.89 in [5] (with Q replaced by Q™), it follows that @, belongs to SBYV,, (Q; Rd), with

4 J 0 LN-ae. in Qt N {ul <1},
Vi, = { Vul otherwise, (3.4)

D=

N, o in O— d
Vil = { 0 LN-ae inQ N{ul <1}, (3.5)

Vul  otherwise,
V!, = Vui fori=2,...,d— 1, and
S (Up) C S (up) U{y € Q: yn =0}, (3.6)
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In what follows, for simplicity of notation we abbreviate {y € Q : U, (v) # un (y)} as {Un # un}
and @ (0,s) as @s. Observe that

LN (@, # un}) = £V <Q+m {u; < ;})+£N <Q— N {u:ﬁ < ;}) <V <Qm {yunu0| > ;}) :

therefore £V ({&,, # u,}) — 0 as n — oo. By Fubini’s theorem we deduce that

[ (G wah 00Q) ds = £ ([ £ ) 0 asm o
0

and so, up to a subsequence (not relabeled),

HN L ({Un # un} NOQ,) — 0 as n — oo for L'-a.e. s € (0,1). (3.7)
Fix 6 > 0, and in view of (3.7) choose s5 € (1 — §,1) such that
HY T ({Gy # un N0Qs;) — 0 asn — oo and v (9Qs,) = 0. (3.8)

Consider m € N so large that § + = < 1 and let {¢,,,} be a sequence of smooth cut-off functions
such that o =110 Qs;s o = 01in Q\ Q4 1, and [|[Vom || pec(grny = O (m). Define

U ) { Un in QS57
m,d = N . 7
o P ((,Omun + (1 - (,0m) U[)) m Q \ Qsa)

where P is the projection onto the sphere S?~!. Note that Up,m,s = o on 0Q because Puy = uy.
Since
~1
n =

in (Q\Q,,)NQ7,

DO =

in (Q\Q,,)nQ", al>

N | =

then
in (Q\Qy,)NQ", el +(1—pm)uf >3 in (Q\Q,)NQ™.
Using the fact that the projection P : R?\ By (0, 3) — S9! is Lipschitz, by Corollary 3.89 in [5],

@maiz + (1= om) utl) >

N | —
N | —

v { Vuy, in Q557 (3 9)
Un,m,s = ~ ~ . — .
o VP (¢ntin + (1 - (Pm) UO) \Y (Somun + (1 — m)up) inQ \ ngﬂ
and
S (tnm,s) C S (un) U((Q\ Qsy) N {yn = 0}) U (9Qs; N {tr (wn) # tr(un)}), (3.10)
where we have used (3.6). By (3.4), (3.5), and (3.9), we obtain
[Vt ms| < Lib (Plaay g, 0,1)) (V] + IV oml [t = wol) < C (Vun] +m [ — uo))
n Qg1 \ Qs and so
/ (Vg m sl dy < C (/ |Vu, [P dy + mp/ [T, — upl? dy> .
Q Q Q
Since U, — ug in LP (Q;Rd), also by (3.3), we get
lim [ |Vugms” dy=0. (3.11)
n—oo Q

On the other hand, by (G2), (3.6), and (3.10), we deduce that

+ — N-1 + - N-1
/( g (an un,m,é’ un7m757 Vun,m,(;) dH S / g (wn; un ) un ) VUn) dH
S Un,m,§ (

Un )

+ CHN Y ({ # unk 010Q,) + CHY (8 (wn) 0 (@1 \ Qsy) ) + CHY ™ ({yn = 0101(Q) Q).
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Letting n — oo and using (3.8) and the fact that v, X in the sense of measures, we obtain

. + - N-1
hm Sup / g (w’nJ un7m757 unymﬁ’ Vun,m,(;) dH
S(un,m,é)

n—oo

< Jm [ g ug,) AN O (@ \ Qs )+ ORY T (fun = 010 (@) Q4)))

n—oo S(un)

When m — oo we have that
v (Qurs \ Q) = 1(9Qs5) =0

by (3.8). It suffices to let § — 0T to conclude that

limsuplimsuplimsup/ g (wn,u:mé, Uy o 55 Vitn m 5) dHN
5~>O+ M—00 N—00 S unym’(; 317l 3110y ERLLE)

. - N-1
< lim g (wn,u:[,un , l/un) dH .

n—oo S(un)

This, together with (3.11), and a simple diagonalization argument, yields the desired result. U

The next lemma allows us to work with sequences in SBV (Q; Sdil) in order to use the BV-
ellipticity condition. A similar argument already appears in Theorem 3.3 of [2].

Lemma 3.3. Let a, b € S ', v e SN71, let {u,} C SBV, (QV;Sd_l), p > 1, be a sequence of
functions satisfying

n—oo

sup HY 71 (S (uy)) < o0, lim : |V, [P dy = 0, (3.12)

and u, = Uqp, i a neighborhood of 0Q, (depending on n).
Then there exists a sequence {v,} C SBVy (Qy; Sdil) such that
Jim (B = wnll e (gi50-1) =00 lim HYTH(S (@) \ S (ua)) =0,

and Vp, = Uqp, 0 a neighborhood of 0Q), .
—-1/2
Proof. Let k, be the integer part of (fQu |V dy) , so that k, — oo and
kn/ |Vuy,| dy — 0 as n — oo.
Qv
Take n so large that 1/k, < |[b — a’|, whenever b' # a’, i = 1,...,d, where a' and b’ are the

components of the vectors a and b, respectively. For every j =0,...,3k, —1and everyi =1,...,d,
by the coarea formula (see (2.2)), we have

/{ oy [Vl dy = [Dus] (@S () 0 {ag < n < i })
- / HN(Qu\ S (ul)) N 0" ({y € Qu : il (y) > 1)) dt,

where o := =2, aj == -2+ é, asg,, ‘= 1, and so there exists t} € (o, ajy1) such that

Jo [V = T (@ S00) N0 € Qo ) > 1)),
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Summing over j yields

3kn—1

. 1 _ , o . ,
SISl dyz g S W (@S0 N0y € Q, ¢ ) > ) i
v n j=0
Let t' | := -2, ték =1, and for j € {—1,...,3k, — 1} set

E; = {y €Qy: ti- <, (y) <tj+1}
a’ 1fy€El andtl<a’<tj+1,
vi(y): =< b ifye E]Z and t; <b < t;H,

t;- otherwise in E;

Since ﬁ < ‘bi - ai‘ whenever b’ # a', then either a or b* is in (t;, t; +1] but not both simultaneously,

so v}, is well-defined and [|v;, — up|| ;o 0,Rd) < %
Moreover, v, = 4, in a neighborhood of 0Q),. Indeed, since u,, = 4, in a neighborhood of
9Q,, if yo € Q, and yo - v > 0, then u!, (y) = b for all y € Q, near yo. Using the fact that for
3kp—1
every fixed i € {1,...,d} the family {E’} ) is a partition of @), thereis j € {—1,...,3k, — 1}

such that y € E; for all y near yo with t’ <b <l (y) < t§+1. Thus v! (y) = b’ for all such y, by

the definition of v¢. In turn, v} (yo) = bi. Similarly, v, (y) = a for all y € 0Q, with y - v < 0.
We have

d 3kn,—1 A d 3kn—1 ) A
cU U oEcl U o{yen: u,(y) >t}
=1 75=0 =1 7=0
so that
d 3kn—1

HY (S (0,)\S () ZZ ((Qu\ S(u ))ma*{yeQV;u;>t§})gczcn/ V| dy — 0,

_0 v

where we have used (3.12). Moreover, for y € @, we have

S

L= lun )] < Jun (y) = v )] + Jon )] < 7=+ on ()]

Hence, |v, (y)] > 1— ‘k/—f > 1 for LN-a.e. y € @, and for all n sufficiently large. Define v, := P (v,).
Then

- C
an - unHLOO(QU;Rd) <C ||Un - unHLOO(QU;]Rd) < F — 0.
n

Since P : R\ By (0, %) — 891 is Lipschitz, by Corollary 3.1 in [3], ¥, € SBVj (QV;Rd) and
S (vn) € S (vy). Thus, HY=1(S (v,) \ S (un)) — 0 and the proof is complete. O

Remark 3.4. Consider the function v : R? — R defined by ¢ (2) := |z[2, z € R, Since ) is locally
Lipschitz, for any u € SBV), (Q;Sd_l) we have 1 ou € SBV, (;R) by Corollary 3.1 in [3], and
=V @ou)=VeY @) Vu=2(Vu) u LN-a.e. inQ. Hence,

(Vu (2)) u(z) =0 for LY -a.e. z € Q. (3.13)
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Proof of Theorem 3.1. Without loss of generality, we may assume that

lim inf / f(z,un, Vuy,) dz —|—/ g (x,u;,u;,yun) dHN1
n—0oo A S(un)NA

= lim [ f(x,up,Vuy,) de+ lim g (z,u) uy v,) dHY 7! < .

bl n n
n—o0 [ 4 =00 Jg(u,)NA

By the coercivity conditions (F») and (Gs2), up to a subsequence (not relabeled), there exists a
nonnegative Radon measure p : B(A) — [0,00), where B(A) is the family of all Borel subsets of
A, such that

f (@, V) LY A+ g (20w va,) HYTHS (un) N A) = 4

as n — oo, weakly star in the sense of measures.
By the Radon-Nikodym and Lebesgue decomposition theorems (see [29] Theorems 1.101 and
1.115, respectively), we can write p as a sum of three mutually singular nonnegative measures

= dﬁ‘fé‘LAcN | A+ MHN*L(S (u) N A) + ps.

By the Besicovitch derivation theorem (see [29] Theorem 1.153)

dp . M(B ({1;075)) N
= Jim 20D for LN-a.e. 7y € A
aeN[A ) = I I B g ey < PrLiaemed,

dys _ 1 (Qu (xo,€)) N
1[5 (W) (w0) = ali)f(l)l+ HYT(S (u) N Oy (20, 2)) < 00 for HN"lae. 29 € S (u) N A.

By Theorem 2.83 in [5], it follows that

() = tim @ (70:9))

dHN=S (u) oot eNT
for HN"t-a.e. xg € S (u) N A.
We claim that
d
ﬁ (z0) > Qrf (w0, u(x0), Vu(zg)) for LN-ae. g € A, (3.14)
d —
W’W (z0) > Ry (w0, u™ (w0) ,u™ (x0) , vu (20)) (3.15)

for HN"t-a.e. xg € S (u) N A.

If (3.14) and (3.15) hold, then the conclusion of the theorem follows immediately. Indeed, since
Lin — 11 in the sense of measures,

n—oo

lim inf (/ f(z,upn, Vuy,) dx —|—/ g (z,u) uy, v,) dHN1>
A S(un)NA

. . dlLL dILL Nt
— lim inf 1, (A) > p (A) > THY S ()
im inf (4) = u( )_/AdﬁNLAdw—i_/S(u)mAdHN_ﬂS(u)dH

> / QTf (xvua VU) d.’I)—f—/ Rg (m7u+7u_77/u) dHN_l:
A S(u)NA

where we have used the fact that pg > 0.
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Step 1- Let ¢ : [0,00) — [0,1] be a continuous function such that ¢ = 0 in [0, %} and ¢ = 1 in
[1,00). Define f: Q x R? x RN — [0, 00) by

Flazg) m { e (2D f (2, . o) + (1= 0 (12)) 6P if 240, (316)
0 if z =0,
where P,¢ is defined in (2.8). Observe that fis a Carathéodory function satisfying
0< f(z,28) <COA+[E)
for LN-a.e. z € Q, for all z € R? and ¢ € RN, Moreover, by (2.6),
Qf (x.2.6) = Qrf (z,2,€) (3.17)

for LNV-a.e. z € Q, for all z € S and & € RN,
We denote by Bj the unit ball in RY. Fix zg € A satisfying a), b), ¢) and d) in the proof of
Theorem 5.29 in [5] and such that

(Vu (20))" u (20) = 0, (3.18)

where we have used Remark 3.4.
Choosing e \, 07 such that u (0B (xg,cr)) = 0, we have

dp _ o BB (x0,€k))
aEN[A o) = oy

1
= lim lim ~ / [ (z,un, Vuy,) dm+/ g (:U,u;t,u;,l/un) dHN !
k—oon—00 wyey, B(zo,ek) S (un)NB(zo,ek)

1
= lim lim — ( [ (zo + ey, u (xo) + ewn i, Vwp i) dy
B1

k—o00 Nn—00 WN

1 _ _
+— g (xo + ery, u (o) + skw;k, u(xo) + ERW,, 1 an,k> dHN
€k S(u}nJﬁ)ﬂBl
where
Up (To +ExY) —u (T
o ) = U0 E) =0 0]
€k
Clearly, wy, 1, € SBV, (Bl;Rd) and wy, ;, — wo in L (Bl;Rd), where wg (y) := Vu (z9)y, y € Bi.
By the choice of x and the coercivity conditions (F5) and (G2) we have

HN-L(S N B
lim sup lim sup/ |an,l~c\p dy < oo, lim sup lim sup (S (wn.r) )
By

< 0. (3.19)

By a standard diagonalization argument we can extract a subsequence wy, := wy, j that converges
to wg in L' (Bl; Rd) and such that

lim HY L (S (wy) N By) =0, sup / |Vwy | dy+/ [w]| dHY 1) < 00, (3.20)
k—o00 k B S(wy)NB1

du 1
O ) > lim —
AN A (x0) > Jm on i [ (xo + epy, u(wo) + epwy, Vuy,) dy,

where we used the facts that g > 0, |[wpi]| < %, and (3.19)2. Since |u(zo) + erwy (y)| =
|Un,, (To + ery)| =1 for LN-a.e. y € By, then by (3.13),
)

(V (u(w0) + evwe (1)) (u (@0) + exwr (1)) = e (Vwy ()" (u (z0) + epwi () = 0.
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Hence, using the fact that for z € R? and ¢ € RN (2 @ 2)¢ =2 ® (§Tz), we have that

[I= (u (x0) + epw (y)) © (u(x0) + epwr (y))] Vwr (y) = Vg (y),
and so (3.20)3 may be written as

1 ~
dﬁ%LA (CCO) > hin_)sip E B f (1‘0 + ey, u (xo) + epwy, Vwk) dy

. 1 ~
> limsup — [ Qf (w0 + exy, u (z0) + epwy, Vwy) dy,
k—oo WN JB;

where we have used the fact that ]72 Qf and fis the function defined in (3.16).
In view of (3.20)3, it follows that

d 1 ~
ﬁ (o) > li;rizgp lilrcri)s;ip on [Qf (xo + ery, u (o) + epwy, Vwg) + 6 |Vwk\p} dy. (3.21)

For each 0 > 0 fixed, we proceed as in the proof of Theorem 5.29 in [5] (applied to the quasiconvex
integrand Qf (z, z,&) + d [£|P) to obtain
1 ~
timsup — [ [QF (20 + exy, u (@) + sy, Vun) + 8 [Vun?| dy
k—oo WN JBy
> Qf (zo,u(20) , Vu (o)) + 6 [Vu (zo)|” = Q1 f (20, u (20) , Vuu (20)) + 0 [V (z0) ",
where we have used (2.6) and the fact that [T — u (o) ® u (x0)] Vu (20) = Vu (20), since (Vu (20))” u (x0) =

0 by (3.18). This, together with (3.21), yields (3.14).
Step 2- To prove (3.15), fix g € S (u) N A such that

dp 1 (Qu (o, €))

— = li .22

1[5 ) = i Ty < (3.22)
1

lim / lu(x) — Uz (z)| dz =0,

where v := v, (x9) and
ut (zg) ify-v>0,
uCCO7V (y) T { u- (ZEO) lf Y-V S 0.
Using the fact that p is a Radon measure, we may choose g; N\, 07 such that p (9Q, (zo,er)) = 0.
Then

1 (Qu (o, €))

lim ————= =

k—o0 gév_l
1
= lim lim —— / f(z,up, Vuy,) dx—i—/ g(;r,uf{,u;,uun) dHN !
k—oom=00 g Qu(zo,er) S(un)NQu (zo,ek)

(3.23)

. . 1 _ _
= lim lim / erf <$0 + €LY, Un ks vak) dy + / g (J;O + ery, ”:er’ Uy s Vo, k) dHN 1 7
k—o0n—0o0 Q. Ek S(vn,k)mQy ) ) ’

where
Un,k (y) = Unp (x() + Eky) s Yy e Ql/‘
Note that v, € SBV, (Q,,; Sd_l), and by (3.22), lim lim |lv, s — Umo,u”Ll(Q 5a-1) = 0. More-
k—o00 n—00 vy
over, by (3.22)1, (3.23), and the coercivity hypotheses on f and g, we have that
1
lim sup lim sup —— |V, P dy < o0, lim sup lim sup HY 1 (S (v, 1)) < o0. (3.24)

k—oo n—o00 €k Qv k—oo n—0o0



14 GRACA CARITA, IRENE FONSECA, AND GIOVANNI LEONI

By a standard diagonalization argument, we may extract a subsequence vy := vy, j that converges
t0 Uz, in L (Qy; S%71) such that

lim |Vog|P dy =0, Co :=sup HY 1 (S (vp)) < o0, (3.25)
k—o0 Qv k
and
lim w > lim g (mo + Eky,v,j, (P l/vk) dHN L. (3.26)
k—o0 € k—o0 S(vg)

By Lemma 3.2 there exists {v,} C SBV, (Ql,; Sd_l) such that Uy, — g, , in L (Ql,; ]Rd), U = Ugg v
in a neighborhood of 9Q),,

lim |Vogl? dy =0,

k—oo

and

lim inf/ g (a:o + sky,ﬁg,@;, ng) dHN ! < lim inf/ g (:(:0 + ey, v,':, v, l/vk) dHN .
S () S(vk)

k—o0 k—oo
(3.27)
Since g is uniformly continuous on @ (zg,7) x S9! x §4=1 x SN=1 where Q (xg,7) C Q, for n > 0
fixed there exists § € (0,1) such that

9 (2, A, 0,v) — g (21, A1,01,v)[ < (3.28)

for all z, z1 € Q (zo,7), \, A1, 0, 61 € ST, v e SN=1 with |z — 21| <6, [\ = \i| <6, [0 —61] < 6.
By Lemma 3.3, we can find a sequence {v} C SBV) (Q,,; Sd_l) such that

Jim ([0 = Tkl o ey = 0, lim HYTH((S (@) \ S (7)) =0, (3.29)

and U = Uz, on 0Q,. Using the facts that g > 0 and (@;:,U,;,I/ﬁk) “ 5,':,5];,1/5,@) HNLa.e.
in S (vg) NS (V) (see Proposition 3.73(b) in [5]) in the sense of (2.1), (G3), (3.28), (3.25)2, and
(3.29), we have

/ g (mo + €ky7§]—:76];7%k) dHN_l > / g (x07U:7ﬁlzu W}C) dHN_l - 7700
S(vy) S(vg)

Z / g (x07ﬁ;76g7%k) dHN_l - 7700
S()NS (Uk)

> / g (xo,ﬂ:,'ﬁlz,ygk) dHN Y — 20Cy.
S()NS (Uk)
On the other hand, by the growth condition (G2) and (3.29)2, we obtain,
/ g ($075];F75];a Vﬁk) dHN_l < CHN_I ((S (5]6) \ S (Ek))) — 0.
(S@K)\S(vk))
Hence,
lim Sup/ g (xo + 8;@,@2‘,@?, Wk) dHN ! > lim sup/ g (130,52_,5];, I/gk) dHN ! — 2nCy
k—oo JS(vg) k—oo JS(vk)
> Rg (x07 ut ($0) U (330) » V(o) (IO)) — 2nCo,
(3.30)

where in the last inequality we have used (2.10), the facts that Uy = uy,, on 0Q, and vy €
SBVy (Qu; S%71). Combining (3.26), (3.27), and (3.30) yields

dp

THY1(S (0) (z0) = Ry (z0,u™ (z0),u™ (20),vu) — 2nCo.
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It now suffices to let n — 0*. O

4. UPPER BOUND

In this section we prove the opposite inequality of (3.2) for functions u € SBV, (Q; Sd_l).
Theorem 4.1. Let Q C RY be open and bounded. Assume that
p=2

and that f : Q x S¥1 x RN — [0,00) and g : Q x S9! x 5971 x SN=1 — [0,00) satisfy
hypotheses (F1), (F») and (G1), (G2), (Gs), in the introduction, respectively. Then for every
u € SBV, (Q; Sd_l), A€ A(Q), there exists a sequence {u,} C SBV; (A; Sd_l) converging to u in
Lt (Q;Rd) and such that

liminf F (up; A) < F (u; A), (4.1)

n—oo

where F is the functional defined in (3.1).

To prove (4.1), we first show that F (u;-) is the restriction to A (£2) of a Radon measure for all
functions u € SBV,, (Q; Sd_l) with the property that there exist a closed (N — 1)-rectifiable set K
and a constant C' > 0 such that v € C (Q \ K; Sd_l) and for every compact set K/ C K,

N s /
Jim sup LY {xeQ: d;st (x,K') < e})
e—0t

Theorem 4.2. Let Q C RY be open and bounded. Assume that f : Q x S¥1 x RN — [0, 00)
and g : Q2 x S x §971 x SN=1 [0, 00) satisfy hypotheses (Fy), (Fz) and (G1), (G2), (G3), in
the introduction, respectively and let u € SBV,, (Q; Sd_l), p > 1, be such that u € C (Q \ K; Sd_l),
where K C RN is a closed (N — 1)-rectifiable set satisfying (4.2). Then F (u;-) is the restriction to
A () of a Radon measure absolutely continuous with respect to the measure

(1+|Vu") LY Q4+ HV LS (u).

< CHN M (K. (4.2)

The following lemma plays a central role in the proof of Theorem 4.2.

Lemma 4.3. Under the hypotheses of Theorem 4.2, let v € SBYV, (Q;Sdil) be such that u €

C (Q\ K;5%1), where K is a closed (N — 1)-rectifiable set satisfying (4.2), and let {u,} C SBV, (4;5%1)
converge to u in L'(A;R?) for some A € A(Q). Given an open set By CC A with polyhedral bound-

ary and such that HN =1 (0By N K) = 0, there exists a sequence {v,} C SBV), (A;S41), converging

to u in L (A;Rd), and such that v, = u in a neighborhood of OBy (depending on n) and

limsup F'(vy,; A) < liminf F'(u,; A).

n—o00 n—00
Proof. By extracting subsequences, if necessary, we may assume that

liminf F (uy; A) = lim F (u,; A) < oo, (4.3)

n—oo

and, by (F2) and (G2), that the sequence of measures
fin = (1 + |Vup|?) LY A +HN (S (un) N A)
weakly star converges in the sense of measures to some nonnegative Radon measure p : B(A4) —
[0, 00).
Since By has polyhedral boundary, we may write 0By = Ui]‘ilPi, where
PiC{l‘GRN: (l’—ai)'l/i:()},
with a; € RV, p; € SN=1 i =1,..., M.
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For t > 0 set
El ={z € A: dist(z,0BpNK) <t}, E}:={zxecA:dist(z,Us (PNP))<t}, (44)

and

E;:= E} UFE}%
By (4.2),
N A di BoNK
lim, L7 {zed: dist ix’a 0N E) <€) _ oy (9By 1 K) — 0. (4.5)
In particular,
cN(E)) -0 ast—0". (4.6)

Consider the function
f(x) :=dist (x,0BoNK), xRV,
It is well-known that f is Lipschitz, and thus by the coarea formula (see (2.74) in [5]) we have that

/ IV f(z)] dm:/EHN_l {xeA: f(x)=s}) ds. (4.7)
{z€A: 0<f(z)<e} 0

By Corollary 3.4.5 in [17] we have that |V f (x)| = 1 for all x € RN \ (0By N K) such that f is
differentiable at z. Hence, also by Rademacker’s theorem (see Theorem 2.14 in [5]) we have that

/ Vi) de=CN({zeA:0<f(z)<e)),
{z€A: 0<f(z)<e}

which, together with (4.7), yields

LN ({z e A: dist (z,0By N K) < ¢}) :/ HN L ({z € A dist (z,0ByN K) = s}) ds :/ HN 1 (OEY) ds.
0 0

Thus, by (4.5) there exists s. € (%,5) such that

HN! (8E815) —0 ase — 0T, (4.8)

Set
B. := {x € A: dist (z,K) > i} N{z e A: dist (z,0Bp) < 2¢}.

Since By CC A, by taking e sufficiently small, we have that B. CC A, and so B. is compact. Using
the fact that u € C (Q \ K; Sdil), we have that u € C (BE; Sdil). Hence there exists 0 < 0. < §
such that for every x, 2’ € B., with |x — 2’| < 4,

1
/

lu(z) —u(2')| < Wi (4.9)
For every i = 1,..., M, let {Ri,j,g}y:if be a grid of closed rectangles, with mutually disjoint
interiors, with centers in P; \ Es. and with two sides parallel to v; covering P; \ E,_ and such that
the sides parallel to v; have length 62 and the sides orthogonal to v; have length &.. Note that
since the center of each R; ;. does not belong to Es. and §. < § we have that R; ;. C B.. As a

consequence, (4.9) holds in each rectangle R; ;.. Let

. Mi £
P@E = 1Int (Uj:i Ri7j78> . (4.10)
Observe that N
w2 M) )
13

Indeed,
HN L (P) > HY N (Pen P) = Y0 HN T (R 0 P) = M6 L

S
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Step 1- We now modify the sequence {u,} in each rectangle R; ;.. Without loss of generality, we
may assume that v; = ey and the center of the rectangle is the origin. To simplify the notation,
we denote this rectangle by R.

We will use the same argument as in the proof of Lemma 3.2. Since |u(0)] = 1, there is
t=1,...,d such that ‘ul (O)‘ > ﬁ. We may assume that i = d and, further, that u? (0) > ﬁ (the

case u? (0) < —% is similar). By (4.9), we have

1 1
d d
u () > u*(0) — —— > —— for all x € R. 4.12

G (z) = (% (z), max (ug (), 4\1@)) . (4.13)

Reasoning as in the proof of Lemma 3.2, by Corollary 3.1 in [3] with ¢ (s) := max {s, 47\1/8}’ we

For x € R define

have
N d L
vad — 0 LY -a.e. onRﬂ{ upy < \f}
Vuld  otherwise, (4.14)
Vi, =Vul, i=1,....d—1,
and

s(ag)chS(un)mR,

<( >+> _¢<<“Z)_> on S (un) N R (4.15)
fori=1,....d—1.

Observe that since u, — wu in 4), by (4.12),

n)
(AR
N ({in 4 un} O R) < ( }HR>§£N<{|un—u|>2\1/g}ﬂR>—>O

Let R := R x {0 A } and R~ := R x [ O] By Fubini’s theorem we deduce that

=]
@)

G
[u
n L!

)
Nt #un} NR) = / HN Y ({G, A un} NY:) ds — 0 as n — 0o,
where Y := R’ x {zy = s}. Hence,
62 82
HN T ({Up #un} NY,) =0 asn — oo for Llae. s€ <—25, 2€> .

Choose s :=s(¢) € (0, %) such that

{ HN (U # un} N Ys) + VT ({Un A un} NY5) =0 as n— oo, (4.16)
p(Ye) +p(Y=s) =0, HNH(S(u)N (Y, UY-,)) =0. '
Consider m € N so large that = < s, and let gam € CX(R;[0,1]) be such that ¢, = 1 in

R’ [<_%,—s) U <s,%)}, Ym =0in R x (- 5+ S — E)’ and ||V ||, < Cm.
Define %y, ,, : R — 541 by

Pmin + (1 — om) u

lomn + (1 — om) u|

Umyp
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Note that @y, , is well-defined since by (4.12) and (4.13) in R,

@maZﬂL(l—@m)udESOvaL(l—tpm)L > L
4v/d 2v/d ~ 4/d

1 ) — S9! is Lipschitz, by Corollary 3.1 in [3],

Using the fact that the projection P : R%\ By (0, a

we have that u,, , € SBV, (R; Sd_l) with

o o |
Vsl < CLib (Pl o,y ) IV (o + (1= ) 0) (117)
< C ([ — 4l + o [Vitn] + (1~ o) [V
in R, where we used (4.14),
S () N R C (S (un) US (u)) N R, (4.18)

and
|[Emn]l < C(lun]l +[[ul]) < C (4.19)
in S (W) N R by (4.15) and the fact that 1 is Lipschitz.

Let
R o (5 ) 0 (5. 2))
Lowm =R x (s—2L,s), Logm=R x(-s,—s+ 1),
and define u, , : R — S4=1 by

Uy, on R\ R,
mmn +— ’ . 4.20
“ { Unp, in Rs. ( )
Note that
o 1 1
U = U nR x|—-s+—,s——|. (4.21)
m m
We claim that
lim sup lim sup I, , < C (1+|Vul) dz+CHN? (SN (R x(-s,9)), (4.22)
m—oo  n—00 R/ x(—s,s)
where
In = F (umn; R) — F (up; R) . (4.23)
To prove this, note that by Corollary 3.89 in [5], up, , € SBV, (R; Sd_l), with
| Vg, LN-a.e. on R\ R,
Vitmn = { Vu,  LN-ae. in R, (4.24)
S (Umn) N R C (S (un) US (u) U (YsUY_g))NR, (4.25)
and
[[un]| on S (up) N Ry,
Hum,n” = | [@m,n]| on S (Umn) N (R\ Rs), (4.26)

[tr (up,) — tr (Uy)| on {tr(uy) # tr(u,)} N (YsUY_y),
where we have used (4.19) and the fact that
tr (Um,n) = tr (W) on Y;UY_,.
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By (F3), (G2), and (4.17)-(4.26), we have
Lym = F (umpn; R) — F (up; R) < C (1+|Vul’) dx
Rx(ot ko)
+ CHNTL(S (u) N (R % (—s,5)))

+C (1 +mP |t —ul? + |Vu,|? + |VulP) dx
L—s,mULs,m

+ CHN7Y(S (un) N (L U L)) + CHY Y ({U # un} NY_y)
+ CHN T ({T # un} NY5) .

Since U, — w in LP (R; ]Rd) (since 1, — win L' (R; Rd) and the sequence is bounded in L (R; ]Rd))
and p, — 11 in the sense of measures, we have that

lim sup lim sup 7, ,, < limsup C' / (1+|Vulf) dx
m—oo  n—o0o m—00 _ ,mULs,mUR,X(_S"F%gs_%)
+ HY (S (W) N R x (=5.5)) + 1 (Lam U Leom)) (4.27)
=C (1+|Vul?) dz+CHN"' (S (u) N (R x (—s,5))),
R'x(—s,s)

where we have used (4.16). This proves the claim.

Step 2- For every i = 1,...,M and j = 1,..., M;., let uéjmn R — S9=1 be the sequence
defined in (4.20), and let v. ., : © — S9! be given by

u () itee E,_,
Vesmn () = u&inn (x) if 2 € R\ Es.,
Up () elsewhere.

By Corollary 3.89 in [5], we have that v, , € SBV, (Q; Sd_l). Moreover, since uéjmn = u, on the
top and on the bottom of each rectangle R; ., the only new jumps created are contained on the
lateral sides of each rectangle R; ;. and on the boundary of E,_. Thus by (F2) and (G2), (4.22),
we have
M Mi,s
F (vemm; A) < F (Un; A\ Uz]'\ilpi,e) + F(u; Es.) + Z Z F (u?,]rn,n; RZ)E)
i=1 j=1

£
=

€ €

HN "V (OR; ;. NOR; ) + CHY L (OE;,)

oh
(]

Il
—
.

Il

+C
1

—_

)

I
<

]
l
M Mi,s
S F(uni )+ F B +) ) L (4.28)
i=1 j=1
M Mi,a Mi,s
+COY Y Y HY TN (ORi;NORy) + CHY T (OE;,),
i=1 j=1 I=1
I#j
where in the last inequality we have used (4.27) and I;?nn is the expression I, , defined in (4.23)
for each rectangle R; ;.. Foreach ¢ =1,...,M and j = 1,..., M; . the number of rectangles R;; .
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that have a side in common with R; ., j # [, depends only on N, and so we have that

M Mi,s Mi,e M Mi,s
SN HNTHORi ;e NOR ) =C(N)Y > HNTE(R],) 62 (4.29)
=1 j=1 llijl i=1 j=1

= OMM,; 67252 < C6.,
where in the last inequality we have used (4.11). By (4.8), HN"! (9EL) — 0 as ¢ — 0T, while
from the fact that By has polyhedral boundary it follows that
HNTL(OEZ) < Ck,

where the set E? is defined in (4.4). Hence H~! (0F,.) — 0. By (4.6) and again the fact that By
has polyhedral boundary

N (By) = £ (By) + LY (E2) —o0. (4.30)
Finally, by (F») and (G3),

Fu By < c/ (1+ |VuP) do+ CHN"1 (S (u) N E,). (4.31)
Es.
Combining (4.28), (4.29), and (4.31) yields
F(vemn; A) < F (up; A) + C'/ (14 |VulP) dz+CHN1 (S (u) N Ey.)
Es,

M Mi,s

+Y N I L +C+0(e).

i=1 j=1
By (4.3) and (4.27),
limsuplimsup F (Ve mpn; A) < lim F (up; A) + C/ (14 |VulP) dz+CHN1 (S (u) N Ey.)
Es.

m—oo  n—o0o n—0o0

M Mi,s

+CY Y

i=1 j=1

/ (1+ [Vul’) de+HV"1(S (u) N Rej.)
Ri je

n—oo

M
+C>°
=1

where P; . is the set defined in (4.10). Using (4.30) and the fact that HN=1 (S (u) N 9By) = 0, by
letting ¢ — 0T, it follows that

< lim F(un;A)+C/ (1+ V) do+CHY (S (u) N E,.)
Es,

+0(1),

/ (1+ V) do+HY"1(S (u) N Py)
Pie

lim sup lim sup lim sup F' (v n; A) < liminf F' (u,; A).

e—0+ Mm—oo n—oo n—0o0

By a diagonalization argument, we obtain a subsequence vy, = Ve, myn. € SBV, (€55%71) con-
verging to u in L? (Q; Rd) and such that

limsup F (vg; A) < liminf F' (uy,; A) .

k—o00 n—0o0

By construction, v = u on a neighborhood of dBy. U

We now turn to the proof of Theorem 4.2.
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Proof of Theorem 4.2. We prove that F (u;-) satisfies the hypotheses of Proposition 5.2 in the
appendix. Property (1) follows from the fact that admissible sequences for A; U A are exactly
those obtained by pairing admissible sequences for A; and As.
Next we prove that
F(u; A) < F(u; B) + F (u; A\ O) (4.32)
for every A, B, C € A(f) such that C CC B CcC A. By (1.1), for every n > 0 one can find
{un} C SBV, (B;S*!), {vn} C SBV, (A\ C;5%1) such that u,, — w in L' (B;R?), v, — u in
L' (A\ C;RY) and
lim F (un; B) < F (u; B) +n, nh_)HgoF(Un,A\é) Sf(uaA\é) +1. (4.33)

n—oo

Choose By € Ax (Q) such that By has polyhedral boundary, C cC By cC B, and HN~! (S (u) N 0By) =
0. Applying Lemma 4.3 we may find {u),} C SBV,, (B; 541, {v/,} ¢ SBV, (A\ C;S%1), converg-
ing to w in L' (B; Rd) and L' (A\ C; ]Rd), respectively, such that u), = v/, = u in a neighborhood
of 0By (depending on n), and

limsup F (u),; B) < lim F (uy; B), limsup F (v;; A\ C) < lim F (vn; A\ C) .

n—o00 n—00 n—o00

U{n in Bo,
Wy, = A
v), in A\ By.

n

Define

Then w,, € SBV, (A;5%7") and w, — u in L' (4;R?). Hence, by (1.1), (4.33), and the fact that
f920,
F (u; A) < liminf F (wy; A) < limsup F (uy; B) + limsup F (v); A\ O)

n—00 n—o00 n—o00

< lim F (up; B) + lim F (vp; A\ C) < F (u; B) + F (w; A\ C) + 2.

~ n—oo
Letting n — 0T, we obtain (4.32).
Finally, let
pi=C(1+|Vul) LY|Q
By considering the sequence u,, = u, by (1.1) and
A)

F (u;

Q+ CHN S (u).
(Fy), (G2), we have that
< p(A)
for all A € A(Q).
Thus, all the hypotheses of Proposition 5.2 in the appendix are satisfied, and so the result
follows. O

To establish (4.1) for a general u € SBV,, (Q; S471), we will use the regularity results of Carriero
and Leaci [18] for sphere-valued minimizers of the Mumford-Shah functional, to approximate any
u in SBYV, (Q; Sd_l) in a strong sense by a sequence {u,} of functions satisfying the hypotheses of
Theorem 4.2. The proof follows essentially the one of Braides and Chiado-Piat (see Lemma 5.2 in
[15]) for the unconstrained case.

Lemma 4.4. Ifu € SBV, (Q; Sd_l), p > 1, then there exists a sequence {u,} in SBV, (Q; Sd_l)
strongly converging to u in SBV), (Q;Sdil) with the property that for each n € N there exist a

closed (N — 1)-rectifiable set K,, and a constant C,, > 0 such that u, € C! (Q \ Kp; Sd_l) and for
every compact set K C Ky,

N Q. di K
Jim sup ({z € ist (z, K) < e})
e—0t €

Moreover, if p = 2, then u, € C*> (Q \ Ky; Sd_l).

< CHNTH(K). (4.34)
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Proof. Since S (u) is (N — 1)-rectifiable, for every n € N, we may find a finite union of closed
subsets R,, of hypersurfaces of class C'' such that

HYTH(S (u) \ Ra) <

S |-

Extend u to be zero outside {2 and let u, € C° (RN ;Rd) be the mollification of this extension.
Without loss of generality, we may assume that

lim n/ lu — )P dz = 0.
Q

n—oo

Let I be the functional defined on SBV,, (Q; Sdil) by
I(w): :/ VolP dz +HN1(S (v)\Rn)+n/ v — Gl da (4.35)
Q Q
—i—/ (1 + ’v"' — u+} + ‘v_ —u_|) dHN L.

Here we choose the orientation v, = v, on S (u) N S (v) N R,,.

Following the proof of Lemma 5.2 in [15], we have that this functional is coercive in SBV], and
it is lower semicontinuous with respect to strong convergence in LllOC (Q; Sdil). Hence, for each n
there exists a minimizer u,, € SBV), (Q;597!) for (4.35). Again by Lemma 5.2 in [15], we obtain
that u, — u strongly in SBV,, (Q; Sd_l).

We claim that the restriction of u,, to Q\ R, is a local minimizer for the functional

J(v) = / |Vol? da+HY"1(S (v)\ Rn) + n/ v — 4, |" dz,
Q\R,, QR

v € SBV, (Q\Rn;Sdfl). Indeed, fix n and let v € SBV), (Q\Rn;Sdfl) be such that v = u,
LN-ae. (Q\ R,)\ K for some compact set K C Q\ R,, and define

v(z) forxe K,
w(z) '_{ un (x) forx € Q\ K,

we have that w € SBV,, (Q; Sd_l), and so I (uy) < I (w), or, equivalently,

J (un|Q\Rn) < J(v),

where we have used the fact wt = v and w™ = u; HV '-a.e. on R,.
Since Lemma 4.5 in [18] still holds for local minimizers, we deduce that w, belongs to the space

CH((@\ Ra) \ S (un); S7°1) and

HN-L ((mm (Q\Rn)> \S(un)> — 0.

Observing that Lemmas 4.8 and 4.9 in [18] are still valid for local minimizers, as in the proof
of Proposition 5.3 in [7] (see also Theorem 4.10 in [18]), we have that for every compact set

K C S (up) N(Q\ Ry),
lim LN {z € Q\ R, : dist (z, K) < £})

e—0Tt 2¢e
Letting K,, := S (u,) U R,,, we have u, € C* (Q \ Kn;Sd_l). Fix a compact set K C K,. Using
the fact that for every z € RY,

dist (z, K) = min {dist (z, K \ Ry,),dist (x, K N R,)},

=HVN(K).
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we obtain that
{reQ:dist(zx,K)<e}C{xeQ\R,: dist(x, K\ R,) <e}U{zeQ:dist(x, KNR,) <e}.

Since R, is a finite union of hypersurfaces of class C1, it satisfies (4.34) (with R,, in place of K,,)
for some constant C], > 0 (see by Theorem 3.2.39 in [28]). Hence,

LN {z e Q: dist (z, K) < €}) LN {z € Q\ R, : dist (z, K \ R,) < €})

lim sup < lim sup
e—0t € e—0+ €
N Q:dist (2, KN R,) <
+ lim sup ({z < ist (2, n) <e})
e—0t €

<2HN"Y(K\R,) + CLHN TN (KN R,) < (24 CL) HYH(K),

which shows (4.34).
Finally, if p = 2, then for any open ball B C (2 \ R,) \ S (u,), we have that u,, is a minimizer
of the functional

J1 (v) ::/ |Vol? da:+n/ v — | dz
B B

among all functions v € wu, + I/VO1 2 (B;Sd_l). In view of the continuity of u, in B, we have
that the singular set (i.e. the set of discontinuity points) of w, is empty in B, and reason-
ing as in Theorem 2.2.4 in [40], we obtain that u, € C* (B;S?!). This shows that u, €

0 ((\ Ra) \ S () S71). O

Lemma 4.5. Under the hypotheses of Theorem 4.2, let w € SBV, (Q;Sd_l) and let {u,} C
SBYV, (Q; Sd_l) converge to u strongly in SBV, (Q; Sd_l). Then for every A € A(Q),

limsup/ Qrf (z,up, Vuy,) dx < / Qrf (z,u,Vu) dz, (4.36)
n—00 A A

limsup/ Rg (:U,u;:,u;,uun) dHN ! §/ Ry (w,u+,u_,1/u) dHN L (4.37)
n—0o0 JS(up)NA S(u)NA

Proof. Step 1- By extracting a subsequence, if necessary, we have that

lim Qrf (z,upn, Vuy,) de = limsup/ Qrf (z,upn, Vuy,) dx.
A

n—oo JA n—00

Since {u,} converges strongly to u in SBV, (€;5%7!) (see (2.3)), by extracting a further subse-
quence, without loss of generality, we may assume that {u,} and {Vu,} converge pointwise to u
and Vu L£N-a.e. in Q and that there exists h € L' (Q) such that |Vu, |’ < h £LN-a.e. in Q and for
all n € N. By Definition 2.5 and (F3), we have that

0<Qrf (2,9, < f (2,9, <C(1+ ")

for all z € Q, y € S 1, and ¢ € RN In particular,
Qrf (z,un (), Vuy (z)) < C(1+ |k (z)))

for £LN-a.e. x € Q and for all n € N. B B

Moreover, by (3.17) and the fact that f is a Carathéodory function, we have that @Qf is upper
semicontinuous in y and continuous in £ (see Proposition 9.5 in [19]), and so we are in a position
to apply Fatou’s lemma to the sequence of functions

v €A C(+ h(@)]) — Qrf (2, un (&), Vi (x))
to obtain (4.36).
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Step 2- By extracting a subsequence, if necessary, we have that
. N—1 _ 1. N—-1
lim Rg (x, uwl Vun) dH = lim sup/ Rg (x, TR T Vun) dH .
=00 J S (un)NA n—00 JS(up)

Using the fact that
[ = e o
S(u)

by (2.3), by extracting a further subsequence, without loss of generality, we may assume that
ut (x) — ut (x) for HN t-a.e. x € S (u). Since 0 < Rg < g < C by (Ga),

lim Ry (m wl u, Vun) dHN 1

) n mn
=00 Jg(u,)NA

< lim sup (/ Rg (z,u}, uy , v) dHN L+ CHNTY((S (un) \ S (u)) N A))
S(un)NS(u)

n—oo

< limsup/ Rg (:E,un,un, ) dHN L,
S(u)NA

n—oo

where we have used the fact that v, = v, H¥ "l-a.e. in S (u,) NS (u) (see (2.4)), (G3), and (2.3).
Since Ry is nonnegative and upper semicontinuous (see Proposition 5.1 in the appendix), applying
Fatou’s lemma to the sequence of functions

z€SuNAC—Rg(z,ul,u,, ),

y Uy Yoy

we obtain (4.37). O
We now turn to the proof of Theorem 4.1.

Proof of Theorem 4.1. Step 1- Assume first that u € SBV, (Q; Sd_l) is such that u € C* (Q \ K; Sd_l),
where K C RY is a closed (N — 1)-rectifiable set satisfying (4.2). Then, in view of Theorem 4.2,
to establish the upper bound (4.1), it is enough to prove that
dF (u; )
YARTY)
dF (u; )
dHN=1S (u)
Substep 1a- We prove (4.38). Since f : 2 x S x RN — [0, 00) is a Carathéodory function, by
the Scorza—Dragoni theorem, for each j € N there exists a compact set K; C Q with £V (Q\ K;) <
% such that f: K; x STt x RN — [0, 00) is continuous. Let K7 be the set of Lebesgue points
of xk; and set

(x0) < Qrf (zo,u(x0), Vu(xp)) for £LN-a.e. zy € Q, (4.38)

(z0) < Rg (o, u™ (z0) ,u™ (w0) , vy (z0)) for HN L-ae. zg € S(u).  (4.39)

w = J; (K; ﬂKJ*) .
Fix 29 € w \ S (u) such that zg is a Lebesgue point of x;,
(Vu(20))" u(2) = 0, (4.40)

dF (u;- _ F(u;Q (o, _ HYTH(S (u) N Q (o,
dEJ(VULQ) (IEO) _ €£%1+ ('LL 6]5-750 5)) < o0, 61—13(?+ ( (Q’?N («TO 5))

=0. (4.41)

Since Q \ K is open there exists g9 > 0 such that Q (zg,e0) € Q\ K. Using the fact that u €
ct (Q \ K; Sdil), we have that

- ||vu||Loo( Q(z0,20); Rde) < 00. (442)
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In view of (4.40), Vu (20) € [Ty (S71)]", and so by (2.6)
Qr f (w0, u (x0) , Vu (20)) = QF (x0,u (x0) , Vu (20)) , (4.43)

where

f(z,2,8) = f(x,z, lgxqg — 2 ® 2) &)

for all (x,z,&) € Q@ x R x RN By (4.43), for any fixed i > 0 there exists ¢ € VVOl’c>o (@;RY) such
that

Qrf (zo,u(x0), Vu (o)) +n = /Qf(wo,u(xo) ,Vu(zo) + Vo (y)) dy. (4.44)
Extend ¢ periodically to RY with period Q, and for z €  define
u () + ¢n (2)
up () i = ———
lu(z) + ¢vn (2)]
where 1, () := L (n(z — 20)). Note that for n large enough
1 1
n| > S > —, 4.4
il >l — ol > 5 (4.45)

Thus by Corollary 3.1 in [3], u, € SBV, (Q; S’d_l) and

Vu, = (11— ’qui:' ® \ﬁii) v@“:ﬁf, (4.46)
so that in view of (4.45) and (4.42) in Q (xo, o),
u+ Yy u+ Py
utPn|  |utnl
<2(1+1) (M + [Vglle) =2 (Vd+1) (M + Ve 0) = L.

V| <2

I—
|

(M +[[Vell) (4.47)

Since S (up) N C S (u) N, by (Fy), (4.47), and (G2) we have

dF (u;-) R | 2
— = (x0) < liminfliminf — / f(z,upn, Vuy,) dx+ C'/ 1+ L?%) dx
dﬁN I_Q e—0t+ mn—oo z’fN Q(xo7€)ﬁKj Q(xo’g)\Kj ( )
(4.48)
N—-1 1
Lo fim S (“)NQQ(‘”O’E)) < lim inf lim inf — / (2, un, Vuy) dz,
=0+ € =0t =00 &N Jom ek,

where we have used (4.40)3 and the fact that g is a Lebesgue point of xk;.
Since f : K; x S471 x Byyn (0; L) — [0, 00) is uniformly continuous, there exists § > 0 such that

|f(z,21,&) — f (20, 22,62)| <1 (4.49)

for all x € Kj, 21, %2 € Sdil, 51, fg € Bd><N (O;L), with |x — $0| < (5, |21 — ZQ| < 5, ’fl — 52| < 0.
Using the fact that [[1,[|, < % [|¢]|,, we have that

OO—E

U+ n U+ Py > 1
I- — (Il—u®u
(e e ) e 0ve
uniformly on @ (x,&0). Thus
u+ Py u+ Py > 1 1)
I- —(—u@u) < ———
(e ) - 0| < 5ps o
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for all n sufficiently large. On the other hand, since u and Vu are continuous at xg, there exists
0 < 1 < g9 such that

N S

, |U(ff)®u($)—u($0)®u($o)|é3(1(5+L),
1)

|Vu (z) — Vu (z9)] < m

for all x € Q (xp,e1). Hence in Q (x9,e1), for all n sufficiently large, we have |u, — u (xg)| < 0 and
'(H u+ Py, u+1/1n>Vu—|—Vz/Jn

Cfutgnl T ut vl Jut gl
In turn, by (4.46), (4.49), in K; N Q (xo,¢e1) for all n sufficiently large we have

f (@, un, Vug) < f (20, u (20) , (I=u (20) @ u (20)) (Vu (o) + Vo)) +n = [ (20, u (x0) , Vu (20) + Vipn)+1.
It follows from (4.48) and the fact that f > 0 that

. 1 _
DN (o0) < gl /Q T ule), V) + T (@) dr

z/Qf(wo,U(:vo),Vu (z0) + Ve (y)) dy+n < Qrf (zo, u(wo), Vu (o)) + 2,

u () —u(zo)| <

— (I=u (x0) @ u (x0)) (Vu (z0) + Vihn)| < 6.

where we have used the Riemann-Lebesgue lemma (see Lemma 2.85 in [29]) and (4.44). Letting
n — 01, one attains (4.38).
Substep 1b- To obtain (4.39), let 29 € S (u) be such that

dF (u;-) o F(%Qu, () (0,€))
NS () 70 = e = (4.50)
1
lim / Vul* dz =0, 4.51
e—0F E:Nil uu(mo)(zof) | ’ ( )
1
lim N—l/ Rg (z,u™,u™, 1) dHN ! = Rg (zo,u™ (z0),u™ (20) ,vu (w0)) -
e—0t € Quu(zo)(xﬂvg)ms(u)
(4.52)

For simplicity, in what follows we assume that 2o = 0 and v = ey. We divide the proof into 4

cases.
Case 1- Assume first that u € SBV; (Q; Sd_l) has the form

u(r) =caxg (z) +eaxor (@), =€,
where ¢, ¢ € S9! and the set E C RY is a polyhedral set, that is,

M
oE c | P,
i=1
where
Pi:{xERN:(:U—ai)-m:O}

M
for some a; € RN, n; € SN=1 i =1,..., M. Since S (u) = 0ENQ C UPi’ it is enough to study
i=1
the case in which 0 belongs to the (relative) interior of one of the P;.
Fix p > 0. By definition of BV -elliptic envelope we may find a function ¢ € SBVj (Q; Sd_l)
such that

O = Uyt (0)u-(0)eny OB OQ (4.53)
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and
/S 90 W97 W) ) AT ) < R (0,0 (007 (0) ) 4 (4.54)

In view of (4.53) for every yy € (—%, %) we may extend ¢ (-,yn) to RV~! as a periodic function
with period Qn—_1. Since 0 belongs to the (relative) interior of P;, for ¢ > 0 small we have that

U = Uy+(0),u=(0),en in Q (0’ 8) and
S(u)NQ(0,e) =FNAQ(0e),
and consider the sequence v, : @ (0,¢) — S defined by

vn (@) 1= { u(z)  otherwise.
By Corollary 3.89 in [5], v, € SBV; (Q (0,¢); S471). Moreover, |v,| =1 LN -a.e. in Q (0,¢), v, — u
in L (Q (0,¢) ;Rd), and so

fWQ“”“”m“</ ) o | g@@h%%gwﬂ*>
T \JR0e) S(0a)NQn—1(06) x|~ 5,5 |
(4.55)

where we have used the facts that v, € SBVj (Q (0,e); Sd_l) and that, by choice of ¢,

S (vn) = 8 (vn) N <QN—1 (0,¢) X} o D

“2n’2n
for all n sufficiently large. By (F3), (4.55) becomes

Fu;Q(0,¢)) < Cel¥ + liminf/
noee S(vn)mQNfl(ng)x]*i i[

2n’2n

g (z, v}, v, v,) dHN L

s Ynos Yno

Since ¢ is uniformly continuous, there exists § > 0 such that |g (z,a,b,v) — g (y,a,b,v)| < p for all
z, y € Q(0,¢e) with |z —y| < 6, all a, b€ S ! and all v € SN~1. Hence, if ¢ < § we have that

F(u;Q(0,¢)) < CeN 4 liminf

/ (6. (0,05 07 m,) + p) AN
"0 S (un)NQN-1(0,) x| -

Li[
2n’2n

N-1
< el +liminf/ (g (O,g0+,go_,1/ ) +p) dHN1
e nN ! S(‘P)OQNfl(Ovn)X]_%fé[ ’
= CeV +€N_1/ g(0,¢0%, 07 vp) dHN 4 peN Tt
S(¢)

< CeN +eN1Ryg (0,u™ (0),u" (0),en) + 2peN 1

where we have used the change of variables 2 = £y, Fubini’s theorem, the periodicity of ¢ (-, yn)
(see (4.53)), and (4.54). In turn, by (4.50),

dF (u;-)
dHN=1S (u)

Letting p go to zero we obtain (4.39).
Case 2- Next assume that u € SBV; (Q; Sd_l) has the form

(0) < Rg (0, (0),u™ (0),en) + 2.

u(x) = cixe (z) + coxo\e (z), = €Q, (4.56)

where ¢, ca € S and the set E C RY is such that OF is contained in a closed (N — 1)-rectifiable
set K C RY satisfying (4.2). Fix € > 0 sufficiently small. By standard approximation results (see,
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e.g., Lemma 3.1 in [9] or [20]), there exists a sequence {E,}, .y C @ (0,¢) such that each E, is a
polyhedral set and

Xz, — xp in L' (Q(0,¢)), [DxE,| (Q(0,2)) = |Dxel (Q(0,¢)) .

Set up := c1XE, t C2XQ(0,e)\E,- Lhen u, — w in L' (Q (0,¢) ;Sd_l), and so by Case 1 applied to
each u,, we have

F (u;Q(0,¢)) < liminf F (uy; Q (0,¢))
< liminf (/ f (z,un,,0) dx —|—/ Ry (z,w},uy  v,) dHN1> )
n—oo Q(0,e) S(un)NQ(0,e)

Since Rg is upper semicontinuous, there exists a decreasing sequence of continuous functions gy :
Q x 8971 x §9=1 5 SN=1 [0, 00) such that Rg = inf}, gy. Fix k € N. Then

limsup/ Rg (ac, uwl u, Vun) dHN!
S(Un)mQ(075)

n—oo

< lim gk (x,c1,¢2,VE,) dHN !
00 Jo* EnnQ(0,)

:/ gk (LU,Cl,CQ,VE) dHN_17
0*ENQ(0,e)

where in the equality we have used Reshetnyak continuity theorem (see Theorem 2.39 in [5], see
also [42]). Therefore,

limsup/ Rg (asjuz,u;,uun) dHN ! S/ Rg (:C,u+,u_,yu) dHN L,
n—oo S(un)NQ(0,¢) S(u)NQ(0,)
by Lebesgue monotone convergence theorem and (Gz). Hence, also by (F3), we have that
F (1;Q(0,¢)) < CeN +/ Rg (z,ut,u”,vy) dHN
S(u)NQ(0,e)

Dividing the previous inequality by eV =1 and letting ¢ — 07, (4.39) follows from (4.50) and (4.52).
In view of Step 1, this shows that (4.1) holds for all functions u as in (4.56).
Case 3- Consider next the case in which v € SBV3 (Q; Sdil) has the form

M
u(zr) = ZciXEi (), z=e€qQ, (4.57)
i=1

where ¢; € S971, the sets E; € RY are pairwise disjoint, {F; N (1}, is a partition of €2, and Uzj\i1 OFE;
is contained in a closed (N — 1)-rectifiable set K C RY satisfying (4.2). Then by Theorem 4.2,
F (u;-) is the restriction to A (£2) of a Radon measure defined on B (£2) and still denoted F (u; ).
As in the proof of Proposition 4.8 in [6], we have that

F(u; Q(0,6)) = F (w;Q (0,) \ S (u) + F (u; S (u) N Q(0,¢)) (4.58)
M
=F(w;Q(0,)\S(w)+ > > F(w;0°E;Nd*E;NQ(0,¢)).
i=1 j>i
Note that for HV"lae. z € 0*E;N9*E; N Q (0,¢) the function u coincides with the function
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Repeating word-for-word the proof of Step 1 of Proposition 4.4 in [6], we have that for every
compact set K1 C 0*E;NO*E;NQ (0,¢),

f'(u;Kl) :f(v;Kl). (459)
Indeed, all the hypotheses of that proposition are satisfied with the exception of hypothesis (4.12)
in [6], that is,

F(w; A) < C|Dwl (A)
for all w € BV (;RY) and all A € A(Q), and for some C > 0. Note however, that by (F) and
(G2), we have that

F(w; A) < C (LN (A) + |Dw| (A))

for all w € SBV, (Q;Rd) and all A € A(€). An inspection of the proof of Step 1 of Proposition
4.4 in [6] shows that this latter condition is all is needed. Hence, (4.59) holds, and so

F(u;Q(0,6) NO*E; NO*E;) = F (v;Q (0,6) NO*E; NO*E;).

Since the function v is of the type (4.56), in view of Step 1 and Case 1, we have that (4.1) holds
for v. In turn, also by Theorem 4.2 applied to v,

F(v;0°E;NO"E;NQ(0,¢)) < / Rg (x,v+,v_, VU) dHN 1
6*Eir18*Eij(0,a)

/ Rg (z,ci,cj,vE,) dHNT,
8*Ei08*EjﬂQ(07e)

Hence, also by (4.58) and (F3), we obtain

M
FwQ(0,6) < CeN + ZZ/ Ry (. civc;,vp,) dHN !

i=1 j>i 0*E;N0*E;NQ(0,¢)
= el +/ Rg (x,u+,u_,1/u) dHN L.
S(u)NQ(0,e)

Dividing the previous inequality by eV ~! and letting e — 07, (4.39) follows from (4.50) and (4.52).
In view of Step 1, this shows that (4.1) holds for all functions u as in (4.57).

Case 4- Finally, assume that u € SBVs (Q;Sdil) is such that u € C* (Q \ K;Sdil), where K
is a closed (N — 1)-rectifiable set satisfying (4.2). Since 0 € Q, we may find g9 > 0 such that
Q@ (0,g0) C Q. Let

A

n

B, = {mEQ: dist (w,KﬁQ(O,so)) 1}.

By (4.2) there exists ¢ > 0 such that for any n € N, £V (B,,) < £. Since Vu € L? ((; RN, we

n

have that an |Vu\2 drx — 0 as n — oo. Let k, € N be chosen such that k, — oo,

k:% + k‘n/B |Vu| de —0  asn — oc. (4.60)
n n
(If an ]Vu|2 dxr # 0 we may take k, to be the integer part of W). For every | € Z,
Bn
with —2k,, <1 < 2k, and for every j = 1,...,d, by the coarea formula, we have

V| da = Dyl <<15’n\5<“>>”{zfn<“jS lz_;lD

/ l SN
Bun{ b <ui<iL}
+1

- / HY (B \ S () no* ({of > 1)) dt.

kn
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By Sard’s theorem (see, e.g., Theorem 1.2 in [12]), we have that for Ll-a.e. t € [-1,1],
(Q\K)N (uj)71 ({t}) is a C* hypersurface.
Let ' C [-1,1] be the set of ¢ for which (4.61) holds. Then
vl dx:/ HYL (B, \ S ()N ({u >t))) dt,
/Bnﬁ{kln<u(j)§lljnl}‘ | (ﬁ,%)ﬂl‘ (( \ ( )) ({ }))
and so there exists t;; € (é, %1) NI such that

Vo] de 2 Y (Ba\ 8 ) N9 ({u > 131})).

/Bnﬂ{kln<u<j)§l+1}

kn

Summing over [ yields
2k —1

/B Vi | de > S HYT (B \ S ) 0" ({u > 15,)))

" l=—2k,
Define o, : B, — R% as

0y, (x) = 517 ifx e {yeBy:tjyy<u (y) <tj},

. =
for | = —2k,...,2k, — 1, where the numbers ¢/ € (¢;;,¢;,11] are chosen so that ’;—%| # —5
I #s. Since tj;41 —tj; < %, we have that 5% - ujHL 5 < %, and so
1 2v/d _ _ _ 2/d
5 <1- < u(@)] = v (#) — u(@)| < [Un ()] < fu(@)] + [0 () —u (@) <1+
2 kn kn
for LN-a.e. © € B, and for all n sufficiently large. Thus we may define v, : B, — S% ! as
Un
VUp = —=.
|Un|

Then
2vd

[[vn — UHLOO(Bn) < lvn = 6n”L°°(Bn) + [[on — UHLOO(Bn) <|1- ‘ﬁnH’LOO(Bn) + k,
_ 2\/&+ 2/d _ C’(d)’
= ky kn = kn
where we have used (4.64). Moreover, by construction

S (vn) N B € Ui Uit ax, 0* ({w/ > tj4}) N Ba,

and so by (4.62),
d 2kn—1

HYTH((S () N B\ S () <Y Y HYTH((Ba\ S (w) N 0" ({u/ > t0}))

=1 1=—2k,

d
§kn2/ V| da.
j=1"Bn

Since v, € SBVj (Bn; Sd_l) takes only a finite number of values, we may write

M'"/
v () = ZCi,nXEm (), x € By,
=1

EJ

(4.61)

(4.64)

(4.65)

(4.66)

(4.67)

(4.68)
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n

where {Em}i\il is a partition of B,. Let B/, be an open subset with Lipschitz boundary such that
By, ﬂQ(O,&Q) C B;L C By, ﬂQ(O,So) .

Define

o (2) = vy (x) if x € B,
U T e if xeQ\ Bl

Note that in view of (4.61), (4.63), the properties of K, and the fact B], is Lipschitz, the function
Uy, is of the type (4.57).

We now modify v, to match u in the region B, \ Bs,. Let ¢, € C® (E) be such that ¢, =1
in Bs, NQ (0,20), pn = 0 outside B}, 0 < ¢, <1, and IVénl| ooy mry < Cn and define

PnUn + (1 — @n)u _ $nlUn + (1 B @n)u

Uy 1= - _
! lontn + (1 —pn)ul  [pnvn + (1 — on)ul
Since |vy, — u| < %j) L£N-a.e. in B,, we have that for n large enough,
C(d 1 .
[owtn + (1= )l = -+ 0 (0 — )] 2 Jul — i (0 — )| 2 1= S D > T £V in
n

Using the fact that the projection P : R?\ By (0, %) — 891 is Lipschitz, by Corollary 3.1 in
[5], we deduce that u, € SBV, (Q; Sd_l). Moreover, since vy, is of the type (4.57), we have that
up € C1 (Q\ Kp; S471), where K, is a closed (N — 1)-rectifiable set satisfying (4.2).

By Theorem 4.2, F (uy;-) is the restriction to A (€2) of a Radon measure, and so for 0 < ¢ < g,

F (un; Q(0,€)) = F (un; B3 N Q (0,€)) + F (un; Q (0,¢) \ Bsy)
< F (tn; B3, N Q(0,2)) + C 1+ |Vun|2> dz (4.69)
Q(0,e)\Bsn,
+ CHN (S (un) N (Q (0,€) \ Bsy)) .

Since u,, = v, in B3, NQ (0, ), and since Case 3 applies to vy, by the locality of F (+; B, N Q (0,¢)),
we have that

Jf(un; B3, NQ (0’5)) = ]:(Un; B3, NQ (0,8))

< / Qrf (@,0,0) do + / Ry (x,0F 05, v,) dHN!
B3,NQ(0,¢) Q(0,6)NB3, NS (vy)

< CeN +/ Rg (CC,U:,U;,VU) dHN1 (4.70)
Q(0,e)NS(u)
+ CHY 1 (Q(0,6) N B3, NS (vn) \ S (w))

< CeN +/ Rg (x,v;f,v;,uu) dHN ! —I—Ck‘n/ |Vu| dx,
Q(0,e)NS(u) Bn

where we have used Proposition 3.73 in [5], the fact that Rg > 0, and (4.67).
Similarly, since S (u) C Bsy, by (4.67),

HY(S (un) O (Q(0,6) \ Bsn)) < HN1((S (0) N BL) \ S () < Ch / V| dz, (471

n
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while by (4.60) and (4.65),

/ (1 + |Vun|2> dr < / <1 + ]Vu\2> de+C n? v, —ul? do
Q(0,6)\Bsn Q(0,) By \Bsn

2 n’ N
<o (1+qu\) do+ Oz £ (Bu) (4.72)

—/ (1—|— ]Vu\2> dr+o(1),
Q(0¢)

where we have used the facts that Vv, = 0 LV -a.e. in B/, and that |Vu,| < C|V (pnv, + (1 — ) Vu)|,
since [@nvn + (1 — ¢p) u| > 3. Combining (4.69)-(4.72), we obtain

F (un; Q(0,¢)) SC’/ (1+\Vu]2) daj—i—/ Rg (z, v, vy, ,v) dHYN "t 4 0(1).
Q(0,e) Q(0,£)NS (u)
Since u,, — v in L' (Q; ]Rd), it follows that

F(wQ0.9) < limint 7w Q0.) < [ (14 [Vuf) do
Q)

n—0o0

—|—liminf/ Rg (a:,vf{,v;,uu) dHN L
Q(0,£)NS(u)

n—oo

By (4.65), using the fact that S (u) C B,, the upper semicontinuity of Rg(x,-,-, 1), (G2), and
Fatou’s lemma, we conclude that

F (u;Q(0,¢)) < / (1 + |Vu|2> dx +/ Ry (z,ut,u™,vy) dHN L

Q(0,e) Q(0,e)NS (u)

By dividing the previous inequality by e¥~! and letting ¢ — 07, (4.39) follows from (4.50)-(4.52).
Step 2- We establish (4.1) for a general u € SBV, (Q;9971) and A € A(Q). Let {u,} C

SBVy (Q; Sd_l) be the sequence given in Lemma 4.4. By the lower semicontinuity of F (-; A),
we have that

F (u; A) < liminf F (uy,; A)

n—o0

<timint [ Quf (oo Vun) dot [ R (aufougv,) a7 ).
n—oo \ JA S(un)NA
where in the last inequality we have applied Step 1 to each u,,. By Lemma 4.5, (4.1) now follows. [

Proof of Theorem 1.1. Theorem 1.1 follows from Theorems 3.1 and 4.1. (]

5. APPENDIX

Proposition 5.1. Let g : S x 8971 x SN=1 [0, 00) be continuous. Then Rg is upper semi-
continuous.

Proof. Let {an}, {b,} Cc S% ', {v,} € SV~ be such that a, — a, b, — b and v, — v. For ¢ > 0,
choose u € SBV} (Q; Sdil) such that v = ug,y, on 0Q), and

Rg(a7b7l/)>/ g(u+,u_,u) dHN_l_Ea

S(u)NQ.y

where w4y, is given by (2.9). Since g is uniformly continuous, there exists 0 < 0 < 1 such that
|g(0417/81,7/)_9(01275277/)| Sg (51)

for all oy, (; € Sd_l, IS SN_l, 1 =1,2 with ‘041 — a2|, ‘51 — ﬁg‘ <.
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Let ng € N be such that for all n > ny,

max {|a, — al,|b, —a|} < g
Then for every 6 € (0,1) and z € S9!,
1 1
40 a2l ~lan—al> 5 BB 2 b2 (52)

Let r > 0 be so small that B (a,r) N B (b,r) = 0 and let ¢ € C°(B(0,7);][0,1]) be such that
¢ (0) = 1. Define

M)Ean—a) if 2 € B(a,r),

\; (z) — ‘ii%:?))(z?:—_ﬁﬂ if
ni\%) - oG] Hz€B(bT),
z otherwise.
Then U, : ST — S9=1 is O and by (5.2)
|V, (2) — 2| < 4max{|a, —al,|b, —a|]} <3¢ (5.3)

for all n > ng.
Define
Up () := (¥, ou) (Ryx), x € Qy,,
where R, is a rotation such that RIv = v,,. Since ¥,, € C* (Sd_l; Sd_l), by Corollary 3.1 in [3]
we have u, € SBVy (Qu; ST1), wn = ta, by, o0 OQu,,, S (up) = RS (u), and

ul (z) = (¥, 0 ui) (Rnx)

n

for x € S (uy,).
Since w,, is admissible for Rg (an, by, vy), we have

Ry (an, by, vp) < /S( )g (u (x) sy (), vy (2)) dHN ' (2)

= /S( )9 (Tnou®) (¥), (Tnou) (y),vu(y)) dHY " (y)

< / g (ot () u () v (1)) dHY D () + MV (S (u)),
S(u)

where we have used the change of variables y = R,z, (5.1), and (5.3). Letting first n — oo and
then e — 07 we obtain the desired result. (]

The following proposition provides sufficient conditions for an increasing set function be a Radon
measure. It was used in the proof of Theorem 4.2 and is a consequence of De Giorgi-Letta’s criterion
(see [23]). The proof may be found in [25] (see Corollary 5.2), and is an adaptation of that of
Theorem 4.3 in [6].

Proposition 5.2. Let (X,d) be a locally compact metric space such that every open set A C X is
o-compact. Assume that p : A(X) — [0,00) is an increasing set function such that

(1) (additivity on disjoint sets) p(Ay U Az) = p(A1) + p(Az) for all Ay, Ay € A(X), with
A1 NAy = (Z),‘
(2) forall A, B, C € A(X), with C CC B CC A we have

p(A) < p(B) + p(A\ C);
(3) there exists a measure p : B(X) — [0,00) such that
p(A) < p(A) < 400
for every A € A(X).
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Then p is the restriction to A(X) of a measure defined on B(X).
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