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Abstract

In this thesis several problems are addressed. The problems considered vary
from second order problems up to high order problems where generaliza-
tions to n'" order are studied. Such problems range from problems without
functional dependence up to problems where the functional dependence is
featured both in the equation and on the boundary conditions.

Functional boundary conditions include most of the classical conditions
as multipoint cases, conditions with delay and/or advances, nonlocal or in-
tegral, with maximum or minimum arguments,... Existence, nonexistence,
multiplicity and localization results are then discussed in accordance with
these conditions.

The method used is the lower and upper solutions combined with different
techniques (degree theory, Nagumo condition, iterative technique, Green’s
function) to obtain such results.

Several applications are studied such as the periodic oscillations of the
axis of a satellite and conjugate boundary value problems, to emphasize the

applicability of the method used.

Keywords
Lower and upper solutions, degree theory, bilateral and one-sided Nagumo

conditions, extremal solutions, high order functional boundary value prob-
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lems, periodic problems, Green function, ¢- Laplacian equation, impulsive

problems.



Resumo

Resultados de existéncia, localizacao e multiplicidade para prob-
lemas nao lineares e funcionais de ordem superior com valores

na fronteira

Nesta tese, intitulada em portugués, “Resultados de existéncia, localiza-
¢ao e multiplicidade para problemas nao lineares e funcionais de ordem su-
perior com valores na fronteira ”, diferentes problemas sao abordados. Estes
problemas variam desde problemas de segunda ordem até problemas de or-
dem superior, onde generalizacoes de ordem n sao feitas e onde os problemas
apresentados variam desde o caso em que nao existe dependéncia funcional
até aos em que esta dependéncia funcional estd presente tanto na equacao
como nas condicoes de fronteira.

Sobre estas condigoes, que incluem a maioria das condigoes cldssicas, re-
sultados de existéncia, nao existéncia, multiplicidade e localizacao de solucao
sao discutidos de acordo com estas condigoes.

O método utilizado é o método da sub e sobre-solucao combinado com
diferentes técnicas.

Virias aplicacoes sao estudadas, nomeadamente as oscilagoes periédicas
do eixo de um satélite e problemas conjugados, de forma a dar énfase a
aplicabilidade do método utilizado.

Palavras chave
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Sub e sobre-solucao, teoria do grau, condicao de Nagumo bilateral e uni-
lateral, solucoes extremais, problemas funcionais de ordem superior, proble-
mas periddicos, funcao de Green, equagao ¢- Laplaciano, problemas impul-

Sivos.
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Notations

y||. — norm of y in LP and given by
p

1 1/p
(o)™, 1 <p<o,

sup{|y(t)| : t € I}, p= 0.

lylly =

C* (I,R) or C* (I) — space of real valued functions with continuous

k — derivative in I, k € Ny, where C°(I) = C (I)
[lyl] = max|y (7)]

Wmp (I) = {f € Lipe (1) : 1 fllywmary < oo}, when D¢ f exist for |a] < m,

loc

1/p
with [ fllymn(ry = < > ||D$f||1£p(1)> for 1 < p < oo and

lal<m

for p = oo, ||f||Wm<,oo(1) T max ||D1°f;f||Loo(1)

|al

d(f,€,p) — Leray-Schauder topological degree of f relative to Q at p € Q

dr (f,Q,p) — Coincidence degree relatively to L in Q at p € )
(for details see [70])

xiil



PC(I) — set of functions u : I — R continuous on I\ D where

u(zf) = lim (z) and u (z;) = lim w(xy,) exist for k=1,2,...,m

l‘*ﬁEk Z‘H.’ﬂk

[l = norm of & in PC (1) given by [yl - = sup y (1)
(S

lplly == J; Ip (¥)] dt

AC (I) - set of absolutely continuous functions u : I — R

Ry = [0, 400)

Xiv



Introduction

This monograph is dedicated to higher order boundary value problems. The
first part studies sufficient conditions to obtain existence and multiplicity
results for nonlinear boundary value problems and the second part considers

functional boundary value problems.

The main results of each chapter are original and they were presented in
international events, published in international reviewed journals or submit-

ted for publication.

The first chapter is dedicated to the study of higher order periodic prob-
lems. These problems have been studied by several authors, with different
techniques and tools according the several types of goals and contexts. The
method applied makes use of the lower and upper solutions technique and
it was chosen by the following features: it provides an unification for the
higher order problems, as up to now, these problems were studied, in the
existent literature, in separate for the odd and the even case; it allows more
general nonlinearities and full differential equations, generalizing the range of
possible applications to real life phenomena, as beam theory, epidemiology,
human scoliosis amongst others; it emphasizes some qualitative properties of
the solution, such as sign, variation, type, ..., reason why the high order re-
sults obtained are illustrated with examples, in order to stress some of these

particularities.



The same method is applied to Ambrosetti-Prodi type equations with
Lidstone boundary conditions, in Chapter 2. The research made allows to
show the role of lower and upper definition in the main results, namely in
the type of assumptions to consider on the nonlinearity. These Lidstone
problems are well known in the literature due to their applicability in beam
theory. The ability to combine information about not only the existence and
location results but also with nonexistence results are key points to ensure
the usefulness of this method in applications.

Ambrosetti-Prodi type equations are responsible for leading to a new re-
search trail still open: what are the sufficient conditions to obtain multiplicity
results for Lidstone boundary conditions?

Multiplicity results analyzed in Chapter 3, via lower and upper solution
method, are obtained for some two point separated boundary value problems.
This study was motivated by a phenomena that occured in the London Mil-
lenium bridge in its openning day, for which it is given a physical meanning
to the parameter s and positive force p (z). From the research developped in
this matter we stress two points about the multiplicity part of the so called

Ambrosetti-Prodi equations:

e the generalization for higher order problems requires an assumption to
define that the "speed growth" on some variables are greater than in
other ones. This can be done by perturbation (see condition (3.3.11))

or by adequate assymptotic behaviour as in [36].

e the "a priori" upper bound on the second derivatives of every solution
(see condition (3.3.9)) is, in our point of view, the weakness of these
type of problems and moreover it constraints this method’s application
to real problems. How to replace such bound assumptions will require

further research.



In Chapter 4, fourth order periodic problems with two types of impulsive
effects are studied. The key tool in both cases is an iterative technique, not
necessarily monotone, combined with lower and upper solutions. Remark
that, due to the discontinuities caused by the instantaneous changes at some
moments (impulses) the auxiliary functions used to define lower and upper
solutions in Chapter 1, are not needed now, allowing different definitions,

even for periodic cases.

The study of functional boundary value problems comprises the whole

second part.

In the fifth chapter we start by combining the second order Ambrosetti-
Prodi type equations with some functional boundary conditions. These con-
ditions are extremely general and they include most of the classical cases as
multipoint, conditions with delay and/or advances, nonlocal or integral, with
maximum or minimum arguments... As this field of study is still in its early
days, apart from the results presented, several thoughts and open problems

remain, that still crave attention for future research.

Chapter 6 introduces the study of higher order problems with functional
boundary conditions. This study was motivated by the attempt to formulate
a result that would combine the works of several authors and also by the high
potential in applications that this type of conditions can unleash. As such,
an application to a theoretical result (conjugate boundary value problems) is
presented. The problem considered can in fact be covered by the more general
functional boundary conditions. As to that it is tackled as an application of
the results presented in this chapter. In fact for this case, lower and upper
solution method allow not only a sharper estimate then the ones existent in

the literature, but it also unveils results for some unexplored parameters.

In Chapter 7 a more general equation is considered: a generalization of

3



the ¢p— Laplacian equation. Combining this equation with the type of general
boundary data as functional boundary conditions was the guideline for this
chapter. The generalization of these results to higher order led to interesting
conclusions, as for instance, the need to define different lower and upper

solutions, depending on n odd or n even.

Chapter 8 introduces new functional boundary value problems. These
problems are characterized by the fact that both the equation and the bound-
ary conditions have functional dependence. As such, integro-differential
equations, eventually with delay and/or advances, nonlocal maximum or min-
imum arguments can now be considered. Generalizing these results to higher
order is one of the key aspects of this chapter. The other one is emphasizing
the applicability and adaptability of such problems and methods. For that,
one considers two applications: a theoretical one - the Lidstone problem -
and an application to satellites. In this last case a problem that models the
periodic oscillations of the axis of a satellite in the plane of the elliptic orbit
around its centre of mass, is approached using lower and upper solutions. By
this technique the solutions obtained for certain value of the parameters are

different from the ones existent in the literature.

Through the combination of a different technique that included Green
functions and a sharper version of Bolzano Theorem one was able to obtain
extremal solutions to a fourth order problem with functional boundary con-
ditions, in Chapter 9. By extremal solutions, we mean the existence of a
maximal solution and a minimal solution. As in the previous chapters, the
high potential of this tool not only to provide information and to be used in
applications, but also to deal with so general boundary conditions. In fact,
to the best of our knowledge is the first time where sufficient conditions for

the existence of extremal solutions are given, to fourth order problems with

4



functional dependence in every boundary function.

As final remark we mention that with this thesis we expect to illustrate
that, through lower and upper solution method, one can study higher order
problems as general as in the functional case and, moreover that, through this
method, not only information about the existence of solution is obtained, but
also location information on its derivatives, which can in fact be of extreme

use in some applications and add value to this method.






Part 1

Nonlinear boundary value
problems: Existence and

multiplicity results






Chapter 1

High order periodic problems

1.1 Introduction

High order periodic boundary value problems have been studied by several
authors in the last decades. This type of problems arises several questions
when approached and its usage has become widely spread due to its applica-
bility, namely in beam theory, epidemiology and human scoliosis, amongst
others.

In this chapter we consider the higher order periodic boundary value

problem composed by the fully differential equation

u™ (z) = f (z,u(z),u (2), uD (2)) (1.1.1)

forn>3,x €l :=][a,b],and f: I xR" — R a continuous function and the

periodic boundary conditions
u® (a) =u? (b)), i =0,1,...,n —1. (1.1.2)

For first and second order these periodic problems are already well docu-
mented in the literature. In the study of periodic problems several different

types of arguments and techniques were considered:

9



10 Chapter 1. High order periodic problems

In [46, 47, 92| variational methods and the mountain pass theorem are
used to derive homoclinic and periodic solutions for second and sixth-order
ordinary differential equations;

Mawhin’s continuation theorem and inequality techniques are used in [85]
to approach third order periodic problems and in [4, 28], authors use the same
method to approach a fourth order problem;

Monotone methods, such as the lower and upper solutions method, were
considered in [93] to obtain extremal solutions to the second order periodic
problem. These same methods were also considered in [82], to obtain exis-
tence results for the third order problem:;

Fourth order periodic problems, approached via the lower and upper so-
lution method, can be observed in [1, 97]. In this line, equation (1.1.1)
generalizes these results to a higher order problem. Also remark that not
only (1.1.1) is a fully differential equation but also f is a non-linear function,
which generalizes [34, 59, 79] where a linear or quasi-linear n'* order periodic
problem is discussed.

A nonlinear fully differential equation of higher order as in (1.1.1) was
studied in [56], for f a bounded and periodic function verifying different
assumptions for n even or odd. Moreover, in [61], the nonlinear part f of

(1.1.1) must verify the following assumptions:

(A1) There are continuous functions e(z) and g;(z,y), i = 0,...,n — 1, such

that
n—1
|f(x7y07 "')yn—1)| S 6([)’]) + Z%(%%)
=0
with

lim sup l9:(x, y)|

:Ti 20, Z:O,l,,n—l
lyl—o0ze(0,1] Y
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(As) There is a constant M such that, for z € [0, 1],
f(z,90,0,...,0) > 0, for yo > M,

and

f(z,%0,0,...,0) <0, for yo < —M.

(A3) There are real numbers L > 0, « >0 and a; >0, ¢ =1,....,n — 1, such

that

|f(l',y0,- oy Yn—1 |>a|y0| Zaz |yz a

for every x € [0, 1] and (yo, ..., Yn—1) € R™.

The arguments used in this chapter allow more general nonlinearities,
namely, f does not need a sublinear growth in vq,...,y,—1 (as in (A;)) nor
to change sign (as in (As)). In fact, condition (1.3.2) in the main result (see
Theorem 1.3.1) refers an, eventually, opposite monotony to (Ay) and improve
the existent results in the literature for periodic higher order boundary value
problems.

In short, the technique used is based on lower and upper solutions not
necessarily ordered, in the topological degree theory, like it was suggested in

[29, 43], and has the following key points:

e A Nagumo-type condition on the nonlinearity, useful to obtain an a
priori estimation for the (n — 1)th, derivative and to define an open

and bounded set where the topological degree is well defined.

e A new kind of definition for lower and upper solutions, required to deal
with the absence of a definite order for lower and upper functions and
their derivatives up to the (n — 3)th order. We remark that with such

functions it is only required boundary data for the derivatives of order



12 Chapter 1. High order periodic problems

n —2 and n — 1. Therefore the set of admissible functions for lower and

upper solutions is more general.

e An adequate auxiliary and perturbed problem, where the truncations
and the homotopy are extended to some mixed boundary conditions,
allowing a invertible linear operator and the evaluation of the Leray-

Schauder degree.

This chapter contains an example where both existence and location of
solution are shown as well as some emphasis is put on the fact that the lower
and upper solutions are not well ordered.

Even though some new results are presented in this chapter there are still

some open problems to be addressed in future investigations, for instance:

e relaxing the continuity condition on the f function
e introducing some functional dependence on the f function

e relaxing or removing condition (1.3.2) in Theorem 1.3.1

1.2 Definitions and a prior: bounds

In this section it is introduced a Nagumo-type growth condition, initially
presented in [80], and now useful to obtain an a priori estimate for the

(n —1)"™ derivative.

Definition 1.2.1 A continuous function f : I x R™ — R is said to satisfy a

Nagumo type condition in

T,Yoy ooy Yn—1) €I X R" 1y, (z) <y, <TI (x),
E— (T, Yo s Yn—1) Vi(2) <y (x) 7 (1.2.1)

1=0,...,n—2
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with v; (x) and T'; (x) continuous functions such that,
v; () <Ti(z), fori=0,1,...n—2 and every x € I, (1.2.2)
if there exists a real continuous function hg : [0, 400 — ]0, +o0[ such that

lf (2,90, s Yn—1)| < hg (|yn-1|), for every (x,y0,...,yn—1) € E, (1.2.3)

with

A gl = . (1.2.4)

The a priori bound is given by next lemma:

Lemma 1.2.2 Consider v,;, I'; € C (I,R), for i = 0,....,n — 2, such that
(1.2.2) holds and E is defined by (1.2.1). Assume there is hg € C (R, RT),
such that

+o00 s
d L —minvy,_ ) 1.2.
/n Ty (5) s > max 'y (z) min -y, (z) (1.2.5)
where n > 0 is given by

S )

Then there exists R > 0 (depending on v,_o,'n_o and hg) such that for
every continuous function f : E — R wverifying (1.2.3) and for every u (z)

solution of (1.1.1) such that
v (2) <u®(z) <Ty(x), i=0,1,....,n —2 (1.2.6)

for every x € I, we have

[ < R.

Proof. Let u be a solution of (1.1.1) and such that (1.2.6) is verified.
If for every solution u of (1.1.1), verifying (1.2.6), there is n > 0 such that

[u" (z)| <

— Y
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for every = € [a, b], then considering 7 := R will conclude the proof.
Assume by contradiction that ‘u(”_l) (:I:)} >, for every z € [a,b]. If
u™ Y (z) > n, for every x € [a,b], then the following contradiction is ob-

tained

Looa () = Ypa (@) = a2 (0) —ul"? (a)

b

= / w1 (1)dr
o

> / ndr =n(b—a)

> Tna(b) —7v,-2(a).

The case u(™™Y (x) < 5, for every = € [a,b], leads to a similar contradic-

tion. So there is « € [a, b] such that

‘u("’l) ()] <n.

Suppose that there is ;1 € [a,b] such that v (z;) > 7 and consider

J =[x, z1] or [z1, xo] such that
u" Y (20) = n and vV (z) > 7,

for every z € J\ {zo}. Since > 0, then (™ (z) > 0, for every = € J.
For J = [xg, 2] (if J = [x1,20) the arguments are similar), applying a

convenient change of variable, by (1.1.1), (1.2.5) and (1.2.3), we have

u(n—l)(rl) s x1 U(nfl) (.:C)
ds = u™ () dz
/u("l)(xo) hE (S) /1:0 hE (u(n—l) (m)) ( )
@) @) @) oy
” he (w1 (z))

1
< / u™ Y () dz = u"Y (21) — " (z)

o

R
s
< max [, o () — min v, 5 () < ——ds.
= 2() v 2() /77 hE<8)

xE[a,b] J?E[a,b]



1.2. Definitions and a prior: bounds 15

0.5 4

0,8 1

Figure 1.2.1: Example of non-ordered upper and lower solutions

Then u™ Y (x;) < R. Since x; was taken arbitrarily in [a,b] as long
as u" Y (z) > n, we can conclude that, for every x € [a,b], such that
u= (z) >,

u" Y (r) < R.

In a similar way it can be proved that "~V (z) > — R, for every = € [a, b],

such that u™Y (z) < —7. Therefore,

’u(”’l) (z)| <m, Vo € [a,b].

In this Chapter it is used non-ordered lower and upper solutions, 5 and
«a, respectively. That is there exist x1,x2 € [a,b] such that a(z1) > 5 (x1)
and « (z2) < B (x2). Therefore the set of admissible functions that can be
considered as lower and upper solutions for the problem (1.1.1)-(1.1.2) is

generalized. To recover some order needed to define the branches where
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the solution and its derivatives are localized, one must consider adequate

auxiliary functions, as it can be seen in the next definition.

Definition 1.2.3 For n > 3, the function a € C™ (I) is a lower solution of
problem (1.1.1)-(1.1.2) if:

(i) o' (2) = f (2,00 (2), 01 (), ooy s (2) , 272 () , "1 (2))
with
i (z) == al (z ZHOH)H z—af”, i=0,.,n—3 (127
(ii) D (a) > a® D (b), a2 (a) = ) (D).

The function 5 € C™ (I) is an upper solution of problem (1.1.1)-(1.1.2)
if:

(iii) B (2) < f (w,8y (@), By () s By (2), 8072 (@), 8770 ()
where

B; () +ZHM

(x—a) ™", i=0,...,n—3. (1.2.8)

(iv) B (a) < BV (b), B (a) = B2 (b).

Remark that the functions «, 8 are not necessarily ordered, but the aux-
iliary functions «; and (3, are well ordered for i = 0,...,n — 3.

Moreover, there is no need of data on the values of the lower solution « or
the upper solution £ and their derivatives until order (n—3) in the boundary.
In fact, this is a key point to have more general sets of admissible functions

as lower or upper solutions of problem (1.1.1)-(1.1.2).
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1.3 Existence of periodic solutions

The main theorem provides an existence and location result for problem

(1.1.1)-(1.1.2) in presence of lower and upper solutions, not necessarily or-

dered.

Theorem 1.3.1 Assume that o, 5 € C" (1) are lower and upper solutions

of (1.1.1)-(1.1.2) such that
a2 (2) < D (z), Yz e I (1.3.1)

Let f: I xR" — R be a continuous function verifying a Nagumo-type con-

dition in
5 (Z, Y0y s Yn—1) EIXR" 1o, <y; < B;, 1=0,1,...,n— 3,
ol <y < g7
and

f(*ra aOa"-yan—37yn—27yn—1) Z f(xay()a"'7yn—37yn—2ayn—1) (132>

2 f(‘r7607"'76n—3ayn—27yn—l)

for fized (x,Yn—2,Yn_1) € I X R? and o; < y; < B;,1=0,1,....,.n — 3.
Then problem (1.1.1)-(1.1.2) has at least a periodic solution C™ (I) such
that

a; (z) <u®(2) < B;(z),i=0,1,..,n =3,

and

0D (2) < u" () < B (2),

forxzel.
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Proof. Consider the homotopic and truncated auxiliary equation
2,00 (2,u(2)) .0y Opa (2, u2 (2))

u(nfl) (CL’)
+u (2) — Aps (z, w2 (z))

u™ (z) = \f (1.3.3)

where the continuous functions d;,0,_s : R> = R, i = 0,...,n — 3, are given

by

Bi(x) yi > B; ()
0i (2, ) = yi 5 ai(x) <y < B;(x)
a; (x) yi < a; (2)

with «; and §; defined in (1.2.7) and (1.2.8), respectively,

gD (2) Yn_o > B (2)
On—2 (T, Yn—2) = Yoo, oD (1) <y, < B (1)
a2 () | Yn_o < a2 (1)

coupled with the boundary conditions

u® (a) = Ay, (u® (b)), k=0,..,n—3
w2 (a) = w2 (b) (1.3.4)
D) (g) = D) (p)

where the functions 7, : R — R, k=0, ...,n — 3, are defined by

By (a) ( ) > By (a)
m (u® (©) =4 u® (b)) , ax(a) < u® (b) < B (a) (1.3.5)
ar(a) . u®(b) <ax(a).

Take r,,_s > 0 such that, for every x € I
—Tp_y < a7V (2) < B (1) < 1ps, (1.3.6)

fzoa0 (@), s ans (2),a" 2 (2),0) —al"™ (2) =1, <0, (1.3.7)
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f (x Bo () vy B (2), 872 (2) ,0) BV (@) s> 0. (1.3.8)

Step 1: Every solution of the problem (1.8.3)-(1.3.4) satisfies in I
!u(i) (1’)| <ry, 1=0,..,n—2,

independently of A € [0, 1], with r,_o given as above and for k =0,...,n—3,

re =&+ Tnoa (b—a)" 7k, (1.3.9)
where
n—3 A n—3 .
£, 1= max {Z Bi(a)(b—ay™, = aj(a)(b— a)]_k} . (1.3.10)
j=k j=k

Let w be a solution of (1.3.3)-(1.3.4).
Assume, by contradiction, that there exists x € I such that ‘u("*Z) (x)| >

Tn_2. Consider the case u"~? (x) > r,_5 and define

max u" (1) = u D (zg) (> T2 >0).
TEe

If 29 € Ja,b[, then u Y (29) = 0 and u™ (x0) < 0. By (1.3.2),(1.3.6)
and (1.3.8), for A € [0, 1] the following contradiction holds

0> u™ (z)
= A (20,80 (20,1 (20)) 1 oy Gs (0, 2 (20)) ,u™ D (7))
+u™ () — Ay (20, u™ 2 (zp))
> X [£ (0, B0 (30) 0 8972 (20),0) = B2 (o) + 12| + " (w0) = 10

>0

If o = a then

max u™ D (z) == ™ (a).
re
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By (1.3.4),
0> u™V(a) =u"Y () >0,

therefore u(™Y (a) = 0 and u™ (a) < 0. Applying the same technique as
above, replacing x( by a, a similar contradiction is achieved.

The case 29 = b is analogous and so u" 2 (z) < r,_,, for every z € I.
As the inequality u("=? () > —r,_s, for every z € I, can be proved by the

same arguments, then
}u("_m ()] < rue, Vo €.

By integration in [a, z], (1.3.4) and (1.3.5),

W (@) < u (@) + s (@ — a)
= )\77n3(u (b)) + Tn_2 (z — a)
< Mp_s(a) +ru-2(b—a)
< "V (a)+rna(b—a).
and
W (@) > u™ (a) = 1y (¢ — a)
> Aap_3(a) —rp_o(b—a)

> o3 (a) —r,_o(b—a).

Applying similar arguments it can be proved that, for £ =0, ...,n — 3,

Z aj(a)(b—a) ™ —r, o (b—a)">"

< uD (@) < Bi(a)(b—a) T+ ra(b—a)" .

Defining

&, := max {iﬁ] (a)(b—a) ™%, — iaj (a) (b— a)j—k}

i=k =k
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and

T = fk + T'n—2 (b — a)n_Q_k s

than

|u(i) (a:)| <ry, i=0,...,n—2.

with 7 given by (1.3.9), for k =0,...,n — 3.
Step 2: There exists R > 0 such that every solution u of problem (1.3.3)-

(1.8.4) satisfies
|u("’1) (z)] <R, Vzel,

independently of X € [0,1].
For r;, 2 =0, ...,n — 2, given in the previous step, consider the set
Er={(z,y0, -, Yn-1) EIXR" : —r; <y; <r;, 1=0,1,....n — 2}

and the function F) : F; — R given by

FA(‘TayOw“ayn—l) = /\f($750($7y0)7~-,5n—2(%%—2)7%—1)(1311)

+ynf2 - >\5an (.73, yn72> .

Considering «; := —r; and 3, := r;, then f satisfies a Nagumo-type condi-
tion in Ey, consider the function hg, € C (R{, [k, +00[) for some k > 0, such
that (1.2.3) and (1.2.4) hold by E replaced by E;. Thus, for (z,vo, ..., Yn—1) €
E,, we have, by (1.3.3) and (1.3.6),

F)\ (3773/07 "’7yn71> S hE1 (’ynle + 2 Tn—2.

For this function F) define hg, (w) := hg, (

w|) + 2 r_9, therefore

—+00 “+oo —+o00

s s 1 S
——ds = ds > ds,
/h&(s) /hE*<s|>+2rn_2 —1+2f—;—2/h&<s|>

0 0 0
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and so hg, (w) verifies (1.2.4), that is, F) satisfies the Nagumo condition in
E; with hg, (w) replaced by hg, (w), independently of .
Defining
v (@) = —ry, Ti(x):=mr; i=0,...,n—2

the assumptions of Lemma 1.2.2 are satisfied with E replaced with F;. So

there exists R > 0, depending only on r;, ¢ = 0,...,n — 2, and ¢, such that

‘u(”_l) (z)| <R, Vz e 1.

Step 3: For A\ =1 the problem (1.3.3)-(1.5.4) has a solution u; (x).

Consider the operators
L:C"(I)xR"cC" ' (I)—C)xR"

and, for A € [0,1],
Ny:C" (1) = C(I) xR"

where
Lu = (u(”) —u™? y(a),...,u" (a))

and

A (2,60 (2w (2)) ey 6na (2,0 (), uY ()

M = +u" D (2) = Ap_a (2, u? (z)),
Mg (w (b)) s Ay g (u= (D)), u=2 (), w1V (b)
As £ has a compact inverse it can be considered the completely continuous
operator
T (€™ (1), R) — (€™ (1), R)

defined by
T (u) = LN, (u) .
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For R given by Step 2, consider the set
Q= {y cC™(I): ||y(i)}}oo <r;, 1=0,...n—2, Hy(”_l)Hoo < R} )

By Steps 1 and 2, for every u solution of (1.3.3)-(1.3.4), u ¢ 02 and so the
degree d (Z — 7,,,0) is well defined for every A € [0,1]. By the invariance

under homotopy
+1=d(Z —7y,9Q,0)=d(Z —T1,9,0).

Thus the equation 7; () = x, equivalent to the problem given by the

equation

u™ (z) = f (60 (z,u(x)), .. 6pn (2,02 (2)) , w7V (2)) + u"?) (2)

_671—2 (.I', u(?’b—2) ({E)) )

coupled with the boundary conditions

has at least a solution u; (x) in €.
Step 4: u; (z) is a solution of (1.1.1)-(1.1.2).

This solution wu; (z) is a solution of (1.1.1)-(1.1.2) if it verifies

a2 (1) < 0" () < B (z), (1.3.12)

a; (x) < ugi) () < B, (x), i=0,1...,n—3,Vr €l
Suppose, by contradiction, that there is © € I such that

a2 (z) > u§"‘2’ (x)
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and define

min W () — a7 (2)| = W () — oD () < 0.
xe

If z1 € ]a, b[, then u§”‘” (z1)—a™V (2;) = 0 and uﬁ”) (z1)—a™ (z1) > 0.
Therefore, by (1.3.2) and Definition 1.2.3, we obtain the following contradic-

tion
0 < u{(21) — o™ (21) (1.3.13)
< f (w080 s (20)) 5o g (0,087 (@0)) 02 (1), 0D (@)

+u(n72) (~T1) . a(nf2) (1'1)
—f (:vl, ag (1), oy g (z1), Y (21) , a7V (:L‘l))

< w7 (1) — o™ () < 0.
If ;1 = a then
min [ () = 0" (@) == u"? (@) = 2" () < 0.
By Definition 1.2.3
0<u™ (@) =V (a) <" (B) — a7V (1) < 0
and, therefore,
" (@) ="V (a), u” (a) 2 o (a).
The case where x1 = b the proof is identical and so

o () < u§”‘2) (x), Vzel.

Applying the same arguments, one can verify that u&”*” (z) < "2 (2),
for every x € I, and (1.3.12) holds.
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Integrating (1.3.12) in [a, x|, by (1.3.5) and (1.2.7)

i (@) 2w (@) + 0" (@) — " (a)

v

> a,-3(a)+ a3 (r) — a™3) (a)

= I (@) 2 D @)~ [0t = an s ().

Analogously, by (1.3.5) and (1.2.8),

ugn—3) (fL’) ugn—?:) ((I) + 6(71—3) (I) . 6(71—3) (a)
< Busla)+ 877 (@) - 57 (a)

= B (@) < B0 @) + 80| =8, @),

[e.9]

IN

and, therefore,
an_z (z) <ul"(2) < B _4(z), VaelL
By integration and using the same technique it can be proved that
a; () < uy? (x) < B; (),

fort=0,1,....,.n—3andz €. m

1.4 Examples

In the literature n'* order periodic boundary value problems with fully dif-
ferential equations are often considered only for n even or n odd, like it can
be seen in [56]. So, we introduce two examples, including the odd and even

cases.

Example 1.4.1 Consider the fifth order fully differential equation
(W' (2))” (W (2))" (" (2))°
— 1.4.1
7 s o1 A
. 2
+ (u'™ (2) + 12)® — 500,

u® (z) = —arctan (u(z)) —
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for x € [0,1], with the boundary conditions
u® (0) =u® (1), i=0,1,2,3,4. (1.4.2)

The functions a, 3 : [0,1] — R given by

(z) x5+$4+x3+52+ +1
alr)=——+—+—+=2"+zx
52 6 2 ’
5 4
B(m):%—%+6x3+l2x—l

are non-ordered lower and upper solutions, respectively, of problem (1.4.1)-

(1.4.2) verifying (1.53.1) for n =5, with the following auxiliary functions

(z) x5+x4+x3 1 5, 13 119

a(z)=—"—+—=+———2"— —2r — —

’ 52 6 2 27 30’
2 13
al(x):—x4+2x3+%—3x—5,

g (1) = —42® + 62° + 7 — 3,

and

s 2t 3 9 157
ﬁo(x)—g—?—i-ﬁa: + 34z +41$+W’

By (z) = 2* — 22 + 182% + 34z + 41,

By (z) = 4a® — 62* + 362 + 34.

Figures 1.4.1 and 1.4.2 illustrate lower and upper solutions and the aux-
tliary functions.

The function

_ (91)3 (y2)5 (93)6
f(x7y07y17y27y37y4) - _a‘rCtanyO_ 7 - 3 + 12 +(y4+12)

win

—500

is continuous, verifies conditions (1.2.3) and (1.2.4) in

F— <x>y07y17y27y3ay4) GIXRszai Syz Sﬁza i:071727

O/Il S y3 S /6///
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0.2 0.4 0.6 0.8 1

Figure 1.4.1: Functions a (x) and (3 (z) are non-ordered.

Bo

80

60 4

204

Figure 1.4.2: Functions ag (x) and f3, (z) are well ordered.
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with

1N

he (lya]) = 4.6 x 107 + g 4 (g +12)

and it satisfies (1.3.2).

By Theorem 1.8.1 there is a non trivial periodic solution u (z) of problem

(1.4.1)-(1.4.2), such that

o () < u(x) < B(x), fori=0,1,2,

—1227 4+ 120 +1 < " (v) <122° — 120+ 36, forxz €[0,1].

Remark that this solution is a non trivial pertodic one because a constant
function cannot be a solution of (1.4.1). Moreover, despite o and [3 are
non-ordered, as shown in Figure 1.4.1, the solution u (x) for the problem
(1.1.1)-(1.1.2) exists within the area delimited by the well ordered functions,

ag and f3,.

Example 1.4.2 For z € [0, 1] consider the sixth order differential equation

u () = —(u(x))® — arctan (v (z)) — (v () (1.4.3)

—exp (u" (x)) +50 (u™ (a:))5 + ut (2) + 1‘9 + 2,
with 0 < 0 < 2, along with the boundary conditions

u® (0) =u® (1), i=0,1,...,5. (1.4.4)

are lower and upper solutions, respectively, of problem (1.4.3)-(1.4.4) verify-
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ing (1.8.1) for n = 6 with the auxiliary functions given by Definition 1.2.3

ap (z) = —% — 623 — 32% — z,
ay () = —23 — 62% — 3w — 1,
asg (z) = =322 — 6x — 3,
az(x) = —6x —6
and
Bo () = %4+6x3+3:r2+x,
By (z) =23 + 622 +3x + 1,
By (z) = 3% + 62 + 3,
B (x) = 6x + 6.
The function

F (@90, 91,92, Y3, Y1,Y5) = —yo — arctan (y1) — (y2)” — exp(ys) + 50 (ya)’

+ys + 117+ 2
is continuous, verifies conditions (1.2.3) and (1.2.4) in

E— (x7y07ylay2>y37y4ay5) € [CL, b] X R5 Nye7 S Y; S Bi’ 1= 07 1a2737
o) < gy < g 7

with

T
he (Jys|) =41 + 5T e+ lys + 1/

and satisfies (1.5.2).
By Theorem 1.3.1 there is a solution u (z) of problem (1.4.8)-(1.4.4), such
that

—%—6x3—3x2—x§u($)§%+6$3+3$2+$
) +

—23 — 62 —3r— 1< (z 622 4+ 3z + 1
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As seen in the previous example, the functions «;, 3, for i = 0,1,2,3
are well ordered despite the functions o (x) and (B (x) are not ordered, for
z e [0,1].

Moreover this solution is non trivial because the unique constant function

solution of (1.4.8), u = /3, is not in the set o, B,) .



Chapter 2

New trends on Lidstone

problems

2.1 Introduction

Fourth order differential equations are often said as beam equations due to
their relevance in beam theory, namely in the study of the bending of an

elastic beam. In this chapter it is considered the nonlinear fully equation
u™ (2) + f oz u(),d (z),u" (2),u" (z) = sp(z 2.1.1
(@) + f (z,u(z), , : P

for z € [0,1], where f : [0,1] x R* - R and p : [0,1] — R" are continuous
functions and s a real parameter. Problems involving these types of equa-
tions are known as Ambrosetti-Prodi problems, as they were introduced in
[2]. In fact they provide the discussion of existence, nonexistence and mul-
tiplicity results on the parameter s. More precisely, sufficient conditions, for

the existence of sy and sq, are obtained, such that:
e if s < s¢, the problem has no solution.
e if s = s, the problem has a solution.

31
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o if s € ]sg, s1], the problem has at least two solutions.

As boundary conditions it is considered

uw(0) = u(1) = u"(0) = u"(1) =0, (2.1.2)

known as Lidstone boundary conditions. They appear in several physic and
engineering situations such as simply supported beams, ([48, 49]), and sus-
pension bridges, ([24, 57]). Different boundary conditions, meaning different
types of support at the endpoints, are considered in the literature. As exam-
ple one can refer [48, 69, 78, 90].

Related problems have been studied by many authors, either from a vari-
ational approach, ([45, 50]), or with topological techniques, ([5, 10, 66, 88]),
or both [21]. Recently, some papers applied the lower and upper solutions
method to more general boundary conditions such as nonlinear, ([14, 25, 33,
78]), and functional cases, ([15, 19, 27]), some of them including the Lidstone
case.

The bilateral Nagumo condition, used in some of the above papers, plays
an important role to control the growth of the third derivative. In this
work it is applied a more general Nagumo-type assumption: an unilateral
condition. From this point of view, the results existing in the literature for
problem (2.1.1)-(2.1.2), ([76, 77]), are improved, because the nonlinearity can
be unbounded from above or from below, following arguments suggested by
[42, 43].

It is pointed out that, for Lidstone problems, where there is no infor-
mation about the third derivative on the boundary, the replacement of the
bilateral condition by an unilateral one is not trivial. It requires a new a

priori lemma and a new auxiliary problem in the proof of the main result.
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In this Chapter a reflexive section about the role of lower and upper
solution in the main results is included. In this section it is discussed how
conditions in the lower and upper solutions definition influence the main
Theorem and vice-versa. This "power shift" between the Definition and
Theorem makes it possible to present some new results. Perpetuating this
line of thought it will be then possible to extend some results to a functional
version of (2.1.1)-(2.1.2). This functional version, and subsequent results,
will later be presented in Chapter 8 as an application.

As in the previous Chapter there are still several open problems in respect
of (2.1.1)-(2.1.2), namely the relaxation of the continuity condition on f,
on condition (2.4.3) in Theorem 2.4.2 and generalization of these results to
a n'" order problem. Moreover the discussion for the multiplicity part on

Ambrosetti-Prodi is still open for the Lidstone problem.

2.2 Definitions and auxiliary results

In this section some auxiliar results and definitions, essential to the proof of
the main result, are presented.

In Chapter 1 a generalization of a Nagumo-type condition was presented.
Now it is considered an one-sided Nagumo-type condition, meaning that the
function f is only limited either from above (illustrated by condition (2.2.1))
or from below (see 2.2.2). Therefore two different Lemmas can be obtained,
depending on the condition assumed on the nonlinearity f.

The one-sided Nagumo-type condition to be used and the consequent a

priori estimation are precise as it follows:

Definition 2.2.1 Given a subset E C [0,1] x R*, a continuos function f :

E — R s said to satisfy the one-sided Nagumo-type condition in E if there
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exists a real continuous function hg : RS — [k, +oo[, for some k > 0, such

that
J (90,91, 92, y3) < he (Jysl), V(z,90,y1,92,93) € E (2.2.1)
or
(%90, 91,92, y3) > —he (|y3]) , Y (2,90, 91,92, 93) € E, (2.2.2)
with
to
/0 - (t)dt = +00. (2.2.3)

Lemma 2.2.2 Let f : [0,1] x R* — R be a continuous function, verifying

Nagumo-type conditions (2.2.1) and (2.2.3) in

E = {(x,yg,yl,yg,yg) €l0,1] xR*: v, (2) <y <Ty(x), i = 0,1,2}
(2.2.4)
where v, (x) and T'; (z) are continuous functions such that, for i = 0,1,2,
v; () < Ty (z), for every x € [0,1].
Then for every p > 0 there is R > 0 such that every solution u(x) of

equation (2.1.1) verifying

u"(0) > —p ,u"(1) < p (2.2.5)
and
v (2) <u® (z) < Ty (x), Yz €0,1], (2.2.6)
fori=0,1,2, satisfies
|u"] . < R.

Proof. Consider u a solution of the equation (2.1.1) that satisfies (2.2.5)

and (2.2.6) and define the non-negative real number

r o= max {I'y(1) = 7,(0),T2(0) = 7,5(1)} .
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Suppose p > 0 large enough such that for every u solution of (2.1.1) we
have |u"(z)| < p, for every x € [0,1], and p > r. If p = R then the proof is

complete.

Consider now that there is u solution of (2.1.1) and z( € [0, 1] such that
|u" (zo)| > p. If [u"'(x)| > p, for every = € [0, 1] then, for u"(x) > p, it is

obtained the following contradiction

Do) —75(0) > u(1) —"(0) = / u"(r) dr
> /1pd7' > /17" dr > Ty(1) — v5(0).

The case u"'(x) > —p, for every = € [0,1], follows similar arguments. So

there is = € [0, 1] such that |u"(x)| < p.

As the integrals

T

+o00 t +oo
dt and / dr
/0 he (t) o he(m)+ sl p

are of the same type, as long as s belongs to a bounded set, by (2.2.3), take

Ry > p such that

R1 T
dr > max I's(xz) — min x). 2.2.7
/p () + |5 7] o] 2(7) xe[o,l]%u (2.27)

Consider z; € [0,1[ such that v"”(zy) < —p or x; € |0,1] such that
uw”(x1) > p. In the first case let #; be such that 0 < #; < x; and, for every

T € [i’l,l‘l[,

u" (1) = —p and "' (x) < —p. (2.2.8)
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By an adequate change of variable and (2.2.7),we obtain

fu/”(:m) 1

T o —u"(z) (1))
ZORITITN / el + el )

— f ‘CE u u u u/”) Sp( ) (—u’”(l‘))d:ﬁ

—u" (C/E\l )

u”(x)) + s [|pl]
< / —u"(z)dx = u"(ZT1) — u" (1)
z1
< max ['y(x) — min v,(z)

z€[0,1] z€[0,1]
T

Ry
< dr
/p he(T) + |s] [[pll

and therefore that u"”'(z;) > —R;. By the arbitrariness of z;, for every = €

[0, 1] such that v (x) < —p the inequality u" (z) > —R; holds. In a similar
way it can be proved that v"”(z;) < R; and so |u"”(z)] < Ry, for every
x € [0,1].

Consider now p < r and take Ry > r such that

Ra
.
dr > max I's(z) — min 2.2.9
/,, he(r) + |s||pll z€[0,1] 2(2) xe[Ol]/YQ( 7). ( )

By (2.2.5), there is « € [0, 1] such that | (z)| < 7. If |u”(x)] < r, holds
for every x € [0,1] then the proof is concluded. Otherwise, it can be taken
x9 € [0, 1] such that " (z9) < —r or 9 € ]0, 1] such that u"”(xz5) > r. In the

first case consider 0 < 2y < x5 with
u"(Z9) = —r and u"'(z) < —r, Va € [Ig, 23]
Applying a similar method as in (2.2.8) it is obtained

e ; Rz T
dr < / dr
/u,,,(m) hi(T) + |s| |p|] » he(T) +s][pll

and so u"”(z2) > —Ry. Arguing as above it can be shown that when v (x9) >

r the inequality u”(x2) < Rs still holds. Therefore |u”(x)| < Rs, for every
z e [0,1].
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Taking R = max {R;, Ry} then |[u”(x)| < R, for every z € [0,1]. =
If the function f verifies (2.2.2) the following Lemma is obtained:

Lemma 2.2.3 Let f : [0,1] x R* — R be a continuous function, verifying
Nagumo-type conditions (2.2.2) and (2.2.3) in E given by (2.2.4).
Then for every p > 0 there is R > 0 such that every solution u(x) of

equation (2.1.1) verifying

u"(0) < p, (1) > —p. (2.2.10)
and
v (2) <u® (z) < Ty (x), Yz e€0,1], (2.2.11)
fori=0,1,2, satisfies
|| < R.

Proof. The proof follows similar arguments as in the proof of Lemma 2.2.2

with the adequate changes. m

Remark 2.2.4 Observe that R depends only on the functions hg, v, and I'y
and not on the boundary conditions. Moreover if s belongs to a bounded set,

then R can be considered the same, independently of s.
The functions used as lower and upper solutions are defined as a pair:
Definition 2.2.5 The functions a, 3 € C*(]0,1[) N C? ([0, 1]) verifying
o (2) <D (z), i=0,1,2, Yz € [0,1], (2.2.12)

define a pair of lower and upper solutions of problem (2.1.1)-(2.1.2) if the

following conditions are satisfied:
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(i) o™ (@) + f(2,a(2),d (z),0" (2),a" (2)) = sp (),

B () + f (2,8 (), B (), 6" (x) , 8" () < sp () ;

(i) a(0)<0, o”(0)<0, o”(1)<0,

B(0) =0, B7(0)=0, B"(1)=0;

(iii) o/ (0) — 5 (0) <min{3(0) - 5(1), a (1) —a(0)}.

As it was shown in [77], condition (iii) can not be removed for this type of
definition. However if the minimum in (iii) is non-positive then assumption
(2.2.12) can be replaced by o (z) < 8" (x), for every x € [0, 1], as the other

inequalities are obtained from integration.

2.3 Existence and location result

For values of the parameter s such that there are lower and upper solutions of
(2.1.1)-(2.1.2) it can be obtained the following existence and location result,

where the nonlinear part can be unbounded from above or from below.

Theorem 2.3.1 Suppose that there is a pair of lower and upper solutions
of the problem (2.1.1)-(2.1.2), a(x) and [ (z), respectively. Let f : [0,1] X
R* — R be a continuous function satisfying the one-sided Nagumo conditions

(2.2.1) and (2.2.8) in
E* - {<I7y07y17y27y3) € [07 1] X R4 : Oé(z) (ZE’) S Yi S 6(1) (Z‘) ) 1= 07 172}
and

f(a?’a?a/?y%yiﬂ) S f($7y07y17y27y3> S f(x7ﬂ75,7y27y3)7 (231)
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for a(z) < yo < B(z), o' (v) < y1 < B'(x) and for fived (v,ys,y3) €
[0,1] x R%. Then the problem (2.1.1)-(2.1.2) has at least a solution u () €
C*([0,1]), satisfying

a® (x) < u® (x) < B(i) (), fori=0,1,2, Vz € [0,1].

Proof. Consider the continuous truncations d; given by

al (z) if y; < a (1)
i (z,y:) = Vi if o (z) <y <pY(2) , (2.3.2)
BY () if yi > 9 (2)

fori=0,1,2.

For A € [0, 1], consider the homotopic equation

W) (@) = Alsp(a) — (5,60 (5,0) 61 (2,07 63 (0, 0) )] (23.3)
+u” (x) — Ny (z,u"),

and the boundary conditions

u(0) =u (1) =0, (2.3.4)
(1= X)u"(0) = Au"(0)],
(1 =X u" (1) = =Afu"(1)]
Let 7 > 0 large enough, such that, for every z € [0, 1],
—ry <’ (x) < " (x) < 1y, (2.3.5)
sp(x) = f(z,8(x), B (x), 8" (2),0) + r2 — " () > 0, (2.3.6)
sp(z) — f(z,a(x),d (z),a" (x),0) —ry — o’ (z) < 0. (2.3.7)

The proof follows similar steps to the proof of the main result in the previ-
ous Chapter (Theorem 1.3.1), therefore only the key points of the arguments

are presented:
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o FEvery solution u () of the problem (2.3.3)-(2.3.4) verifies
|u" (z)| < re, |u' (z)] <ri, |u(z)| <r, Voel01],
with 1 = re + ' (0) independently of A € [0,1].

As for interior points the technique is identical, assuming, by contradic-
tion, that
xrg[%,}f} u’ (x) :=u" (0) > ry > 0.
Then for A € ]0,1], it is obtained

0> (1—X)u"(0) = "(0) > Ary > 0.

For A = 0, v”(0) = 0. Therefore v(*) (0) < 0 and the case is identically
to the interior points.
If

i = 2 1 >
mac ' (@) 1= (1) = 1o

for A € ]0, 1], the contradiction is similar
0<(1—=Nu"(1)==Au"(1)] < =Xy <0.

The case A = 0, implies (1) = 0 and «™ (1) > 0 and the contradiction
is obtained by the same technique as in the interior points.
The case u” (r) < —ry is analogous and so
[u" (z)] < re, Vo € [0,1],VA € [0,1].
Integrating in [0,z], u/(z) — ' (0) = [, u”(s)ds < 13, and

ju'(x)| <7+ (0), Yo € 0,1],¥YA €[0,1].

By integration, u(z) —u (0) = [ u/(s)ds < [; rids < r1.

With the same arguments it can be proved that u(z) > —r; and

lu(x)| <1,V € 0,1].
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e There is R > 0 such that, every solution u (z) of the problem (2.5.3)-
(2.8.4) verifies
|u" (z)] < R, Yz € [0,1],

independently of A € [0,1].
e Problem (2.3.3)-(2.3.4) has at least a solution uy (x) for A = 1.

The existence of at least a solution w; (x) for problem (2.3.3)-(2.3.4) is
obtained with the operators £ : C*([0,1]) C C?([0,1]) — C([0,1]) x R*
given by

Lu= (u™ =" u(0),u(l),u” (0),u" (1),
N, C3([0,1]) — C ([0,1]) x R* by

Asp(z) — f(z,00 (z,u), 01 (x,u), 09 (z,u”) ,u" (x))] — Ada (2, "),
0,0, A[u (0) + |u"(O)[], A [u" (1) — [u" (1)]]

Ny =

and 7, : (C*([0,1]),R) — (C*([0,1]) ,R) by
Ty (u) = LNy (u) .

The function u; (z) will be a solution of the initial problem (2.1.1)-(2.1.2)
if it verifies o (z) < ugi) (z) < D (z),i=0,1,2,Vz € [0,1].
Suppose, by contradiction, that there is x € [0,1] such that o’ () >

u} (z) and define

m[in] (W) (x) — " (2)] := uf (z1) — " (x1) <O.
z€|(0,1

If 2, €]0,1[, then v/ (z1) = " (z1) and u™ () > o™ (2,).
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By Definition 2.2.5 and (2.3.1) it is obtained the contradiction:

o™ (z1) < ul™ (1)
- 8])([151) - f (ZEl, 50 (Ihu) 751 (xlv u/) 70/, (xl) 70/” (xl))
_'_u// (331) - a// (371)

< sp(r1) — [z, a(z),d (x1),a" (v1), 0" (21)) < at) (z1) .

If x1 = 0 or x; = 1 the contradiction is trivial, by Definition 2.2.5 (ii).
Therefore o (x) < uf (z), for every z € [0,1]. In a similar way it can be

proved that ) (x) < 8" (z), and so
o’ () <uf (z) < B"(x), forevery z €[0,1]. (2.3.8)

As, by (2.1.2),

0 — /1 () dm—/l(u’l(O)—i—/oxu’l’(s)ds) da

then

/ / 5) dsda. (2.3.9)

/ / s)ds dz = a(1) — a(0) — a/(0)

and, by Definition 2.2.5 (iii), (2.3.8) and (2.3.9)

_B(0) < a1) - a(0) // §)ds dz
< // s)ds da — —, (0).

Therefore u} (0) < 8'(0) and, by integration of (2.3.5), one obtains

By this technique

mw—%@—lzuwmgfawwuwwwﬂ@
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and

uy (2) < B'(x) = F'(0) + 1y (0) < B'(x), Y € [0, 1].
The relation o/ (x) < u) (z), for every x € [0, 1], can be proved by similar
arguments. Then o/ (z) <) () < 8 (x), for every z € [0,1]. By Definition
2.2.5 (ii)

a(r) < /:o/(s)dsg/Oxu'l(s)ds:ul(x)
< B'(s)ds = B(x) = B(0) < B(x).
Therefore u; (x) is a solution for problem (2.1.1)-(2.1.2). =

Remark 2.3.2 Theorem 2.3.1 still holds if condition (2.2.1) is replaced by
(2.2.2) and conditions (2.3.4) are replaced by

u(0) =wu(l) =0,
(1 =A)u"(0) = =A[u"(0)],
(1 =XA)u" (1) = Afu"(1)].

2.4 Generalized lower and upper solutions

When looking at the definition of lower and upper solution one can won-
der about its impact and importance in the existence and location results
presented in these previous chapters and throughout all the thesis.

It is immediate that they provide a very graphical information about
some qualitative properties of the solution, but one can ask how deep is their
influence in the final results, for instance, in Definition 2.2.5 is it possible to
relax condition (2.2.12) and condition iii)? How does this change affects the
final result?

With this thought in mind we consider the following definitions for lower

and upper solutions:
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Definition 2.4.1 Functions o, 3 € C*(]0,1[)NC?([0,1]) are a pair of lower

and upper solutions of (2.1.1)-(2.1.2) if the following conditions are satisfied:

(i) ™ (@) + f (2,00 (x), 01 (2) 0" (2) 0" (2)) > sp(2),

where
o) = s ) i
o (z) =o' (x) — o/ (0) — [ [ 18" (s)| dsdz;
(il) «”(0) <0, " (1) <0
(i) B () + f (2, By (x), By (), B" (x), 8" (x)) < sp(z),
where
By () = fo B () ds, (2.4.2)

Bi(x) = ' (x) = 5'(0) + fol foz " (s)] dsdz;
(iv) p"(0)>0, B"(1)>0.

Now, the main existence and location result becomes:

Theorem 2.4.2 Suppose that there is a pair of lower and upper solutions of

the problem (2.1.1)-(2.1.2), a () and 3 (z), respectively verifying
o’ () < 8" (x), Vo €[0,1]. (2.4.3)

Let f :]0,1] x R* — R be a continuous function satisfying the one-sided

Nagumo conditions (2.2.1), or (2.2.2), and (2.2.3) in

(2,90, 1,92, 93) € [0,1] X R* : ey () < o < By (2),

o (z) <y < By (2), o (x) <y < B" (2)

E, =

and

f(x7a07a17y27y3) S f($7y07y17y27y3> S f(x7ﬂ07617y27y3)7 (244)
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Jor ag(z) < yo < By (2), ar(z) <y < By () and for fiwed (z,ys,y3) €
[0,1] x R%. Then the problem (2.1.1)-(2.1.2) has at least a solution u () €
C*([0,1]), satisfying

a; (z) < u® (z) < B, (x), fori=0,1, Va € [0,1],

and

o (z) <" (z) <p"(x), Yz €10,1].

Proof. The arguments are similar to the proof of Theorem 2.3.1. So we only
prove that the solution wu; (z) of the modified problem will be a solution of

the initial problem (2.1.1)-(2.1.2). For that it is sufficient to show that

" (z) <" (z) <" (x) (2.4.5)

and

o () <u () < B, (), fori=0,1, (2.4.6)

for every z € [0,1].
The inequalities (2.4.5) and (2.4.6) can be proved as in Theorem 2.3.1.
By integration,

u' () —u' (0) = /050 u” (s)ds < /Ox B"(s)ds =3 (x) — B (0)

and it is obtained
u' () < B (z) — B (0) + 4 (0). (2.4.7)

Furthermore by (2.1.2)

O:/Olu'(x)dx§u'(0)+/01/0x5"(3)dsd:v.

Hence it is obtained

o (0) > —/01/;5"@)615@
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and in a similar way «' (0) < — fol Jy o (s)dsdx. Applying this in (2.4.7)

@) < 0@-FO- [ [ o
o Jo
< -0+ [ [l oldste = 5, )
Using the same arguments it is proved that
ap (z) < (z) < B (x), Yz €[0,1].
Integrating the previous inequality one obtains

a0<x>=/:a1<s>s@t<x>s/Omm(sms:ﬂo(x), Ve € [0,1].

As one can notice the inclusion of the auxiliary functions ay, 8, and aq, 3,
allows not only the usage of non-ordered lower and upper solutions, increasing
the range of admissible lower and upper solutions for the problem (2.1.1)-
(2.1.2), but also to overcome the order relation between the first derivatives,
where there is no information.

Next example illustrates a set of lower and upper solutions that were not
covered by Definition 2.2.5 and Theorem 2.3.1 but are now included in De-
finition 2.4.1 and Theorem 2.4.2. In this example lower and upper solutions
are not ordered and condition (iii) from Definition 2.2.5 is eliminated, case

that was not possible by Definition 2.2.5 and Theorem 2.3.1.
Example 2.4.3 For z € [0, 1] consider the differential equation
u® (z) + " + arctan (v (z)) — (" (2))* — [u" ()" = sp(z), (2.4.8)

with p : [0,1] — RT a continuous function and k € [0,2], along with the
boundary conditions (2.1.2).
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The functions o, f : R — R given by

a(r)=—22+1

Blr)=a®—3
are lower and upper solutions, respectively, of problem (2.4.8),(2.1.2) verify-
ing (2.4.3) with the auxiliary functions given by Definition 2.4.1
(&%) ('T) = _12 - T,

ap () = =2z — 1,

and
60 (ZL’) = 1'2 + xr,
By (x) =2+ 1,
for
2 _ -2 _
e’ + arctan((?))) 8 <5<t arctan( (Z;) +8
s s
The function
f <x7y07 Y1, y27y3) = e’ + arctan (yl) - (y2)3 - |y3|k (249)

is continuous, verifies conditions (2.2.1)and (2.2.3) in

($7y07y17y2ay3) S [a,b] X RS D Qy S Y; S /8“ 1 = 07]_
a// S y2 S /B//

F =

and satisfies (2.4.4).
By Theorem 2.4.2 there is a solution u (x) of problem (2.4.8),(2.1.2), such

that
—r?—zx<u(r)<2*+=x

—2r—1<u(r)<2x+1
—2<u"(x) <2
Notice that the nonlinearity f given by (2.4.9) does not verify the two-
sided Nagumo type conditions and, therefore, [77] can not be applied to
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(2.4.8)-(2.1.2). In fact, suppose by contradiction that there are a set E and
a positive function ¢ such that |f (x,y0,y1, Y2, y3)| < ¢ (|ys]) in E and

/:Oo 90?5) -

Consider, in particular, that

f(@90,91,92,93) <o (lysl), V(2 90,91,92,93) € E
and (0,0,0,y3) € E. So, for x € [0,1], 0 =0, 11 =0, yo = 0 and y3 € RT,

F(2,0,0,0,y3) = 1+ [ys|* < o (|ys]) -

As f0+°° rds, is finite, then the following contradiction is obtained:

+o0 s +oo s
+oo>/ kdsz/ ds = +o0.
o L+s o ©(s)




Chapter 3

Multiplicity of solutions

3.1 Introduction

In this Chapter two different sets of boundary conditions are considered.

Firstly it is considered the problem composed by
™ (2) + f (2, u(2),u (2), " (), u" (z) = sp (x), (3.1.1)
and
w(l)=u" (1) =4"(0) =u" (1) =0,
with a bilateral Nagumo type condition and secondly with
u(a) = A, v'(a) = B, u"(a) =C, u"(b) =D,

with A, B, C, D € R assuming an one-sided Nagumo type condition. In both
cases existence, nonexistence and multiplicity results will be presented.

The arguments used were suggested by several papers namely [30], ap-
plied to second order periodic problems, [73, 89|, to third order separated
boundary value problems, [21] for incomplete fourth order equations with
two-point boundary conditions. In short, the method makes use of Nagumo-

type growth conditions, lower and upper solutions technique for higher order

49
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boundary value problems, suggestete, for example in ([33, 44, 78]), and degree
theory, [70].

Last section contains an application of the beam theory to the London
Millennium footbridge. During the opening day some unexpected lateral
movements occurred as pedestrians crossed the bridge. This lateral move-
ment was then found to be related with the lateral loads and the num-
ber of pedestrians [23]. Lower and upper solutions method used to obtain
Ambrosetti-Prodi results is particularly well adapted for these applications.
In fact it provides not only lower and upper bounds for the beam displace-
ment under transverse and axial loads, but also it gives information on the
range for the values of s where it can be obtained the existence, nonexistence
or the multiplicity of solutions. Designating s the number of pedestrians,
this number can then be easily bounded, making this method a sharp tool
for some applications where bounds on the solution or its derivatives are
important.

Several Ambrosetti-Prodi type problems remain open, for example, in the
case of multiplicity of solutions, the Lidstone problems. Some experiments
trying to overcome these issues were made with new types of lower and upper
solutions and more general assumptions on f and can be seen in Section 8.5,
dedicated to the Lidstone case. In our point of view, obtaining multiple

solutions by this method has two weak points:

e to know a priori some bounds for the second derivative of all solutions

(assumed in condition (3.3.9))

e the assumption of a "speed growth" condition on f, such as (3.3.11) or
an equivalent assymptotic condition used in [36], that is, consider that

the perturbation of some variables are stronger than other ones.
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How to overcome them is an open issue.

3.2 Existence and nonexistence results

In this section we consider the nonlinear fully equation (3.1.1) with the

boundary conditions
u(l) = u'(1) = u"(0) = u"(1) = 0, (3.2.1)

which can be seen as a clamped beam at the right endpoint.

A Nagumo-type growth condition is assumed on the nonlinear part of the
differential equation. The Nagumo-type condition used in this section is a
particular case of the one presented in Chapter 1, for n = 4. As in before, this
will be an essential tool to prove an a priori bound for the third derivative

of the corresponding solutions.

Definition 3.2.1 Given a subset E C [0,1] x R*, a continuous function
g : E — R s said to satisfy the Nagumo-type condition in E if there exists a

real continuous function hg : R — [a, +00], for some a > 0, such that

’g (xu Yo, Y1, Y2, ?J3)| S hE (|y3|) ) v(l”ym Y1, y2)y3) S (322)
with
+00 t
dt = +o0. 3.2.3
| ww 323)

Lemma 3.2.2 Let g : [0,1] x R* — R be a continuous function, verifying

Nagumo-type conditions (3.2.2) and (3.2.3) in
E= {(x7y0ayl>y27y3) S [07 1] X R4 i (l‘) S Yi S F’L ('7‘;) ) L= Oa 172}
where 7y, (x) and T'; (x) are continuous functions such that, for i =0,1,2,

v; () <T;(z), Vo €[0,1].
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Then there exists r > 0, such that every solution u (x) of equation (3.1.1)

verifying
7 (x) <u(2) < Ty (), Vo€ [0,1],

fori=0,1,2, satisfies ||u"]| <.

Proof. The arguments for this proof are a particular case of Lemma 1.2.2,

for n = 4 considering

g <5U73/0,91,92>y3) =S p($) - f (374/073/1,92,93) (324)

and hg (|ys]) == |s| |pll + he (Jys]) , as the integrals

+oo t +o0 t
dt and / dt
/0 he (t) o he(t)+]slpl

are of the same kind. =

In the forward the useful functions to define such set E will be the ade-

quate lower and upper solutions.

Definition 3.2.3 A function a € C*([0,1]) is a lower solution of problem
(8.1.1),(3.2.1) if it verifies

ol () + f(z,a(z),d () 0" (x),a" (x)) = sp () (3.2.5)
and
a(l) <0,
o/(1) 20, (3.2.6)
a”(0) <0,
a”(1) <0.

A function 8 € C*([0,1]) is an upper solution of problem (8.1.1),(5.2.1) if

the reversed inequalities hold.
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Next Theorem is not a trivial consideration of Theorem 1.3.1 for n = 4.
In fact lower and upper solutions are not well ordered for every derivative
of the corresponding solution. This is a "natural" fact as different types of
support at the endpoints will cause different interactions on the complete
beam structure.

For values of the parameter s such that there are lower and upper solu-
tions of problem (3.1.1),(3.2.1) it can be obtained the following existence and

location result.

Theorem 3.2.4 Suppose that there are lower and upper solutions of (3.1.1),
(8.2.1), a(z) and ((x), respectively, such that

o(x) < p"(x),Vx € [0,1]. (3.2.7)

Let f:]0,1] x R* — R be a continuous function verifying Nagumo-type
conditions (3.2.2) and (3.2.83) in

('Tay())ylayQayS) € [O, 1] X R4 :

E, = ,
a®(z) <y, < BY(x), i=0,2, B(z) <y < (x)

satisfying

f(xa Oé(%'), Oél(l'), y27y3) < f(x»ym Y1, Y2, y3) (328)
< f(x,ﬁ(x),ﬁ'(a:),yz,yg),
for fized (z,y2,y3) € [0,1] x R? and a(z) < yo < B(z), B'(z) <y < ().

Then problem (3.1.1),(3.2.1) has at least a solution u(x) € C*([0,1]) and
there is N > 0 such that

o® (z)

B'(z)
lW"(x)] < N, Vze€[0,1].

IN

u(i)(x) < B(i)(x), 1=0,2,

IN

u'(z) < o (z),
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Remark 3.2.5 If there are a () and 5 () lower and upper solutions of the
problem (3.1.1),(3.2.1) for some values of s, then s belongs to a bounded set,

as
o™ () + f(z,a(x) o' (x) 0" (z) " (x)) < sp ()
< B (@) + f@, B (2), B (2), 8" (), 8" (),
for every x € [0,1].
Proof. By integration of (3.2.7) in [z, 1] and (3.2.6) it is obtained that
B(@) < o/(2), ¥z € [0,1].
Therefore we cand define the truncations given by (2.3.2) for i = 0,2 and

o(z) if y > d(x)
fry) =9 n i B)<p<al@) (3.2.9)
Blx) if y <f(x)
Consider for A € [0,1] the auxiliary problem composed by (2.3.3) with §;
replaced by &;,with the boundary conditions (3.2.1).
Taking ro > 0 verifying (2.3.5)-(2.3.7) the proof is analogous to Theorem

2.3.1. As such, only some of the modifications are remarked:
e Every solution u (z) of the problem (2.3.3),(3.2.1) verifies
[u® ()] <19, i=0,1,2, Yz € [0,1].
e The operators L : C*([0,1]) € C*(]0,1]) — C ([0,1]) x R* and N, :
C3([0,1]) — C(]0,1]) x R* are defined as
Lu= (u™ —u’, w(1), ' (1),u"(0), " (1))

A [sp(:v) —f (:E, o (x,u),0q (z,u), 8y (2, u") , u" (:U))] — Aoy (x,u"),
0,0,0,0

N =
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e The location of «/ in the set [3’, /] with o/ and 3’ in reversed order is

obtained by integration of

a//(m) < u// (J;) < /3//(33)7

in [z,1].

The existence and nonexistence of solutions for problem (3.1.1),(3.2.1)

will be discussed for some values of the parameter s.

Theorem 3.2.6 Let [ : [0,1] x R* — R be a continuous function verifying
Nagumo-type conditions, (3.2.2) and (3.2.3). If

(Hy) f(x,%0,y1,Y2,Yy3) is nondecreasing on yo and nonincreasing on y; and

Y25

(Hy) there exist s; € R and r > 0 such that, for x € [0,1], yo < —r and

9127“;

f(d?,0,0,0,0) f(x,yo,yl,—r,())
pe) T W

; (3.2.10)

then there is so < sy (with the possibility of sg = —oc) such that:
1) for s < sg, (3.1.1),(3.2.1) has no solution;
2) for so < s < sy, (3.1.1),(3.2.1) has, at least, a solution.

Proof. Define
. f(x,0,0,0,0)
s* = max —— "~
z€[0,1] p(x)
By (3.2.10), there is z* € [0, 1] such that
f(2*,0,0,0,0)

<st = < s1, V€ [0,1].
by el

f(2,0,0,0,0)
p(z)
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For r given by (3.2.10), S(z) = 0 is an upper solution of (3.1.1),(3.2.1) for
s = s* and, as by (H;) and (3.2.10),

0 > sip(z)— flz,—rr,—r0) (3.2.11)
§ 1
2 Sp(l’) _f <$,—T (% —ZE+§) , =TT+, _r70)
therefore a(z) = —r(‘%2 —x+3) is a lower solution of (3.1.1),(3.2.1) for every

s < s1. So by Theorem 3.2.4 there exists a solution for problem (3.1.1),(3.2.1)

for s = s*.

Suppose that problem (3.1.1),(3.2.1) has a solution u, () for s = 0 < s;.
So u, (x) is an upper solution of (3.1.1),(3.2.1) for 0 < s < s7.

Let R > 0 sufficiently large such that, for r given by (3.2.10),

r <R, max ul (x) < R and u)(1) > —R. (3.2.12)
xe|0,

Asin (3.2.11), @ (x) = —R(%—x—i—%) is a lower solution of (3.1.1),(3.2.1),
for s such that s < s;. In order to apply Theorem 3.2.4 it must be proved
that @’ (z) < u”(x), in [0,1]. Suppose, by contradiction, that there exists
x €]0, 1[, such that @”(z) > u”(x) and define

min u!(z) := ul(zg) (< —R).
z€[0,1]

Therefore u” (z9) = 0, u&(xo) > 0 and, by (H:)

o

o
IN

U((,—w) (z0) = op (z0) — f(20, ug(0), Uﬁ,(xo), Ug(ﬂfo), 0)

< oplzo) — f (20, us (7o), R, =R, 0).
By integration on [z, 1] and (3.2.12),

ug(x)_—/;u;(s) dsZ—/leds_(x—l)RZ—R
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and the following contradiction is obtained, by (H;) and (3.2.10),

0

IN

op(xo) — f(xo, us(x0), R, —R,0)
< op(xg) — f(xo,—R,R,—R,0) < 0.

Therefore, by Theorem 3.2.4, there is a solution to problem (3.1.1),(3.2.1)

for o0 < s < s5.
Consider the set

S={seR: (3.1.1),(3.2.1) has a solution} .

As, s* € S then S is a non-empty set. Let so = inf S. Therefore, for s < s,
problem (3.1.1),(3.2.1) has no solution. By the definition of sy and s*, sy <
s* < s1, (3.1.1),(3.2.1) has a solution for s € |sg, s1] .

It is pointed out that if sy = —oo then, problem (3.1.1),(3.2.1) has a

solution for every s < s;. ®

Another version of Theorem 3.2.6 can be formulated, with similar proof:

Theorem 3.2.7 Let f :[0,1] x R* — R be a continuous function verifying
Nagumo-type conditions, (3.2.2) and (3.2.3). If

(Hy) f(x,90,y1,Y2,Yy3) is nonincreasing on yo and nondecreasing on iy, and

Y25

(Hsy) there exist s; € R and v > 0 such that, for x € [0,1], yo > —7 and
hn S T,

f(:L“,0,0,0,0) > 5 > f(f,yo,yh—?“,())
p(z) p ()

: (3.2.13)

then there is so > s1 (with the possibility of sy = +00) such that:
1) for s> sg, (3.1.1),(3.2.1) has no solution;

2) for sg > s> sy, (3.1.1),(3.2.1) has, at least, a solution.
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3.3 Multiple solutions to fully differential
equations

To obtain multiplicity results using the lower and upper solution method,
some additional tools are required. A stronger definition for lower and upper
solutions is introduced with strict functions, as well as an extra assumption

on f, a "speed growth" condition.

Definition 3.3.1 A function o € C*(]0,1]) N C?([0,1]) is a strict lower
solution of problem (3.1.1),(3.2.1) if

o™ (z) + fz,a(x),d (z),a" (z),a” (x) > sp(z) (3.3.1)

and

(3.3.2)

A function 8 € C*(]0,1[) N C3([0,1]) is a strict upper solution of problem
(8.1.1),(3.2.1) if the reversed inequalities hold.

Define the set
X = {u c C*([0,1]) : u(1) = /(1) = " (0) = u"(1) = 0}
and the linear operator
L :dom L — C([0,1]) with dom L =C*([0,1])N X

given by Lu = u(™),

For s € R consider the nonlinear operator

N, : C*([0,1])N X — C([0,1])
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given by
Nou= f(x,u(x),u (z),u" (x),u" () — sp(x). (3.3.3)

For 2 C X an open and bounded set, the operator L+ N, is L-compact in
Q. Remark that in dom L, problem (3.1.1),(3.2.1) is equivalent to equation

Lu+ Nyu=0.

Next lemma is useful to evaluate the topological degree of L + N, in €2

relatively to L at p € Q, noted by dr, (L + N,, Q,p).

Lemma 3.3.2 Let f : [0,1] x R* — R be a continuous function satisfying
Nagumo-type conditions and (3.2.8). If there are strict lower and upper solu-
tions of (3.1.1),(3.2.1), a(x) and (B (x), respectively, then there exists ps > 0
such that for

u € dom L: o (z) <u® (z) < D (), i=0,2,
B(z) <u'(x) <a'(z), [[u"]] < ps
we have dr, (L + Ny, Q,0) = £1.

Proof. Consider the continuous functions given by (2.3.2) and (3.2.9), along

with the auxiliary problem

W () + F (3,0(2) o (&), (2), u” (2)) = 5p (@)
u(l)=u(1)=u"(0)=u"(1)=0

(3.3.4)

with F:[0,1] x R* — R a continuous function given by

F<x7y07y17y27y3) = f <$,50 (x7y0>751 (5’771/1) 752 (3373/2) 7y3) — Y2 +52 (x7y2) :

Define the operator F, : C®([0,1]) N X — C([0,1]) given by Fu =

F(z,u, v u",u") — sp(x) .
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In dom L problem (3.3.4) is equivalent to the equation Lu+ Fyu = 0. For
A € [0,1] and u € dom L consider the homotopy

Hyu := Lu — (1 = \)u" + M\Fu. (3.3.5)
Take p, > 0 large enough such that, for = € [0,1],
—py <’ (z) < B"(2) < py (3.3.6)

Sp (I) - f (I7 a (l‘) 70/ (x) ) O/,<'T>7 0) — P2 o (I) <0
and

sp(z) = f(x,B8(x), B (x),8"(x),0) + p, — f" (x) > 0

Applying the technique suggested in the proof of Theorem 3.2.4, with obvious

modifications, there is p; > 0 such that every solution v of Hyu = 0 verifies
[u"]] < py and [[u"[| < ps (3.3.7)
independently from A € [0, 1]. Consider
O ={y edom L:[|y"[| < pa [¥"]l < ps}-

The inclusion ©; D 2 is obtained from (3.3.6). By (3.3.7), every solution u
of Hyu =0 is in  for every X\ € [0,1].

Since u ¢ 0€; then dy (H),,0) is well defined for every A € [0,1]. On
the other hand, the linear part of equation Hqu = 0, i.e., Lu — uv” = 0 has
only the trivial solution and, by degree theory, dy, (Ho,$2;,0) = +1. By the

invariance under homotopy
+1= dL (H07 Ql? 0) = dL (Hla Qla O) = dL (L + FS) Ql? 0) : (338)

Then, there is u; solution of Hyu = 0, i.e., solution of Lu + F,u = 0.
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Applying the arguments referred in the proof of Theorem 3.2.4 it can be
proved that

al?) () < ugi) (x) < B4 (r),1=0,2, B(z) <uj(z) < d(z) Vz €[0,1],

and ||u}"|| < ps. Therefore u; (z) € Q.
The degree dy, (L + F, §2,0) is well defined and by (3.3.8) and the excision
property of the degree,

dp (L+ Fy,,0) =dp (L+ Fy,Q,0) =dr (L + N, Q,0) = £1,

since equations Lu + Fyu = 0 and Lu 4+ Nyu = 0 are equivalent in dom L. m

To obtain the multiplicity result for problem (3.1.1),(3.2.1) it must be as-
sumed some bound from below and a "speed growth" on f. Such assumption
on f models the fact that the variation of some variables, will have different
influences on the global monotony of f, that is, the perturbation of some

variables are stronger than other ones.

Theorem 3.3.3 Let [ : [0,1] x R* — R be a continuous function verifying
the assumptions of Theorem 3.2.6. Suppose that there are M > —r, with r
given by (3.2.10), such that every solution u of (3.1.1),(3.2.1), with s < sy,
satisfies

u" (x) < M, Yz € [0,1], (3.3.9)
and m € R such that
f (@, 90, 91,y2,y3) = m p(z), (3.3.10)

for every (x, 40,91, 42, y3) € [0,1] x [=M, My]? x [—r, M] x R, where M, :=
max {r, |M|}.
Then so given by Theorem 3.2.6 is finite and:



62 Chapter 3. Multiplicity of solutions

1) for s < sg, (3.1.1),(3.2.1) has no solution;
2) for s = sg, (3.1.1),(3.2.1) has at least a solution.

Moreover, if there is 0 > 0, such that

f (:Ea Yo + 07]07 hn — 07717 Y2 + 9793) S f (m7y07 Y1, y27y3) ) (3311)

fOT every ($,yo7y1,y2,y3) S [07 1] X [_M17Ml]3 X R and 0 < UP < 17 L= 07 17
then
3) for s € |sg, s1], (3.1.1),(3.2.1) has at least two solutions.

Proof. Step 1 - Fvery solution u(x) of problem (3.1.1),(3.2.1) for s €

|50, $1] satisfies
—r <u" (x) < M and {u(z)(x)} < My, 1=0,1, Vz € [0,1].

For the first case, by (3.3.9), it will be enough to prove that —r < u” (x), for
every = € [0,1].
Suppose, by contradiction, that there are u solution of (3.1.1),(3.2.1), for

some s € |sg, s1], and xy €]0, 1] such that

min u” (z) :=u" (x9) (< —7).
z€[0,1]

Therefore u" (x) = 0 and u™) (zy) > 0. By (H;),
0 < u™ (x0) < s1p (20) — f (w0, u (20) , 0 (x0), —7,0) . (3.3.12)

If u(zg) < —r and v (zg) > 7, by (3.2.10) and (3.3.12), we get the contra-
diction

0 < s1p(z0) — f (0, u (20) ' (20) , —1,0) < 0.
If u(zg) > —r and o' (xy) > r (the other cases are analogous) a similar

contradiction is obtained by (H;) and (3.2.10):

0

IN

S1p (:130) - f (:130, U (1‘0) ’u/ (mO) y T, 0)

S S1p (Ig) - f (.I(), -, ul ("EO) , T, 0) < O
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So, every solution u of (3.1.1),(3.2.1) with s € ]sg, 1], verifies —r < u” (z) <

M, Vz € [0,1]. Integrating on [z, 1] we have
1
—-r<—r(l—-2)< / u’(s)ds = —u'(z) < M(1—2) < |M|.

Therefore |u/(z)| < M; and similarly |u(x)| < M;.

Step 2 - The number sq is finite.

Suppose that sg = —oo. By Theorem 3.2.6, problem (3.1.1),(3.2.1) has a
solution for every s such that s < s;. Let u (z) be a solution of (3.1.1),(3.2.1),
for s < sy. Then by (3.3.10),

ul™ (z) < sp(z) —mp(z) = (s —m)p(z).

Define

= mi >0
pri= min p (v)

and consider s small enough such that

(m —s)p1
16

m—s >0 and > M.

By boundary conditions (3.2.1),

@) = = [ ©dex [ m-9pie)as
> /(m—s)pldfz(m—s)(l—x)p1>0.

Defining I = [0, 1], then |1 —z| > 1 forz €I,

(m — s)

u" (x) > : pl,VwE[,

and this contradiction with (3.3.9) is attained

1

(-1

N

— 1
u”/(m)d.’ljz/ Mdmz—(m—s)pl>M.
; 4 16
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Therefore sq is finite.

Step 3 - For s € |sg, s1], there is a second solution for (3.1.1),(3.2.1).

By Step 2, there is s_; < sg such that problem (3.1.1),(3.2.1), with s =
s_1, has no solution. By Lemma 3.3.2, there exists p > 0 such that ||u"| <

p3, for every solution u of (3.1.1),(3.2.1), with s € |s_1, s1]. Defining the set
Qp ={y € domL : [y"|| < My, |ly"|| < p3} (3.3.13)

we have

dr (L + Ns_,,9,0) =0. (3.3.14)

By Step 1, every solution u of (3.1.1),(3.2.1), with s € |s_1, s1], satisfies
u ¢ 0€)y and for the homotopy on the parameter s,

H (/\) = (1 — )\) S_1+ )\817
the degree dy (L 4+ Ny(n),Q2,0) is well defined for every A € [0,1] and s €
]s—1,s1] . As the degree is invariant under homotopy and by (3.3.14) it results

0=dy (L+ N,_,,9,0) =d (L+ N,,Q,0), (3.3.15)

for s € |s_1, 5] .
For some o € |sg, s1] C ]s_1, 1], by Theorem 3.2.6, there is u, (), solu-

tion of (3.1.1),(3.2.1) with s = 0. Let € > 0 small enough such that
|ul (z) 4+ ¢| < My, Ya € [0,1]. (3.3.16)

Following the arguments used in the proof of Theorem 3.2.6, for r given by

(3.2.10),
(2 an )

is a strict lower solution of (3.1.1),(3.2.1) for s < s; and, applying (3.3.11)
with
(x — 1)

2

9:87 ?70:
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and 1, = 1 — x, the function

is a strict upper solution of (3.1.1),(3.2.1) for 0 < s < s1. As, by (3.3.16),
a"(x) = —r < @”’(z) then, by Lemma 3.3.2, there is p; > 0, independent of
s, such that for
y € dom L:a® (z) <y (z) <a® (z), i=0,2,
B'(x) <y < o'(z), Iyl < Py

the degree for L 4+ N in (). verifies
dr (L + N, §.,0) ==£1, fors € [o,s]. (3.3.17)

Take, in (3.3.13), p} large enough such that Q. C Q5. Therefore, by (3.3.15),
(3.3.17) and the additivity of the degree, we obtain

dr, (L + N, Qs — Q.,0) = F1, for s €]o,s1]. (3.3.18)

Then problem (3.1.1),(3.2.1) has, at least, two solutions u; and uy such
that u; € Q. and uy € Qy — €, for s € |o,51] and, as o is arbitrary, for

s € |sg, s1] -
Step 4 - For s = sg, problem (3.1.1),(3.2.1) has one solution.

Consider the sequence (s,,), with s, € |sg, $1] and lim s, = so. By The-
orem 3.2.6, for every s,,, problem (3.1.1),(3.2.1), with s = s,,,, has a solution

U By Step 1, Hugﬁ)

< My, for : = 0,1, 2, independently of m. So there is
L, large enough, such that ||u”|| < L, that is, the sequence (ugf;f’)) ,m e N,
is bounded in C'(]0,1]). By the Arzéla-Ascoli Theorem, there is a subse-
quence, (u,,), convergent in C? ([0, 1]) to a solution wug (x) of (3.1.1),(3.2.1),

with s = s5. m
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3.4 Existence and nonexistence results with

unbounded nonlinearities

Let us consider the problem given by the equation (3.1.1) in [a,b], where
f:a,b) xR* = R and p : [a,b] — RT are continuous functions and the

boundary conditions
u(a) = A, v'(a) =B, u"(a) =C, " (b) =D, (3.4.1)

with A, B,C, D € R.

The results presented in this section improve the existing results in the
literature, as far as we know, by using a more general Nagumo-type condition,
which allows the nonlinear part to be unbounded. This type of results, can
be applied to beam equations, where the nonlinear part has some asymmetric
growth.

In this section it is defined the one-sided Nagumo-type growth condition
assumed on the nonlinear part of the differential equation which will be
an important tool to obtain the a priori bound for the third derivative of
the corresponding solutions, even with unbounded functions. The one-sided
Nagumo type condition used in this section is given by Definition 2.2.1.

Lower and upper solutions will be defined as follows:

Definition 3.4.1 Consider A, B,C, D € R. The function o € C*([a,b]) is
a lower solution of the problem (3.1.1),(3.4.1) if

a(iv) (ZL’) > Sp(x) _ f (1‘7 o (LU) 70/ (:);') ’Oé/’ (x) ,O/// (ZE)) :

and
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The function 3 € C* ([a, b]) is an upper solution of the problem (3.1.1),(3.4.1)

if the reversed inequalities hold.

The following theorem provides a general existence and location result

similar to Theorem 2.3.1.

Theorem 3.4.2 Suppose that there are lower and upper solutions of the pro-

blem (3.1.1),(3.4.1) a(x) and B (x), such that,
o’ () < B"(x), for every x € [a,b].

Let f : [a,b] x R* — R be a continuous function satisfying the one-sided

Nagumo conditions (2.2.1) (or (2.2.2)) and (2.2.3) in
E* - {(%9079179%93) S [a7b] X R4 : O[(z) (l’) S Y; S B(Z) ([E) ai - 07 172} .
If f verifies

f (I,Oé, O/ay27y3) S f<x7y07y17y27y3> S f($7ﬁ7ﬁ/7y27y3>7 (343)

for a(z) < yo < B(x) and o/ (x) < y1 < B'(2), in [a,b] and for fived
(7,y2,y3) € [a,b] x R?, then problem (8.1.1),(5.4.1) has at least a solution
u(z) € C*([a,b]), satisfying

a® () < u® (x) < B(i) (x), fori=0,1,2 and every x € [a,b].

Proof. The proof is analogous to Theorem 2.3.1, with the following parti-

cularities:

e The auxiliar problem is composed by equation (2.3.3) and the boundary
conditions,
u(a) = AA
u (a) = AB
u" (a) = X[C +u"(a) — 02 (a,u” (a))]
u” (b) = AN[D —u"(b) + o (b,u” (b))] ,

(3.4.4)

with A € [0,1].
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e The number r5 > 0 will be considered large enough, such that, for every

x € |a, b], it satisfies conditions (2.3.5)-(2.3.7) and

C—p3"(a)>—-ry; C—a"(a)<ry

(3.4.5)
D +a"(b) > —ry; D+ p3"(b) <ry

Every solution u (z) of the problem (2.3.3),(3.4.4) satisfies

}u(i) (x)‘ <r;, Ve €la,b], 1=0,1,2,

with 11 == 15 (b—a) + |B| and ro := 15 (b —a)® + |B| (b —a) + |A],
independently of \ € [0,1].

If, by contradiction,

max u” (z) :=u" (a) > ry >0,
z€[0,1]

and u” (a*) = u" (a) < 0, then for A € |0,1], by (3.4.4) and (3.4.5)

the following contradiction is obtained

O > U,I” <a> —

= ANC+u"(a) = B" ()] > AN[C+ry—p"(a)] >0

If A =0, by (3.4.4), u™ (a) <0, and the contradiction is

0> u™(a) = u"(a) > 1y > 0.

The arguments for zo = b, are similar and therefore uv” (z) < 1o, V2 €

la,b], VA € [0,1].

The case u” () < —r; is analogous and so

|u" (z)] < re, Va € [a,b], VYA €[0,1].
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e By integration in [a, x],

u'(z) — AB = /w u"(s)ds < ra(x — a) < ra(b—a),

and so

|u'(x)] < ra(b—a)+|B|, Va € [a, b,V € ]0,1].

With similar procedure

u(z) —AA = /xu'(s)ds</x(rg(b—a)—l—]B\) ds
= ro(b—a)® +|B|(x —a) < ro(b—a)® + |B| (b—a).

Therefore
()] < ra(b—a)®+|B|(b—a) + |A]

e Lemma 2.2.3 can be applied in [a, b] defining p := 275, then by (3.4.4)
and (3.4.5)

u" (a) < N[CH+u"(a) —a" (a)] < 2ry:=p
and
u" (b) > N[D —u"(b) + " (b)] > [-u"(b) — ro] > —2ry := —p.
To apply Lemma 2.2.2 in [a, b] the technique is similar.

e The operators

L:C*([a,b)) — C ([a,b]) x R*

given by

Lu = (u(i”) —u" u(a),u (a),u" (a),u" (b))
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and, Ny : C3 ([a,b]) — C ([a,b]) x R, by

Alsp(z) = f (60 (z,u) , 61 (2, 0) , 09 (@, u") , u")]
Ny = — 0y (z,u") , AA, AB,
MO+ (a) — 05 (a,u” (a))], A [D — u"(b) + 65 (b, u” (b))]

e To prove that a solution u; (x) of the problem (2.3.3),(3.4.4) for A =1,
is also a solution of the initial problem, at the boundary points, assume

by contradiction that

m[ax] [@" (z) — u] (2)] :== " (a) — uf (a) > 0.
z€[0,1

Therefore v}’ (a) — " (a) = uf’ (a™) — & (a™) < 0 and the following

contradiction is obtained with (3.4.2)

a”(a) =C+u"(a) — " (a) < C.

For the other endpoint the arguments are similar.

For clearness, the dependence of the solution on s will be discussed in
[0,1] and for the particular case A = B = C' = D = 0. Therefore the

boundary conditions become
u(0) =0, «'(0) =0, u"(0) =0, u"(1) =0, (3.4.6)

and the corresponding definitions of lower and upper solutions will verify
these restrictions.

Next Theorem follows the same method as in Theorem 3.2.6.

Theorem 3.4.3 Let [ : [0,1]xR* — R be a continuous function that verifies
the one-sided Nagumo conditions (2.2.1) (or (2.2.2)) and (2.2.3). If:
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(H;) f(x,90,y1,Y2,ys3) is nondecreasing on yo and y; and nonincreasing on

Yo,

(Hs) there are s; € R andr > 0 such that for every x € [0,1] and yo, 1 < —r,

f(z,0,0,0,0) f(z,90,y1,—1,0)
p T p@)

) (3.4.7)
then there is sy < s1 (eventually sy = —o0) such that:

1) for s < sg, (3.1.1),(3.4.6) has no solution.

2) for sg < s < sy, (3.1.1),(3.4.6) has at least one solution.

Proof. As the proof follows the technique referred in Theorem 3.2.6 it is

pointed out only the adequate modifications of this case:

o a(r) = —’I‘% and [ (x) = 0 are lower and upper solutions, respectively,
for the problem (3.1.1),(3.4.6), for s = s*. So, by Theorem 3.2.4 there
is a solution of (3.1.1),(3.4.6) for s = s*.

e Assuming that problem (3.1.1),(3.4.6) has for s = o < s;, a solution
Uy (), this function u, (x) is an upper solution of (3.1.1),(3.4.6), for
o <s<s;.

e For n > 0 large enough such that

n>r ur(0)>—n, ul(l)>-—n, m[in} u, (r) > —n, (3.4.8)
z€(0,1

the function

is a lower solution of (3.1.1),(3.4.6) for s < s.

As it can be proved that,
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then by Theorem 3.2.4, there is a solution of (3.1.1),(3.4.6) for 0 < s <

S1.

As in the previous section, a dual version of last theorem can be enunci-

ated, with similar proof:

Theorem 3.4.4 Let f : [0,1]xR* — R be a continuous function that verifies
the one-sided Nagumo conditions ((2.2.1) or (2.2.2)) and (2.2.3).

(H:) f (2,90, y1,Y2,Y3) is nonincreasing on yo and vy, and nondecreasing on
Y2,

(H;) there ares; € R and r > 0 such that, for every x € [0,1] and yo,y1 > 1,

f(l‘,0,0,0,0) > 5 > f(I7?Jo,y1,—7“70)
p(z) p(z)

then there is sg > s1 (with the possibility that sy = +00) such that:
1) for s > sg, (3.1.1),(3.4.6) has no solution.

2) for s > s > s1, (3.1.1),(3.4.6) has at least one solution.

3.5 Multiplicity results for unbounded f

As in before, to prove the existence of at least a second solution it is necessary

to introduce strict lower and upper solutions

Definition 3.5.1 The function o (z) € C*([0,1]) is a strict lower solution
of the problem (8.1.1),(3.4.6) if the following conditions are fulfilled:

ol (z) + f (z,0(2) o (x) 0" (2) , & (2)) > sp ()
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and

a(0) <0, o/ (0) <0, & (0) >0, & (1) <0

The function (3 (z) € C*([0,1]) is called a strict upper solution of problem
(8.1.1),(3.4.6) if the reversed inequalities hold

Let us consider the set

Y ={yeC®(0,1]):y(0) =y (0) =y"(0) =y" (1) =0}

and the operator L : dom L — C([0,1]) in which dom L = C*([0,1])NY
given by Lu = u™). For s € R consider N, : C3([0,1])) nY — C(]0,1])
defined by (3.3.3).

In this case the tool to evaluate the degree will be given by the next

lemma.

Lemma 3.5.2 Let f : [0,1] x R* — R be a continuous function verifying
Nagumo conditions, ((2.2.1) or (2.2.2)) and (2.2.3), and the condition (H; ).
Let us suppose that there are strict lower and upper solutions of the problem
(3.1.1),(3.4.6), a (x) and 8 (x) respectively, such that o (z) < " (z), Vz €
[0,1]. Thus there is p > 0 such that for

Q. = {u € dom L: a9 (z) <u® (z) < 8D (z), i=0,1,2, |u" (2)||, < p}

the degree L+ Ny, relatively to L is well defined and given by dy, (L + N, §2,,0) =
+1.

Proof. The proof is analogous to Lemma 3.3.2, with obvious changes to

prove the key points:

e There is an open bounded set €; D Q such that dj, (L + F,$24,0) is
well defined and dy, (L + F§,€;,0) = £1.
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e If w is a solution of Hyu = 0 then u € Q,.

Similar to Theorem 3.3.3, for the multiplicity result it will be needed a

"speed growth condition".

Theorem 3.5.3 Let f:[0,1] x R* = R be a continuous function satisfying
the assumptions of Theorem 3.4.3. Suppose that there is M > —r, with r
given by (3.4.7), such that for every u solution of the problem (3.1.1),(3.4.6),

with s < s, verifies v (x) < M, Yz € [0,1], and there is m € R such that

(@90, y1,92,y3) > mp (x), (3.5.1)

fOT ($7y07y17y27y3> S [07 1] X [_T - ’M| T + |M|]2 X [_T7 |M|] XR.
Then so given by Theorem 3.4.3 is finite and:

1) for s < so, (3.1.1),(3.4.6) has no solution;
2) for s =so, (3.1.1),(3.4.6) has, at least, one solution.

Moreover, let My := max {r,|M|} and suppose that there is 6 > 0 such
that for (x,y0, 91,2, ys) € [0, 1] x [=My, Mi]* x R and 0 < 1,1, < 1,

I (@90 + 100,91 + 110,92 + 0,y3) < f (2,90, y1,Y2,93) - (3.5.2)
Then
3) fors € lso,s1], (3.1.1),(3.4.6) has, at least, two solutions.

Proof. An analogous method to the proof of Theorem 3.3.3 can be applied.

So it is referred only the main changes:
e Every solution u () of problem (3.1.1),(3.4.6), for s € |sg, s1], satisfies

—r < (z) <M, —r<u?(z) <|M|, Yz €[0,1], i=0,1.
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® g is finite results from the contradiction between
u(iv) (:L‘) S (S - m>p (gj) ) Vo € [0> 1] 5

for s small enough and, by (3.4.6), there is ¢ € ]0, 1], such that u(™) (c) =
0.

e To prove the existence of a second solution of (3.1.1),(3.4.6), for s €
|50, 51], assuming that there is a solution u, (z) for o € ]sg,s1] C

[s_1,s1], consider € > 0, small enough, such that

ug (z) +e[ < M,
2
o (@
€ (54—%4—1) < 1,
e(x+1), Vo € [0,1].

Therefore the auxiliary function

ZL'Q
w(x) ::ug(x)—l—é‘?—l—g:c—l—&?

is a strict upper solution of problem (3.1.1),(3.4.6) for 0 < s < s.

In fact, applying (3.5.2) with § := 1, 1, := & (% +x+ 1> and 7, :=
e?(z + 1), it is obtained

@) (x)
v) (

/ " n

u (x) = op () — f (2, up (2) ,ul (2) ,ull (z),ul (x))
< sp(x) = f (2, uy (x) w0, (), uy (x), 7" (2))
sp ()

_f (w,ug(:ﬂ)—FS (%+x+1) ,u;(x)+e(x+1),ug(x)+g,a"'(x))

= sp(x) = f(z,a(x),d (z),a" (), a" (x))
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and the boundary conditions
w(0) =uy (0)+e>0
@ (0)=u.(0)+e>0 .

" (0) S (1) =0

5\ 2

The function
2
a(z) = g (x—+2:c+3)
is a strict lower solution of the problem (3.1.1),(3.4.6) for s < s;

As, —r < ul (z), for every x € [0, 1], then
(3.5.3)

o (x) <a" (z), Yz €10,1].
By integrating in [0, z] and (3.5.1) it is easily obtained
a(r) <ty (z)
o (x) <a (x), Ve e [0,1].
The arguments follow in analogous way applying Lemma 3.5.2, to be
sure that there is p; > 0, independently of s, such that for
( (2 +20+3) <

—t(r+1)<
£ <y (z) <uy(x)+e,

x € dom L : Y (x) <u, (z)+ex+e,

19" o < P3

3.6 The London Millennium Bridge applica-

tion

There is a huge potential for this multiplicity tool in terms of applications

The London Millennium bridge phenomenon is a clear example

(a:)<ua(a:)+€§+€x+a,

)




3.6. The London Millennium Bridge application 7T

15N
[ —y ]
T50M £ 250N

Figure 3.6.1: Walking, in addition to our weight, we create a repeating pat-
tern of forces as our mass rises and falls. This creates a vertical fluctuating

force of around 250 N which repeats with each step.

In the opening day this bridge revealed lateral movements, while pedes-
trians were crossing it. These lateral movements were related with the lateral

load caused by the number os pedestrians crossing it.

To discover the causes of the lateral displacements, the number of pedes-
trians walking on the bridge was increased in groups. From a certain number,
the excitation due to the lateral movement was greater then the damping,

causing the lateral oscillations in the bridge.

If, in equation (3.1.1), the parameter s represents the number of pedes-
trians walking on the bridge at a given moment, then the lower and upper
solution method applied to Ambrosetti-Prodi problems can be a very sharp

tool to give some bounds on s.

In fact, if so represents the number of pedestrians corresponding to the

damping factor inherent to the bridge, then from Theorem 3.3.3 we obtain
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Figure 3.6.2: When the number of people increases, the excitation force is

greater than the damping of the structure then Synchronous Lateral Excita-

tion occurs and the sideways movements increase.

that:

e 5y, = 166;

e for s < sq there is no displacement because the excitation would be less

than the damping;

o for s € |sp, 51| the bridge presents lateral oscillations as the load force

is greater than the damping capacity.
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Figure 3.6.3: Relation between the number of pedestrians in the bridge at a

given time and the lateral oscillations.
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Chapter 4

Periodic impulsive fourth order

problems

4.1 Introduction

The theory of impulsive problems is experiencing a rapid development in the
last few years. Mainly because they have been used to describe some phe-
nomena, arising from different disciplines like physics or biology, subject to
instantaneous change at some time instants called moments. Second order
periodic impulsive problems were studied to some extent, ([11, 64, 86]), how-
ever very few papers were dedicated to the study of third and higher order
impulsive problems. One can refer for instance [63, 95] and the references
therein.

Two types of fourth order impulsive problems will be considered in this

chapter. Both are composed by the fully nonlinear equation
u™ (2) = f (w,u(2) 0 (x), 0" (2) 0" (x)) (4.1.1)

for a. e. x € I :=10,1] \ {z1,...,7} where f : [0,1] x R* — R is L'-

81
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Carathéodory function, along with the periodic boundary conditions
u® (0) =u? (1), i=0,1,2,3. (4.1.2)

The impulsive conditions are of two types. First problem contain the

impulse assumptions

u (@) = g; (u(z)),
o (zh) = h; (W (),
() =y 0 1) s
u' (z7) = k; (u” (z5)),
u" (zf) =1 (" (7)),
and the second problem the mixed impulsive conditions
u(af) = g; (u(z;),
' (xF) = h; (v (z5)),
() = by (' (@) o
u' () =k (u” (2)),
u (J};r) — (33;4-1) 7
where g;, h;, k; and [;, for j = 1,...,m, are given real valued functions

satisfying some adequate conditions, and x; € (0,1), such that 0 = zy <
T1 < oo < Ty < Tppy1 = L.

The arguments applied in this chapter make use of the lower and up-
per solution method with an iterative technique (suggested in [9]) which is
not necessarily monotone, together with classical results such as Lebesgue
Dominated Convergence Theorem, Ascoli-Arzela Theorem and fixed point
theory.

The sufficient conditions for the existence of solution for both problems
are slightly different. In the problem (4.1.1)-(4.1.3) it is assumed that the
third derivatives of the lower and upper solutions are well ordered. This is
an "unusual" assumption in fourth order problems and it is "too strong".

This condition can be weakened for problem (4.1.1), (4.1.2), (4.1.4), where
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it is assumed that the second derivative of the lower and upper solution are
well ordered, or in reverse order. In addition to this more usual condition,

two more features are required:

e a Nagumo-type condition to control the third derivative

e a "Dirichlet type" boundary condition in each subinterval defined by

the impulsive moments.

For each problem it is presented an example to illustrate the existence
and location parts of lower and upper solution method.

In both problems it is remarked that the definition of lower and upper
solutions have different differential inequalities, as well as a different type of
variation on the nonlinearity. As such it is reasonable to raise the question,
for which more research is still required:

Is there a relation between the type of the differential inequality used
in lower and upper solution and the "monotone" type assumption on the

nonlinearity?

4.2 Definitions and auxiliary results

In this section some notations, definitions and auxiliary results, needed for

the main existence result, are presented. For m € N, let 0 = 2y < 21 <

. < Ty < Typyr = 1 and D = {a1,...,1,,} and define 7 := lim =, for

J —

j=1...,m.
Consider PC® (I), 1 = 1,2,3 as the space of the real-valued functions
u, such that v € PC(I), v (z}) and ul) (z;) exist with v (z) =
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u® (zy), for k =1,2,...,m. Therefore u € PC?(I), it can be written as

( up () ifz€l0,z4],

w(z) = uy (z)  if x € (21, 29],

um () if z € (z,1],

\
where u,, (r) € C® ((z;,x;41)) for i =1,...,m.

Denote
PCY (1) ={ue PC*(I):u" € AC (z;,x11), i =0,1,....,m}
and for each u € PC% (I) we set the norm

lullp = llull + lla'll + {lu” 1] + 1™

Throughout this Chapter the following hypothesis will be assumed :

(I1) f:[0,1] x R* - R is a L'-Carathéodory function, that is, f (z,-,-,,)
is a continuous function for a.e. x € I; f (-, 40, Y1, Y2, y3) is measurable
for (yo,y1,v9,93) € RY and for every M > 0 there is a real-valued
function v,, € L' ([0, 1]) such that

|f(*ray07y17y27y3)| S ¢M (‘T)’ for a. e. S [071]
and for every (yo,y1,%2,y3) € R* with |y;| < M, for i = 0,1,2,3.

(I2) the real valued functions g;, h;, k; and [; are nondecreasing, for j =

1,...,m.

Definition 4.2.1 A function v € PC%, (I) is a solution of (4.1.1)-(4.1.8) if
it satisfies (4.1.1) almost everywhere in I \ D, the periodic conditions (4.1.2)
and the impulse conditions (4.1.3).
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Next Lemma is a key tool to obtain the main result .

Lemma 4.2.2 Let p: [0,1] — R be a L*— Carathéodory function. Then for
each aj, b;, ¢j, d; € R, j =1,2...,m, the initial value problem composed by
the equation

u™ (z) = p(z) for a. e x€(0,1) (4.2.1)

and the boundary conditions

w(zf) =a;, o (z))=b;, u'(z})=¢, u" (z])=d,, (4.2.2)

J J J J

has a unique solution v € PC%, (I) such that ||ul|,, <6, for 6 = |a;|+2|b;| +
g|Cj| +4N

Proof. Define the operators 7 : PC? (I) — PC? (I) given by

(z - af)*
Tu : = Q; + bj ($ — fl?j_) -+ CjTJ (423)
Y R I
+dj—(x 3;%) —I—/—@j 3!T) u®) (r)dr.
ol

As p(x) is an L'—Carathéodory function, then the operator 7 is contin-
uous. As p(z) is bounded in I, we can define N = ||p (x)||, . Therefore the

following estimates can be obtained for x € (z;,%41)

cj d;
u @ < oyl + ]+ 12 Ly
d.;
o @) < Il +lesl + 4+

[u” (@)] < lejl + |ds| + N,
ju ()| < |dj] + N

Hence, for ¢ := |a;| + 2|b;| + 3 |¢;] + § |d;] + 4N, it is obtained that

lullp = llull + lla'l| + lu"]] + [lu"]] < 6. (4.2.4)
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Let u € PC}, (I) such that |jul|, <4, then by (4.2.4),

1Tunlly = 1Tl + [[(Twn) || + || (Tw)" || + [} (Za)™|| <
, d.
|bj|+\cj|+@+N+|cj|+|dj|+N+|dj|+N

< 9

As the operator 7 is uniformly bounded and equicontinuous by Ascoli-
Arzela Theorem 7 is a compact operator. Moreover the set of solutions of
the equation, u = 7u, is bounded. By Schauder fixed point Theorem this
implies that 7 has a fixed point u € PC%, (I) given by

(acfa:v+

P g e
CLj —+ bj (l‘ — J]j) + Cj 2] + dj 3!7

As ,
.t (QE*I?)
bj—l—c](x mj)—f—d] 2
u' () = " (@—r)? )
(z) —l—f(m)p(r)dr
+

u" (x) = dj+/p(r)dr ,
i
then this fixed point satisfies u (z]) = aj, v/ (z]) = b;, u” (z]) = ¢; and
u" (x7) = d;.
Assuming that the problem (4.1.1)-(4.1.3), has two solutions, u; and us,

the uniqueness is easily obtained by the integration of (4.2.1) in (z;,z;41).



4.3. Existence of solutions 87

Lower and upper functions will be given by the next definition:

Definition 4.2.3 A function a € PC? (I) is said to be a lower solution of
the problem (4.1.1)-(4.1.8) if:

(i) o™ (2) < f(z,a(x),d (2),a" (x),a" (z)), for a.e. x € (0,1).
(i1) a(0) <a(l), o' (0) <a’(1), o”(0) <a”(1), ”(0) <a™(1),

(iti) o (z) < gj(a(z;)), o (2F) < by (2))), o (¢f) < k;(a” (),
CY”/ (:L,j-) S lj (Oz”l (:L,])) ,

A function 3 € PC3 (I) is said to be a upper solution of the problem
(4.1.1)-(4.1.8) if the reversed inequalities hold.

4.3 Existence of solutions

In this section the main existence and location result is presented.

Theorem 4.3.1 Let o, 3 be, respectively, lower and upper solutions of (4.1.1)-
(4.1.8) such that
" (x) < B"(x) on I\ D, (4.3.1)

and

o (0) < 9 (0), i=0,1,2. (4.3.2)

Assume that conditions (11) and (12) hold and

f(QU,Oé,Oé/,O/I,y3> S f(x7907917927y3) S f($7575,75,/7?13)7 (433)

for fized (z,y3) € I x R and o (2) < y; < B9 (x), for i=0,1,2.
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Then the problem (4.1.1)-(4.1.3) has a solution u(z) € PC% (I), such
that
o (2) <u? (z) < B9 (x), fori=0,1,2,3

for x € I\D.

Remark 4.3.2 As one can notice by (4.3.2) the inequalities o) (z) < W (x)
hold for v =10,1,2 and every x € I.

Proof. Consider the following modified problem composed by the equation

W) (@) = f (.6 (2,1 (2)) 61 (200 (2)) 82 (2, 0" (2)) .53 (0" ()

—u" (z) + d5 (2, 0" (),
(4.3.4)

for z € (0,1) and = # z; where the continuous functions §; : R* — R, for

1 =0,1,2,3, are given by

B9 (z) yi > Y (x)
0i (2, y:) = Yi , o (z) <y < B9 (x) (4.3.5)
al (z) yi < ol (z),

with the boundary conditions (4.1.2) and the impulsive assumptions (4.1.3).
To prove the existence of solution for the problem (4.3.4),(4.1.2),(4.1.3)

it is used an iterative, not monotone, technique. Let (u,) _\ be the sequence

neN
of function in PC%, (I) defined as follows

up = « (4.3.6)

and forn=1,2, ...

wi) (2) = f (2,80 (@, w1 (1), 81 (2,20, (2)) 2 (0 (2) 0 () ()
+uy (x) — 3 (2, uy) (2)),
(4.3.7)
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for a.e. x € (0,1) with the boundary conditions

un (0) = w1 (1), uy (0) =,y (1), (4.3.8)
Uy (0) =y g (1), uy (0) =y (1),

and the impulsive conditions, for j =1,...,m,

U (2F) = gj (un—y (5)), ), (x]) = hy (], (2;)) (4.3.9)
up (25) = Ky (up_y (25)), wy (2) = 1 (upy ()
By Lemma 4.2.2 the sequence (u,,),,oy is well defined.
Step 1 - Every solution of (4.3.7)-(4.3.9) verifies
o (z) <ul? (2) < 9 (x), fori=0,1,2,3, (4.3.10)

for all n € N and every x € I.

Let u be a solution of the problem (4.3.7)-(4.3.9). The proof of the in-
equalities (4.3.10) will be done by mathematical induction.

For n =0, by (4.3.6)

" (x) =uy (x) < 8" (x), for x € I\D,
and by Remark 4.3.2
o (z) = uéi) (z) < B9 (z), fori=0,1,2.
Suppose that for k =1,....,.n—1, forx €
" (z) <ul (z) < B (x). (4.3.11)

For x = 0, by (4.3.8), (4.3.11) and Definition 4.2.3,
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Ifx =2z, j=1,..,m, from (43.9), (12), (4.3.11) and Definition 4.2.3,

U,/” (ZL’;_) — lj (ul// ) (.I'])) 2 lj (O{”/ ($])) Z O/H (Z’+) )

n n— J

For z € |zj,x;41], j = 1,2,...,m, suppose, by contradiction, that there
exists x* € |x;, xj41] such that o (z*) > u!’ (z*) and define

min  u (z) — " (z) ==l (2*) — " (2¥) < 0.
TE€]wj,jp1]

As by (4.3.9), uy (z}) > o” («]) , then there is an interval (z,T) C (z;,2")

n

such that

u” (z) < " (x) and vl (z) < o™ (2), Vz € (2,7).

n n

From (4.3.4) and (4.3.3) the following contradiction is obtained for = € (z, )

= f (:17, 3o (T, up_1 (x)), 01 (:13, ul, 4 (m)) , 09 (m, un (x)) e (x))

v

fxa(x), o (z),a" (x), 0" (2)) —u" (z) + " (2)
_f (l‘, o ({E) ) O/ (1’) ) O/l (x) ’ O/” ({E))

> o (x) —u" (z) > 0.

n
n

Therefore u) () > o (z), for all n € N and every z € I. In the same

way it can be shown that v/ (z) < 8" (z), Vo € I, Vn € N, and so (4.3.10)
is proved for ¢ = 3.

Consider now the inequality o” (z) < v/ (z) < 3" (x), for all n € N and
every r € I.

To justify (4.3.10) for ¢ = 2, notice that for n = 0, the proof is obtained

in a similar way as in above.
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Assuming that for k =1,...,n — 1 and every = € I,
o (z) <uf (z) < p" (z). (4.3.12)

then for = € [0,z4], by integration of the inequality w.” () > «" (z) in

n

[0, z] we have

ul (x) —ul (0) > a" (z) — " (0).

n n

By (4.3.8) and (4.3.12),

up (2) = (x) =" (0) +u, (1)

> o’ (x)—a"(0)+ " (1) > " ()

hence u! () > o (), for all z € [0, x4].

n

Forz € |z;,x;41], j = 1,2, ..., m, by integration of the inequality . (x) >

o (z) in € Jrj, 254,
u// (I) > Oé” (37) - Oé// (LL’+) +'U,” (er) ,

and by (4.3.9) and Definition 4.2.3

ul () > o (x) — " (x;r) + k; (uﬁ,l (xj)) > o ().

obtaining that u” (z) > o (x), for all n € N and every = € I. Using similar

arguments it can be proved that v/ (z) < 8" (z) and therefore

o’ () <ull (z) < B"(x), Vo € I,¥n € N. (4.3.13)

— n

For the inequality o (z) < u, (z) < 8' () ,for all n € N and every z € I.
For n = 0, the proof is obtained analogously to the previous cases.

Suppose that for K =1,...,n — 1 and every x € I we have

o (z) <uy (z) < B (2). (4.3.14)
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For x € [0, z4], integrating (4.3.13) we have

u, (x) —u, (0) >a (z) —a' (0).

n

By (4.3.8) and (4.3.14) it is obtained that

v

up (2) = o' (2) =’ (0) +u,, (1)

> o/ () — o (0)+ (1) 2 o (x),

hence u!, () > o (x), for all x € [0, z4].
For x € |zj,x;41], j = 1,2,...,m. Integrating the same inequality in
|z;,2j41], then
u, (z) > o (z) — o (a7) +u, (zF) .

n = j n

By (4.3.9), (I12) and Definition 4.2.3

v

w, (z) = o () =o' (z]) + 04, (2])

> o () —a (x]) +h(u,_4 (z])) > d (z),

obtaining that ), (x) > o (z), for all n € N and every x € I. Using similar
arguments it can be proved that v/, (z) < ' (x).

Moreover, through the same process, the inequality o (z) < u, (z) <
B (x), is obtained for all n € N and every x € I.

Step 2 - The sequence (uy),cy 5 convergent to u solution of (4.5.7)-
(4.3.9).

Let C; = max{Ha(i)H  118@ }, for i = 0,1,2,3, so there exists M > 0,
with M := 327 C;, and for all n € N,

[tn|lp < M. (4.3.15)
Let € be a compact subset of R* given by

Q= {(wo,wl,wg,wg) c R* : HU}ZH < Ci7 1= 0,1,273} .
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As f is a L'-Carathéodory function in €2, then there exists a real-valued

function 1, (x) € L' (I), such that
|f (2, wo, w1, wa, w3)| < Py (2), for every (wo, wi, wa, w3) € Q. (4.3.16)

By Stepl and (4.3.15), (uy, ul,,u u") € Q, for all n € N. From (4.3.7)
and (4.3.16) we obtain

‘ufj”) ()] <y (x) +2C5, for ae. z €1,

hence ul") (z) € L' (I).
By integration in I we obtain that
wl (@) = 0)+ [l s+ 30 1 (s (a).
0 0<z;j<z
therefore v € AC (zj,z;41) and u, € PC} (I). By Ascoli-Arzela The-

orem there exists a subsequence denoted by (uy,)

u e PC3 (I). Then (u,u,u”,u") € Q.

nen > Which converges to

Using the Lebesgue dominated convergence theorem, for = € (z;,x;41),

/x f (5,00 (8,un-1(5)) 01 (5,1, (5)) 5 02 (8,151 (), 03 (s,up) (5))) ds
2 —ul () + 03 (z,u (s))
is convergent to
/x f(sv(so (S’U(S))7(51 (S7ul (S>)752 (S7u” (S)) 763 (S’um (8))) ds
;i —U”/ (S) + 63 (‘/L‘, U/I/ (S))
Therefore as n — oo
() = ul) (3) +
/x f (5750 (37un71 (5))751 (37'“;1—1 (5)) 752 (Svu;;—l (3)) ’53 (S,UZ/ (3))) ds
% —uy () + 03 (2, uy (s))
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is convergent to
u/l/ (x) — u/// (a:]) +

B (5,0 (5)) 0 (5,07 (3)) B (s () |

/ac f<8750 (S,U(S))
- —u" (S) + 53 (1‘, u" (S))

i
As the function f is L'-Carathéodory function in (z, z;41), then v (z) €

AC (zj,2j11) . Therefore u € PC}, (I) and u is a solution of (4.3.7)-(4.3.9).

To prove that u is a solution of the initial problem (4.1.1)-(4.1.3) we note
that taking the limit in (4.3.8) and (4.3.9), as n — oo, by the convergence of
u,, then u verifies (4.1.2) and, by the continuity of the impulsive functions, u
verifies (4.1.3). By (4.3.5), Step 1 and the convergence of u,,, u verifies (4.1.1).

Then problem (4.1.1)-(4.1.3) has a solution u (x) € PC?, (I), such that
o (z) <u (x) < B9 (x) ,for i = 0,1,2,3,

forzel m

Example 4.3.3 Let us consider the following nonlinear impulsive boundary

value problem, composed by the equation
0

(u (m))?’ + arctan (v’ (z) + 1) + 0.01 (u” (ZL‘))5 + k|u" (x)]”,

u™ () =
(4.3.17)

where 0 < 6 < 2 and k < —677, for all z € [0,1] \ {%} along with the

boundary conditions (4.1.2) and for x = % the impulse conditions

(4.3.18)
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with pu; € RT, i =1,2,3,4.
Obviously this problem is a particular case of (4.1.1)-(4.1.83) with
K

f ('Ia Yo, Y1, Y2, y3) = (y0)3 + arctan (yl + 1) + 0.01 (y2)5 + k |y3

b

forallz € 0,1] \ {1}, m =1, 21 = 1 and the nondecreasing functions

gj, hj, k; and l; given by g (z) = pa®, h(z) = pyz, k(z) = py 3z, 1(x) =

p4z®.

One can verify that the functions o (z) = 0 and

2 +32°+4r+3 |, xel0,2
5@): 2 [ 2]
€

a3 , T

are PC}, (I) for D = {1} and considering

322 + 62 + 4 0,2
ﬁ'(:c): xr° + bx + ,xG[,Z}
32 , z € (3,1]
and
3 (2) = 6x+6 , xz€l0,1]

6x , T E (%, 1} .
Moreover, they are lower and upper solutions, respectivelly, for the pro-
blem (4.3.17), (4.1.2), (4.3.18), with

64 3

1
= < =
12875 M2 =731

,M3§\7§, M4§@

My <

As [ verifies (4.3.3), therefore by Theorem 4.3.1 there is a solution u (z) €
PC3% (I), such that

o (z) <ul (z) < B9 (x), fori=0,1,2,3.

Remark that this solution can not be a trivial periodic solution, as the

only constant solution of (4.8.17) is u(x) = —3/ which is not in region

displayed in Figure 4.5.1.
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Figure 4.3.1: Region where solution u lies

Figure 4.3.2: Region where solution u’ lies
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4.4 Mixed impulsive boundary conditions

In this section we deal with the impulsive problem composed by the fourth
order fully nonlinear equation (4.1.1) with the periodic boundary conditions
(4.1.2) and the mixed impulsive conditions of "Dirichlet type" (4.1.4).

The arguments of the proof require the following lemma:

Lemma 4.4.1 /93, Lemma 2] For z,w € C(I) such that z(x) < w(x), for

every x € I, define
q(z,u) = max{z (), min{u,w (z)}}. (4.4.1)
Then, for each u € CY(I) the next two properties hold:
(a) %[q(aﬁ,u(x})] exists for a.e. x € I.

(b) If u,u,, € C*(I) and u,, — u in C*(I) then

d

Lot un(@))] = - g, u(@))] for ace. ze T

dx

Next lemma will provide uniqueness of solution:

Lemma 4.4.2 Letp: [0,1] — R be a L'— Carathéodory function verifying a

Nagumo type condition in

E = {(xay()?yhy%y?)) GIXRAL/%(I) Syz SFZ(I), 2.207]-;2}7

for some continuous functions ~y;, I';, i = 0,1,2 such that v, (z) < I'; (z),
Vo € [0,1]. Then for each a;, b;, ¢; € R, j =1,2...,m, the boundary value

problem composed by the equation
u™ (z) =p(z) for a. e. x€(0,1) (4.4.2)
u(al) =a;, o (x7)=0b;, v (af)=¢;, v (xj)=0"(zf), (44.3)

has a unique solution u € PC?% (I).
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Proof. From condition v (z;41) = u” (xj) there is £ € (z;,z;41) such that
u" (£) = 0. Define the operators V : PC%, (I) — PC?%, (I) given by
Y 2
T — ] —
Vu = a; +b; (x— ) + cj% + / %u”’ (rydr  (4.44)

+
Tj

As p(z) is a L'—Carathéodory function, then the operator V is contin-
uous. Since p (z) is bounded in I, we can define N = max{|p(z)|:z € I}.

Therefore the following estimates can be obtained

Yo = —la| = b = %L = N < Ju(2)] < Ja;| + b5 + 4L + N =T
== Ibil = lejl = N < o’ (2)] < |bg| + Je| + N =T
Yo 1= —lejl = N < |u (z)] < |cj|+N =T
—N < |u" (x)] <

Then by Lemma 1.2.2 there R > 0, such that |[u"” (z)| < R, for x € [0,1].
Then defining 6, := |a;| + 2[b;| + 3 |¢;| + 4N it is obtained that

lullp = ull + lla'll + 1"l + [lu™]] < 6. (4.4.5)
Let u € PC?, (I) such that |ul|, < 4, then by (4.4.5),

IVl p = [Vl + || (Vwn) || + [ (Vun) || + ||V

///H
< oyl Il + 190 ) ey el + 4 <.

As the operator V is uniformly bounded and equicontinuous by Ascoli-
Arzela’s theorem V is a compact operator. Moreover the set of solutions of
the equation v = Vu, is bounded. By Schauder fixed point Theorem this
implies that V has a fixed point v € PC?% (I) given by

u(z) = |a;+b;(z—x) )—l—c]—(x_;j) +/—(x—2r) u"” (r) dr
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Suppose that the problem (4.4.2)-(4.4.3), has two solutions, u; and us.

For z € (xj,ijrl)

then

By integration for = € (x;,z,41),

Tj+1 Tji+1 T
u$ (s) dsdx = / /uéw) (s)dsdz,
Tj41 Tj+1
[uf' (z) =y’ (z)] do = / [ug’ (z) — uy' ()] de,
zT xF
J J
and
uf (j01) = uf (2) =’ (2]) (201 = 27)
= uy (rj01) —uy (¢]) —uy' (2) (201 — 7).

As
uy (x) —uf’ (xj) = /uﬁ“’) (s)ds = /ugv) (s)ds = uy () — uf’ (mj) ,

(4.4.6)

then, v’ () = v} (). Again by integration in (z;,z;4+1) and (4.4.3) it is

obtained that
uy (z) = uy (2), vy (x) = uy (x), w1 (2) = ua (2).
foreveryx € 1. m

Definition 4.4.3 A function o € PC? (I) is said to be a lower solution of
the problem (4.1.1), (4.1.2), (4.1.4) if:
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(i) o™ (2) > f(z,a(z),d (2),a" (), (x)), for a.e. x € (0,1).
(1) a(0) <a(l), o (0) </ (1), o"(0) <" (1),

(iii) o (z]) < g; (« o () < hj (o' (x), o (27) < kj (o (2)),

o’ (¢f) < of (a:jﬂ).

A function B € PC? (I) is an upper solution of the problem (4.1.1),
(4.1.2), (4.1.4) if the reversed inequalities hold.

In this section the main existence and location result is presented.

Theorem 4.4.4 Let o, 3 be, respectively, lower and upper solutions of (4.1.1)-
(4.1.4) such that

o () < B"(x) on I\ D (4.4.7)

and

o (0) < 9 (0), i=0,1. (4.4.8)
If f verifies a Nagumo-type condition in
E= {(l’,yo,yl,yz,ys) eIxR :a"(x) <y < BV (2), i= 0,1},
and conditions (I11) and (I2) hold,
fla o, ye,y3) = f (2,90, 51,92, 93) = f (2,8, 8,92, 93) (4.4.9)

for fized (x,v2,y3) € I x R? and o (z) < y; < B9 (x), for i=0,1,2, then
the problem 4.1.1), (4.1.2), (4.1.4) has a solution u (x) € PC? (I), such that

o (z) <u (z) < Y (x), fori=0,1,2, forz e I\D.
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Proof. Consider the following modified problem composed by the equation

u(w) (iL‘) = f ('T’ 50 ('T’ u (33)) ?51 ((E, u' (.I)) 752 (x>u” (iL‘)) 4 (% ((52 (:L‘,u” ('77)»))

+u" (1) — 0o (2, u" (7)),
(4.4.10)

for z € (0,1) and x # x; where the continuous functions §; : R* — R, for
i = 0,1, are given by (4.3.5) and ¢ by (4.4.1), the boundary conditions (4.1.2)
and the impulsive conditions (4.1.4).

To prove the existence of solution for the problem (4.4.10),(4.1.2),(4.1.4) it
is applied a non monotone iterative technique similar to the previous section.
Let (uy),cyn be a sequence of functions in PC3, (I) defined by, ugp = a and

forn=1,2,..

x,00 (T, up—1 (), 01 (:U, u, (x)) , 0 (x, ul (m)) ,
q (4 (6 (z,uy, (2))))

+uy (1) = 62 (7, uy (7)),

(4.4.11)
for a.e. z € (0,1),
up (0) = wp1 (1), uy, (0) =15, (1), (4.4.12)
U,,’; (0) = u',r;—l (1) ’ UITIL, <O> - u;;/—l (1) )
and the impulsive conditions,
Un (2F) = g5 (un1 (7)), w, (27) = hy (u),_y () (1.4.13)

Uy, (xf) = Fk; (“Z_1 (%‘)) , Uy (xj) =ty (Tj11),
forj=1,...,m.
By Lemma 4.4.2 the sequence (u,),, oy is well defined.
Step 1 - For every solution uy, (x) of (4.4.11), (4.4.12), (4.4.13) we have
forall n e N

o (z) <ul? (z) < B9 (x), fori=0,1,2,
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for every x € I\D.
Let u, () be a sequence of solutions of (4.4.11), (4.4.12), (4.4.13). By

mathematical induction, for n = 0, by (4.4.8) the inequalities

o () < ug () < Y (x), fori=0,1,2,

hold for x € I\D.

Suppose that for £ =1,...,n — 1 and every x € I\D we have
o’ (z) <ujl (z) < 8" (x). (4.4.14)
For z = 0, from (4.4.12), (4.4.14) and Definition 4.4.3 it is obtained that

ur (0) =wul_ (1) >a" (1) > a"(0).

n n—1

For x = :L’j, with j =1, ...,m, from (4.4.13), (12), (4.4.14) and Definition
4.4.3 we obtain

uy (@) = kj (i (25)) > kj (o () > " (7).

For x € |xj,x;41[, j = 1,2, ...,m, suppose that there exists z € |z;, xj41]

such that o () > u (z) and define

min v, (z) — " (z) :=ul (z*) — " (2¥) < 0.
T€]Tj,m 41

As u (z]) > o («]) then there is an interval (z,T) C (z;,z;41) such

that «* € (z,7) and

u, (r) <o’ (x), Vre (z,T).

n
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Then u!” (z*) — o/ (z*) = 0 and, from (4.4.9), for x € (z,7)

0 < ui”(2) —al™ (x)

= f (CE, 3o (T, Up—1 (x)), 01 (a:, ul (ac)) o (z), " (x))
+u”" (z) — o (z) — o™ (z)

IN
—
=
Q

—~
N
Q\
S
~
Q\
&
Q\
—~
g
+
:\
Q)
Q\
Q)

)
< o (z)—d" (z) <0.

"

Therefore (u!” — ") (z) is decreasing in (z,7) and (v — ") () < 0 in

(z,T), which is a contradiction with the definition of z*.
For © = x4, with j = 1,...,m, from (4.4.13), (4.4.14) and Definition
4.4.3 we obtain

Un (Tj41) =y (2f) > 0" (2]) = o (2j41).-

Therefore u] (z) > o (x), for all n € N and every € I\ D. In the same

way it can be shown that u/ () < 8" (x) and so
o () <ul(x) <p"(x), Vo e I, Vn €N, (4.4.15)

To prove the inequalities o/ () < u/, (z) < ' (z), for all n € N and every
x € I, suppose that for k =1,...,n — 1 and every x € I we have
o () <y (2) < B (2). (4.4.16)
Integrating the first inequality of (4.4.15) for x € [0, x]
up, (2) = u,, (0) = o (z) — o/ (0).

By (4.4.12) and (4.4.16) it is obtained that

v

up (2) = o () —a'(0) + 1w, (1)

v

a(z) —a (0)+a (1) > o (x).
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For z € |z, x;41], j = 1,2,...,m, again by integration (4.4.13) and Defi-
nition 4.4.3

v
Q\
&
|
Q\
—~
8
*
~—
_I_
S
—
8
*
~

u, ()

> o (z),

obtaining that u, (z) > o' (z), for all n € N and every x € I. Using similar

arguments it can be proved that u/, (z) < 8’ (x) and so
o (z) <wup(x) < B (x), Ve eI, Vn €N. (4.4.17)

For last inequalities a (x) < u, () < B (x), for alln € N and every x € I,
for n = 0, the proof is obtained analogously to the previous cases.

Assume that for k =1,...,n — 1 and every x € [ we have
a(z) <wug(x) < B (x). (4.4.18)

By integration, Definition 4.4.3, (4.4.13) and (4.4.18), for « € [0, 4], it is
obtained that

v

un (z) = a(z) = a(0)+up (1)

> a(z)—a(0)+a(l)>a(x),

hence u, () > a(z), for all = € [0, 2] and every n € N.
For z € |zj,z;41], j = 1,2,...,m, integrating the same inequality, by

(4.4.13), (12) and Definition 4.4.3

U, () > a(z) — « (a:;r) + Uy, (x;r) >

0 (@)~ o (x}) + g (i (5])) > a(a).

holds, for all n € N and every x € I. Using similar arguments it can be

proved that u, () < 8 (z), ¥n € N and every = € I.
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Step 2 - The sequence (uy),cy 15 convergent to u solution of (4.1.1),

(4.1.2), (4.1.4).

As f verifies a Nagumo type condition in

E = {(1’>yo,917y2>y3) € [ X R4 : a(l) (IE) S Y; S B(Z) <x>) Z - 07 1,2} 5

then by Lemma 1.2.2, with n = 4 and applied to £ we may define C; =
max{Ha(i)H , Hﬁ(i)“}, for i = 0,1,2 and C3 := R, with R given by Nagumo
condition. Then we can conclude that exists M > 0, such that M := Z?:o C;

and for allmn € N
uallp < M. (4.4.19)

Let Q be a compact subset of R* given by
0= {(wo,wl,w2,w3) S R*: ||U)1H < Ci; 1 =0, 1,2,3} ,

as f is a L'-Carathéodory function in €, then there exists a real-valued

function ¢, (z) € L* (I), such that
|f(x,w0,w1,wg,w3)] <Yy (95), for every (w0,w1>w2,w3) € Q. (4-4-20>

By (4.4.19), (un,u,,ul,u) € Q, for all n € N. From (4.4.11) and
(4.4.20) we obtain

n

|u(“’) ()] <4y (2), for ae. z €1,

and so ul” (z) € L' (I).
By integration in I,
(@) = 0)+ [ s+ 30 b (s (a).
0 0<z;j<z
therefore u!” € AC (z,2;41) and u, € PC% (I). By Ascoli-Arzela Theorem

there exists a subsequence denoted also by (u,,),,cy , Which converges to u €

PC3 (I). Then (u,u’,u”,u") € Q.
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Using the Lebesgue dominated convergence theorem we have that, for all

r € (x5, 7511),

/x F ( $,00 (8, un—1(5)),01 (s,ul,_1 (s)) , 02 (s,ul_y (s)), )
ds

Zj
is convergent to

[ [ F (5,00 (5, (5)) .61 (5, (5)) 82 (5, (5)) 0 (2 (02 " () ] N

+u” (s) — o (x,u” (s))

J
as n — OQ.

Therefore as n — 0o

5200 (5,1 (5)), 81 (5,11 (5)) 102 (5,04 (5)) )

| f
/ ( 0 (& 52 0 ()

n (
+uy, (8) — 02 (2, uy, (5))

is convergent to

ul// (.CC) — u/l/ (.1']) +

5,00 (5,1 (5)) , 01 (5,1 (5)) , 02 (s, <s>>,>
ds

x f 2
/ ( o (2 Ga (o0 (2))
] W (s))

+u” (s) — d5 (x,

As the function f is L!-Carathéodory function in (z;, z;41), then u(™) (z) €

AC (z;,7j4+1) and w is a solution of (4.4.11)-(4.4.13).

The proof that wu is a solution of of the initial problem (4.1.1), (4.1.2),
(4.1.4) can be done as in Theorem 4.3.1. =
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Example 4.4.5 Let us consider the following nonlinear impulsive boundary

value problem, composed by the equation

u® (2) = — arctan(u (2)) — (o (2))" + (u (2))° — k| () + 13, (4.4.21)

for all z € [0,1] \ {3} and 0 < k < —Z + 5 along with the boundary

conditions (4.1.2) and the impulsive conditions

, (4.4.22)
)

with pu; € RT, i =1,2,3.

The above problem is a particular case of (4.1.1), (4.1.2), (4.1.4), defining

1
Z,Y0,Y1,Y2,Y3) = —arctan{yo) — (Y1 Ya2) — KR |Y3 )
f( ) tan(yo) — (y1)” + (2)° — klys + 1[5

m=1,x, = % and the nondecreasing functions g;, h; and k; are given by,

for allz € [0,1] \ {3}, 9(2) = i ¥F, h(z) = /7 and b (2) = g
It can be checked that functions o (x) =0 and

2

?+2r+1 , xz€0,1]
Bx)= :
x , T €

are PC3, (1) for D = {1}, obtaining

2c+2 ,xel0,i
6/ (fL‘) — [ 21|
2x , T € (%, 1} ,
and lower and upper solutions, respectivelly, for the problem (4.4.21), (4.1.2),
(4.4.22), for

1
2v/1

pp < <

] =

1
) M2§%7 s

oo
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2,24
20 - ‘
2 | 8
|
1.2 ! |
1,a — ‘
0 i ‘
06 — ‘
04 |
0 I D,I2 I D,I4 I U,Iﬁ I D,IS I 1I

Figure 4.4.1: Region for the localization of solution u

As f verifies (4.4.9), therefore by Theorem 4.4.4 there is a solution u (x) €
PC? (I), such that

o (z) < u (z) < B9 (x), fori=0,1,2,

for x € I. Moreover, from the location part for u(x), this solution is non
negative (see Figure 4.4.1) and from (4.4.21) u(x) is a non trivial solution

as k is positive.
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Figure 4.4.2: Location for u’
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Chapter 5

Existence and nonexistence
results for problems with

functional boundary conditions

5.1 Introduction

In this chapter it is considered the problem composed by the second order

Ambrosetti-Prodi equation
u' (@) + f (z,u(z), v (2)) = sp(z) (5.1.1)

with € [a,b], where f : [a,b] x R® — R a Carathéodory function, p :
[a,b] — RT a continuous functions and s a real parameter, with the functional

boundary conditions given by
L u,u\a), u (a)) = 0,

where L, Ly : C([a,b]) x R? — R satisfy some adequate conditions.

113
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For this problem it will be done a partial discussion of the solution on
the parameter s, i. e., only the existence and nonexistence will be studied.

The relation between s and the multiplicity of solutions is, still, an open
problem.

The technique used combines the methods suggested in Chapter 3 with
the arguments applied in functional boundary value problems, as it can be
seen, for instance, in ([15, 16, 19]). Functional boundary conditions as (5.1.2)
are extremely general and they include most of the classical conditions as
multipoint cases, conditions with delay and/or advances, nonlocal or integral,
with maximum or minimum arguments,...

These type of Ambrosetti-Prodi results were never obtained for functional
boundary value problems. In fact the functional dependence in the boundary
conditions make the relation between the parameter s, the existence and
multiplicity of solutions very delicate.The aim of this section is to initiate

this study. Other than the results presented there are yet many open issues:

e [s it possible to obtain the standard multiplicity discussion with this

kind of functional boundary data?

e If yes, what are the sufficient conditions for it on the nonlinearity? And

on the boundary functions?

e Can these conditions be generalized for higher order functional prob-

lems? Under which terms?

5.2 General existence and location result

Throughout this Chapter the following hypotheses will be assumed:
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(J1) Lo : C([a,b]) x R* — R is a continuous function nondecreasing in the

first and third variable.

(J2) Ly : C([a,b]) x R? — R is a continuous function nondecreasing in the

first and nonincreasing in the third variable.

A Nagumo-type growth condition, as presented in the previous Chapters,
is an important tool to obtain the main result. Therefore in this section it is
used a particular case of Definition 1.2.1, for n = 2, together with a similar

version of Lemma 3.2.2 applied to

g (l',y,Z) =S p(l’) - f (xaya Z)
The lower and upper solution used are given by the definition:

Definition 5.2.1 The function o € C?([a,b]) is a lower solution of the
problem (5.1.1)-(5.1.2) if it verifies:

" (z) > sp(z) — f(z,a(x),d (x)), (5.2.1)

and

Lo (o, (a) 0 (a) 2 0, (5.2.2)
/ 0.

The function 8 € C?*([a,b]) is an upper solution of the problem (5.1.1)-
(5.1.2) for the reversed inequalities.

The existence result is the following:

Theorem 5.2.2 Let [ : [a,b] xR* — R be a Carathéodory function. Suppose
that there are lower and upper solutions of the problem (5.1.1)-(5.1.2), a ()
and 3 (x), respectively, such that,

a(x) < B (x),Vr € [a,b],
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f satisfies a Nagumo condition in
E, = {(%907%) € la,b] x R*: ar(z) < yo < 5(95)}

If conditions (J1) and (J2) hold then the problem (5.1.1)-(5.1.2) has at

least a solution u (x) € C? ([a,b]), satisfying
a(zr) <u(x)<p(z), Vcelab.

Remark 5.2.3 If there are a () and 5 () lower and upper solutions of the
problem (5.1.1)-(5.1.2) for some values of s, then s belongs to a bounded set,

as
o’ (2) + f (z,0 (), 0’ () < sp(x) < B" (@) + f (2, B (2), 5" (2)),

for every x € [a,b].

Proof. Define the continuous functions

0 (z,y) = max {a(x),min{y, 5 (z)}} (5.2.3)

and, for some K > 0,

¢ (v (z)) = max {—K, min {% (v (2)) K}} , for a.e. 7 € R.

Consider the modified problem composed by the equation

') =sp(a) = f (20 @) (5 Ga@))) G2
and the Dirichlet boundary conditions,

u(a) =6 (a,u(a)+ Lo (0 (- u),d(a,u(a)), v (a))), (5.25)
u (b> =0 (bv u (b) + Ly ((5 ('7 u) 76 (bv u (b)) 7u, (b))) )
The proof follows standard arguments of lower and upper solutions method,

which were developed with detail in Part I. As such, only the points related

with the functional boundary conditions are presented:
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e Every solution u of problem (5.2.4)-(5.2.5), satisfies
a(z) <u(r) < B(z) and ' (z)] < K,
for every x € [a, b], with K > 0 given by Nagumo condition.

For u solution of the modified problem (5.2.4)-(5.2.5), assume, by contra-
diction, that there exists x € [a, b] such that « (z) > u (z) .
Defining
min (v — a) (z) = (u — ) (x9) <0, (5.2.6)

zel
as, by (5.2.5), u(a) > a(a) and u (b) > « (b), then zq € (a,b). So, there is

(1, 22) C (a,b) such that xy € (z1,23),
u(zr) < a(r),Vr € (z1,29), (u—a)(z)=(u—a)(x:)=0. (5.2.7)

Therefore, for all z € (1, x2) it is satisfied that & (z, u) = o (z) and 2L (6 (z, u)) =

o' (x) . Therefore we deduce that

') = @) - (2.0 a1 Cau@)))
= (@) - [ (a).a @)

" ()  fora. e. x € (x1,x9).

IA

So (v — a)' () is nonincreasing on the interval (z1,x2).
As (u — a)'(z9) = 0, then (v — «) is nonincreasing on (zg, xs), which
contradicts (5.2.6) and (5.2.7).

The inequality u(z) < f(x), in [a, b] , can be proved in same way and, so,
a(r) <u(x)<p(z), Ve lal. (5.2.8)

e Problem (5.2.4)-(5.2.5) has at least one solution.
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For A\ € [0, 1] let us consider the homotopic problem given by

"0 =A[sp(@) = f (20 @) (5 Gu@n))] 629

and the boundary conditions

u(a)= A ( au(e)+ ) = AL 4,
Lo (6 (-,u),0 (a,u(a)),u (a))

w(b) = M( by (6)F ):M@
Ll (5 ('> u) 76 (b’ u (b)) 7ul (b))

Defining the operators £ : C ([a, b]) — C ([a,b]) x R? by

(5.2.10)

Lu = (u",u(a),u (b))

and N : O ([a,b]) — C ([a,b]) x R? by

Ny = <)\ [sp (x) — f (:c,&(x,u(x)) . q <% (0 (x,u(x)))))} ,)\LA,)\LB,)

It can be proved by degree theory (as in Part I) that (5.2.4)-(5.2.5) has a

solution u; (z), for A = 1.

e This function u; (z) is a solution of (5.1.1) — (5.1.2).

As uy () fulfills equation (5.1.1), it will be enough to prove that:

a(a) < wui(a)+ Lo (6 (-, ur),0(a,u (a),uy (a)) < f(a),
a(b) < ur(b) + Ly (9 (-, u1), 0 (b,us (b)), uy (b)) < B(b).

So, assume that
uy (a) + +Lo (6 (,u1), 0 (a,u1 (@) ,uy (a)) > B (a). (5.2.11)

Then, by (5.2.5), u(a) = B (a). By (5.2.2) and previous steps, it is obtained
the following contradiction with (5.2.11):

ur (@) ++Lo (6 (-, uw), 0 (a,u1 (a)),uy (a) < B(a).
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Applying similar arguments it can be proved that
a(a) < wui(a) ++Lo (6 (- u1), 0 (a,ur (a),u (a)).

and

a(b) < uy(b) + Ly (6 (5 un), 6 (b un (b)), uy (b)) < B (D).

5.3 Existence and nonexistence results

The dependence of solution on s will be discussed in [0, 1], only for clearness
of arguments and without loss of generality. In the corresponding defini-
tions of lower and upper solutions the corresponding modifications must be
considered. Some extra hypotheses on the continuous functions Lg, L; are

required to obtain the existence and nonexistence result:

Theorem 5.3.1 Let f : [0,1] x R?> — R be a Carathéodory function that

verifies the assumptions on Theorem 5.2.2. Moreover if :
(i) f(x,y,z) is nonincreasing on y;

(ii) there is s; € R and r > 0 such that

f(2,0,0) f(x,—r0)

P (@) <51 < (@) (5.3.1)

for every x € [0,1] ;
(i1i) Lo and Ly verify (J1), (J2) and
(J3) L;(xz,x,0) > 0, for every x < —r and L; (0,0,0) <0, fori=0,1,

then there is so < s1 (with the possibility that s = —oc) such that:
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1) for s < sg, (5.1.1)-(5.1.2) has no solution.

2) for sg < s < sy, (5.1.1)-(5.1.2) has at least one solution.

Proof. The technique is similar to the one used, for example, in Theorem
3.2.6.

We underline only some features:

e For

s" = max M, (5.3.2)

zc0,]]  p(x)
f(x) = 0 and a(z) = —r, with r given by (5.3.1), are, respectively,
lower and upper solutions of (5.1.1)-(5.1.2) with s = s*. Therefore this

problem has a solution for s = s*.

e Assuming that (5.1.1)-(5.1.2) has a solution u, (z) for s = o < sy,

consider R > 0 sufficiently large such that,

r <R, max u,(r)> —R. (5.3.3)
z€[0,1]
Then u, () and @ (x) = —R are, respectively, lower and upper solu-

tions of (5.1.1)-(5.1.2), for s € ]sg, s1] .

5.4 Examples

In this section we will consider two examples that illustrate conditions (J1),

(J2) and (J3) and how do they relate with Theorem 5.2.2 and Theorem 5.3.1.



5.4. Examples 121

Example 5.4.1 Let us consider, for x € [0,1], the problem given by the

equation

Wi

u" (x) + arctan (u (x)Q) + (u' ()3 = sp(x), (5.4.1)

withp : [0,1] — RT a continuous function, along with the functional boundary

conditions
max u (x) + kiu (0) =0
wel01] (5.4.2)
a:rg[%,}f] Jo w(s)ds + kau (1) = 0.
The functions
a(zx)=—-x—1
and
Be) = +1

are, respectively, lower and upper solutions to the problem (5.4.1)-(5.4.2),

for ki < =2 and ky < _TS’ and for

1+ arctan 1 1+ arctan1
(7) =9 s min p(z)
max
xe[o,l]p xe[o,l]p

This problem is a particular case of (5.1.1)-(5.1.2), defining

f(x,y, z) = arctan (y?) + (z)%
Lo (Y0, y1,92) = max yo () + k1ys
z€[0,1]
Ll (yO: Y1, y2) = max fom Yo (S) ds + kal'

z€[0,1]

As function f verifies a Nagumo condition in
E={(z,y0,51) € [0,1]] xR*: —2 — 1 <yg <z +1}, (5.4.3)

therefore by Theorem 5.2.2 there is at least a solution u (z) of the problem
(5.4.1)-(5.4.2), satisfying

—z—1<u(z)<z+1, Vxe|0,1].
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We remark that in the previous example there is no information about
non existence of solutions for problem (5.4.1)-(5.4.2). In fact Theorem 5.3.1
is not applicable as function f is not increasing in u (x) and the boundary
condition L1, given in (5.4.2) does not verify (J3) for ks < 2. A new example,
with a suitable function f and boundary conditions is presented, verifying

assumptions of Theorem 5.3.1.

Example 5.4.2 Let us consider, for x € [0,1], the problem given by the

equation

Wi

u' (2) —u(z)® + (W (2) +1)% = sp(x), (5.4.4)

where p : [0,1] — RT is a continuous function, along with the functional

boundary conditions
w' (0) —u(0)°> =0
(©) (©) (5.4.5)
nu (1) —u' (1) =0,
with n < 0.

The functions

a(x)=—-x—1

and

fx)y=z+1

are, respectively, lower and upper solutions to the problem (5.4.4)-(5.4.5),
for

2
_H?FSS '8<)'
Y

Considering

wln

f(JI,y,Z) = —y3+(2+1) 3
Lo (Y0, y1,%2) = — (11)” + %o,
L1 (Yo, Y1, ¥2) = ny1 — Y2,
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it can be seen easily that problem (5.4.4)-(5.4.5) is a particular case of
(5.1.1)-(5.1.2) and f verifies Nagumo conditions in E given by (5.4.3).

Forr > 0 and s; such that

1 r3+1
(x) SoLS (x)’
max
selo)’ selo

boundary conditions (5.4.5) satisfy condition (J3), therefore by Theorem

5.8.1 there is s < s; where:

o fors < so, (5.4.4)-(5.4.5) has no solution;

o for sg < s <si1, (5.4.4)-(5.4.5) has at least one solution.
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Chapter 6

High order problems with

functional boundary conditions

6.1 Introduction
In this chapter we consider initially the problem composed of the fully non-
linear fourth order equation

u™ (z) = f(x,u(z), v (x),d" (), u" (x)) (6.1.1)

with 2 € [0,1], where f : [0,1] x R* — R is a continuous function, coupled
with the functional boundary conditions

Lo(u, ', u”,u(0)) =0,
0,
(6.1.2)

Lqi(u,u',u” 4/ (0))

L2(u’ u/, U”, u//(0>7 u///(()
1), u

~—

) =0,
Lg(u’ul7ull’u//( )7 /I/(l ) :0
where Lo, Ly : C([0,1])* xR — R and Lo, L3 : C(I)®> xR? — R are continuous
functions satisfying some adequate monotonicity assumptions.

125
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This problem is generalized later on to a n'" order fully nonlinear equation

u™ (2) = f (z,u (@) o (), .y ul"V (2)) (6.1.3)

with € [0,1], where f : [0,1] x R* — R is a continuous function along

with the functional boundary conditions

Li(u, o', ..., u™ 2 4=3(0)) =0, fori =0,....,n — 3
Lo_o(u, ..., u™ 2 4=2(0),u™Y(0)) = 0, (6.1.4)
L1 (u, .., w2 u=2)(1) u(=D(1)) = 0,

where L; : C([0,1])" ' xR — Rand L,,_o, L, 1 : C([0,1])"* x R? — R are
continuous functions satisfying some monotone conditions to be defined.

Functional boundary conditions are very general in nature. They not only
generalize most of the classical boundary conditions as they also cover the
separated and multipoint cases, with delay and/or advances, with maximum
or minimum arguments, nonlocal or integral conditions,...

The fourth order problems were studied by several authors with different
boundary conditions and different methods, see for example [33, 35, 67, 77,
78]. The method used here was suggested by [15, 16, 19]. In [15] the boundary
conditions considered are

u(b)=A; v'(b)=B, A,BeR
Ly(u, v, u" u"(a),u"(a)) =0
Lo(u,w',u" ,u"(b),u" (b)) =0
for x € [a,b] and L, Ly some continuous functions. In [19] the boundary

conditions used are
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where B;, i = 1,2,3 and Ly are suitable functions. As it can be seen eas-
ily, boundary conditions (6.1.2) generalize the above results. In spite such a
general formulation, problem (6.1.1)-(6.1.2) can be studied by similar tech-
niques and analogous methods as the separated boundary value problems
studied in the first part.

In short, the key points of the arguments are: a priori estimates on the
third derivative provided by a Nagumo-type condition, [77, 80]; an auxiliary
and truncated problem, where the corresponding linear and homogeneous
problem has only the trivial solution; an open and bounded set where the
Leray-Schauder degree is well defined, [70].

Lower and upper solutions technique allows us to obtain not only the
existence but also to locate the solution and its (n — 2) derivatives. In the
final section two examples are presented. An example will illustrate how
these features can be applied. In fact, defining lower and upper solutions
well ordered, with a nonnegative lower function, implies that the solution is
nonnegative. Moreover, if the second derivatives of lower and upper solutions
have the same sign, the solution is not trivial and it can not be a straight
line.

The location part provided by lower and upper solutions method can also
be useful to some "theoretical" problems. In this sense, last section contains
an application of problem (6.1.3)-(6.1.4) to the (n — 1, 1) conjugate boundary
value problem. The key idea was suggested in [98], where some estimates for

the solution of the problem

u () +g (@) f (u(2)) =0

were obtained.
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As it can be seen, the localization of the solution by lower and upper

solutions allow more precise estimates than the ones existing in the literature.

6.2 Existence and location result in fourth

order case

Consider a Nagumo-type growth condition on the nonlinear part of the dif-
ferential equation (6.1.1). As in the previous chapters this will be useful to
prove an a priori bound for the third derivative of the corresponding solu-
tions. (See Lemma 1.2.2 for n = 4).

Throughout this section the boundary functions verify the following as-

sumptions:

(My) Lo, Ly : C([0,1])> x R — R are nondecreasing in all variables except

the fourth one.

(My) Lo : C(]0,1])® x R? — R is nondecreasing in all variables, except the

fourth one.

(M) Lsz: C(]0,1])® x R? — R is nondecreasing in the first, second and third

variables and nonincreasing in the fifth one.
Lower and upper functions are given by next definition:

Definition 6.2.1 A function o € C*([0,1]) is a lower solution of problem
(6.1.1)-(6.1.2) if:

o™ (z) > f(z,a(x),d (x),d (x), " (x)), (6.2.1)
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and

(6.2.2)

L3 <&’ a/’ a//’ a// (1) 7a///
The function B € C*([0,1]) is an upper solution of the problem (6.1.1)-
(6.1.2) if the reversed inequalities hold.

The main theorem can be said to be an existence and location result as it
provides the existence of a solution but also some strips where the solution

and its first and second derivatives are located.

Theorem 6.2.2 Let f: [0,1] x R* — R be a continuous function. Suppose
that there are lower and upper solutions of the problem (6.1.1)-(6.1.2), a(x)
and B (x), respectively, such that,

a(0) < B(0), o' (0)<p(0), o (z) <f"(x), Vee[0,1], (6.2.3)
f satisfies Nagumo conditions in
B, = { (@50, 1,12 ) € [0, x R : 0¥ (@) < 3 < 89 (2), i =0,1,2}
and
f@,a.d y,y3) = f (2,90, 91,92, 93) = f(2,8,8 2, 43) (6.2.4)

for a(z) <yo < B(x), o (z) <y < B (x), in[0,1], and fized (x,yq,y3) €
[0,1] x R2.

If conditions (M) — (Ms) hold, then problem (6.1.1)-(6.1.2) has at least
one solution u (x) € C*([0,1]), such that

o (z) <u (z) < Y (x), Vxel0,1], fori=0,1,2.
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Proof. Let us consider the usual continuous truncations §; given by (2.3.2)
and for A € [0, 1], a similar homotopic and perturbed equation to (2.3.3),

with the boundary conditions

u(0
(0

" (0)
u” (1)

) = Ado (0,u (0) + Lo (u, v, u", u (0)))
) = 201 (0,4 (0) + Ly (u, ', u”, ' (0))),
A0 (0, u” (0) + Lo (u, o', u”, u” (0),u™ (0)))
Ao (1,4 (1) + Lg (u, o/, u”,u” (1) ,u4" (1)) .

(6.2.5)

2

For 75 > 0 large enough, such that, for every z € [0, 1],

—ry <’ (z) < " (x) < 1,
fl@,B(z),8 (), 8" (x),0) +rs = 8" () > 0, (6.2.6)
f(z,a(z),d (x),a" (2),0) —ry — a” (z) <0,
the proof carries on with the standard steps of lower and upper solutions
method. Therefore we present only the steps related to the boundary condi-

tions:
e Every solution u () of the problem (2.8.3)-(6.2.5) we have
[u" ()| <ry |u' (z)| <r Ju(x)] <ry, Vo €[0,1],

with r1 == ry+max {|a’ (0)|, |3" (0)|} and ro := r1+max {|a (0)], |8 (0)|},
independently of \ € [0,1].

If, by contradiction,

min u” (z) =" (0) < —ry <0,
z€[0,1]

then by (6.2.5) and (2.3.2), the following contradiction is obtained, for A €
10, 1]

v

u” (0) = X2 (0,u” (0) + Lo(u,u',u",u"(0),u"(0)))

_/”'2

> A" (0) > —ra.
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The arguments for o = 1, are similar.

Proved that
[u" (z)] < 7, YV €]0,1],VA € [0,1],

then, integrating in [0, x|,

T

u"(s)ds + u' (0)

x

u"(s)ds + Aoy (0,u’ (0) + Ly (u, v, u”,u'(0))).

u'(z) =

S—

Therefore,

[ (z)] < /Ox [u"(s)| ds + | Aoy (0,4 (0) + Ly (u, ', u",u'(0)))]

< ry+max{la’ (0)],[5(0)[} :==m
Similarly, it can be proved that

lu(z)| < 7 +max{|a(0)],|8(0)|},Vx € [0,1].

e The operators used to prove that problem (2.3.3)-(6.2.5) has at least a
solution wu; (z) for A = 1 are £ : C*([0,1]) — C ([0,1]) x R* given by

Lo — (u(w) _ ul/’ u (O) ,Ul (0) ,U” (O) ’u/l (1)) ’

and N, : C3 ([0, 1]) — C ([0, 1]) x R*, given by

N . )\f (‘Ta 50 (CE, u (x)) ?51 ($, u’ (.’E)) 762 (Z‘,U” (.f)) ’u/// ((13))
A — )
—Ads (J%U" (x))uAO)\a Aqx, Aan, Asy
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where
Ao = Ao (0,u(0) + Lo (u, v, u",u(0))),
A= A6 (0,4 (0) 4+ Ly (u, o/, u”, 4’ (0))),
Aoy = A2 (0,u” (0) + Lo (u, v, u",u" (0),u" (0))),
Asy = Ao (L,u" (1) + Ly (u, v/, u” u” (1) ,u" (1)) .

e This function u; (z) will be a solution of the original problem (6.1.1)-

(6.1.2) if
a? () < ul? (z) < B9 (), i=0,1,2, Yz €[0,1], (6.2.7)
and
a(0) <uy (0) + Lo (ug, uf, uy,us (0)) < 5(0)
o’ (0) < (0) + Ly (u, vy, uf, uy (0)) < B°(0)
o (0) < uf (0) + Lo (u, ul, uf,uy (0),uf (0)) < 5" (0)
o (1) < uf (1) + Ls (uy, u, uf,uf (1), uf’ (1)) < 5" (1)
hold.

The inequalities (6.2.7) can be proved as in Theorem 1.3.1 and applying
(6.2.5).

As the boundary conditions, assume that
uy (0) + Lo (ug, uy, uy, us (0)) < a(0). (6.2.8)
By (2.3.2) and (6.2.5)
u1(0) = 60(0, u1(0) + Lo(us, uj, uf, u1(0))) = a(0)
and, by (6.2.3), ©{(0) > «/(0) and u{(0) > «"(0). Therefore, by (H;) and
(6.2.2) this contradiction with (6.2.8) is achieved:
u (0) + Lo (ur, uy, uy,ua (0)) = a(0) + Lo (ua, ui, uy, o (0))

> «a(0)+ Lo (o, o, ", (0)) > « (0) .
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Analogously it is shown that wuy (0) + Lo (uq, uy, v, uq (0)) < 5(0).

Remaining inequalities can be proved by a similar technique. m

Example 6.2.3 Consider the fourth order multipoint problem

u®™ (z) = —0.1(u(x))® — 0.1 |u" (z) — 2| 001/ (x) 4 90 8 |u" ()|

¢

+oo “+oo “+oo
S adu () + Y 000! (z,) + Y0 A (2,) — ku (0) =0
n=1 n=1 n=1
+o00 +o0 +oo
22 apu(Tn) + 32 byt (Bn) + 32 cu” (Tn) — ' (0) = 0
n=1 n=1 n=1
W (0) + 20" (0) = 0
W (1) =2,

(6.2.9)

\

where Y72 al STFR b SRl for i = 0,1, are positive convergent series

to a',b" and c', respectively, x,,T, € [0,1], k > Ta® + 8b° + 8" and n >
$(Ta 4 8b' + 8c').
The functions a, € [0,1] — R given by

a(z) =2 and B (z) = —2® + 42® + 3v + 1
are, respectively, lower and upper solutions of (6.2.9) with

f (.ZU, Yo, Y1, Y2, y3> = _01(y0)3 - 01|y2 - 2|60.01y1 + 20 3\/ |y3|

+oo +o0o +oo
Lo(z1, 22,23, 21) = Z apz1(2,) + Z bnza(n) + Z Cnz3(Tn) — kzy
n=1 n=1 n=1

+o0o +oo +oo
Li(z1, 29,23, 24) = Z alz (z,) + Z bl 2o(T,) + Z clz3(Z,) — 2y
n=1 n=1 n=1
L2(217Z2723724725) = Z4+225

Ls(z1, 29, 23, 24, 25) = 24 — 2.
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As the continuous function f wverifies the Nagumo condition for

hE* (y3) =343+06 60'08 + 20\3/@
m
:L‘Z Syo S _$3+4$2+3$+1

E, = <I7y07y17y27y3) € [071] X R4Z 2 < Y1 < —3x2+8x+3
2<y, < —62+8

then, by Theorem 6.2.2, there is a solution u (x) of problem (6.2.9) such that,

for every x € [0, 1],

v < wu(zr) < —2°+42” 4+ 3x +1, (6.2.10)
20 < o (v) < 322 +8x+3
2 < u'(z) < —6x+38. (6.2.11)

Remartk that this solution u is nonnegative, by (6.2.10) and illustrated by
Figure 6.2.1. Moreover, by (6.2.11), u can not be a straight line.

6.3 Higher order problem

In this section the previous results are generalized to the n'* order problem
(6.1.3)-(6.1.4), where L; : C([0,1)" ' xR — R, for ¢ = 0,...,n — 3 and
Ly 9,L, 1 : C([0,1]))"! x R* — R are continuous functions satisfying the

monotonicity assumptions:

(My) L; : C([0,1])" ' x R —» R, for i =0, ...,n — 3, are nondecreasing in all

variables except the last one.

(M}) L, 5 : C([0,1])"! x R? — R is nondecreasing in all variables, except

the last one.
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a © o2 o4 05 o8 1
Figure 6.2.1: Both upper («) and lower solution (3) are nonnegative

(M) L,—q:C([0,1])" ! x R? — R is nondecreasing from the first up to the

(n — 1) variable and nonincreasing in the last one.
Definitions of lower and upper solutions follow the same type:

Definition 6.3.1 A function o € C™([0,1]) is a lower solution of problem
(6.1.3)-(6.1.4) if:

o™ (z) > f (z,a(z),d (), ... "D (1)), (6.3.1)
and
L; (a,a’, a2 a0 (O)) >0,i=0,....,.n—3
Ly (a,d, ..., a2 =2 (0), a"=Y (0)) > 0, (6.3.2)
L, 1 (a, o, ..., a2 o2 (1), oD (1)) > 0.
The function 8 € C™ ([0,1]) is an upper solution of the problem (6.1.3)-
(6.1.4) if the reversed inequalities hold.
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The main theorem generalizes the existence and location result obtained

in the previous section, to a n* order problem.

Theorem 6.3.2 Let f:[0,1] x R" — R be a continuous function. Suppose
that there are lower and upper solutions of the problem (6.1.3)-(6.1.4), o (z)

and 3 (x), respectively, such that,
a®(0) <89 (0), i=0,...n—3
0) <570 (6.3.3)
o2 () < g7 (z), Ve e(0,1],

f satisfies Nagumo conditions

(l}yo, "'7yn71) € [07 1] x R™ : a(z) (Qf) S Yi S B(l) (33'),
1=0,....,n—2

b, =

and

(n73), Yn—2, ynfl) > f (l‘, Yo, --+s Yn—3, Yn—2; ynfl) (634)

2 f<$a6a"'7ﬁ(n_3)7yn—2ayn—l>7

f (a:,a,...,&

fora® (z) < y; < B4 (2),7=0,...,n—3,in[0,1], and fired (z,Yn_2,Yn—1) €
[0,1] x R?.

If conditions (M7) — (M3) hold, then problem (6.1.3)-(6.1.4) has at least
one solution u (z) € C™ ([0, 1]), such that

o (z) <u (z) < B9 (x), Yo el0,1], fori=0,..,n—2.

Proof. The same type of arguments as in the fourth order case can be
applied.
For the readers convenience we point out only some specific steps.
Considering now the truncations d;, ¢ =0,...,n — 2
W (z) if y@ < ol (z)
oi (x,y;) = y @ if o (z) <y < D (1) (6.3.5)
69 (x) if y@ > Y (x),
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for A € [0, 1], the n'® order homotopic equation

u™ (z) = (6.3.6)
A(f (2,00 (z,u (), .0y Ons (x,u("_z) (z)) ,umD (2)))
+u™2 () = Mp_ (z, w2 (2)),

with the boundary conditions

u® (0) = AJ; (0,u® (0) + L; (u, ..., u 2 u (0))), i =0,...,n — 3,

0,2 (0) +
u("_Z) (O) = )\571—2 ( ) 3
Ly—s (t, ooy ™ 072 (0) , w1 (0))

1,u2 (1) +
u(n—2) (1) — )\6”72 U ( ) :
L, (u, w2 (=2) (1) ) (1))

(6.3.7)
and for 7, o > 0 large enough, such that, for every x € [0, 1],
—rp <l (z) < BV (z) <1y,
f (x B(x), .. 8" (x) ,0) + 7o — B2 (2) >0, (6.3.8)

f(z,a@),..,a"2 (2),0) = r_s — o™ (2) < 0.
e For every solution u (z) of the problem (6.3.6)-(6.3.7) we have
|u(i) (:L‘)l <r,Verelo1],i=0,..,n—2,

where r,,_5 is given as above and

n—3

Tj =T 2+Zmax{|oz(k { ‘B(k)( )‘}

k=j

j=0,...,n— 3 independently of A € [0,1].
e The non null Leray-Schauder degree is evaluate in the open set

Q={yeC""(0,1]) Hy H <ry, 1=0,. -2, Hy("_l)H <R},
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where R > 0 is obtained from the Nagumo condition, for the operator

7, - (" ([0,1]), R) — (€™ ([0, 1]) , R)

defined by
T (u) = LNy (u),
with
L:C"([0,1]) — C([0,1]) x R™.
given by

Lu = (u(") —u™? 4 (0),...,u" (0),u""? (1)),
and N, : C" ([0,1]) — C ([0,1]) x R™, XA € [0,1] by

N A (2,60 (2w (), ey 6na (2,02 (), uY ()
A= )
_)\6an (3:7 u(n—?) (SC)) 7A0,)\7 SEs) A(n—l),k

where

A;x :=)6; (0, u® (0) + L; (u, oy umm2) @ (0))), i=0,...,n—3
y N 0, u"2) (0) +
(n—2),A *—=A0p_2 )
Ly—s (u,...,u"™2 w2 (0),u"~ (0))

Lu™2 (1) +

A(nfl),/\ ::)\577,—2
Ly (o u™™2 =2 (1) w1 (1))

Therefore the auxiliary problem (6.3.6)-(6.3.7) has at least one solution
uy (z) for A = 1.

e This solution u; (z) is also a solution of the original problem (6.1.3)-

(6.1.4) because it can be proved, arguing as in Theorem 6.2.2, that

a® (x) < ugi) () < ﬁ(i) (), i=0,...,n—2, Yz €10,1],
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and, for i =0,...,n — 3,

0 (0) < uf? (0) + L (1w, ", uf? 0)) < 59 (0),
<u

a2 (0) < "™ (0) 4 Los (w1, o™ (0) " (0)
< B"2(0)

a2 (1) < " (1) + Loy (w2, (1), (1))
< B2 (1).

6.4 Conjugate boundary value problems

In this section it is considered a (n — 1,1) conjugate boundary value pro-
blem. These higher order problems are so called due to the way that the
information in the boundary conditions is provided. In this case meaning
that information about the solution and up to the (n — 1) derivatives is pro-
vided at the startpoint and, at the endpoint, only the information about
the solution is given. So, consider the (n — 1,1) conjugate boundary value
problem, for n > 2,

u® (2) + g (x) f (w(2)) =0 64

u(0)=u(1)=0,i=0,..,n—2,

where x € [0,1], f : [0,00) — [0,00) and g : [0,1] — [0, 00) are continuous
functions.

These boundary value problems have been studied by many authors, ei-
ther from a theoretical point of view either with several kinds of real applica-
tions. For instance in the second order case they describe several phenomena
such as nonlinear diffusion generated by nonlinear sources, thermal ignition
of gases and concentration in chemical or biological problems where only

positive solutions are meaningful.
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The (n — 1,1) conjugate boundary value problem was first introduced, as

far aas we know, in [26], with the problem

ul™ (z) + a(z) f (u(z)) =0
u®(0)=u(1)=0,i=0,..,n—2,

where z € (0,1), f:[0,00) — [0,00), a : [0,1] — [0, 00) are continuous func-
tions, a does not vanish identically on any subinterval and f is either sublinear
or superlinear. Existence results are obtained using cones and Krasnosel’skii
fixed point theorems of cone compressions and cone expansions.

In [96], the nonlocal problem, for n > 2

u™ (z) + g (z) f (u(x)) =0
u®(0)=0,i=0,...,n—2, u(l)=alul,

where z € (0,1), f : [0,00) — [0,00), a : [0,1] — [0,00) are continuous
functions and « [u] = fol u(s)dA(s), is studied by fixed point index.

The key idea developed in all the above papers is to find lower and upper
estimates for the solutions. Moreover for problem (6.4.1) some sufficient
conditions for the existence and nonexistence of solution are obtained.

Lower and upper solutions can be of extremely useful in this quest as
they can in fact provide the lower and upper bounds needed for these results.
Throughout this section one will expose an alternative way of obtaining the
bounds mentioned in [98], where some lower and upper bounds to the solution
are developed to obtain the main result.

For clearness we refer the functions used to obtain the estimations:

Consider wy, ws : [0,1] — [0, 00) given by
(n—1)"""(n—27" 2=, if t>p,

wy (1) =
gt if t<p,
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and
(n— 1)”_1 (n — 2)2_” (tn=2 —¢n Y if ¢t <gq,

wy (1) =
1 if t>gq,
for the constants

(n—1)""" - n—2
-1+ 22 17

p =
The main result is given by the theorem:

Theorem 6.4.1 [98, Theorem 2.10] If u € C™ ([0, 1]) satisfies the boundary
conditions from (6.4.1), u'™ (t) <0 and u(t) > 0 for 0 <t < 1, then

w (t) [Jull = w(t) = wy () ull, 0<E<1, (6.4.2)
and
Wa (t)
u(t) <u(p) 01 () 0<t<1. (6.4.3)

In particular, if w € C™ ([0, 1]) is a positive solution of (6.4.1), then u (t)
satisfies (6.4.2) and (6.4.3).

The proof of this Theorem applies analytical and numerical methods.
However lower and upper solutions are another tool very useful for these
cases and it allows to obtain, eventually, sharper estimates.

To illustrate the role of lower and upper solutions in this field let us
consider Example 3.6 from [98].

The (3,1) conjugate boundary value problem is given by

u™ (z) + pg () u(z) = 0, z € (0,1)
with the boundary conditions

u® (0)=u(1)=0, i=0,1,2. (6.4.4)
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In particular, for g () = 1 and p > 0 the equation becomes
u™ (z) = —pu (), z € (0,1). (6.4.5)
Then by Theorem 6.4.1, for

(2 —g%), if 2> 2

wy () =
x3 if < %,
and
(2 =%, if 2<2
wy () =
1 if x> 2,

there is a solution u (x), such that
1>wy(z) >u(x) >w (x) >0,

for x € [0,1]. This area is shown in Figure 6.4.1, meaning that the solution
u (x), lies inside the grey area.

It is easy to see that (6.4.5),(6.4.4) is a particular case of problem (6.1.3)-
(6.1.4), with n = 4 and

(@90, 91, 92,93) = —Hyo,
Lo(21, 22, 23, 24) = 2,
Li(z1, 22,23, 24) = 2,
Ly(21, 22, 23, 24, 25) = 24,
Ls(z1, 29,23, 24,25) = 21 (1).
Functions «a, § € [0,1] — R given by
4 3

a(a:):Oandﬁ(x):—%—i—%
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Figure 6.4.1: Functions w; (z) and ws (z) bound the solution

are, respectively, lower and upper solutions for (6.4.5),(6.4.4), for p < 24,
according Definition 6.3.1.

As the continuous function f verifies Nagumo condition with

hg, (y3) = — <6,

=

n

8 4
then, by Theorem 6.2.2, there is a solution u (z) for problem (6.4.5),(6.4.4)

4 2
E: ($7y0)€[0,1]><R0§y0§__+_ ,

such that
zt
0<u(zr)< —g—i—z, Vo e 0,1]. (6.4.6)
Moreover this solution, by (6.4.6) is a non negative solution for the problem
(6.4.5),(6.4.4).
Comparing both Figure 6.4.1 and Figure 6.4.2 one can conclude that for

p € (0,24] the solution given Theorem 6.4.1 and (6.4.6) is not the same
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D15

0,10

B()

0,05 H

a 0z 0.4 06 0g ofx) 1

Figure 6.4.2: The non negative solution for problem (6.4.5),(6.4.4) is delimi-
ted by a and /3

solution. However, in some sense, the estimation given by (6.4.6) is sharper
than the bounds given by Theorem 6.4.1.

Furthermore lower and upper solutions method provide information for a
different set of 1 than the one shown in [98]: here the results are obtained

for > 0, and in our example the solution is generalized for p < 24.



Chapter 7

Generalized ¢—Laplacian
equation with functional

boundary conditions

7.1 Introduction

This chapter is devoted to the study of a generalized n'* order ¢ - Lapla-

cian type differential equation

— (¢ (" V(@) = flz,ul@),...,u"V(z)), (7.1.1)

for z € I :=[0,1], where ¢ : R — R is an increasing homeomorphism such
that ¢(0) =0, n > 2, and f : [0,1] x R® — R is a L!-Carathéodory function,

with the boundary conditions

Ji (u,u', ...,u(”*Q),u(i)(l)) =0, i=0,....,n—3,
Gz (u, /s .o, w2 w(=2(0), u=1(0)) =
gn1 (w, oy w72 WD (1), (1)) =

(7.1.2)

145
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where g;: (C(I))" 'xR =R, i=0,...,n—3, gn_2, gn_1 : (C(I))" " xR* —
R are continuous functions verifying adequate monotone assumptions.

Boundary conditions (7.1.2) cover many of the classical boundary condi-
tions, such as various two-point and multipoint, integral with delay and/or
advances boundary conditions, nonlocal, with maximum and/or minimum
arguments,... One can refer ([39, 43, 61, 73]) for higher order separated
problems, ([36, 37, 38, 54, 55, 60, 83, 100]), for the multipoint cases, and
([15, 16, 19, 74]), for higher order functional problems.

In these papers a variety of techniques and tools is used, with the lower
and upper solution method. The same method was used in [40] to study the

problem composed by (7.1.1) for n = 2 and the boundary conditions

9 (u(0), ' (0),v (1)) =0
u (1) = h(u(0)),

and obtain sufficient conditions for the existence of solution.
The main existence and location result, here presented is based on [41]
and it seems interesting to us, not only by the improvement on the existing

related literature but also by some of its consequences and conclusions:

e for n > 3 the order between lower and upper solutions, and their deri-
vatives until order (n — 3), is not relevant. In fact, these orders depend
whether n is odd or even and on the relation between the (n — 2) de-

rivatives of lower and upper solutions, as it can be seen in Remark

7.3.2;

e the behavior of the nonlinearity f, given by (7.3.4), depends on several
factors: from the parity of n, from the relation between the (n — 2)

derivatives of lower and upper solution and subsequent orders;
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e the assumptions on the monotone behavior of the functions on the

boundary data, depend on the parity of n (see assumptions (/NV;) and

(N2)).

The above items were just "guessed" from the existent results in higher
order boundary value problems of different orders, where lower and upper
solutions are applied in the well ordered or reversed order cases. However,
as far as we know, they were proved in [41] for the first time.

The arguments here applied follow the standard lower and upper solutions
technique, together with a Nagumo-type condition, to control the growth of
1Y and a fixed-point result. Remark, also, that, due to a truncation tool,

it is not considered the usual assumption on ¢, that is, ¢ (R) = R.

7.2 Preliminary results and definitions

This section will provide some definitions and results to be used forward.
Let LP(I), 1 < p < 00, be the usual Lebesgue spaces of functions with
the standard norms.
The Nagumo-type condition for this case needs an adjustment on the

integral assumption:

Definition 7.2.1 Given a subset E C I x R", a function f : I x R®* — R

verifies a Nagumo-type condition in the set
E:={(z,y0,.- - Yn-1) € I xR" :mj(z) <y; < M;(z), j=0,...,n—2},
with mj, M; € C (I,R) such that

m;(z) < Mj(x), Ve el, j=0,...,n—2,
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if there is hgp € C (Ry,]0, +00]), verifying

[ (2,905 s Yn—1)| < he(lyn-1l), Y(2,%0, ., Yn-1) € E, (7.2.1)
with
+00 -1
/ ‘¢—_(15)| ds > maxM,,_o(x) — minm,,_s(x), (7.2.2)
o(r) hE(‘(b (5)|) zel zel

forr >0 such that
r:=max {M,_2(1) — m,_2(0), M, _2(0) —m,_o(1)}. (7.2.3)

The a priori estimation for the (n— 1) derivative is given by Lemma 1.2.2
now adapted to condition (7.2.2)
Next Lemma, proves the existence and uniqueness of solution for a related

problem of (7.1.1) — (7.1.2).

Lemma 7.2.2 Consider ¢ : R — R an increasing homeomorphism such that
©(0) =0 and p(R) =R, p: I — R such that p € L' (I), A;, B, C € R, i =
0,...,n — 3. Then the problem

[ _ (¢ (u(”_l)(x)))l =p(z), fora. e x€l,
u®(1)=4;, i=0,..,n—3,
u2(0) = B
u"H(1) =C

(7.2.4)

\

has a unique solution given by

u(x):B+/;gol (TU—/OSp(T) dr) ds

ifn=2, and

u(z) = ; (—1)"‘Ak(1_$) +(—1)"/ ﬂus) ds,  (7.2.5)
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if n > 3, with

v (z) ::B+/Owg0_1 (TU—/OSp(T) dr) ds

and 7, € R is the unique solution of the equation

C—-B= /01 o ! (n, — /Osp(r) dr) ds. (7.2.6)

Proof. Defining v (z) := u™ 2 (z), from (7.2.4) we obtain the Dirichlet

problem
—(p (W' (@) =p(z), forae z el (7.2.7)
v(0)=B, v(l)=C. (7.2.8)

Therefore, for some 7 € R,

and

v(r) =B+ /Om ot (T — /Omp (1) dr) ds. (7.2.9)

Since ¢! is increasing, we have

v () =B+e (r—pll) <v(1)

< Bty (r+ply) =" (7)

for each 7 € R. Now ¢! (R) = R and the functions v, and v* are continuous
and increasing, so v, (R) = v* (R) = R. Thus there is a unique 7, satisfying
(7.2.6).

If n = 2 the proof is concluded. For n > 3, then repeatedly integrating
(7.2.9) and applying the boundary conditions, we obtain (7.2.5). =

In the sequel, it will be assumed that the continuous functions g; :
(CU)" " xR =R, i=0,...,n—3,and gp_s,gn1 : (C(I))" " xR =R

have a different behavior as n is even or odd. More precisely:
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(i) for n even it is said that the boundary functions verify assumption (/Vy)

if the following conditions hold:

® g; (Yo,Y1, .-, Yn—1) , are nondecreasing on yo, Y2, ..., Yn—2, and non-

increasing on y1,ys, ..., Yn_3, for j even such that 0 < 57 < n —4;

e g1 (Y0, Y1, -, Yn_1) , are nonincreasing on Yo, Y2, ..., Yn_2, and non-

decreasing on vy, Y3, ..., Yn_3, for k odd such that 1 < k <n — 3;

® Go2 (Y0, Y1, -, Yn—1,Yn) is nondecreasing on yo, Yo, .., Yn_2 and y,,

and nonincreasing on ¥1, Y3, ..., Yn_3;

® Gn-1 (y07 Y1y -5 Yn—1, yn) is nondecrea,sing on Yo, Y25 --+» Yn—2; and non-

increasing on vy, Y3, ---, Yn—3 and yy;

(ii) for n odd the boundary functions verify (N3) if the following conditions
hold:

® g; (Yo,Y1,---,Yn—1) , are nondecreasing on yo, Y2, ..., Yn—3, and non-

increasing on 1, ys, ..., Yn_2, for j even such that 0 < j <n — 3;

e gr (Y0, Y1, -, Yn—1) , are nonincreasing on Yo, Y2, ..., Yn—3, and non-

decreasing on 1, ys, ..., Yn_2, for k odd such that 1 < k <n —4;

® Jn—2 <y07 Y1 -5 Yn—1, yn) is nonincreasing on Yo, Y25 -+, Yn—3, and non-

decreasing on y1, Y3, ..., Yn_2 and y,;
® gn-1 <y07 Y1 -5 Yn—1, yn) is nonincreasing on Yo, Y2, -5 Yn—3 and Yn,

and nondecreasing on Y1, Y3, ..., Yn—2-

Noting by AC(I), the set of absolutely continuous function on I, the

functions used as lower and upper solutions are defined as it follows:
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Definition 7.2.3 Letn > 2. A function v € C"~* (I) such that ¢ (a"~V(z)) €
AC(I) is a lower solution of problem (7.1.1)-(7.1.2) if

— (¢ (oz(”_l)(x)))/ < f(z,a(x),d(z),...,a" (), (7.2.10)
for z €]0,1],
(i) forn even

gj (o, o, ..., a2 aU)(1)) >0, for j even such that 0 < j <n —4,
Ik (a,o/, ...,a("_z),a(’“)(l)) <0, fork odd such that 1 < k <n — 3,
(7.2.11)
(ii) forn odd

gj (o, o, ..,a"™D aU)(1)) <0, forj even such that 0 < j <n— 3,

Ik (oz,o/7 ...,a(”*2),a(k)(1)) >0, fork odd such that 1 < k <n — 4,
(7.2.12)

and

(iii) in both cases

Gz (a, @, ..., "D a2 (0), a"=1(0)) > 0,

g1 (o, o, ., 0l a=2(1), a"71(1)) > 0.

A function B € C" ' (I) such that gb(ﬁ(”*l)(x)) € AC(I) is an upper
solution of problem (7.1.1)-(7.1.2), if the reversed inequalities hold in

each case.

The following version of the Schauder fixed point theorem will also be

considered:

Theorem 7.2.4 [87, Theorem 5.11]Let X be a normed vector space, and let
K C X be a non-empty, compact, and convez set. Then given any continuous

mapping f : K — K there exists © € K such that f(z) = x.
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7.3 Existence and location theorem

The main result is an existence and location theorem, as it is usual in
lower and upper solutions technique. However, in this case, the strips are
bounded by well ordered lower and upper solutions and the corresponding de-
rivatives, and in reversed order, as well. Therefore, for a more clear notation,

it is defined the following functions:

~:() = min {a@‘) (), B9 (g;)} ,Ti(z) = max {a<i>(x), 39 (a:)} o (1.3.1)

xel zel

foreach:=0,...,n — 2.

Theorem 7.3.1 Let f : I x R* — R be a L*-Carathéodory function.
Assume that o and [ are lower and upper solutions of problem (7.1.1)-

(7.1.2), respectively, such that
o 2(z) < D (x), Vo e [0, 1], (7.3.2)
(—D)™ a2 < (=)™ EM(), m=1,...,n—2, (7.3.3)
f satisfies Nagumo-type condition (7.2.1) in the set
E* = {(xvy()?"wyn—l) €I xXR": ,}/l(aj) S Yi S Fl(x)7 i:O,...,n—Q},
and
flz,a(x), ..., " (@), Y2, Yn-1) < FZ, Y0, - Yno1) (7.3.4)
S f($75<$)w"7ﬁﬂnim($>ayn727ynfl%

for fized x, yn—2, Yp—1 and v,(z) <y < Ti(x), k=0,...,n—3, Vo € I.
Moreover, if n is even and the boundary functions verify (N1), or n is odd,
and the boundary functions satisfy (Na), then problem (7.1.1)-(7.1.2) has at

least a solution u such that

vi(r) < ul(z) < Ti(w),
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fori=0,....n—2, and

~R<u"Y(z) <R,

for every x € I, with

(n—2) _ . (n—2) (n—2) — ~(n=2)
o maxd 200 =00.800) e, |

™ oo, 18" loo

Remark 7.3.2 From the integration of (7.3.2) in [x, 1] and conditions (7.5.3),
the derivatives of lower and upper solutions will change order, that is, for

every x € I,

ol z) > FU(a),
o (z) < (),
a(z) < B(),

if n is even or, for n odd, the iteration will end with
a(z) > Bz), in 1.

As the relation between the lower and upper solutions depends on n, and their
deriwatives can be well ordered or in reversed order, therefore this issue has
not, for n > 3, the same relevance as it has for first and second order. As a
consequence, the same can be said for the variation of the nonlinearity f, as

it can be seen in (7.5.4).

Proof. For ¢t =0, ...,n — 2, consider the continuous truncations, ,

Li(x) w > Ty(x),
(51' (I,U}) = w ) fyz(x) <w< Fl(gj), (736)

vi(z) w < y,(x),
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where v,(x) and T';(z) are given by (7.3.1), and, for R given by (7.3.5), the
functions

£(z) = max{—R,min{z, R}} (7.3.7)

and ¢ : R — R given by

¢ (y) if |yl <R,

¢ (y) = (7.3.8)

URS_G=F) | | SRR 5t () s R

Define the modified problem composed by the differential equation

—(p (" (@)))’ (7.3.9)
= f (:c,ao (2,1)  oory O (0™ € (%&M (x,u<"2>))> = F,(z)

and the boundary conditions, for ¢ = 0,...,n — 3,

u(1) = 6 (1,u(1) + gi (u, .., u" > (1)),
0, u"2(0)+
u"D0) = 6,9 w0 (7.3.10)
Gn-2 (U, .., u™ 2 u"=D(0), "~ 1(0))

1, u™=2(1)+

(-2(1) = §
(% n—2
In—1 (u7 ceey u(n72)7 u(n72) (1)7 u(nil) (1))

A function v € C"*(I]) such that (¢ o u™ ) € AC(I) is a solution of
problem (7.3.9)-(7.3.10) if it satisfies the above equalities.

Step 1- Fvery solution of problem (7.3.9)-(7.3.10) verifies in I

vi(z) < uD(zx) <Ti(z), fori=0,...,n—2, (7.3.11)

R < v V(z)<R. (7.3.12)

Let u be a solution of (7.3.9)-(7.3.10).
For i = n — 2 we have 7, ,(z) = o (z) and [',_s(z) = 3" ().
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Assume, by contradiction, that the second inequality in (7.3.11) does not
hold and define

max (v — 8)" " (z) = (u— B)"? (zy) > 0.

zel

By (7.3.10), u(2(0) < 8"2(0) and 2 (1) < ™2 (1). So, zy € (0, 1),
u D (zq) = "V (z4) and there is £ > 0 such that

u™ D (zg + &) = B (g + )

and u(" 2 (z) > "2 () on [zg, 20 + €).
On (xg, 2o + €), by Definition 7.2.3, (7.3.4), (7.3.6), (7.3.7) and (7.3.5),

the following inequality is achieved

= (i (" ))

o o ef )
= F (200 (0,1) s s (2,0 9) 50D (@), 500 ()
< f(n8@), ,5”3 B2 (2), 607 ()

< (¢(6(” V@))) == (o (5" @)) .

therefore "~V (x) > 8™V (z) on (¢, zo + £), which is a contradiction with
the definition of [zg, xo + €).

So u(™2 () < B2 () for every = € I. By analogous arguments it can
be shown that o"~2) () < u("? (z) in I.

Integrating the inequalities

ol (z) < u? (2) < 07 (2),

in [z, 1], by (7.3.3) and (7.3.10), we obtain

a3 () > u™ (2) > g (2).
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Iterating this integration it can be proved that, for n even,

o) (x) <

u (z) < BY) (z), for j even such that 0 < j < n — 2,
and
o® (z) > u® (z) > %W (2), for k odd such that 1 < k <n — 3.
For n odd

a® (z) < u® (2) < W (2), for k odd such that 1 < k < n — 2,

and
o) (z) > u9 (z) > BY) (), for j even such that 0 < j < n — 3.

Therefore condition (7.3.11) holds for i = 0,...,n — 2.

From Lemma 4.4.1 and the definition of £, the right hand side of the
equation (7.3.9) is a L' — function. Therefore, Lemma 1.2.2 can be applied,
with the integral condition (7.2.2) and m;(z) = v;(x) and M;(z) = T';(),
for j =0,...,m — 2, that is, condition (7.3.12) holds.

Step 2 - Problem (7.3.9)-(7.3.10) has a solution u;(x).

Let u € C" (1) be fixed. By Lemma 7.2.2, solutions of problem (7.3.9)-
(7.3.10) are the fixed points of the operator

n—3 .
1—
Tu(r) = (—1)k O (1,u(k)(1) 1 g (u, ...,u("_2),u(k)(1))) %
k=0 !
1 n—3
n [ (s—1x)
—1 »
+(-1) /m 3 vy (s) ds,
with
Uy, (‘T) L =0n-2 (u, 'LL/’ cen 'u/(n*Q)’ u(n*2) (0)’ u(n—l) (0))

—i—/oxgol (Tu—/:Fu(T) dr) ds
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and 7, € R is the unique solution of the equation

Gt (1 oy ™2 =D (1), 070 (1))

—Gn—2 (u, ey um2) gy (nm2) (0), w1 (O))

_ /0 = (Tu— /0 B () dr) ds. (7.3.13)

By (7.3.9), there is a function w € L! (I) such that

| Fu(s) |< w(s) for a. e. s €[0,1] and for all u € C" ([0, 1)),
and, by (7.3.13), there exists L > 0 such that
| 7 |< L for all w € C"7(]0, 1)).

So, we conclude that operator 7 (C™ (7)) is bounded in C" (1) and,
by Theorem 7.2.4, operator 7 has a fixed point u;.
Step 8 - ui(x) is a solution of problem (7.1.1)-(7.1.2).

To show that this function u;(x) is a solution of the initial problem (7.1.1)-

(7.1.2) by Step 1, it will be enough to prove that

v (1) < ) +g (ul,u’l, T ugl)(l)) (7.3.14)
< T(1), i=0,..,n—3,
a2 (0) < u"?(0)+ (7.3.15)
Gn—2 (ul, o W2 (0), WY (0))
< p"(0),
a2 (1) < WD)+

In—1 (uh u,17 cey ugn_z)v ugn_Q)(l)v ugn_l)(1)>

B (1),

IN
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Suppose that n is even.
Consider the case i = 0. Then, by (7.3.3), 7, (1) = a(1) and 'y (1) = 5(1).

Assume, by contradiction, that

un(1) + go (w2, (1) > B(1).

By (7.3.10), u1(1) = (1), and, by (/N1) and Definition 7.2.3, the following

contradiction is obtained
O < 9o <u17u/17 .“’u§”*2)’ ul(l)) = 9o (uly u/17 .“’u§”*2)7 6(1))
S go <B>BI7 75(7172)’6(1)) S 0
Then
ur(1) + go (o w0 (1)) < (1)

and, with the same technique, it can be proved that

a(l) <wui(1) + go (ul,u'l, ...,u§”‘2), u1(1)>

and the remaining inequalities in (7.3.14).
Considering that the first inequality of (7.3.15) does not hold, then, by
(7.3.10), u{""? (0) = a(*=2 (0), and, by (7.3.11), u{""" (0) > o~V (0). By

monotone assumptions on g, s, it is obtained, by (7.2.11), this contradiction

0 > 9n—2 <U1, ulla sy ugn_z)a ug"_Q) (O>a ugn_l) (O)>
= On-2 (ula ullu sy ugn_2)a a(n_2) (0)7 ugn_l) (0)>

> gua (0.0, a2, 0 2(0), a0 (0)) > 0.

So, a(®2) (0) < uﬁ”‘”(o) +g (ul, (T uﬁ”‘”,u?‘”(o),uY“”(o)) and,

by a similar technique, it can be proved that

u"2(0) 4 gn_o (ul, uy, s u&"ﬁ), u§n72)(0), uﬁ”*“(o)> < B2 (0).
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Assuming that
oD (1) > uf (1) + goy (w0 P (1), (1)),
by the same arguments we have
ugnfz) (1) = a2 (1) and ugnfl) (1) < o™V (1).
Therefore, by the properties of g,,_1, it is achieved the contradiction

0 > In—1 (uhu,l: "'7u§n_2)7 ugn_Q)(l)v ugn_l)(1)>
= Gn1 (ul,u'l, ...,uﬁ”‘”,a(”—2>(1),u§”‘”(1)>

> goo1 (a0, ., a2 =D (1), a(”’l)(l)) > 0.

The remained inequality can also be proved by the above technique.

For n odd the arguments are analogous, applying the monotone assump-

tions in (N3) and the corresponding boundary conditions. m

7.4 Examples

In this section three examples are presented to cover the cases where ¢
is not surjective, n is odd and n even. The boundary conditions are chosen
not to get some physical meaning but only to emphasize the potentialities
given by the functional dependence.

The existing results in the literature always assume that ¢ (R) = R. In
fact, due to the introduction of a truncation tool given by (7.3.8), this usual
assumption is no longer assumed.

The following example illustrates this situation.
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Example 7.4.1 Let

arctan (y +5) — 125  y < =5

¢ (y) = Y —5<y<5

arctan (y — 5) + 125 y > b,

the problem composed by the equation
(6 (" (2))' = s (x) = 2" (), = € (0,1) (74.1)
and the boundary conditions
u (3) —2u(0)=0
u(0)—2u' (0)—1=0

(7.4.2)
u” (3) —3u”(0) =0
Joyu(s)ds+u” (1) +u” (3) — 10u" (1) = 0.
The functions o (x) = — (> +z + 1) and B (z) = 2* + z + 1 are lower

and upper solutions, respectively of (7.4.1)-(7.4.2).
It can be easily checked that this problem is a particular case of (7.1.1)-
(7.1.2), withn = 4

1
F (2,90, y1,¥2,¥3) = Y5 + 2u2
and

go \Yo, Y1, Y2, Y3, Y4

=3 (5) — 3ua
93 Y0, Y1, Y2, Y3, Ya) = fol Yo (s)ds + ys3 (i) + Y3 (%) — 10y,.
Then by Theorem 7.3.1 the problem (7.4.1)-(7.4.2) has at least one non-

( )=y

91 (Yo, Y1, Y2, Y3, Ys) = ¥

92 (Yo, Y1, Y2, Y3, Ya) = Y
( )

trivial solution such that
—*—r—-1<u(@) <z +z+1
—2rx—1<u(x)<2x+1 (7.4.3)
-2 <" (z) <2, forz e (0,1).



7.4. Examples 161

Example 7.4.2 For n = 3 consider the problem composed by the equation

ﬁ = (@)’ +k(@@)° = V@) +1  (744)

and the boundary conditions

+oo +o0
Au(l) = > a;u(g) => bu (n;),
j=1 j=1
Bu/'(0) = m[%>1<]u'(x) - / w(t)dt + (u"(0))** (7.4.5)
ze|0, 0
Cu(1) = : / B — ("1 2¢+1
w'(1) Jnin u (x) g[gf]U(x) (u(1))™,
with k, A,B,C € R, 0<¢;,n; <1,¥j €N, p,qg e N and a],ZJroob

are nonnegative and convergent series with sum @ and b, respectwely.
This problem is a particular case of (7.1.1), (7.1.2), where ¢(z) = arctan z
(remark that $(R) # R),

[z, y0,y1,92) = —yg—kyf+3y2+1

9o (21,22, 23) = Zaj 21 Zb 29 77] — Az,

X
2p+1
g1 (21,22, 23,24) = maxzy — 2 (t)dt + 2" — Bzs,
z€[0,1] 0
— 2q+1
g2 (21, 29,23,24) = minzy — maxz — 25 — Czs.
z€[0,1] z€[0,1]

The straight lines a(x) = 2 — x and f(x) = x — 2 are, respectively, lower
and upper solutions of the problem (7.4.4), (7.4.5) for k > 9, A > 2a + b,
B > 3 and C > 3. Therefore, by Theorem 7.3.1, there is a nontrivial solution,
u(z), of problem (7.4.4), (7.4.5), such that

and
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Example 7.4.3 In the case n = 4 it is considered the functional boundary

value problem

(u"(2)>1)" = —arctan(u(z)) + (v (z))® — k (u"(2))® — [u"(x) + 1|7,
Au(l) = xrggol(u x —/0 u(t
B/(l) = Zaj u” (§) (7.4.6)
C (W"(0))* = —jgg)f]u(az -7), (0<7<x<1),

D 4"(1) = o (max{0,z —¢}), (¢>0),

where p € N, 0 € [0,2], k, A, B,C,D € R, 0<¢;, <1, and _la](ij)
18 convergent with sum @.

The above problem verifies the assumptions of Theorem 7.3.1, with ¢(z) =
2?PTL 0 (Cin this case ¢(R) = R),

f (@, 90,91, y2,y3) = arctanyo — o5 +k v + |ys + 1|%,

go (21,29,23,24) = A zq4— max,22+/ 2 (t)dt,
0

z€[0,1]
+oo
91 (21,22,23,20) = B zg— Zaj 23 ()

j=1

g2 (21, 22, 23, 24, 25) = C 22 + m[ax]zl(a: —7),
z€|0,1

g3 (21,29, 23, 24, 25) = D z4 — 29 (max{0,x —€}).

The functions a(x) = — (2 —z)* and B(z) = (2 — ) are, respectively,

lower and upper solutions of the problem (7.4.6) for

65,19
- 3

D < -2

ko< -

N

2
B < a C<-

=l

1
87

So, by Theorem 7.3.1, there is a nontrivial solution, u(x), of problem (7.4.6),
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such that

and
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Chapter 8

Functional boundary value

problems

8.1 Introduction

Until now we have dealt with problems with functional boundary condi-
tions. Next chapters will consider functional boundary value problems, that
is, problems where the functional dependence is allowed in the differential

equation as well.

The first existence and location result will be discussed for the problem

composed by the functional equation
u™ (z) = f(z,u, o', 0" (), u" (x)) (8.1.1)

with z € [a,b], f : [a,b] x (C([a, ]))> x R2 — R a L'— Carathéodory function

165
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and the nonlinear functional boundary conditions

Lo (u, v/, u”,u(a))
Ly (u, v/ u" v (a)) =
L2 (u’u/7u//7u/ ( ) ///( ))

L3 (U, U’la u//7 U” (b) ) u/” (b)) =

Y

)

(8.1.2)

a )

I
o o o o

Y

where L;, i = 0,1,2,3, are continuous functions to be defined later.

This type of functional boundary value problems has been studied in se-
veral works such as [15] for third order, [19] for fourth order and [16, 17] for
higher order. As the functional dependence on the unknown function and its
first derivative is allowed in the nonlinearity f these results not only improve
the existing in the literature related to fourth order functional problems but
they also generalize the results obtained in previous chapters. Moreover, the
above problem cover several types of differential equations, such as, delay
equations, integro-differential or equations with maxima or minima argu-
ments, and many different boundary conditions, like Lidstone, separated,
multipoint or non local conditions, among others.

The method used in this Chapter follows standard arguments in lower
and upper solutions technique, combined with a stronger definition, which

allows two features, not covered by the existing results:

e lower and upper functions can be considered with second order deriva-
tives well ordered, or in reverse order, but eventually, with non-ordered
first derivative and/or the unknown function (see Definition 8.2.1). If
lower and upper solutions, and the corresponding derivatives, are "well
ordered", the main theorem (Theorem 8.2.2), coincides with the clas-

sical theory.

In the case of non-ordered lower and upper solutions the strips are

defined by a pair of functions that are obtained by a perturbation of
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the initial lower and upper solutions. Therefore the set of admissible

functions to be considered as lower and upper is hugely generalized.

e no monotone-type conditions are assumed on the nonlinearity f.

The second problem studied is composed by equation (8.1.1), with the

nonlinear functional boundary conditions

(8.1.3)

where each L, i =0, ..,3, allows a functional dependence on ", too.

As far as we know, it is the first time where such dependence is consi-
dered together with a functional differential equation. In this way, problem
(8.1.1),(8.1.3) is more ionteresting, not only from a theoretical point of view,
but also because it can be applied to different real phenomena, such as peri-
odic models that were not covered by the previous problems.

This problem is approached using similar techniques, as the boundary
conditions are a generalization of (8.1.2), however the definition of the lower
and upper solutions is considered as maximum/minimum in some adequate
sets.

Section 8.5 contains, as example, a problem with Lidstone-type bound-
ary conditions that could not be solved by the existing theory. In fact it
includes an integro-differential equation and the existence and location re-
sults is obtained in presence of non-ordered lower and upper solutions and
the corresponding first derivatives.

This last case is generalized for functional n‘* order boundary value pro-
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blem composed by the equation
u™ (z) = f(x,u, .., u w2 (2) w7 (2)

for z € [a,b], where f : [a,b]x (C ([a,b]))™ ? xR — R is a L'—Carathéodory
function, and the boundary conditions

Li(u, o, ..., u™ D 4@ (a)) =0, i=0,..,n—2

L (u, ., u™ Y w2 () =0,
where LY, i = 0,..,n — 1, are continuous functions verifying some conditions
to be defined next.

Special emphasis should be put on the fact that the existence and location
result obtained not only generalizes the previous problems studied on this
chapter as it is also eliminates the monotone conditions assumed on the L;,
i =0,1,2,3, functions, given by (8.1.2), which were a usual condition for the
known literature.

Last section includes an example where a periodic model is recreated due
to the fact that boundary conditions (8.1.3) cover the periodic case, which

was not the case of (8.1.2).

8.2 Fourth order functional problems

In this section it will be introduced the definitions and auxiliary results
needed forward to construct some ordered functions on the basis of the not
necessarily ordered lower and upper solutions of the problem (8.1.1)-(8.1.2).
Let it be considered a Nagumo-type growth condition, as defined in De-
finition 1.2.1 and Lemma 1.2.2, for n = 4 to set an a priori bound for the
third derivative of the corresponding solutions.
The nonlinear part f will be a L!—Carathéodory function and the func-

tions L;, 1 =0, 1,2, 3, in (8.1.2) verify the following monotonicity properties:



8.2. Fourth order functional problems 169

(Po) Lo, Ly : (C([a,b]))* x R — R are continuous functions, nondecreasing

in first, second and third variables;

(P1) Ly : (C([a, b))’ x R? — R is a continuous function, nondecreasing in

first, second, third and fifth variables;

(Py) Ls : (C([a,b])® x R? — R is a continuous function, nondecreasing in

first, second and third variables and nonincreasing in the fifth one.

The main tool to obtain the location part is the lower and upper solutions
method. However, in this case, they must be defined as a pair, which means
that it is not possible to define them independently from each other. More-
over, it is pointed out that lower and upper functions, and the correspondent

first derivatives, are not necessarily ordered.
To introduce "some order", it must be defined some auxiliary functions:
For any «a, 8 € W?! ([a,b]) define functions a;, 3; : [a,b] — R, i = 0,1,

as it follows:

ai(z) = min {a'(a),8 (a)} + /x o’ (s)ds, (8.2.1)

Bi(z) = max {a'(a),p (a)}+ wﬁ"(s)ds, (8.2.2)
ao(@) = min {a(a),B(a)}+ / "o (s) ds (8.2.3)
Bo@) = max {a(a),B(a)}+ [ Bi(s)ds. (8:2.4)

Definition 8.2.1 The functions a, 3 € W*! ([a,b]) are a pair of lower and
upper solutions for problem (8.1.1)-(8.1.2) if " (z) < 8" (x), on [a,b], and



170 Chapter 8. Functional boundary value problems

for all (v,w) € A := |, By] X [a1,54], the following inequalities hold:

o™ (@) > f(zv,w,0" (z),0" (2)), fora e z€lab),  (3.2.5)
B (x) < f (z,v,w, 8" (), 8" (x)), for a. e. x € [a,b], (8.2.6)
Lo (g, 1,0", a9 (a)) > 0 > Lo (By, By, 8", By (a))
Ly (g, 1,0" a1 (a)) > 0 > Ly (By, By, 8", 5 (a))
Ly (ag, ay,0”, 0" (a) 0" (a)) > 0 > Ly (By, by,8",8" (a), " (a))
L3 (ag, a1, 0", 0" (b) " (b)) > 0 > Ls(By,By,6", 6" (b),5" (b))

(8.2.7)

Next existence and location theorem states sufficient conditions for, not
only the existence of a solution u, but also to have information about the

location of u, u/, u” and u"".

Theorem 8.2.2 Assume that there ezists a pair (o, ) of lower and upper
solutions of problem (8.1.1)-(8.1.2), respectively, such that conditions (F),
(P1) and (Py) hold.

If f - [a,b] x (C([a,b]))> x R? = R is a L'— Carathéodory function, satisfying

a Nagumo-type condition in

x, ) ’ 9 Ea,bXR4:CY :US g L)
g ) @V yeus) € a0 () <0 < fo (2) , (8.2.8)

ar (z) <y < By (2), o'(x) <y < B"(2)

then problem (8.1.1)-(8.1.2) has at least one solution u such that
ao (v) Su(z) < By (x), on(r) <u'(x) <By(x), o (2) <u’(z) <B"(2),
for every x € la,b], and |u" (z)| < K,V x € [a,b], where

K =max{R, " (x)],|8" (2)|} (8.2.9)

and R > 0 is given by Lemma 1.2.2 referred to the set E,.
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Proof. Define the continuous functions

di (x,y;) = max{q; (z),min{y;, 5, (z)}}, fori=0,1, (8.2.10)

02 (z,42) = max{a”(v), min{yy, 8" (2)}}

and

q(z) =max{—K,min{z, K}} for a.e. z € R. (8.2.11)

Consider the modified problem composed by the equation

W) (1) = f (W;O (u (), 01 (o (), 82 (2, 4" (2)) ) q (% (55 (:L’,u”))))

(8.2.12)
and the boundary conditions
u(a) = do(a,u(a)+ Lo (u,u',u" u(a))),
W (a) = 01(a,u (a)+ Ly (u, v, u" v (a))), (8.2.13)
u’ (a) = 02 (a,u” (a)+ Lo (u, v, u",u" (a) ,u" (a))),
(

u” (b) = 09 (b,u” (b) + Ls (u,u,u”,u" (b),u"” (b))).
The proof applies typical steps of truncated problems by lower and upper
solutions, as shown in previous chapters:

Step 1 - Every solution u of problem (8.2.12)-(8.2.13), satisfies
o (z) <’ (x) < B"(2), a1 (z) < W' () < By (2), ao(z) < u(z) < By ()

and [u" (z)| < K, for every x € [a,b], with K > 0 given in (8.2.9).

Let u be a solution of the modified problem (8.2.12) — (8.2.13). Assume,
by contradiction, that there exists = € [a, b] such that o’ () > u” (z) and let
zo € [a,b] be such that

xren[;r})] (u—a)" (z) = (u— )" (20) < 0.
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As, by (8.2.13), u” (a) > " (a) and u” (b) > o (b), then z¢ € (a,b). So,

there is (21, x2) C (a,b) such that
u' () < o’ (x),Vo € (z1,72), (u—a)"(v1) = (u—a)’ (zz) =0. (8.2.14)

Therefore, for all © € (x1,x9) it is satisfied that s (z,u”) = o’ (x) and
L5y (x,u") = o (). Now, since for all u € C*([a,b]) it is satisfied that

(00 (-, u), 01 (-,u)) € A, we deduce that

W (@) = F (80 )01 () b ) (o Ga ) )
= P ()01 (0l () 0" (2) 0 )

< o™ (z) fora. e x€ (xy,x9).

In consequence we deduce that function (u—«)" is monotone nonincreas-
ing on the interval (z1,x2). From the fact that (v — a)”(z9) = 0, we know
that (u — «)” is monotone nonincreasing too on (xg, z3), which contradicts
the definitions of x¢ and zs.

The inequality u”(z) < 3”(z), in [a,b], can be proved in same way and,
S0,

o () <u' (z) < B"(x), Vaelab. (8.2.15)

By (8.2.13) and (8.2.1), the following inequalities hold for every z € [a, b] ,

W (5) = o (a)+ / " (s) ds
> oy () + / "o () ds = min {o/ (a), 3 (a)} + / "o (s) ds

= o (2).

Analogously, it can be obtained «' (z) < 3, (x), for x € [a, b].
On the other hand, by using (8.2.13), (8.2.3) and (8.2.4), the following
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inequalities are fulfilled:
u(z) = u(a)—l—/xu'(s)ds
> ao(a)+/mo¢1(s)ds:min {a(a),ﬁ(a)}nL/xoq(s)ds
= op(x). ' '
The inequality u (x) < B, (z) for every = € [a, b] is deduced in the same

way. The inequality for the third derivative is obtained from Lemma 1.2.2.

Step 2 - Problem (8.2.12)-(8.2.13) has at least one solution.

For A € [0, 1] let us consider the homotopic problem given by

) (0) = AF ({80 (0 () 81 (oo’ 0). 8 o (@) (5 (2 o @) )

(8.2.16)
and the boundary conditions
u(a) = Ao (a,u(a) + Lo (u, v, u” u(a))) = \La,
u (a) = A1 (a, v (a) + Ly (u, v/, u” o/ (a))) = \Lp, (8:2.17)
u’ (a) = Mg (a,u” (a) + Lo (u, v/, u”",u” (a) ,u" (a))) = ALc,
u”" (b) = Mg (b,u” (b) + Lg (u, v/, u”,u” (b) ,u" (b)) = \Lp.

Let us consider the norms in C? ([a, b]) and in L! ([a, b]) x R?*, respectively,

[vll s == max {[[v]lo , [1V'llo » 10"l » 10"l }

and
|(hy ha, ha, b3, ha)| := max {[|h| ;1 , max {[ha], |ha|, k3], |hal}} -

Define the operators £ : W*! ([a,b]) € C®([a,b]) — L' ([a,b]) x R* by
Lu= (u™, u(a), v (a),u" (a),u” (b)) and, for A € [0,1], Ny : C*([a,b]) —
L' ([a,b]) x R* by

N — /\f (377 50 ('7 U ()) ’51 (" u’ ()) ’52 (1’, u’ (x)) 4 (% (62 (x7u” (:U))))) )
' LaLs, Los Lo

|
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Since Lo, L1, L, and Lj are continuous and f is a L'— Carathéodory func-
tion, then, from Lemma 4.4.1, N, is continuous. Moreover, as £~! is com-
pact, it can be defined the completely continuous operator 7y : C3 ([a, b]) —
C3 ([a,b]) by Thu = LN, (u) .

As NMyu is bounded in L ([a, b]) x R* and uniformly bounded in C? ([a, b]),
we have that any solution of the problem (8.2.16)-(8.2.17), verifies ||u||,s <
L7 |V (u)| < K, for some K > 0 independent of \.

Intheset Q = {u € C?([a,b]) : ||ullcs < K + 1} the degree d (T — 7,2, 0)

is well defined for every A € [0, 1] and, by the invariance under homotopy,
d(Z—T1,9,0)=d(Z —Ty,Q,0) = £1.

So by degree theory, the equation x = 7 (x) has at least one solution,

that is, the problem (8.2.12)-(8.2.13) has at least one solution in €.

Step 3 - Every solution w of problem (8.2.12)-(8.2.13) is a solution of
(8.1.1)-(8.1.2).

Let u be a solution of the modified problem (8.2.12)-(8.2.13). By previous
steps, function u fulfills equation (8.1.1). So, it will be enough to prove the

inequalities:
ag (a) < u(a) + Lo (u, v, u”,u(a)) < By (a),
a1 (a) < u' (a) + Ly (u, ', ", v (a)) < B (a),
" (a) < " (a) + L (u, v/, u" 4" (a) ,u"” (a)) < B"(a),
o’ (b) < " (b) + L (u, o', u”, u” (b) ,u" (b)) < p"(b),

applying the arguments suggested in, for instance, Step 3 of Theorem 7.3.1,
withn =4. m
As a corollary the following result for multipoint boundary value problems

holds:
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Corollary 8.2.3 Assume that there exist a, 3 € W*([a,b]) satisfying the

following inequalities:

o’(x) < p"(x), forall x € [a,b],

0™ (2) = f (@, 0,w,0" (2) 0" (@) 2 0 2 B (&) = f (2,00, " (2), 3" (2)

for a. e. x € [a,b] and all (v,w) € A.

If f is a L'— Carathéodory function, satisfying a Nagumo-type condition

i E,, then problem

u™ (z) = f(z,uu 0" (2) 0" (x)  for a. e. t € [a,b],
mi m3 mg
w(a) = Y adu(@)+ Y () + Y Lu"(¢)),
i=1 i=1 i=1
my m3 m3
Wa) = D atul€) + ) bid(p))+ Y ctu"((),
=1 =1 =1
m3 m3 m3
W' (a) = Y aiul€)+ Y bd(p]) + Y u((F) +eu(a),
=1 =1 =1
m3 mj m3
(b)) = D atu(e) + D0 () + Y c (G = du(b),
i—1 i=1 i=1

with m), € N for k = 1,2,3 and j = 0,1,2,3, a < & < & < ... <§jni < b,
a<pl<ph<.<p,<ba<{{<<.<, <bandc, d, al, V]
mk, mk
and ¢} non-negative constants, has at least one solution u such that og () <

u(r) < By(x), ay(x) <o (x) < By (2), o (z) < u'(z) < B"(x), for every

x € [a,b].

Proof. The proof is a direct consequence of Theorem 8.2.2. In this case it
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is enough to define the following functions:

mO mO
Lo(u,v,w,z) = —z+Za u(¢ +Zzb°v(p?)+23c?w(<?),
” ”
Ly(u,v,w,2) = —z+Za w() + Y _bivlpl) + e w(G),
o
Ly(u,v,w, 2,p) = —z+Za u(€) + Y B + > G w(() + ep,
i=1 i=1

1 2 mg
Ly(u,v,w,z,p) = —z+ Y alu(&)+ > Bo(pd)+ > dw(c) -
=1 =1 =1

8.3 Functional problems including the peri-
odic case

It is easy to check that functions (8.1.2) do not cover the periodic bound-
ary conditions. To overcome this "gap" it is considered in this section the
functions (8.1.3), where L¥, i = 0,..,3, verify the following monotonicity

properties:

(Px) Lk, Lt : (C([a,b]))* x R — R are continuous functions, nondecreasing

in first, second and third variables;

(P¥) L3 : (C([a,b]))® x R — R is a continuous function, nondecreasing in

first, second, third and sixth variables;

(P3) L% : (C([a,b]))* x R? — R is a continuous function, nondecreasing in

first, second and third variables and nonincreasing in the sixth one.

In this case the definition of lower and upper solution is as it follows:
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Definition 8.3.1 The functions o, € W*! ([a,b]) are a pair of lower and
upper solutions for problem (8.1.1),(8.1.3), respectively, if o (z) < 3" (x),
on [a,b], and for all (v,w) € A := |y, By] X |11, B4], where o, 5;, i = 0,1,
are given by (8.2.1)-(8.2.4), the following inequalities hold:

o™ (2) > f(x,v,w,a" (z)," (x)), for a. e. x € [a,b], (8.3.1)
z),B" (x)), for a. e. x € |a,b], (8.3.2)
=<K

( (
( (

min L (ag, a1, 0", 2,9 (a)) > 0 > max L (B, 81, 8", 2, By (a))
( )

min Ll 040,051,05 Z, 061( ) >0> HlaXL (5076175” Z 51( ))

=<K [=ll<K
min L} (o, a1, 0", z,a" (a) ,a" (a)) > 0
I=ll<K (8.3.3)
> a L , , /" /" "
max L3 (8o, 61, 8", 2, 8" (), B (a))
IIHHH<I}<L 3 (o, 1,0, z,a" (), (b)) >0
> L , , /" /" " b .
e 5 (B 60,82, 8 (8), 5 )

with K given by (8.2.9).
The existence and location result is as follows.

Theorem 8.3.2 Assume that there exists a pair (o, 3) of lower and upper
solutions of problem (8.1.1),(8.1.3), such that conditions (Py), (Py) and (Py)
hold.

If f - [a,b]x (C([a, b]))* xR? — R is a L'— Carathéodory function, satisfying a
Nagumo-type condition in E, defined in (8.2.8), then problem (8.1.1),(8.1.3)

has at least one solution u such that
ap (v) Su(r) < By (x), ar(r) <u'(x) < (), o (v) <u’(x) <" (2),

for every x € [a,b], and [u" (z)| < K,V z € [a,b], with K as in (8.2.9).
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Proof. With the truncations defined in (8.2.10) and (8.2.8) consider the

modified problem composed by (8.2.12) and the boundary conditions
u(a) = do(a,u(a)+ L (u, v/, v, u" u(a))),
)

(8.3.4)

/

<

( (
u (a) = 01 (a,u (a)+ L7 (u, v, ", u" ' (a))),

(@) = dy(a,u” (a) + L (u, v/, u" u" u" (a),u" (a))),
u" (b)) = 09 (b,u” (b) + Lj (u,u,u" " u" (b) ,u"” (b)) .

I

The proof will follow the same process as in Theorem 8.2.2, in the first
two Steps and this part is omitted.

As to the boundary conditions it will be enough to prove that:

Qo (a') < u (CL) + LS (u7 u/a U'/lv ul//7 u (CL)) < 60 (a) ’

ay (a) < u'(a) + L7 (u, o/, v, u”, ' (a)) < By (a),

o (a) < ((I L; (u’ ul7 u//’ u///7 U’ (CL) ,U/” (CL)) < 6” (CL) 7
) L (

u(a) + Ly (u, v/, u”" u(a)) > B (a). (8.3.5)

Then, by (8.3.4), u (a) = 3, (a) and, by (FP§) and previous steps, it is obtained
the following contradiction with (8.3.5):

u(a) + Lo (u, v/, u",u" u(a)) < By (a) + L (Bo, By, B, 0", By (a))

ﬂO (G) + max LS (50751aﬂ”>za60 (a))

ll2]] oo <K
By (a).

IN

IN

Applying similar arguments it can be proved that
ao(a) <wul(a) + Ly (u, v, u” 0" u(a))
and therefore

ag (a) <u'(a) + L (u, v, v, u” 4 (a) < By (a).
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For the third case assume, again by contradiction, that
u” (a) + Ly (u, v/, u” u" (a) ,u" (a)) > 5" (a). (8.3.6)

By (8.3.4), u” (a) = 8" (a) and, as u” (z) < 8" () in [a,b], then v (a) <
3" (a) and, by (P;) and (8.3.1), it is achieved this contradiction with (8.3.6):

u// a + L2 (U/7 ’U,,, U///, U///, u/l (a) ,U”/ (CI/))

(@)

1 (a) + L; (ﬂo,ﬁl, I/, 'U/I”,BH (a) ’ﬂlll (a/))
(a)
(a)

IA

IN

" a) + max L; (60a61a6”7za6” (a)aﬁm ((l))

2l oo <K

"
a

B
p
B

IN

The same technique yields the two last inequalities. m

To generalize the previous technique to any order n > 2, it is considered

the equation
u™ (z) = f(x,u, .., u™ w2 (2) w7 (1) (8.3.7)

fora.e. z € [a,b], where f : [a, 5] x(C ([a,8]))" ?xR2 — R is a L' —Carathéodory

function, and the boundary conditions

Z’)Lk(u7ul77u(n_1)7u(1) (a)) :Ou Z :Oy,n_2
E:«—l(u7 UIJ S u(n—1)7 u(n—?) (b)) - 07

where L7, ¢ =0,..,n — 1, are continuous functions to be precise.

As before, it is pointed out that lower and upper functions, and the

correspondent first derivatives, do not need to be ordered.

The "order required" is given by the auxiliary functions:
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For any a, 8 € W" 2! ([a,b]) let oy, B, : [a,b] — R, i = 0,...,n — 3,

defined as it follows:

ts(2) = min {0 (a), 5 (a)} + [T ) (s) ds,
Buoa(w) = max {3 (a), 3 (a)} + [ B (s) ds,
() = min {a@ (a), B9 (a)} + 7 Qg (5) ds,
) (a), B9 (@)} + [ Buya (5) ds

(8.3.9)

fort=0,...,n—4.

Definition 8.3.3 The functions a,3 € W™ *!([a,b]) are a pair of lower
and upper solutions for problem (8.3.7)-(8.5.8) if ("2 (x) < =2 (x), on
[a,b], and for all (vg, ...,vn—3) € Ay = [ao, Bo] X ... X [atu_s3, B,_3] , and all
(wy,wy) € B := [a(””),ﬁ(”_m] X [-K, K], with K given by (8.2.9), the

following inequalities hold,for a. e. x € |a, ],

(x, Vo, vy Ung, "2 (z) a7V (35)) , (8.3.10)

f
B () < f (2,00, w003, 87 (2), 57D (@) (8:3.11)
and

0 (8.3.12)

E: (Vgy + vy Up_g, Wy, We, i (@) >
LY (vg, ooy Vp_3, w1, wa, B; (a)) <0, fori=0,..,n—2,
E* (’Uo,... Up—3, W1, W, X (n 2) (b))

E* <U07" Un— 37w17w276(n 2) (b)) 0
The main result is given by next theorem:

Theorem 8.3.4 Assume that there exists a pair of lower and upper solu-

tions, («, 8) of problem (8.8.7)-(8.5.8).
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If f: [a,b] x (C ([a,0]))"® x R2 — R is a L'— Carathéodory function,

satisfying a Nagumo-type condition in

(‘Iayﬂa "'7yn71) € [a’7 b] X Rn_l e (l’) S Yi S Bz (Q}) ) L= 07 ey T — 3
a2 (z) <y, o < ()

E* =

then problem (8.3.7)-(8.3.8) has at least a solution u such that

o (z) < uD(x)<Bi(x), i=0,...,n—3,

a2 (z) < u"?(2) < gD (2),

and [u"V (z)| < K, Va € [a,b], where K is defined by (8.2.9).

The proof is similar to Theorem 8.3.2 with the obvious modifications for

order n.

8.4 Examples

Example 8.4.1 This example shows a problem composed by an integro dif-
ferential equation with separated boundary conditions, which solvability is
proved in presence of non-ordered lower and upper solutions, which was not
possible in the current literature. This example does not model any particular
problem arising in real phenomena, but the aim is to emphasize the strength
of the developed theory in this chapter, by showing what kind of problems it
can deal with.

Consider, for x € [0, 1], the fourth order equation

u™ (z) = /Ox u(s)ds+ ;2[%?1(} {u' ()} 4+ 2u" (x) — (" (z) + 1)§ (8.4.1)

with the boundary conditions

w(0)=u"(0)=4"(1)=0, wu(l)=4d6u(1), (8.4.2)
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where 6 > 9/2. The functions

23 P
a(x) = m+2+4and6(x) 2" =5

A~ w

are, respectively, lower and upper solutions for the problem (8.4.1)—(8.4.2),
according Definition 8.2.1, with

1 3
ap(x) = —20—=, ag(z) = _x2_f__’
12 m? 34
Bi@) = 243 o) = 2454

It can easily be checked that problem (8.4.1)—(8.4.2) is a particular case
of (8.1.1)-(8.1.2) for

Wi

f (5573/0, Y1, y2:y3) = / y0<5)d8 + max {y1($)} + 2y2($) - (yg(fﬂ) + 1) )
0 z€[0,1]

LO <21,22,237Z4) = —Z24, Ll (2172'2,23,24) - 21(1) _5Z47

Ly (21722723724725) = —z, L (21722723724725) = —24.

As the continuous function f verifies Nagumo conditions in

VAN
S
VAN
Hw
+
N—= N8
+
NN

3
1
E, = ¢ (,90,y1,92,y3) € [0,1] x R*: 2z — 1
2

IA
< < <
=
IA
[\] [\
&

IN
IN

2
3

for hp, (y3) = 2 + (y3 + 1)3, then, by Theorem 8.2.2, there is a nontrivial

solution u for problem (8.4.1)-(8.4.2) such that

3 3
—:132—%—1 < wu(r) <2*+ +4_l’
1
—2:1:—5 < W (x) <22+ =,
-2 < u'(z) <2,

for all x € ]0,1].
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Example 8.4.2 This example emphsizes the difference between Definition
8.2.1 and Definition 8.3.3. In fact a periodic problem 1is considered for an
equation, where f has a functional dependence on the second derivative, which
was not covered by Definition 8.2.1 and Theorem 8.2.2. To study the exis-
tence of periodic solutions for these functional fourth order fully differential
equations we have to consider lower and upper solutions defined as in Defi-
nition 8.3.35.

Consider

u™ (z) = / u(s)ds+ max {v' (z)} + min v (z) — |u" (z) + 1|6 , (8.4.3)
0 z€[0,1] 2€[0,1]

for 6 € [0,2] with the periodic boundary conditions
u® (0) =u9 (1), i=0,1,2,3. (8.4.4)

The functions

T3 x3
a(zr) = —5 122° + 20z — 1 and B (z) = §+12m2+1
are a pair of lower and upper solutions, respectively, for the problem (8.4.3)-

(8.4.4), according Definition 8.3.3, where

o (z) = —2%% — 24z, ap (z) = —%’—12:)&2—1,

Bi(x) = 2?2+ 241420, By(z) = §+12x2+20w+1.

The above problem is a particular case of problem (8.1.1),(8.1.3) defining

f ($7y07y17y27y3> - / y0(8>d8 + max {yl(‘r)} + min yg(l') - |y3($) + 1’67
0 z€[0,1] 2€[0,1]

and

ES (21,22, 23, 24, 25) = 21 — 25,
Z_—j{ (217Z2723724725) = 22 — Zs,
[_13 (21,22, 23,24, 25,%6) = 23— 2,
Ijg (21,22,23724,25,26> = 24 — Zg-
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As the continuous function [ verifies Nagumo conditions in

( 3\
(33>y0, Y1, y2>y3) € [07 1] X R4 :

—2 1227 — 1 <y < 2 + 1222 + 202 + 1

—22 — 2z <y < z*+ 24z + 20

—r—24 <y <2+ 24

\ /

for hp, (y3) = 847 + ys + 11, then, by Theorem 8.3.4, there is a nontrivial

periodic solution u for problem (8.4.3) — (8.4.4) such that

z3 z3
—€—12m2—1 < u(x)§§+12x2+2033+1,
T2
—= 24
5 T

—x—24 < u'(x) <22+ 24,

IN

u' (z) < 2* + 24z + 20,

for all x € [0, 1].
Remark that despite a and 8 are not ordered, the auxiliary functions «p,

By are well ordered. (see Figure 8.4.1)

8.5 The Lidstone case

In this section it is presented a technique to functional boundary value prob-
lems, which allows more generalized results in Lidstone problems, overcoming
condition (2.3.1).

Consider now the problem given by the equation
u (@) + f (2, u, 0 0" () 0" (2)) = sp («) (8.5.1)

along with the boundary conditions (2.1.2). Next Definition and Theorem
allow the introduction of some functional depends in the equation.
Let it now be considered the following definition for lower and upper

solutions:
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30
Bo

204

-10 4

Figure 8.4.1: The auxiliary functions ay, (3, are well ordered.

Definition 8.5.1 Functions o, 8 € C*(]0,1[)NC?([0,1]) are a pair of lower
and upper solutions of the problem (8.5.1),(2.1.2), respectively, if the follow-

ing conditions are satisfied:

(i) o) (2)+f (z,0,w, 0" (2), 0" () = sp (2), for every (v,w) € [an, By

[aq, B4] and every x € [0, 1]

where
ap (z) = [} a1 (s)ds

a1 () = o () — o’ (0) — [} []8" (s)| dsda

(i) o”(0) <0, o”(1) <0,

(i) B (@)+f (2, 0,w, 8" (2), 8" (2)) < sp(x), for every (v,w) € [, Bo] x

[aq, B1] and every x € [0, 1]
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where
By (z) = fox By (s)ds
By (x) =p" () — B (0) + fol Iy 1 (s)| dsda ’

(iv) g"(0)>0, p"(1) >0.

The existence and location result does not include the monotonicity type

conditions (2.3.1) or (2.4.4) on f.

Theorem 8.5.2 Suppose that there is a pair of lower and upper solutions of

the problem (8.5.1),(2.1.2), a(z) and [ (x), respectively verifying
o’ (z) < " (z), Yo e[0,1].

Let f :]0,1] x R* — R be a continuous function satisfying the one-sided

Nagumo conditions (2.2.1), or (2.2.2), and (2.2.3) in

(2, Y0, Y1, Y2, y3) € [0,1] x R*: o () <yo < By (),
o (2) <y < By (x), o () <yp < B ()

E, =

Then the problem (8.5.1),(2.1.2) has at least a solution u(x) € C*([0,1]),

satisfying

o, (z) < u (z) < B, (x), fori=0,1, Yz e0,1],

and

o (z) <u" (z) < p"(z), Yz €10,1].

Proof. The proof is similar to Theorem 2.4.2. The only change occurs in
the following consideration:
Suppose, by contradiction, that there is x € [0,1] such that o’ (z) >

u} (z) and define

min [ui (z) — & (2)] := uf (z1) — " (z1) < 0.
xe|0,
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If 2, €10,1[, then v/ (z1) = " (z1) and u™ (2,) > ™ (2,).

By Definition 8.5.1 it is obtained the contradiction:

o™ (21) < uf™ (a)
= Sp(l”l) — f (21,00 (z1,u), 61 (21, Ul) o (1) o (1))
+u// (fL'l) . Od” (551)

< Ssp ('rl) - f ('Tla v, w, o ($1> 70/// (:Ul» < Oé(iv) (‘7;1) )

for every (v,w) € [ag, Bo] X [a1,51]. ™

In this case condition (i) in Definition 8.5.1 allows the elimination of the
monotonicity type condition on f,(2.4.4), and introduces some functional
dependence.

Next example illustrates the case of a function f that was not covered by
Theorem 2.3.1, but can now be approached using Definition 8.5.1 and The-

orem 8.5.2, generalizing the range of admissible lower and upper solutions.

Example 8.5.3 For z € [0,1] consider the functional differential equation

@)+ [ (6) s o (@)~ @) | )+ = sp (o) (552

with k € [0,2], along with the boundary conditions (2.1.2)

The functions a, 3 : R — R given by

are lower and upper solutions, respectively, of problem (8.5.1),(2.1.2) verify-
ing (2.4.8) with the auxiliary functions given by Definition 8.5.1

(&7)) (33) = _332 -,

ap () = —2x — 1,
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and
BO (l’) = xZ + xz,
for
-9 o< 5
: S8
= i

The function

I (z, 90,91, y2,Y3) = / Yo (s) ds — max (1) — (112)° — |ys + 1|°
0 z€l0,

is continuous, verifies conditions (2.2.3) and (2.2.1) in

(7,90, Y1, Y2,y3) € [a,0] X R® 1y < y; < B;, 1 =0,1
a// S y2 S 5//

FE =

By Theorem 8.5.2 there is a non trivial solution u (x) of problem (8.5.2)-
(2.1.2), such that
—*—r<u(r)<z*+ux
—2r—1<u(x)<2x+1

—2<u"(x) <2

8.6 Periodic oscillations of the axis of a satel-
lite
In [7] it is considered the boundary value problem
(1+ecosz)u” (x) — 2esin (x) .u' (z) + Asin (u (z)) = 4esin ()

u (0) = u (2m) (8.6.1)
uw (0) = (27),
for x € [0, 27] .

This problem models the periodic oscillations of the axis of a satellite

in the plane of the elliptic orbit around its centre of mass. In this model
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e represents the ecentricity of the ellipse (0 < e < 1) and A is a parameter

related with the inertia of the satellite.

radinus vector

satellite

2

axis of the satellite

Figure 8.6.1: Oscillation of the axis of a satellite

From the mathematical point of view it is interesting to study for which
values of the parameters in the (¢, A) plane the problem (8.6.1) has a solution.
Several authors, such as, [51, 71] have studied this problem and obtained
different results for different combinations of these parameters. Beletskii, [8],
has formulated this problem for |A| < 3. In [13] existence results are obtained

for the values of the parameter, A < —4.

Using the lower and upper solution method and applying this example
as a particular case of problem (8.3.7)-(8.3.8) for n = 2, with the suitable
adaptations, we obtain different values of the parameters.

The functions

a(a:):gandﬁ(:c):%r
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are lower and upper solutions for the problem (8.6.1), according Definition

833, for A\ >4and 0<e<1

4desin (z) + 2esin (x — Asin
f(w,yo,yﬁ _ ( ) : ( )yl (y[))
+ ecosx

and

ES (2’1, 29, 23) = Z1 (27T) — Z3 (O) y

Li (21, 20,23) = 23(2m) — 23(0).
As the continuous function f verifies Nagumo conditions in

3
o {(:c,yo,%) € 0.2 x B?: 5 <o < ?ﬁ}
then, by Theorem 8.3.4, with n = 2, there is a nontrivial solution u for

problem (8.6.1) such that
3m

< < —
<u@ <,

b

for A > 4 and for all x € [0,27], 0 < e < 1.
These are in fact different values of the parameter than the ones formu-

lated in [7, 8] for the same problem.



Chapter 9

Extremal solutions to fourth

order problems

9.1 Introduction

The aim of this chapter is to present sufficient conditions to the existence of
extremal solutions for the functional fourth order boundary value problem

composed by the equation
u™ (z) = f(z,u,u" (), u" () (9.1.1)

for a.e. z € [a,b], where f : [a,b] x C ([a,b]) x R? — R is a L' —Carathéodory

function, and the boundary conditions

I
o o o o

Lo (u,u",u(a)
L (o, u ) (9.1.2)
’ )

)

)
)
Lo (u, v, u" (a) ,u" (a))

L3 (u,u” (b) ,u" (b))

where L;, i = 0, .., 3, satisfy some adequate conditions and are allowed to be

discontinuous on some of their variables.

191
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By extremal solutions we mean the existence of a maximal solution, that
is, a solution which is greater or equal than any other solution, and a minimal
solution with a similar sense. The existence of extremal solutions has been
studied for several types of problems and in different fields, as it can be seen,
for instance, in [3, 12, 16, 18, 20, 22, 52, 72, 81, 91, 99, 102]. Functional
boundary value problems include a large number of differential equations
and many types of boundary conditions, as discussed previously. However,
on this Chapter, it is the first time where the existence of extremal solutions
is obtained to fourth order problems with functional dependence in every
boundary conditions. Moreover, it is remarked that boundary conditions
(9.1.2) include the Lidstone case. As such these results provide extremal
solutions for Lidstone boundary value problems as well.

A key point in this work is a second order auxiliary problem, obtained
from (9.1.1), (9.1.2) by a reduction of order, where it is applied a standard
Nagumo condition and a previous result, from [17], to have the existence of
extremal solutions.

The fourth order problem is studied by adding to the previous problem
two algebraic equations, to which it applies a sharp version of the Bolzano’s
theorem, given in [32]. Combining this technique with the non-ordered lower
and upper solutions technique developed in the previous chapters, allows
to define a convenient integral operator, which has a least and a greatest
fixed points, as it is given in [53]. Through this technique it is obtained an
existence and location result for the extremal solutions.

There are still issues that worthy further research in these type of prob-

lems, such as:

e A generalization of these results to higher order problems

e Conditions for the inclusion of functional dependence in the second and
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third derivative on the differential equation (9.1.1)

e Inclusion of functional dependence of the first derivative on the bound-

ary conditions (9.1.2)

9.2 Definitions and auxiliary results

Throughout this chapter it will be assumed the following hypothesis :

(S1)

f:]a,b] x C([a,b]) x R? — R is such that for every u € C ([a,b]), the
function f, : [a,b] x R*> — R defined as f, (z,y,2) := f(z,u,y,2) is a
L!'-Carathéodory function, that is, f, (z,,-) is a continuous function
for a.e. = € [a,b]; fu (-, y, 2) is measurable for (y, z) € R?; and for every

M > 0 there is a real-valued function 1,, € L' ([a, b]) such that

|fu (ZL‘,y, 2)| < 77DM (l’), for a.e. x € [avb]
and for every (y, z) € R?* with |y| < M, |z| < M.

Lo, Ly : (C ([a,b]))*> x R — R are nonincreasing in the first variable and

nondecreasing in the second one.

Ly : (C([a,b]))*> x R* — R is nonincreasing in the first variable and
nondecreasing in the second and fourth variables. Moreover, for every
u € C(I) given, Lo(u, U, Tpn,Yn) — La(u, v, x,y) whenever {v,} — v in

C(I) and {(xp,y,)} — (x,y) in R,

Lz : C([a,b]) x R* — R is nondecreasing in the first and third vari-
ables. Moreover, for every u € C([I) given, Ls(u, xp,yn) — L3(u,x,y)

whenever {(z,,y,)} — (z,y) in R%
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Remark 9.2.1 Notice that some continuities are allowed in the two first
variables of function f, in the first variable of functions Lo and L3 and in

all the variables of Ly and L.

The preliminary results are related to some second order boundary value
problems for which it will be assumed that conditions (S;) and (Sz) hold.
Let v € W% ([a,b]) be a fixed function and denote by (P,) the problem

composed by the equation

y'(x) = f (2,05 (2),y (z)) (9.2.1)
and the boundary conditions
L2 (Ua Y,y (CL) ayl (a)) =0
Lz (v,y(b),y (b)) =0.

Definition 9.2.2 A function y € W% ([a,b]) is a solution of (P,) if it sa-
tisfies conditions (9.2.1) and (9.2.2).

(9.2.2)

For this second-order auxiliary problem we define as lower and upper

solutions the functions that verify the following conditions:

Definition 9.2.3 A function ¢ : [a,b] — R, ¢ € W1 ([a,b]), is said to be a

lower solution of problem (P,) if:
(i) ¢"(x) = f(z,0,¢(x), ¢ (2));
(it) Ly (v,¢,¢(a) (' (a)) 2 0 and Ly (v,¢ (b) , ' (b)) < 0.

A functionn € W2 ([a, b)) is said to be an upper solution to the problem

(P,) if the reversed inequalities hold.

A Nagumo-type growth condition, assumed on the nonlinear part, will
be an important tool to set a priori bounds for solutions of some differential

equations.
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Definition 9.2.4 Consider T';,~y, € L' ([a,b]), ¢ = 0,1, such that, T'; (z) >
v; (x), Vo € [a,b], and the set

F = {(,90,1) € [a,0] x R*: y(2) <o < T ()}

A function f : [a,b] x R* — R is said to verify a Nagumo-type condition
in F if there exists ¢ € C ([0,400), (0, +00)) such that

|f (2, 90,90)| < @ (lml)

for every (x,y0,11) € F, and

+o0 s
ds > max I' (z) — min ~ (z
/T @ (s) z€[a,b] (z) xe[a,b},y()

where 1 is given by

G SLIOR DRSO

Standard arguments, as the ones followed in Lemma 1.2.2, allow to obtain

an a priori bound for the solutions of the differential equation (9.2.1).

Lemma 9.2.5 There exists R > 0, depending only on ¢, v and I', such that

for every L*— Carathéodory function f : I x C([a,b]) x R? — R satisfying a

Nagumo-type condition in E, and every solution vy, of (9.2.1) such that
v(z) <y (z) <Ty(x), Yz el,

we have that ||y, || < R.

Remark that problem (P,) can be considered as a particular case of the

following second order problem presented in [17]:
— (p(u' (1)) = g(t,v,u(t),u'(t)), for aet € [a,b],
i (v,u,u(a),u(d),u (a)) =0, (P)
Iy (v,u(a),u(b),u (b)) =0,

which has the corresponding lower and upper solutions:
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Definition 9.2.6 A function v € W2 ([a,b]) is a lower solution of (P) if:
(i) = (6(Y' (1)) = g (t. 0,7 (), 7' (1))

(”) Zl (U, Y (CL) Y (b) a7, (a)) >0 and l2 (Ua Y (a) Y (b) 77, (b)) <0.

A function § € W2 ([a,b]) is an upper solution of (P) for the reversed

imequalities.

For the above problem and definitions it is obtained the following result,

from [17]

Theorem 9.2.7 [17, Theorem 3.2] Assume that ¢ : R — R is an increasing
and continuous function and assumptions (S ),(Ss) and (Sy) hold.
If there are lower and upper solutions of (P), v, respectively, such that~y < §

and f satisfies a Nagumo-type growth condition in

E’yé = {('I'ayO;yl;yQ) € [avb] X Rg : ’Y(.I') < Y1 < (5<$)}
then (P) has extremal solutions in [v,d] .

In the proof of the main result it is applied the following version of the

Bolzano Theorem:

Lemma 9.2.8 [32, Lemma 2.3] Let a,b € R, a < b, and h: R — R be such
that either h(a) > 0> h(b) and

lim sup h(z) < h(x) < lim inf h(z), for all x € [a,b],

z—x~ z—zxt

or h(a) <0< h(b) and

lim inf A(z) > h(xz) > lim sup h(z), for all x € |a,b].

z—x~ z—axt
Then there exists ¢y, ¢y € [a,b] such that h(c;) =0 = h(c2) and if h(c) =
0 for some ¢ € [a,b] then ¢; < ¢ < ¢y, i.e., ¢ and ¢y are, respectively, the

least and the greatest of the zeros of h in [a,].
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Sufficient conditions for the existence of extremal fixed points of some

operator, will be given by the following result:

Lemma 9.2.9 [53, Theorem 1.2.2] Let Y be a subset of an ordered metric
space (X, <), la,b] a non empty ordered interval in Y, and T : [a,b] —
[a,b] a nondecreasing mapping. If {Tx,} converges inY whenever {x,} is a
monotone sequence in [a,b], then there exists x, the least fixed point of T in

[a,b] and x* is the greatest one. Moreover

z,=min{y | Ty <y} and z* =max{y | Ty > y}.

9.3 Extremal solutions to fourth-order prob-

lems

Lower and upper solutions technique used in this work allows the non-ordered
case, that is, lower and upper solution do not need to be ordered. In fact,
we apply some auxiliary functions "to get some order".

For o, 8 € W2 ([a,b]), with o” < 8" a.e. on [a, b], we define the functions
a0, By : [a,b] — R by

b—ux r—a b "
Bol0) = A — + Ay + [ G(a.5) 8" @) (9.3.1)
and
b—ux r—a b "
ao(as)—Bob_a+Blb_a+/a G (z,s)a" (z)ds,

where Ay, Ag, By, Bs € R are given by

Ay = min{a(a),5(a)}, By =max{a(a),f(a)},
Ar = min{a(b), 5(0)}, By =max{a(b), 5(b)},

and G is the Green’s function associated to the Dirichlet problem
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y' (£) =0, a. a x€la,b, y(a) =y (b) = 0.

By standard computations, it is well known that such function is defined
by
(a—s)(b—2x), if a<z<s<b,

G(x,s) = s
(a—x)(b—ys), if a<s<xz<b
In particular it is non-positive on [a,b] X [a,b] and, as a consequence,
Bo < ap in [a, b].
Lower and upper solutions for the fourth order problem (9.1.1)-(9.1.2) are

based on the previous auxiliary functions and so they must be defined as a

pair:

Definition 9.3.1 The functions o, 3 € W*1 ([a,b]) are a pair of lower and
upper solutions of the problem (9.1.1)-(9.1.2) if the following conditions hold:

o™ (z) > f(x,a0,@" (z),a" (x)), a e z€]a,b],
0 < Lo(ao,a" a0(a)),
0 < Li(ag,a”,ag (b)),
0 < Ly(ap,a”,a"(a), " (a),
0 > Ls(ao,a”(b),a" ().

and

B () < f (280, 8" (), 8" (x), @ e z€al],
0 = Lo(Bo. 8", By (a)),
0 > Li(Bo, 8", 8, (b)),
0 > Ly (By, ", 8" (a), 8" (a))
0 < Ls(By, " (b), 5" ().
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To obtain the main result one needs the following hypothesis on the func-

tions Lo and Lq:

(S5) For every (v,u, ) € [, Bo] X [, B"] x [A;, Bi], i = 0,1, the following
property holds:

limsup L; (v,u, z) < L; (v,u,z) < liminf L; (v, u, 2) .

z—axt z—x~

The main result is given by the following theorem:

Theorem 9.3.2 Assume that conditions (Sy)-(Ss) hold and f (x,.,y0,vy1) is
nondecreasing for a.e. x € [a,b] and all (yo,y1) € R%

If there is a pair of lower and upper solutions of (9.1.1)-(9.1.2 ), « and
B, respectively, such that

o’ () < B"(x) for everyx € la,b],
and f satisfies a Nagumo type growth condition in the set
Eap = {(x,90,91) € [a,0] x R? 1 a” () < yo < B" (2)},
then problem (9.1.1) — (9.1.2) has extremal solutions in the set
S={ueC?a,b]) :u€ By, and u" €, B"}.

Proof. Let v € [, o] be fixed.

Consider the second-order problem (P,). As « and [ are, respectively,
lower and upper solutions of problem (9.1.1) — (9.1.2), then the monotonicity
assumptions on function f with respect to its second variable implies that
«” and 8" are lower and upper solutions of (P,), respectively, according

to Definition 9.2.3. In consequence problem (P,) has extremal solutions in

[, "] for all v € [B,, ap] .
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Denote by y, the minimal solution of (P,) in [o”, 3"].

By (S2) and Definition 9.3.1, we have for ¢ = 0, 1.
Li (U’ Yv, BZ) Z LZ (OZO, 0/,7 Bz) Z 07 (932)

and

Li (v, 90, Ai) < Li (B, B7, Ai) < 0. (9.3.3)

From condition (Ss) one can apply Lemma 9.2.8 to obtain that equations
Li (U7yvaz) :Oa iIO,l,

have greatest zeros in [A;, B;], denoted by w, if i = 0 and z, when i = 1.

Define, for each x € [a, b], the operator T' by

b—

r—a

b—a’

Tv(x) = / G (x,s)yy (s)ds + w,

T
+ 2y
a

It follows from the definition of T, oy and 3, that T ([3,, ao]) C [By, o] -
To analyze the monotonicity of 7', consider vi,vs € [3,, ] such that
v; < vy and let y,, and y,, be the corresponding minimal solutions of (P,,)

and (P,,) in [, "], respectively. Therefore, by the assumptions on f,

Yo (@) = f (201,00, () 1, (2) < f (202,90, (2) 9, (7))

and, by (S3) and (Sy4),
0= Lo (Uh Yois Yoy (CL) 7y;1 (CL)) > Lo (UQ’ Yvis Yoy (CL) 7y:;1 (CL)) )

0= LS (Ula Yvy (b) 7y1,)1 (b)) S L3 (U2>yz}1 (b) 7y1/11 (b)> :

So, ¥, is an upper solution of (P,,). As o” <y, < 3", then, by Theo-
rem 9.2.7, there are extremal solutions for the problem (P,,) in [@”, y,,]. In

particular the least solution y,, of (P,,) in [@”,y,,] is the least solution of

(P,,) in [, 3"].
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Therefore, y,, > y,, and, by (Ss),
Li (U27 yv27w) S Lz (Uhyvza w) S Lz (Ula yv17w> ) Yw S R? 1= 07 1. (934)

In consequence w,, < w,, and z,, < 2,,.
Therefore Tvy; < T'vq, that is, the operator T' is nondecreasing in [, a].
Consider now a monotone sequence {v,}, in [5,ag|. Therefore the se-

quence {T'v, }, is monotone too and, since

(Tva)" () = g, (2) € [0"(2), 8" ()], @ € [a,b],

one can easily verify that it is bounded in C? ([a,b]). So, applying Ascoli-
Arzeld theorem, {T'v,}, is convergent in C ([a,b]) .

Therefore T sends monotone sequences into convergent ones and, by
Lemma 9.2.9, T" has a greatest fixed point in [, ag], denoted by v*, sa-
tisfying

v* = max{v € By, a) : v < Tv}. (9.3.5)

It is immediate to verify that v* € S and it is a solution of problem
(9.1.1)-(9.1.2).

Let us see that v* is actually the maximal solution of problem (9.1.1)-
(9.1.2) in the set S.

Consider v an arbitrary solution of problem (9.1.1)-(9.1.2) in [, o], with
v" € [, 8"]. From Theorem 9.2.7 we have that v(a) < w, in [3, (a), g (a)]
and v(b) < z, in [B, (D), ap (b)] .

Since v” = y, with y a solution of (P,) in [a”, "], and ¥, is the minimal
solution of (P,) in [a”, "], then v > y, and we deduce that v < T'v. Thus,
by (9.3.5), v < v* and so v* is the greatest solution of (9.1.1)-(9.1.2) in S.

The existence of the least solution can be proved using analogous argu-

ments and obvious changes in the operator 7. m
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9.4 Example

Consider, for x € [0, 1], the fourth order equation

u® (z) = max (/ u(s) ds) AW (@) = W (z) + 1)% (9.4.1)
x€)|0, 0
along with the functional boundary conditions
- 0)=0
;él[%?i:]u (z) +u (0)
min u” () +du (1) =0
€0,1] (=) (1) (9.4.2)
u’(0)=0
u” (1) = 0.

This problem is a particular case of (9.1.1)-(9.1.2) with

win

z€[0,1

f ($,y0,y17y2) = ma‘X} </ Yo (8) d5> + )‘y% - <y2 + 1) )
0

= — max 21 + 23,

Ly (21, 22, %3
xz€[0,1]

= min 2o + 023,

)
) z€[0,1]
)
)

Ly (21722723
Lo (21, 22,%3,24) = —RZ3,

(21722723 = Z2.

The functions

2 2

a(m):—%—x—l—landﬁ(x):%—l—x—l

are a pair of lower and upper solutions, respectively, of problem (9.4.1)-

(9.4.2), with
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05 _ .."\ Lj 0,5 \\

0,2 04 06 02 1 ] 02 04 06 03 1

0,54 -0.54

Bo

Figure 9.4.1: Despite a and S are non ordered there are extremal solutions

in the set [3 ao] -

for 1< A< oo and § > 2.
As the continuous function f verifies a Nagumo type growth condition,

according Definition 9.2.4, in

E={(z,y1,y2) : =1 <yp < 1}

with ¢ (y1) = 14+ ||+ |y + 1|§ , then, by Theorem 9.3.2 the problem (9.4.1)-
(9.4.2) has extremal solutions in [, ap] .

As one can see by Figure 9.4.1, despite the fact that the lower and upper
solutions o and [ are not ordered, the auxiliar functions oy and 3, are

ordered, but in the "reversed" way.
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