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SYSTEMS WITH FULL NONLINEAR TERMS AND
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Abstract. In this paper we consider some boundary value problems composed by coupled sys-
tems of second order differential equations with full nonlinearities and general functional bound-
ary conditions verifying some monotone assumptions.

The arguments apply lower and upper solutions method and fixed point theory. Due to an
adequate auxiliary problem, including a convenient truncature, there is no need of sign, bound,
monotonicity or other growth assumptions on the nonlinearities, besides the Nagumo condition.

An application to a coupled mass-spring system with functional behavior at the final in-
stant is shown.

1. Introduction

In this paper we consider the boundary value problem composed by the coupled
system of the second order differential equations with full nonlinearities

w'(e) = ft,u(t),v(0),u' (2),V (1)), t € [a,D],
VI(t) = h(t,u(t), v(1),u' (1), (1))

with f,h : [a,b] x R* — R continuous functions, and the functional boundary condi-
tions

(1.1)

u(a) =v(a)=0
Ly (u,u(b),u' (b)) =
Ly (v,v(b),V' (b))

(1.2)

where L;,L; : Cla,b] X R? — R are continuous functions verifying some monotone
assumptions.

Ordinary differential systems have been studied by many authors, like, for in-
stance, [1, 5, 11, 12, 13, 14, 15, 17, 18, 20, 21, 24, 28]. In particular, coupled second
order ordinary differential systems can be applied to several real phenomena, such as,
Lokta-Volterra models, reaction diffusion processes, prey-predator or other interaction
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systems, Sturm-Liouville problems, mathematical biology, chemical systems (see, for
example, [2, 3, 4, 16, 19, 26] and the references therein).
In [23] the authors study the existence of solutions for the nonlinear second order

coupled system
{—u”(t) = fi(t,v(1)) .
V”(l‘) = f2(t7v(t))7

with fi, /> :[0,1] x R — R continuous functions, together with the nonlinear boundary
conditions

€[0,1],

¢ ((0),v(0),u/(0),V/(0),2/(1),v'(1)) = (0
¥ (1(0),v(0)) + (u(1),v(1)) = (0
where ¢ : R® — R? and y : R?> — R? are continuous functions.

In [7] it is provided some growth conditions on the nonnegative nonlinearities of
the system

) ’0)’
1 ,0),

—x"(t) = fi(t.x(t),y(t))
—y//(t) = fa(t,x(1),y(t)),t € (0,1),

x(0) =3(0) =0,
x(1) = e,
y(1) =B,

where fi,f> : (0,1) x [0,+e0)? — [0, +oe0) are continuous and may be singular at t =
0,1, and a[x], B[x] are bounded linear functionals on C[0, 1] given by

ab)= [ ¥0)aa0), Bli= [ x)an0),

involving Stieltjes integrals, and A, B are functions of bounded variation with positive
measures.

Motivated by these works we consider the second order coupled fully differential
equations (1.1) together with the functional boundary conditions (1.2). To the best of
our knowledge, it is the first time where these coupled differential systems embrace
functional boundary conditions. Remark that, the functional dependence includes and
generalizes the classical boundary conditions such as separated, multi-point, nonlocal,
integro-differential, with maximum or minimum arguments,... More details on such
conditions and their application potentialities can be seen, for instance, in [6, 9, 10,
22, 25] and the references therein. Our main result is applied to a coupled mass-spring
systems subject to a new type of global boundary data.

The arguments in this paper follow lower and upper solutions method and fixed
point theory. Therefore, the main result is an existence and localization theorem, as
it provides not only the existence of solution, but a strip where the solution varies, as
well. Due to an adequate auxiliary problem, including a convenient truncature, there is
no need of sign, bound, monotonicity or other growth assumptions on the nonlinearities,
besides the Nagumo condition.
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The paper is organized as it follows: Section 2 contains the space framework,
lower an upper solutions definition and some a priori estimates on the first derivative
of the unknown functions. In sections 3 and 4 we present an existence and localization
result and an example to show the applicability of the main theorem. An application to
a real phenomenon is shown in the last section: a coupled mass-spring system together
with functional behavior at the final instant.

2. Definitions and preliminaries
Let E = C! [a,b] be the Banach space equipped with the norm | - ||1 , defined by
o /

Iwller := max {lw], ']},

where
= max |y(z
Iyl max ()]
2 .

and E* = (C'[a,b])” with the norm

1@, )l g2 = lluller + [Vl cr-

Forward in this work, we consider the following assumption

(A) The functions Ly, L, : Cla,b] X R2 — R are continuous, nonincreasing in the first
variable and nondecreasing in the second one.

To apply lower and upper solutions method we consider next definition:

DEFINITION 1. A pair of functions (0y,05) € (C [a,bD2 is a coupled lower so-
lution of problem (1.1), (1.2) if

o (1) < f(r,0u (1), 00(1), 0 (1), 05(1))
05 (1) < h(t, 0u(t), 00(r), 04 (1), 05 (1))
ai(a) <0
m(a) <0

Li(oq,0q(b), 04 (b)) =0

L2((X2,0£2(b)ﬂ%é(b)) > 0.

A pair of functions (B, ) € (C* [a,b])2 is a coupled upper solution of problem (1.1),
(1.2) if it verifies the reverse inequalities.

A Nagumo-type condition is useful to obtain a priori bounds on the first derivatives
of the unknown functions:
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DEFINITION 2. Let oy (r),B1(¢),00(t) and B(f) be continuous functions such
that

0u (1) < Bi(2), 0a(t) < Ba(t), Vi € [a,b].

The continuous functions f,% : [a,b] x R* — R satisfy a Nagumo type condition rela-
tive to intervals [0 (¢), B1(¢)] and [0n(¢), B2(¢)], if, there are Ny > ry, Na > rp, with

" :max{ﬁl(b)_al(a), ﬁl(a)—al(b)}’ 2.1
b—a b—a
ry = max { Br(b) — ar(a)  Bala) — a(b) } ’ 22)
b—a b—a
and continuous positive functions @,y : [0, +eo) — (0, +oo), such that
lf (6 x,yzw)| < (2, (2.3)
and
[h(t,x,y,2,w)| S w([wl]), (2.4)
for
al(t)<x<ﬁl(t)7a2(t)<y<ﬁ2(t)7VIe[ava (25)
verifying
y ds N ds
/W>b—a,/m>b—a. (2.6)

r T

1 2

LEMMA 1. Let f,h:[a,b] x R* — R be continuous functions satisfying a Nagumo
type condition relative to intervals [0 (¢),B1(r)] and [0n(2), Ba(1)].
Then for every solution (u,v) € (C2 [a,b])2 verifying (2.5), there are N1,N, > 0,
given by (2.6), such that
||| < Ny and ||V'|| < Na. (2.7)

Proof. Let (u(t),v(t)) be a solution of (1.1) satisfying (2.5).
By Lagrange Theorem, there are 7,7, € [a,b] such that

u(b) —u(a) v(b) —v(a) '

(1) —
. and V(7)) = A

u' (o) =
Suppose, by contradiction, that |u/(¢)| > r,, Vt € [a,b], with r, given by (2.1). If
u'(t) >r,, Vt € [a,b], by (2.5) we obtain the following contradiction with (2.1):

ub) —ula) _ Bib)—eufa) _
b—a b—a U

u'(10) =

If u/(1) < —r,, Vi € |a,b], the contradiction is similar.
In the case where [/ (r)| < r,, Vi € [a,b], the proof will be finished.



Differ. Equ. Appl. 9, No. 4 (2017), 433—452. 437

So, assume that there are 7,73 € [a,b] such that 7, < 13, and
W' (1) <r, andu'(t3) > r,.
By continuity, there is #4 € [t2,#3] such that
W (tg) = r, and /' (t3) > r,, Vt €]ta,13].
So, by a convenient change of variable, by (2.3), (2.4), and (2.6), we obtain
u'(13) 13

b
s a (1)
| 5 ‘/ w(u’(t)l)dIi/ PO "

_ /b e, (t) (0,0 ()Y 1)

t<b—a</m.

Therefore u'(3) < Ny, and, as 13 is taken arbitrarily, u/(t3) < Ny, for values of ¢
where /(1) > r,.

If #, > 13, the technique is analogous for #4 € [t3,1,].

The same conclusion can be achieved if there are ,13 € [a, b] such that

@(lw'(@)])

W' () > —r, and v/ (t3) < —r,.
Therefore [|u|| < N; and, by similar arguments, it can be proved that |V'|| <
N, O
For the reader’s convenience we present Schauder’s fixed point theorem:
THEOREM 1. ([27]) Let Y be a nonempty, closed, bounded and convex subset of

a Banach space X, and suppose that P:Y — Y is a compact operator. Then P as at
least one fixed point in Y .

3. Main result

Along this work we denote (a, b) < (¢, d) meaning that a < ¢ and b < d, for
a,b,c,d € R.

THEOREM 2. Let f,h: [a,b] x R* — R be continuous functions, and assume that
hypothesis (A) holds. If there are coupled lower and upper solutions of (1.1), (1.2),
(ou,00) and (B1,B2), respectively, according Definition 1, such that

(0u (1), 02(2)) < (Bi(2), Ba(1)) 3.1

and f and h verify the Nagumo conditions relative to intervals [oy (), B (t)] and
[oa(t), Ba(t)], then there is at least a pair (u(t),v(t)) € (C*[a,b], R)2 solution of (1.1),
(1.2) and, moreover,

o (1) <u(t) < Pit), o) <v(t) < Bat), Vt € [a,b].
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and
o] < ¥y and ] < s

with Ny and N, given by Lemma 1.

Proof. Consider the auxiliary functions F'(z,x,y,z,w) := F defined as

o FBie)Bale). B 1), B30 — Bty — T if ¥ > Bue). v > Bal0),

o Ftu(e), (), (), (1)) - B i o (1) <x < Bu(r), y> Balt),

o Flt,00(1),00(0),04 (1), 04(1) — s + B i x < 0 (1), y > Ba(0),

o FBi) Bar). B (1), B3(1)) = TP i x> Bi(r), 0a(r) <y < Baln),
o f(t,u(®),v(t),u(),v (1)) if oy (r) <x < Bi(t), () <y < Ba(t),
o fl0(r),02(),04 (1), 04(1)) — Sl i x < e (1), 0a(r) <y < Bald),

o F(t.Bi)Ba0), BI(1), B(1) — Tl + el if x> Bi(1), ¥ < oa(t),

o f(t,u(t),v(r),u'(r),V (1)) — %% if o (t) <x<Pi(r), y<anft),

o Flt,00(1),00(0), 04 (1), 04(1) — 2 — s if x < (1), y < oo (1),

and H (t,x,y,z,w) := H given by

o 71, B0, B (o), B (), B5(1) — Tl — B if x> Bi(e), v > Balr),

o h(tu(t), (o) (0),V/(1) = 2B i o (1) <x < Bile), v > Ba(0),

o h(t,01(t),00(1),04 (1), 05(r) — i + B0 i x < (), v > o),

o 71,0, B (o), B (1), B5(1) — Tl i x> Bu(r), ea(r) <y < Ba(0),
o n(t,ut),v(t),u'(t),V (1)) if o1 (t) <x<Bi(2), aa(t) <y < Bar).

o h(t,on(t),on(r),of(t),c(r)) — #ﬁxﬂt()t)l if x < oy(r), on(t) <y<pBat),

o 1t Bi(), Ba(1), Bl (1), By(1) — i + il i x> Bi(r), v < o (1),
o h(t,u(t),v(0),u (1), (1) — 2l if o (1) < x < Bi(e), v < (),

o h(t,01(t),00(1), 01 (1), 04(1) — s — Erals if x < o (1), y < 0a (1),
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and the auxiliary problem
(), v(
V() = H(t,u(t),v(
u(a) =v(a) =0
u(b) = 61 (b,u(b) + L1 (u,u(b),u’ (b))
v(b) = & (b,v(b) + La(v,v(b),V' (b)),

,V

(3.2)

where, foreach i = 1,2,

wo,o4(t) <w < Bilt)

Bi(t) ,  w>Bi(r)
oi(t,w) = (3.3)
oi(t), w<oyr).

Claim 1: Solutions of problem (3.2) can be written as

u(t) = 2:‘;51 (byu (b) + L (1, u(b),ul (b))
+ / Gl 5)F (5,u(s) . v(s) i (5).v (5))ds
v(t) = —52 (b v(b)+ La(v,v(D),v (b)))

—|—/Gts (s,u(s),v(s),u' (s),V(s))ds,

where

1 a—s)(b—t), a<t<s<b
{( )(b—1) 3.4)
<s<tr<h

In fact, for the equation «”(¢) = F(t), the solution is,

u(t) = At + B+ / (1 — $)F(s)ds, (3.5)

for some A,B € R.
By the boundary conditions, it follows that,

/ 1( ) ( ) 1( ’ ( )» ( ))) / /[; ( S) (S) s
(3.6)

a a [b
B = =3 81 (b,u(b) + Ly (u,u(b),u'(b))) + b—a/a (b—s)F(s)ds.
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By (3.5) and (3.6), then

t—a

u(t) = o —a (byu(b) +Li(u,u(b),u' (b))
2 o Pas+ [ )F(as
_ ]’9‘_‘;51 (b u( )+L1(u u(b),u' (b))

+ a’( s)F Vs + / @=0b=9 g4

- 1’9__251 (b,u( )+L1(u u(b),u'(b)

1
+ ( =) —s | F(s ds+/ F(s)ds
a

:b a61(bu()+L1(uub),u +/Gts
a

with G(z,s) given by (3.4).
The integral form of v(¢) can be achieved by the same arguments.

Claim 2: Every solution (u,v) of (3.2) satisfies
o <y and 1] < e

with Ny and N, given by Lemma 1.
This claim is a direct consequence of Lemma 1, as F(z,x,y,z,w) and H(z,x,y,z,w)
are defined on bounded arguments of x and y.

Define the operators 7 : (C! [a,b])2 — C'[a,b] and T : (C1 ) — C'a,b]
such that

(3.7)

+ [P G(t,5)H (s,u(s),v(s),u (s),V (s))ds,
where G(1,s) is given by (3.4), and T : (C' [a,b])” — (C'[a,b])” by

T (u,v) (1) = (Ti (u,v) (1), T2 (u,v) (1)) - (3.8)

By Claim 1, fixed points of the operator T := (7,T>) are solutions of problem
(3.2) .

Claim 3: The operator T, given by (3.8) has a fixed point (ug,vo).

In order to apply Theorem 1, we will prove the following steps for operator T (u,v).
The proof for the operator 75 (u,v) is analogous.

Q) Ty : (C'[a,b])” — C"[a,b] is well defined.



Differ. Equ. Appl. 9, No. 4 (2017), 433—452. 441

The function F is bounded and the Green function G(t,s) is continuous in [a,b]?,

then the operator 7j (u,v) is continuous. Moreover, as %—?(z,s) is bounded in [a,b]?
and

1
(11 (u,v)) (t) = b—a61 (b,u(b)+ Ly (u,u(b),u' (b))
b oG Lo
[ 509 Flo,u(s),0(5).0 (5).V'(5)) s,
with
G 1 s—a, a<t<s<b
W(I’s)_b—a s—b, a<s<t<b,
verifying
%—f(m) <1, Y(t,5) € [a,b)?,

therefore, (T (u,v))" is continuous on [a,b]. So, T € C" [a,b].
(ii) TB is uniformly bounded, for B a bounded set in (C' [a,bD2 .
Let B be a bounded set of (C! [a,b])2. Then there exists K > 0 such that

G, ) g2 = lluller + Wl < K, V(u,v) € B.

By (3.3), and taking into account that F and H are bounded, then there are My,
M, , M3 > 0 such that

o1 <max{|lou|,[|Bill} := My,

b
max |G(t,s)| |F(s,u(s),v(s),u (s),V/(s))| ds < My,

a t€la,b]
b G p ,
/ max |——(t,s) }F(sm(s)m(s),u(s),v(s))}dngg.
a t€la,b]| It
Moreover,
B t—a ,
17} ) ()] = mx | T8 (b)), (1)
b

+ [ G(t,s)F(s,u(s),v(s),u'(s),V(s))ds

t—a

S max T |81 (b,u(b) + Ly (u,u(b),u'(b)))|

b
+ ’ trerfj)i()]\G(t,sM |F(s,u(s),v(s),u'(5),V(5))| ds

< My +M; < +o0, ¥V (u,v) €B,
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and

(71 (,v))" ()] = max

=81 (bu(b) + Ly (1, u(b). ' (b))

t€la,b) b -
b
28 ) 55,005 51 6
b
< bﬂfﬁ/a ) %—?u,s) [ (5,1(s),v(5). (5),/(5))| ds
< , V(u,v) €B.

b—

So, TB is uniformly bounded, for B a bounded set in (C! [a7b})2 .

(iii) TB is equicontinuous on (C1 [a,b])z.

Let #; and #; € [a,b]. Without loss of generality suppose #; < f2. As G(t,s) is
uniformly continuous and F is bounded, then

Ty (u,v) (t1) = T1 (u,v) (12)]

(=0 =05 (4 5)+ 1y ) 1))

+ [ [G(t1,5) — G(t2,5)] F(s,u(s),v(s),u(s),V (s))ds

[ 1609~ Gless)

F(s,u(s),v(s),u'(s),V'(s))ds
— 0, ast; — 1,

and
T3 ) 0)) = (T3 ) 2) |
b
[ [Fws- %—faz,s)} s, (5)¥(5)0 (5, (5))ds

< L2 05) 2 .9 6096100 ) s
+/t2 %5 (1,5) ~ 26 (1,9 |F (561,905,610 9) s
9G (1)~ 2 02)| | FO5.000) 0610 61, 5D s,

As the function %—G(t s) has only a jump discontinuity at ¢ = s, therefore, as pre-

viously, the first and third integrals tend to 0, as #; — 7, . For the second integral, as the
functions %—?(tl,s) and %—[G(tg,s) are uniformly continuous, for s € [a,7;[U]t,b] and
s € [a,n[U]t2,b], respectively, and
G 8G
2 1.9~ 2 )| [P0 00 ) )
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is bounded, then

/t2
I

By the Arzela-Ascoli Theorem Tj (u,v) is compactin (C! [a7b})2.
Following similar arguments with K;, K>, Kz > 0 such that

% 1.9~ Do)
3t 1,8 6[ 27

)| |F(s,u(s),v(s),u'(5),V(5))|ds — 0, as t; — 2.

& < max{[|eg[|,[|B2[l} := Ki,

b
/u max |G(t,s)| [H(s,u(s),v(s),u'(s),V(5))| ds < Ka,

t€la,b)

/b max aG
a t€la,b| 3

(t,s) |H (s,u(s), v(s)7u/(s)7v’(s))|ds<K3,

it can be shown that 73 (u,v) is compact in (C'[a, b})z, too.
(iv) TD C D for some D C (C a, bD2 a closed and bounded set.
Suppose D C (C! [a,b])2 defined by

p={(v) e (€ fab))’: )z <20},

where p is such that

M,
5_g T Mu KK,

p = max {Ml + M;, 5

K
—+K37NlaN2 5
b—a

with Ny, N, given by ((2.7)).
Arguing as in Claim 3 (ii), it can be shown that

1Ty (u,v)[| < My +My < p,

M,
Iy G < 2 <

and, therefore, |71 (u,v)[|o1 < p.
Analogously || (u,v)||c1 < p and, so,

1T (u,v)ll g2 = (T2 (t,v), T2 (u, ) || 2
=171 ()l + T2 (u,v) [l o1 < 2p-
By Theorem 1, the operator T, given by (3.8) has a fixed point (g, vp)-

Claim 4: This fixed point (ug,vo) is also solution of the initial problem (1.1), (1.2),
if every solution of (3.2) verifies

o (1) < uo(t) < Pu(t), oa(t) <volt) < Baft), Vi € [a,b],
o (b) < ug (b) + Ly (ug, uo(b),uf(b)) < Bi(b), (3.9)
02(b) < vo (b) + La(vo,vo(b), vy (b)) < Ba(b). (3.10)
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Let (ug,vo) be a fixed point of 7, thatis (uo,vo) is a fixed point of 7} and T>.
By Claim 1, (up,vo) is solution of problem (3.2).
In the following we will prove the estimations for ug, as for vy the procedure is
analogous.
Suppose, by contradiction, that the first inequality is not true. So, there exists
€ [a,b] such that o (t) > uo(r) and it can be defined

max (0 (t) —uo(t)) := ou(to) — uo(to) > 0. (3.11)

Remark that, by (3.2), Definition 1 and (3.3), 19 # a, as o4 (a) —up(a) < 0, and
to # b, because

o (b) — ug(b) = a1 (b) — 8 (b,uo(b) + Ly (ug,uo(b),ug(b))) < 0.
Then 1y €]a,b],
o (to) — u(to) = 0 and o (to) — ug(to) < O. (3.12)
There are three possibilities for the value of vy(zp) :

o If vo(19) > PB2(t0), then, by (3.2) and Definition 1, the following contradiction
with (3.12) is obtained

ug (t0) = F (to, uo(to),vo(to), ug (to) , v (to))
uo(to) — o (to)
L+ |uo(to) — o (to)]

= f(lo7(X1 (1‘0)7(Xz(to)7ai(l0),0é(l0)) -

vo(to) — Ba(t0)
L+ [vo(to) — Ba(t0)]
> f (t0, 00 (10), 02(10), 041 (10), 05 (1)) = 4 (10).-

o If 0n(t9) < vo(to) < Ba(t0), then
ug (to) = F (10, u0(to),vo(t0),u5(10),vo(t0))

(l‘ o t() (05} tO) al(t0)7oé(t0)) -

uo(to) — o (to)
L+ Juo(to) — ou (to)|
> (to,al 10), 02 (to), &1 (to),, 045 (fo )) o (1)

o If 0 (19) < vo(tp), the contradiction is

U (t0) = F (to, uo(to),vo(to), ug (to) , v (to))
uo(to) — o (to)
1L+ |uo(to) — o (to)]

= f(lo7(X1 (1‘0)7(Xz(to)7a{(l0),0é(l0)) -
vo(to) — aa(to)
L+ [vo(to) — ea(to)|
> f (t0, 0 (10), 02(10), 041 (10), 05 (1)) = 4 (10).-
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Therefore o (1) < uo(t), Vr € [a,b].
By a similar technique it can be shown that uo(r) < B1(¢), Vt € [a,b], and so,
oy (1) <up(t) < Bi(2),Vt € [a,b]. (3.13)
Assume now that, to prove the first inequality of (3.9),
a1 (b) > ug (b) + Ly (uo,uo(b),uy(b)). (3.14)
Then, by (3.2) and (3.3),
ug (b) = 81 (b,ug (b) + Ly (ug,uo(b),up(b))) = ou (b),

and
uh(b) < o} (b).

By (3.14), (A) and Definition 1, we have the contradiction
0 > Ly (ug, uo(b),un (b)) +uo (b) — o (b)
> Li(uo,uo(b), (b)) > Li(eu, 0 (b), 0 (b)) > 0.
Then o (b) < uo(b)+L; (uo,uo(b)7u6(b)).
To prove the second inequality of (3.9), assume that
uo (b) + Ly (uo,uo(b),uy(b)) > Bi(b). (3.15)

Then, by (3.2) and (3.3),

uo (b) = 81 (b,uo (D) + Ly (o, uo (), up())) = B1 (b), (3.16)
and
uy(b) > Bi(b).
By (3.14), (3.16), (A) and Definition 1, we have the contradiction
So, ug (b) 4+ Ly (ug,uo(b),ui (b)) < Bi(b), and, therefore, (3.9) holds.
To prove (3.10) the technique is analogous.

So, the fixed point (ug,vp) of T, solution of problem (3.2), is a solution of prob-
lem (1.1), (1.2), too. [

4. Example

Consider the boundary value problem composed by the coupled system of the
second order differential equations with full nonlinearities

W (t) = —u/(¢) v(t) +arctan(u(z) V'(¢)) +1,

V(1) =12 [—e—\"’m\ v(t) +u(t) (V' (1) — z)} @b
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with 7 € [0, 1], and the functional boundary conditions

u(0) = v(0) = 0
— / 2
u(l) = tgl{g)f]u(t) = (u'(1)) (4.2)

v(l) = 2}v(s)ds— (1}/2‘%))3.
0

This problem is a particular case of system (1.1), (1.2) with

f(t,x,y,z,w) = —z y+arctan(x w) +1,

4.3)
h(t,x,y,z,w) =12 [—e Fl y+x(w—2)],
continuous functions, ¢ € [0, 1], a =0, b= 1, and
Li(w,x,y) = x — max w(t) +y?,
r€[0,1]
4.4)

1
Ly(w,x,y) =x—2 [w(s)ds+ y;.
0

Remark that, L; and L, are continuous functions, verifying (A).
The functions given by

(0 (1), 02(t)) = (=1, —1) and (Bi(1), B2(t)) = (3 +1,2t +2)

are, respectively, lower and upper solutions of problem (4.1)—(4.2), satisfying (3.1),
because, by Definition (1), we have

ol (t) =0< f(t,—1,-1,0,0) =1, t €0, 1]
Y1) = 0< h(r,—1,—1,0,0) =32, 1 €0, 1]
Ll(ahal(l),a{(l)) =02>0
7
La(02,02(b), 05(b)) = £ 20,

and
Bi(®)" (1) =0> f(t,3+1,2t+2,1,2)
= —(2¢t+2)+arctan(6t +2) +1, t € [0, 1]
263 + 212
J(t)=0 > h(t,3+1,2t+2,1,2) = —L7 t€10,1]
e
Li(B1,Bi(1),Bi(1)) =0<0
Ly (B2, a(b), B3 (b)) = =1 <0.
Furthermore, the functions f and /, given by (4.3), satisfy a Nagumo condition

relative to the intervals [—1,2+1¢] and [—1,2¢ + 1], for ¢ € [0, 1], with r; = r, =4,

T
£ (t,2,3,2,w)] <3zl + 5+ 1:= o(fz]),
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[A(t,x,y,2,w)| <3 (14w —=2]) == w([w]),

and
N

as 1

N

= ds>1,
4/(p(s|) 4/3s+g+1 ’

for Ny > 100 and

for N, > 80.
Then, by Theorem (2), there is at least a pair (u(z),v(r)) € (C[0,1], R)2 solution
of (4.1), (4.2) and, moreover,

—1<u(t)<2+1, —1<v(t) <2t+1,Vr€[0,1],
o[ < Ny ana [} < e

5. Coupled mass-spring system

Consider the mass-spring system composed by two springs with constants of pro-
portionality k; and k;, and two weights of mass m; and m, . The mass m; is suspended
vertically from a fixed support by a spring with constant k; and the mass m; is attached
to the first weight by a spring with constant k,. The system described is illustrated in
the Figure 1.

Figure 1: The coupled springs.

Let us call u(z) and v(r) the displacements of the weights of mass m; and m;,
respectively, in relation to their respective equilibrium positions. Thus, at time ¢, the
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position of the displacement of the mass m; is u(z) and the displacement of mass m;
is v(1).

For simplicity we consider 7 € [0,1], and, therefore, u(0) and u(1) are the initial
and final displacement of mass m; , and v(0) and v(1) are the similar displacements of
mass miy.

As it can be seen in [8], the above system is modelled by the second order nonlinear
system of differential equations forced and with friction

my (1) = =8 (1) — xuu(r) + i (u(1))? — w2 (u(t) — (1))
+a (u(t) = v(1))* + Fy cos(ant),
5.1
mo" (1) = =8V (1) — K2 (v(1) — u(t)) + pa(v(1) — u(r))?
+F,cos(mnt)

where ¢ € [0, 1],
e 0y, & are the damping coefficients;
e 1, [y are the coefficients of the nonlinear terms of each system equation;

o io(u(t) —v(t)) +ua(u(t) —v(t))? and Ko (v(t) —u(t)) + ta(v(t) — u(t))? are the
nonlinear restoring forces;

e Fy, F, are the forcing amplitudes of the sinusoidal forces Fjcos(w;t) and
F, cos(myt), where @), @, are the forcing frequencies.

In this work we add to the system the functional boundary conditions

u(0)=v(0)=0
u(1) = ,2}3’;]”@ +2u/(1) (5.2)
V(1) = maxv() +2(/(1))".

The functional conditions (5.2) can have a physical meaning such as, for example, the
first one can be seen as the displacement of mass 1 at the final moment given by the sum
of the maximum displacement in this period of time, with the double of the velocity of
the displacement at the end point.

Clearly, the above model (5.1), (5.2) is a particular case of system (1.1), (1.2) with

f ) —81z— Kix+ 0 — Ky (x —y) + o (x — y)?
N VT W) = - )
- " +F cos(w?)
(5.3)

h(t,x,y,2,w) = 5= [=&w — Ka(y = x) + U (y = x)* + Facos(wnt )] -
These functions are continuous in [0, 1] x R*, and

Li(w,x,y) =x— max w(t) — 2y,
t€[0,1]

Ly(w,x,y) = x — max w(t) — 2y
1€[0,1]

(5.4)
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verify (A).
The functions given by

(0u (1), oa(t)) = (=1, 1) and (B (1), B2 (1)) = (1,1)

are, respectively, lower and upper solutions of problem (5.1), (5.2), satisfying (3.1), for
every positive my, my, non negative 8;, &, Fy, F>, @), @,, and any real k1, K, U,
L, such that

F <6,
F < 6, (5.5)
u <0.
Indeed, Definition 1 holds because,
1
"t)=0< — (8 —F
o (1) o (61— F1)

1
< m— [51 —[.1113 + F COS((DN‘)] , Vt € [O, l}
1
1
< o [51 + Klt—,ult3+F1 COS((Dll‘)] , YVt e [0, 1]
1
1 1
A (t)=0< — (& —F) < —[6+ Fycos(wat)], Vi € [0, 1]
ny my
Li(ou,0n(1),04(1)) = 061(1)—[1;1[371(]061(1) —204(1)=1>0

LQ(OCQ,OCQ(b),OQ/(b)) = (1) — max op(7) —2(0(5(1))3 =120,

10,1
and
[(1)=0z> mil(—51+pl)
> mil [=&1 =kt + pur’ + Fr cos(ant)] , Vi € [0, 1]
(1) =0> miz (=& +F)> m% [—& + Fycos(mnt)], Vi € [0, 1]
Li(Br:Br(1).B{ (1)) = Bi(1) = max By (1) ~2B{(1) = ~2 <0
Ly(Ba, o (D), B2 (b)) = Ba(1) — max Ba(t) - 2(B3(1))* = ~2<0.

Furthermore, f and &, given by (5.3), verify a Nagumo condition relative to the
interval [—z,¢], for z € [0, 1], with r; =, =1, for

-t <x<t, —t<y<t,Vr€10,1],

1

VIERFADIES m—1(51 |2+ K1+ [+ 2102+ 8 |12 + F1) = ¢ (2]),
1

h(t,5,y,2,w)| < — (& [w|+ 22+ 82| + F2) := y (|w]),

nmy
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and for N; and N, positive, and large enough such that

Ny

Np d
N ny
= ds>1,
/¢(s) l/(51s+K1+u1|+2K2+8|u2—|—F1>

and

N,

Mo
N ny
= ds > 1.
1/V/(s) 1/<525+2K2+8|li2+F2>

So, by Theorem 2, there is a solution (u(z),v(¢)) of the mass-spring system (5.1),
(5.2), for the values of coefficients verifying (5.5), such that

< <t
—t < v(t) <1,V €10,1],

that is, both with values in the strip and

|| <Npand |V <N, O
[l V]

1.0 T
0.8 T
0.6 T
0.4 T

02T

0.0 t t t + t } } t } |
02T . t
0.4 T
0.6 T

-0.8 T

Figure 2: u(r), v(t) in the strip
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