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ABSTRACT. The theory of impulsive problem is experiencing a rapid develop-
ment in the last few years. Mainly because they have been used to describe
some phenomena, arising from different disciplines like physics or biology, sub-
ject to instantaneous change at some time instants called moments. Second
order periodic impulsive problems were studied to some extent, however very
few papers were dedicated to the study of third and higher order impulsive
problems.

The high order impulsive problem considered is composed by the fully non-
linear equation

u™ (z) = f zu(z), v (2),..,u""D (z)

fora. e. & € I :=[0,1] \ {x1,...,2m} where f : [0,1] x R® — R is L1-
Carathéodory function, along with the periodic boundary conditions

DO =u® 1), i=0,.,n—1,
and the impulsive conditions
w(®) ;,;J* :g; (u(zj)), ©=0,..,n—1,

where g;:, for j = 1,...,m, are given real valued functions satisfying some ade-
quate conditions, and z; € (0,1), such that 0 = zp < 1 < ... < T < Tm41 =
1.

The arguments applied make use of the lower and upper solution method
combined with an iterative technique, which is not necessarily monotone, to-
gether with classical results such as Lebesgue Dominated Convergence Theo-
rem, Ascoli-Arzela Theorem and fixed point theory.
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1. Introduction. Problems with impulses have been experiencing a rapid deve-
olpement in the last few years. Their high aplicability in such different disciplines
like physics, biology or finance is, most likely, one of the main reasons for that.
The problem covered in this paper is a generalization to n — th order of a periodic
problem, with some impulses. First and second order periodic impulsive problems
were studied to some extent, ([2 [3 5 6 [7, 8]), however very few papers were de-
dicated to the study of third and higher order impulsive problems. One can refer
for instance ([T}, 4, 9]) and the references therein. To the best of our knowledge, no
paper generalizes and extends the results to higher order.

We consider the high order impulsive problem composed by the fully nonlinear
equation

u“”(x)::f(x,u(x)ﬂ/(z),"ﬂlﬁnfn(z)) (1)

for a. e. z € [0,1] \ {x1,...,2mm} where f : [0,1] x R® — R is L'-Carathéodory
function, along with the periodic boundary conditions

u® (0) =uP (1), i=0,..,n—1, (2)
and the impulsive conditions

u(® (xj') =g;(u(z;)), i=0,...,n—1, (3)
where g;-, for j = 1,...,m,are given real valued functions satisfying some adequate
conditions, and z; € (0,1), such that 0 = zp < 21 < ... < Ty < Ty = L.

The arguments applied in this paper make use of the lower and upper solu-
tion method combined with an iterative technique (suggested in [1]) which is not
necessarily monotone, together with classical results such as Lebesgue Dominated
Convergence Theorem, Ascoli-Arzela Theorem and fixed point theory.

An example is presented to illustrate the existence and location part of the lower
and upper solution method.

2. Definitions and auxiliary results. In this section some notations, definitions
and auxiliary results, needed for the main existence result, are presented. For
meNlet 0 =20 <21 < ... < Ty <Tpy1 =1, D ={x1,...,2,} and define
x;t = lim z,for j=1,....m.

Considér PC®) (I), s =1,...,n — 1, as the space of the real-valued functions w,
such that u(®) € PC(I), u(® (z]) and u® (z;) exist with u(®) (z;7) = u (z3),
for k =1,2,...,m. Therefore u € PC"~!(I), it can be written as

ug (x) if x €]0,24],
up () ifz € (x1,29],

u(z) =
U () if z € (T, 1],

where u,, (z) € C" ! ((z;,2i41)) for i =1,...,m.
Denote

PORM (1) = {u e PC" Y1) :u™V € AC (x4, 2511), i = 0,1, ...7m}
and for each u € PC5™! (I) we set the norm

lllp = lull + e + e+ [

7
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where

[[w]| = sup |w (z)].
zel

Throughout this paper the following hypothesis will be assumed:

(I1) f : [0,1] x R® — R is a L'-Carathéodory function, that is, f(x,,...,-)
is a continuous function for a.e. x € I; f(,y0,...,Yn—1) is measurable for
(Yo, -y Yn—1) € R™; and for every M > 0 there is a real-valued function
Y € L ([0,1]) such that

If (o, o Yn—1)| < pr (2), for a. e. z €[0,1]

and for every (yo, ..., yn—1) € R™ with |y;| < M, for i =0,...,n — 1.

(I2) the real valued functions g; are nondecreasing, forj=1,...mandi=0,...,n—
1.

Definition 2.1. A function u € PO (I) is a solution of (1)-(3) if it satisfies (1)
almost everywhere in I \ D, the periodic conditions (2) and the impulse conditions

3)).
Next Lemma is a key tool to obtain the main result .
Lemma 2.2. Let p:[0,1] x R — R be a L'~ Carathéodory function such that
(v—w)[p(z,v) —p(z,w)] <0, Vrel0,1], Yv,weR. (4)

Then for each aé» eR, forj=1,...m, andt=0,...,n—1, the initial value problem
composed by the equation

u™ (z) =p (x7u("_1) (x)) for a. e. x €(0,1) (5)
and the boundary conditions
u® (mj) = aé-, for 1=0,...,n—1, (6)
has a unique solution u € PO~ " (I).

Proof. The solution of (5))-(6) can be written as

x

) e
u(m).—;aj , +/ D) u™ (r) dr. (7)

7!

Asp (m, w1 (ac)) is bounded in I X R, we can define N := Hp (ac, w1 (x))’ -
where || - ||; is the usual norm in L'(I x R), and the following estimates can be
obtained for x € (z;,2;41)

n—1 i
lu(z)| < ZO Sl N,
2z
W< Al N
= 2 G )
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n—1

Hence, as n is finite, for § := > IaJI +..+ Z | ,—|—|a” 1’+nN it is obtained
i=0

that

n—1
ullp = 32 |[u@ ) = lall + e + 4 a0 < 6 (8)
=0
Let w € PC5~' (I) be such that |jul|,, <.
Define the operator 7 : POt (I) — PC~' (I) given by

T

$—$+Z !E—T‘n71
T 3oy ) +/((n—)1)! u™ (r)dr (9)

x]
J

Asp (x7 u(r=1) (x)) is a L' —Carathéodory function, then 7 is continuous and, by
(),
ITunllp = [ Tunll + | (T [ + -+ [ (Tn) || < 6

Moreover the operator 7 is uniformly bounded and equicontinuous, therefore,
by Ascoli-Arzela’s theorem, 7 is a compact operator. As the set of solutions of the
equation u = 7w is bounded, then using Schauder fixed point theorem, 7 has a
fixed point u € PC'5~! (I) which satisfies (7) and

u(Z) (Ij_) = 0‘3'7 for i = 07 ey — 1.

which proves the existence of solution for problem (5)-(6).
To show uniqueness, we assume that the problem (5))-(6) has two solutions, wu;
and ug, define z(z) = ugnfl)(x) - ué"il)(ac)

By (4), we have for  €|xj, x;11]
2(@) (@) = [uf" V(@) = oV @)] [ple,ul" V(@) - pla,uf" V@) < 0.

On the other hand as z (m;r) =0

for z €]z, z;41].

+ 2 2 -
So z(z) = 0, for every x €|x;,x;4+1], and, by integration and (6, ugn 1)( ) =
uénfl)(x) for x €z, z;41]. O

Lower and upper functions will be given by the next definition:

Definition 2.3. A function o € PC5™! (I) is said to be a lower solution of the
problem (1)-(3)) if:
(i) o™ (2) < f (z,0(z),. a(”_l) (z)), for a.e. z €(0,1),
(n>a<>(0>§a<><>, zfo -1,
(iii) a(’)( ) for 1 —O —1.

A function 8 € PCP~! (I) is said to be a upper solution of the problem (1))-(3)
if the reversed inequalities hold.
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3. Existence of solutions. In this section the main existence and location result
is presented.

Theorem 3.1. Let o, 8 be, respectively, lower and upper solutions of (1)-(3) such
that
o (2) < gV () on I\ D, (10)

and . .
@ (0) < BD(0), i=0,...,n—2. (11)
Assume that conditions (I11) and (I2) hold and
f (I;Oé,~-~704(n72)7yn—1) < f(xay()v"ayn—%yn—l) < f (I’vﬂa'-'aﬂ(niz)ayn—l) )
(12)
for fired (x,yn_1) € I xR, o (z) <y; <Y (2), for i=0,..,n—2.
Also, for x € [0,1], a9 (z) < y; < D (z), for i =0,....,n—2 and for v,w € R,
(U - ’lU) [f (xay():ylv cs Yn—2, U) - f (xvyoa Y1y -+ yn—va)] S 0.
Then the problem (1)-(3) has a solution u (x) € PC~' (I), such that
oD (z) <u® (z) < 8D (z), fori=0,..,n—1
for x € I\D.

Remark 1. As one can notice by (II) the inequalities a® (z) < £ (z) hold
fori=0,...,n—2 and every x € I.

Proof. Consider the following modified problem composed by the equation
W (@) = f (2,00 (@0 (@), dpr (2,07 (@) (13)
™D () 4 6, (x,u("_l) (x)) 7

for z € (0,1) and @ # x; where the continuous functions ¢; : R? — R, for i =
0,...,n — 1, are given by

B (z) y; > B9 (x)
8i (x,y;) = yi o, aW(z) <y < B9 (2) (14)
a® (z) y; < ol (z),

with the boundary conditions (2)) and the impulse assumptions (3).
To prove the existence of solution for the problem (13)),(2),(3) we apply an iter-
ative method, which is not necessarily monotone. Let (u;),cy be the sequence of

function in PC%~! (I) defined as follows
Uy = (15)
and for [ = 1,2, ...

ul(n) (x)=f (m, 8o (x,u—1 (2)) , .eey Op—s (x,ul(ff) (x)) L On—1 (m,ul(nfl) (a:)))
—u" ™ (@) + 60 (20 @)
(16)
for a.e. x € (0,1) with the boundary conditions
W0y =ul” (1), i=0,..,n—1 (17)
and the impulsive conditions, for j = 1,...,m,

uz(i) (z}) = gj (w1 (z;)), i=0,..,n—1. (18)
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By Lemma 2.2/ the sequence (u;),cy is well defined.
Step 1 - Every solution of (106)-(18) verifies

o (z) < ul(i) (x) < B9 (z), fori=0,...,n—1, (19)

forall l € N and every x € 1.

Let u be a solution of the problem (16)-(18). The proof of the inequalities (19)
will be done using mathematical induction.

For ¢ = n — 1, consider the inequalities

a7 (@) <" () < B ().
For I =0, by (15)
a1 (x) = u(()n_l) (z) < gn=1 (), for x € I\D,
and by Remark [1
oW (z) = uéi) (z) < B9 (2), fori=0,...,n—2.
Suppose that for k=1,....,.n — 1, for xz € I,
oV (@) <™ (@) < 5 (@), (20)
For x =0, by (17), (20) and Definition 2.3]
"™ (0) = 0”7V (1) 2 oD (1) 2 a7V (0).
If x = xj, j=1,..,m, from (18), (I2), (20) and Definition [2.3|

-1 _ -1 - - -
uf" D (@) = g7 (w7 @) 2 g7 (a7 (@) 2 07D (aF).
For z € |zj,xj11], j = 1,2,...,m, suppose, by contradiction, that there exists

x* € ]x;,2j41] such that a1V (z%) > ul(n_l) (z*) and define

min ul(nfl) (z) — oY (z) = ul(nfl) (z*) —a® Y (z¥) < 0.
Ie]zj,£j+1]

As by (18)), ul("_l) (xj) > an=1) (:vj) , then there is an interval (z,%) C (z;,2")
such that

ul(nfl) (z) < a™ Y (z) and ul(") (z) < a™ (z), Vz € (2,T).
From (13) and (12) the following contradiction is obtained for = € (z,7)
0o > ul(l) (z) — a™ (z)
= f (x, 8o (z,ui—1 (x)) ;5 ory 0o (m, ul(ﬁf) (x)) oD (x))
_yn=1) (z) + a1 (z) — o™ (z)
f (Jc, a(z),...,am D (x)) —u™ Y (2) + a7 (2)

—f (x,a (), ..., (ac)) > oV (2) =™V (2) > 0.

v

Therefore ul("_l) (z) > a1V (x), for all I € N and every = € I. In the same way
it can be shown that ul("_l) (z) < BV (x), Yo € I, VI € N, and so (19) is proved
when i =n — 1.

Consider now the inequality a("=2) (z) < ul(n_Q) (z) < B2 (2), for all | € N

and every x € I. B
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To justify (19) for ¢ = n — 2, notice that for n = 0, the proof is obtained in a
similar way as in above.
Assuming that for [ =1,...,n — 1 and every z € I,

o™ (2) < u{" () < B0 (). (21)

then for « € [0,z], by integration of the inequality ul(nfl) () > a1V (2) in
[0, 2] we have

"™ (@) =" (0) 2 a7 () — a7 (0).
By (17) and (21)),

v

a2 (z) — a(m=2) (0) + ul(ff) (1)
> o (2) — a2 (0) + o (1) > " ()

hence ul(n72) (z) > a2 (z), for all z € [0,2].
For z € |zj,zj41], j = 1,2,...,m, by integration of the inequality ul(nfl) () >
a"=V (z) in x € |z, xj44],

n—2 n— n— n—2
“z( ) (z) > " (2) — a2 (xj) + ul( ) (x;r) 7
and by (18) and Definition 2.3

ul(nfz) () > a2 (z) — o2 (zF) + g;zfz (ul(ff) (:cj)) > a2 (7).

obtaining that ul(n_Q) (z) > a2 (2), for all I € N and every z € I. Using similar
arguments it can be proved that ul(n_Z) (z) < B"=2) (x) and therefore
a2 () < ul(nfz) (z) < "2 (z), Vz e I,Vl € N. (22)

The remaining inequalities in (19) can be proved as in above, by integration of
(21) in [0, z1], applying the correspondent induction hypothesis as well as conditions
(17), (18) and Definition 2.3

Step 2 - The sequence (ur),cy is convergent to u solution of (16])-(18).
Let C; = maX{Ha(i)H , Hﬁ(i)H}, for i = 0,...,n — 1, so there exists M > 0, with
M := " C;, and for all [ € N,

fwllp < M. (23)
Let © be a compact subset of R™ given by
Q= {(wo, .., wn_1) ER" : |lw;|| < C;, i=0,....n —1}.
As f is a L'-Carathéodory function in €2, then there exists a real-valued function
Y (z) € LY (I), such that
|f (2, w0y ey wp—1)| < pr (x), for every (wp,...,wnp—1) € Q. (24)

By Stepl and (23)), (ul,ug, ...,u§n71)> € Q, for all I € N. From (16) and (24) we

obtain
[ (@)] < s (@) +2Cs, for e e 1,

hence ul(n) (x) € L (I).



8 J. FIALHO, F. MINHOS

By integration in I we obtain that

ul(n—l) (z) = ul("_l) (0) +/0 s)ds + Z ( n—1) (m])) 7

0<z,; <z

therefore ul("_l) € AC (zj,xj41) and uw; € PCJ ' (I). By Ascoli-Arzeéla Theorem
there exists a subsequence denoted by (u;),cy , which converges to u € POR(I).
Then (u,/, ...,u("’l)) € Q.
Using the Lebesgue dominated convergence theorem, for z € (z;,2;41),
| f (8,50 (8,ui—1(8)) +ery Op—2 (s ul(n12) (s)) 01 (s ul(n b (s )))
(n—1) (n—1) ds
—u" ™ (@) + 60 (" ()

is convergent to

/I[f(875o(87u()) f

J

12 (5.0 (9) 8yt (500D () T
()+(5n1(su(” 1)()) ]d

as | — oo.
Therefore as [ — oo

" (@) = uf" Y (@) +
/JE f (3,50 (8,u1—1(8)) y+ery Op—2 (8 ul(nlz) (s)) ,On—1 (s ul(n 1)( ))) p
s
x; ful(n 2 () + 6p—1 (x, ul("_l) (x))
is convergent to
w1 (x) = w1 (x;)+
O f (8,00 (s,u(s)), ..an_g (s, "= (s)) ’j"—l (5,u"=D (s))) s
. —u™Y (8) + 6,1 (5,u"7V (s))
As the function f is L'-Carathéodory function in (zj,x;41), then u("~V (z) €
AC (xj,2j41) . Therefore u € PO (I) and u is a solution of (16)-(18).

To prove that w is a solution of the initial problem (I))-(3) we note that taking
the limit in (17) and (18)), as [ — oo, by the convergence of w; then u verifies (2)
and, by the continuity of the impulsive functions, u verifies (3). By (14), Step 1
and the convergence of w;, u verifies ().

Then problem (1)-(3) has a solution u (z) € PCJ ™" (I), such that

a® (z) < u® (x) < B () ,for i =0,...,n—1,
forx € I. O

4. Example. Let us consider the fifth order nonlinear impulsive boundary value
problem, composed by the equation

u® (@) = o)+ ()~ () + (0 @)+ O + k[ @) (25)
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where 0 < § < 2 and k < —32, for all z € [0,1] \ {3} along with the boundary
conditions (2) and for = } the impulse conditions

w(3) =m((3)
) =2 (' (1)
) 1)’ (26)
)

with u; € R, i =1,2,3,4.
Obviously this problem is a particular case of (1)-(3) with
f (‘T7y07y17y27y3ay4) =Y + Y1 — Y2 + (y3 + 1)3 +k ‘y4|0 )
forall z € [0,1] \ {i}, m =12, =1
i = 0,1,2,3,4 given by ¢f (v) = iz, gf (¢) = pow?, g} (z) = paa®, g} (x) =
1
paz®, gi () = ps23.
One can verify that the functions « (z) = 0 and
M){ L T ()
- zt 1
21 ;@€ (51

are PCY, (I) for D = {%} and considering

and the nondecreasing functions g,

g (z) = %*%j“ﬁLl , w € [0,3]
% cx € (3.1,

2
vy ) HAr+l L xe(0]]
CH R

and 0,1]
1" _ z+1 ,z€l0, 2
b (w)—{ z , ze(3,1],
they are lower and upper solutions, respectively, for the problem (25), (2)), (26),

with
1 V237 64 1
< < — < — 8 < — <
O i =g 2= gug 0 9 S grgp MG
As f verifies (12)), therefore by Theorem (3.1 there is a solution u (z) € PCY, (I),
such that, a® (z) < u® (z) < B9 (z), for i = 0,1,2,3,4.

ws < 1.
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