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In the last decades, boundary value problems with nonlocal
and functional boundary conditions have become a rapidly
growing area of research. The study of this type of problems
not only has a theoretical interest that includes a huge variety
of differential, integrodifferential, and abstract equations,
but also is motivated by the fact that these problems can
be used as a model for several phenomena in engineering,
physics, and life sciences that standard boundary conditions
cannot describe. In this framework, fall problems with
feedback controls, such as the steady states of a thermostat,
where a controller at one of its ends adds or removes heat
depending upon the temperature registered in another point,
or phenomena with functional dependence in the equation
and/or in the boundary conditions, with delays or advances,
maximum or minimum arguments, such as beams where
the maximum (minimum) of the deflection is attained in
some interior or endpoint of the beam. Topological and
functional analysis tools, for example, degree theory, fixed
point theorems, or variational principles, have played a key
role in the developing of this subject.

This volume contains a variety of contributions within
this area of research. The articles deal with second and
higher order boundary value problems with nonlocal and
functional conditions for ordinary, impulsive, partial, and
fractional differential equations on bounded and unbounded
domains. In the contributions, existence, uniqueness, and
asymptotic behaviour of solutions are considered by using
several methods as fixed point theorems, spectral analysis,
and oscillation theory.
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We discuss the existence of solution for the fully fourth-order boundary value problem u® = f(t,u,u',u", u

n

),0 <t < 1,u(0) =

u(1)=u"0)=u"(1)=0.A growth condition on f guaranteeing the existence of solution is presented. The discussion is based on
the Fourier analysis method and Leray-Schauder fixed point theorem.

1. Introduction and Main Results

In this paper we deal with the existence of solution for the
fully fourth-order ordinary differential equation boundary
value problem (BVP)

u @ = f(tu@,u @), O,u"©®), 0<t<l,
)
u@=u)=u"0=4"1)=0,

where f : [0,1] x R* — R is continuous. This problem
models deformations of an elastic beam whose two ends are
simply supported in equilibrium state, and its research has
important significance in mechanics.

For the special case of BVP(1) that f does not contain
derivative terms ' and u”', namely, simply fourth-order
boundary value problem

u? () = f(bu@),u"®), 0<t<,
)
u@=u)=u"0=4u"1)=0,

the existence of solution has been studied by many authors;
see [1-8]. In [1], Aftabizadeh showed the existence of a
solution to PBV(2) under the restriction that f is a bounded
function. In [2, Theorem 1], Yang extended Aftabizadeh’s
result and showed the existence for BVP(2) under the growth
condition of the form

|f(t,u,v)|£a|u|+b|v|+c, (3)

where g, b, and ¢ are positive constants such that

b
n?

a
— + < 1. (4)

7
In [3], under a more general linear growth condition of
two-parameter nonresonance, del Pino and Manasevich also
discussed the existence of BVP(2) and the result of Yang was
further extended. For more results involving two-parameter
nonresonance condition see [4, 7]. All these works are based
on Leray-Schauder degree theory. In [5, 6], the upper and
lower solutions method is applied to discuss the existence of
BVP(2). Recently, in [8] the fixed point index theory in cones
is employed to BVP(2) and some existence results of positive
are obtained, where f may be super-linear growth.

For the more simple case of BVP(1) that f does not con-
tain any derivative terms, the following fourth-order bound-
ary value problem

u () = ftu),
u@=u)=u"0)=u"1)=0,

0<t<l,

has been studied by more researchers, and various theorems
and methods of nonlinear analysis have been applied; see [9-
13] and reference therein.

However, few researchers consider the fully fourth-order
boundary value problem BVP(1). The purpose of this paper is
to discuss the existence of solution of BVP(1). We will extend
the Yang’s result previously mentioned from BVP(2) to the
general BVP(1). Our results are as follows.



Theorem 1. Assume that f € C([0, 1] x R* R) and it satisfies
the growth condition

If (t) Xo> X1> %2> x3)|

< c0|x0| +¢ |x1| +cz|x2| +6 |x3| + M,

forallt € [0,1] and (x,, x,, X5, X3) € R*, wherecy, ¢, ¢, ¢ 2 0
and M > 0 are constants and ¢, ¢;, ¢,, ¢; satisfy the restriction
% 9,5

ot
4+ T+ =242<1 7
o o on @

Then the BVP(1) possesses at least one solution.

Theorem 1 is a directly extension of Yang’s result previ-
ously mentioned. In Theorem 1, the condition (7) is optimal.
If the condition (7) does not hold, the existence of solution
of BVP(1) cannot be guaranteed. Strengthening the condition
(6) of Theorem 1, we can obtain the following uniqueness
result.

Theorem 2. Assume that f € C([0, 1] x R* R) and it satisfies
the Lipschitz-type condition

3
|f (£ %0, %15 %2, %3) = f (£ Yo, ¥1> 2 ¥3)| < Z G lx; = yil»
i=0
8)

for any (t, x,, X, X5, x3) and (t, Yo, ¥1> ¥2» ¥3) € [0,1] x R,
where ¢, ¢, ¢, ¢ = 0 are constants and satisfy (7). Then
BVP(1) has a unique solution.

If the partial derivatives f, , f, , f, , and f,  exist, then
from Theorem 2 and the theorem of differential mean value,
we have the following.

Corollary 3. Let f € C([0, 1] x R* R) and the partial deriva-
tives f,. , fx» fx,» and f, exist. If there exist positive constants
> €1» &5 G5 Such that

'fx,- (¢, xo,xl,xz,x3)| <¢, i=0,1,2,3, 9)

and the constants ¢y, ¢;,¢,, ¢ satisfy (7), then BVP(1) has one
unique solution.

The proofs of Theorems 1 and 2 are based on the Fourier
analysis method and Leray-Schauder fixed point theorem,
which will be given in Section 2.

2. Proof of the Main Results

Let I = [0,1] and H = L*(I) be the usual Hilbert space
with the interior product (1, v) = Iol u(t)v(t)dt and the norm

llell, = (Jol lu(®)|?dt)’?. For m € N, let W™(I) be the usual
Sobolev space with the norm |[Jul,,, = \Y7; [lu® ||§. u e

W™2(I) means that u € C™'(I), u"™ V() is absolutely
continuous on I and u™ e L*(I).

Journal of Function Spaces and Applications

Given h € L*(I), we consider the linear fourth-order
boundary value problem (LBVP)
W) =h@), tel,
(10)

u@©) =u@)=u"(0)=u"(1)=0.

Let G(t, s) be the Green’s function to the second-order linear
boundary value problem

-u =0, u(0)=u(1)=0, (11)

which is explicitly expressed by

t(l-s), 0<t<s<l,

(12)
s(I-t), 0<s<t<l1

G(t,s)={

For every given h € L3(D), itis easy to verify that the LBVP(10)
has a unique solution u € W*(I) in Carathéodory sense,
which is given by

u(t) = ”:G t,1)G(1,8)h(s)dsdr = Sh(t). (13)

If h € C(I), the solution is in C*(I) and is a classical solution.
Moreover, the solution operator of LBVP(10), S : LX) —
W**(I) is alinearly bounded operator. By the compactness of
the Sobolev embedding W**(I) < C?(I) and the continuity
of embedding C3(I) — W>X(I), we see that S maps L*(I) into
W*(I)and S : L*(I) » W*?*(I)isa completely continuous
operator.
Choose a subspace of W32(I) by

D={uew @) u©)=u®)=0,u"©0=u"1)=0.
(14)

Clearly, D is a closed subspace, and hence D is a Banach

space by the norm [lu; , of W*%(I). Define another norm on
D by

lullx = [u"|,, weD. (15)

One easily verifies that [[u  is equivalent to [|ull; ,. Hereafter,
we use X to denote the Banach space D endowed the norm
[lu]l x, namely,

X =(Dsx)- (16)
By the boundary condition of LBVP(10), the solution oper-
ator S maps H into D. Hence S : H — X is completely
continuous.

Lemma 4. For LBVP(10), the following two conclusions hold.

(a) The norm of the solution operator of LBVP(10) S :
H — X satisfies ||S|| 1,5 < 1/
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(b) For every h € H, the unique solution of LBVP(10) u €
WH(I) satisfies the inequalities

III'

1
Iy < — "]

', = 2" (17)

n 1 n
"1, = 2.
27 g 2

Proof. Since sine system {sinknt | k € N} is a complete
orthogonal system of LX(D), every h € L*(I) can be expressed
by the Fourier series expansion

h(t)=) hsinknt, (18)
k=1
where by =2 fol h(s)sinkmsds, k = 1,2, ..., and the Parseval
equality

l (o)
Il = = |’ (19)
2k=1

holds. Let u = Sh; then u € W**(I) is the unique solution of
LBVP(10), and u, "', and u' can be expressed by the Fourier
series expansion of the sine system. Since u®” = h, by the
integral formula of Fourier coeflicient, we obtain that

< h
u(t) = kz k47];4 sin krtt,
=1

(20)

u" (1) = —kZ k]::rz sin krtt.
=1

On the other hand, since cosine system {cosknt | k =
0,1,2,...} is another complete orthogonal system of LX(D),
every v € L*(I) can be expressed by the cosine series
expansion

(o)
v(t) = ‘12_0 + Z ay cos knt, (21)
k=1

1
where g, = 2 Jo h(s) cosknsds, k = 0,1,2,.... For the above
u = Sh, by the integral formula of the coeflicient of cosine
series, we obtain the cosine series expansions of u' andu":

< h
u' (1) = kz k3_7kr3 cos krt, (22)
-1
u" (1) = —OZO: @ cos kit (23)
= kn '

Now from (23), (19), and Parseval equality, it follows that

13> |k
ISkl = " = 5 2. |

2

(24)

R~ > 1.,
sz—nzk;m [l = — Il

This means that [|S|| -z x) < 1/71, namely, (a) holds.

3
By (20)-(22) and Paserval equality, we have that
1] ke P
21 k
lull; = 2}; P
, (25)
R hy 1 2
< ﬁk; | T e "1
=53 s
2 251K
, (26)
1 < hk 1 "2
<532 (ol = 14
k=1
v _ 1 X hk 2
|1, = 2}; e
, (27)
1 < hk 1 mn2
< —_— — = — .
= 27.[2](2::1 7t 7-[2 “Li ||2 0
This shows that the conclusion (b) holds.
Proof of Theorem 1. We define a mapping F : X — H by
F) @) = f(tu@),u ®,u" ®),ud" ®), ueX
(28)

From the assumption (6) and the property of Carathéodory
mapping it follows that F : X — H is continuous and it maps
every bounded set of X into a bounded set of H. Hence, the
composite mapping Se F : X — X is completely continuous.
We use the Leray-Schauder fixed-point theorem to show that
S o F has at least one fixed-point. For this, we consider the
homotopic family of the operator equations:
u=A(SF)(u), 0<A<]1. (29)

We need to prove that the set of the solutions of (29) is
bounded in X. See [14].

Let u € X be a solution of an equation of (29) for
A € (0,1). Set h = AF(u); then by the definition of S, u =
Sh € W*(I) is the unique solution of LBVP(10). By (a) of
Lemma 4, we have

lullx = I1Shllx < ISl % xm Al

1 1 (30)
< —llAll, < =IIF @),
T s
From (28), (6), and (b) of Lemma 4, it follows that
IF @)l < collully + ci|'], + e u"||, + e |u”], + M
CO Cl GZ n
(S S a 2], + M (31

Q.4 9 Cs)
=n|—+—=+—=+=)|lulx+M.
(&4 2+ 242 iy



Combining this inequality with (30), we obtain that

M
1-(q/m* + ¢ /m® + o/ + 5 /m)

lulx < Co- (32

This means that the set of the solutions for (29) is bounded
in X. Therefore, by the Leray-Schauder fixed-point theorem
[14], S o F has a fixed-point u, € X. Let hy = F(u,). By the
definition of S, u, = Shy € W*(I) is a solution of LBVP(10)
for h = h,. Since WHA(I) — C’(I), from (28) it follows
that h, € C(I). Hence u, € C*(I) is a classical solution of
LBVP(10), and by (28) u, is also a solution of BVP(1).

The proof of Theorem 1 is completed. O

Proof of Theorem 2. Let M = max{| f(£,0,0,0,0)| : t € I} + 1.
From condition (8) of Theorem 2 we easily see that Condition
(6) of Theorem 1holds. By Theorem 1, the BVP(1) has at least
one solution.

Now, let u;,u, € C*(I) be two solutions of BVP(1); then
u; = S(F(u;)), i = 1,2. From (8) and (28), we obtain that

3 o o
|F () (0) = F (wy) 0] < + ) q [ul) 1)~ )], (33)
i=0

for t e I. Since u, — u, is the solution of LBVP(10) for h =
F(u,) — F(uy), by (33) and (b) of Lemma 4, we have

3 - -
IF () = F ()], < Y’ -]
i=0

G " "
S<%+—12+2+%>|u2 —u “
T T T 2

:7I<C—0 JaLe, %)“uz—ulnx.
(34)
From this and (a) of Lemma 4, it follows that
ey = ]l = IS (F (w2) = F ()]
< ISl | F (1) = F ()], (35)

© 49,6 G
(BB 242 -

Since ¢y/7t* + ¢, /7 + ¢,/ + /7 < 1, from (35) we see that
e, —uyllx = 0, that is u, = u,. Therefore, BVP(1) has only
one solution.

The proof of Theorem 2 is completed. O

Example 5. Consider the following fully linear fourth-order
boundary value problem

@) =a, Ou@)+a, O () +a, () u ()
+a, ()" (t)+h(t), tel, (36)

u@=u)=u"0=4"1)=0,

Journal of Function Spaces and Applications

where the coeflicient functions a,, a,,a,,a, € C(I) and the
inhomogeneous term h € C(I). All the known results of [1-
13] are not applicable to this equation. Let

I (& %0 %15 %5, x3) = ag () x + ay (£) X,
+a,(t)x, +a;(t) x5 +h(t), (37)

¢ = max|a; ()|, i=0,1,2,3.
tel

It is easy to see that the partial derivatives f, , f,, f, , and
f, existand

|fx,- (t, xo,xl,xz,x3)| =l <¢ i=0,1,2,3. (38)

Assume that the constants ¢, ¢, ¢, ¢; satisfy (7). Then by
Corollary 3, (36) has a unique solution.

Example 6. Consider the following nonlinear fourth-order
boundary value problem

3
u® (1) = Z b; (t) 'u(’) (t)'ai +sinmt, tel,
i=0

(39)
uw@ =u)=u"0)=d" 1) =0,
where b, € C(I), o; € (0,1), i =0,1,2,3. Let
3
£ (t x> %1, %5, x3) = Z b (t) |x;|* + sinmt. (40)
i=0
Then f € C([0, 1] x R* R) and it satisfies that
f (£ %0, X1, %5, %3) _
max =0.
ol [+l l+lacs| 00 tel | xo| + |2y | + |26, | + | x5]
(41)

From this one easily proves that there exists a positive
constant M > 0 such that

|f (£, 00 x5 %5, Xx3)| < |x0| + |%1] + |25 + |5 + M. (42)

Since (7) holds for the constants ¢; = ¢, = ¢, = ¢ = 1,
by (42) f satisfies the conditions of Theorem 1. Hence by
Theorem 1, (39) has at least one solution. This conclusion
cannot be obtained from the results in [1-13].
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The object of this paper is to investigate the existence of a class of solutions for some boundary value problems of fractional order
with integral boundary conditions. The considered problems are very interesting and important from an application point of view.
They include two, three, multipoint, and nonlocal boundary value problems as special cases. We stress on single and multivalued
problems for which the nonlinear term is assumed only to be Pettis integrable and depends on the fractional derivative of an
unknown function. Some investigations on fractional Pettis integrability for functions and multifunctions are also presented. An

example illustrating the main result is given.

1. Introduction

The theory of boundary value problems is one of the most
important and useful branches of mathematical analysis.
Boundary value problems of various types create a significant
subject of several mathematical investigations and appear
often in many applications, especially in solving numerous
problems in physics and engineering. For example, heat
conduction, chemical engineering, underground water flow,
thermoelasticity, and plasma physics can be reduced to
nonlocal problems with integral boundary conditions. For
boundary value problems with integral boundary conditions
and comments on their importance, we refer the reader to [1-
3] and the references therein.

The class of boundary value problems with integral
boundary conditions considered below contains as special
cases numerous two, three, multipoint, and nonlocal bound-
ary value problems. Such problems are mainly investigated
when considering functions satisfying some conditions ex-
pressed in terms of the strong topology of a Banach space E.
We will investigate the case, when functions are not strongly
continuous and strongly integrable. In this situation we need
to introduce more general notion of a solution. We should

note that the considered case seems to be a natural case and
cover many particular cases considered for both the strong
and weak topologies (cf. Lemma 19). A more general notion
of solutions allows us to solve the problem under very general
assumptions, not so restrictive as before (see our last section).

In contrast to the classical approach for the theory of
boundary value problems, the theory for fractional order
BVPss is still developing one and not satisfactorily described.
Itis caused by the fact that it is very difficult to find convenient
and handy conditions ensuring the existence of solutions
of several nonlinear boundary value problems of fractional
order. In the considered case of a weak topology on E our
results form a relatively new branch of investigations.

As a pursuit of this, some sufficient conditions for the
existence of solutions are presented for the following nonlin-
ear m-point boundary value problem of fractional type:

D*u(t) + f (tu(t),DPu(t)) =0,

te[0,1], «e€(1,2], Pe(0,1),

a>1+p, )

1

u(1)+J S()u(r)dr =1,

0

u(0) =0,



where x takes values in a Banach space E and I € E.
Here 3 € L7[0,1] for some g € [1,00] and D* denotes
the pseudo fractional differential operator of order « (to be
described later). We will assume that f is a vector-valued
Pettis integrable function on [0, 1]. We remark the following:

(1) for real-valued functions with o, § € N := {1,2,3,
4,...}, we have problems studied in, for example, [4,
5],

(2) for real-valued functions with § = 0 and a, 8 € N,
we have problems studied in, for example, [6-10]; see
also the references therein,

(3) for real-valued functions § = 0 and when the func-
tion f is independent of the fractional derivatives,
then we have problems studied in, for example, [1, 11-
13],

(4) in abstract spaces (for vector-valued functions) with
S = 0 and «, B € N, we have problems studied in, for
example, [14-19],

(5) in abstract spaces with conditions related to the weak
topology on E and when the vector-valued function
f isindependent of the fractional derivatives, then we
have a problems studied in, for example, [20, 21].

In comparison with the existence results in the above
list, our assumptions seem to be more natural. In contrast to
earlier results, we drop the requirement that f is a real-valued
function independent of the fractional derivatives and we
consider the case of vector-valued Pettis, but not necessarily
Bochner, integrable functions. As we mentioned above, the
assumptions in the existence theorem are expressed in terms
of the weak topology. Such a result does not appear in
the earlier literature and so it seems to be new. We collect
all interesting properties for the fractional Pettis integral.
Moreover, we are able also to start some studies for multival-
ued fractional boundary value problems with Pettis-integral
boundary conditions and fractionally Pettis integrable multi-
functions.

In the paper we stress also on comparison results for Pettis
integrals and fractional Pettis integrals. This is also done for
the multivalued integrals and seems to be interesting by itself,
independently of applicability of our results. The properties of
fractional integral operators on the spaces of Pettis integrable
functions as well as on some of its subspaces are also
investigated.

Finally, we remark that, in the Banach spaces, the exis-
tence of solutions of some boundary value problems of frac-
tional orders has been considered in terms of Pettis integrals,
for the first time, by Salem [20]. In this paper, for clarity of
proofs, we restrict ourselves to the case of reflexive spaces,
but it is easy to extend our results for nonreflexive spaces by
putting contraction hypothesis with respect to some measure
of weak noncompactness and by using appropriate fixed point
theorem (cf. [22]). Nevertheless, all auxiliary results in this
paper are not restricted to reflexive spaces.

The question of proving the existence of solutions to the
problem (1) reduces to proving the existence of solutions of
a Fredholm integral equation. Since the space of all Pettis
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integrable functions is not complete (in general), we restrict
our attention to the case of weakly continuous solution of the
Fredholm integral equation (modeled off the problem (1));
hence we are ready to find the so-called pseudo-solutions of
the problem (1) (cf. [22, 23]).

2. Preliminaries and Auxiliary Results

For the sake of the reader’s convenience here we collect a
few facts which will be needed further on. Let I = [0,1].
According to the custom LF(I), 1 < p < oo will denote the
Banach space of real-valued measurable functions x defined
on I. Let L®(I) denote the Banach space of real-valued
essentially bounded and measurable functions defined on I.
Through the paper, E is considered to be a Banach space
with norm | - || and with its dual space E*. Moreover, let
E, = (E,w) = (E,0(E,E")) denote the space E with its
weak topology. By C[I, E] we will denote the Banach space
of strongly continuous functions x : I — E endowed with
a standard |lx|l, = sup,llx(¢)l, while P[I, E] denotes the
space of all E-valued Pettis integrable functions in the interval
I (see [24, 25] for the definition). Let us also recall that a
function h: E — E is said to be weakly-weakly sequentially
continuous if & takes each weakly convergent sequence in E
into weakly convergent sequence in E. We point out that a
bounded weakly measurable function x : I — E need not to
be Pettis integrable even if E is reflexive. However, in reflexive
Banach spaces, the weakly measurable function x : I — Eis
Pettis integrable if and only if ¢(x(-)) is Lebesgue integrable
on I for every ¢ € E* [26].

Let us recall some basic facts. The following Mazur’s
lemma can be found in [24, 26].

Lemmal. A convex subset of a normed space E is closed if and
only if it is weakly closed.

A simple consequence of the Hahn-Banach theorem is as
follows.

Proposition 2. Let E be a normed space with x,+0. Then
there exits ¢ € E* with ||lo|| = 1 and ¢x,, = | x,|.

Now, we are in a position to recall a fixed point theorem
being an extension of results from [27].

Theorem 3. Let E be a Banach space with Q a nonempty,
closed, convex, and weakly compact subset of C[I, E]. Assume
that T : Q — Q is weakly-weakly sequentially continuous.
Then T has a fixed point in Q.

We need to introduce some subspaces of the space P[I, E]
of Pettis integrable functions on I which are important in the
sequel.

Definition 4. For 1 < p < 0o, we define the class #*(E) to
be the class of all functions x : I — E having ¢x € Lf(I) for
every ¢ € E*. If p = 00, the added condition

sup (ess sup |px (t)|> <00 (2)

llofl=t \ <t
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must be satisfied by each x € Z°°(E). The class Z’g(E) is
defined by

P (E):={x e P[LLE]: px € L? (I)}. (3)

Remark 5. In a reflexive Banach space E the set % (l,(E) coin-
cides with the space P[I, E]. This is due to the fact that in
reflexive Banach spaces, the weakly measurable function x :
I — E is Pettis integrable if and only if ¢(x(:)) is Lebesgue
integrable on I for every ¢ € E* [26]. In general, this is the
space of Dunford integrable functions.

In the remaining part of this paper we let p € [1,00] be
fixed and g is conjugated with p; thatis, 1/p + 1/q = 1. The
following results are due to Pettis (see [25, Theorem 3.4 and
Corollary 3.41]).

Proposition 6. In order that x(-) could be in %g(E), it is
necessary and sufficient that x(-)u(-) be Pettis integrable for
every u(-) € LI(I).

It is worthwhile to recall the following.

Definition 7. Letx : I — E.The (left-sided) fractional Pettis-
integral (shortly LS-FPI) of x of order & > 0 is defined by

t t— a1
Ifx(t) = J ﬁx(s) ds, t>0. (4)
o T(a)
In the above definition the sign “|” denotes the Pettis inte-

gral. For further purpose, we define the right-sided fractional
Pettis-integral (shortly RS-FPI) by

1 _ el
Ix(t) = L %x(s) ds,

t<l (5)

We will call a function fractionally Pettis integrable pro-
vided this integral exists as an element of E (for arbitrary
t<1).

We need to clarify the relations between Pettis integra-
bility and fractional Pettis integrability. Similar results will
be proved for classes %5 (E). This will be important in our
consideration, but it seems to be really interesting in itself.
Here we restrict ourselves to the case of left-sided fractional
Pettis-integrals.

To make the paper more expository, we will consider
fractional Pettis integrability for both cases: &« < 1 and & > 1.
The last case is more important in our paper, but the first one
is necessary to compare our results with some earlier theo-
rems. .

Let us observe that such an integral ITx(t) := fo((t -
$)* ! /T(«))x(s)ds is a convolution of a function h(z) = 7%}/
I'(x) for t > 0, h(t) = 0 for T < 0, and the function
(%)(t) = x(t) for t € I, where (X)(t) = 0 outside the interval I.
Note that Pettis integrability of x(¢) implies Pettis integrability
of x(t + h) (h > 0) and x(-t), so the convolution of
Pettis integrable function with real-valued function / can be

properly defined. We start with an obvious observation that
forp € E*

Lt —s)*!

o (Ifx) = L T @x (s) ds. (6)

As a consequence of some properties of a convolution for
the Pettis integral [28, Proposition 9], for arbitrary «, we have
the following.

Theorem 8. If x : I — E is Pettis integrable, then

(a) I7x is defined almost a.e. on I,
(b) x is fractionally Pettis integrable on I,

(c) if x is Pettis integrable and strongly measurable, then
Iix : I — E is bounded, weakly continuous and

1 1
sup J @I{x (t)dt < sup J ox (t)dt - ||hl,. (7)
lpli<1 Jo lol<t Jo

In the case E = R, it is a well-known consequence of an
inequality of Young that the linear fractional integral oper-
ators I, send L7([0,1]) continuously into L¥([0,1]) if p €
[1, 00] satisfy g > 1/(«+ (1/p)) (see [29]) (a deep result from
interpolation theory implies that even g = 1/(« + (1/p)) is
allowed if 1 < p < oo ). In particular, I : LP([0,1]) —
L?([0,1]) is compact for each p € [1,00]. Moreover, for
p > max{l, (1/a)}, the map I : LP([0,1]) — C([0,1]) is
compact (see, e.g., [20, 30]).

The following results plays a major rule in our analysis.

Lemma 9. For any « > 0 the operator I takes C[I, E,] into
ClI, E,] and is well defined.

Proof. Only the proof in case of the LS-FPI is given since the
case of the RS-FPI is very similar.

It can be easily seen that if x is weakly continuous, then
x € H(E). Sinces — (t— $)* 1 e L', s < t,in the view of
Proposition 6 and Theorem 8, we have that the functions —
(t — s)* 'x(s), s < t, is Pettis integrable. Moreover, I is well
defined. To see this, we define y : I — E by y(t) := I x(t),
t € [0,1]. From the definition of fractional Pettis integrals
and Theorem 8(c), we have for every ¢ € E* that

t _ a—1
WW=LE£%w@@M& (8)

Since the function ¢x is continuous, ¢y is continuous. That
is, y is weakly continuous which finishes the proof. O

Lemma 10. Let E be a reflexive Banach space. For any « > 1
and arbitrary p € [1,00], the operator I takes %’g(E) into
%g(E) and is well defined.

Proof. Only the proof in case of the LS-FPI is given since the
case of the RS-FPI is very similar.

Note first that, for x € %g (E), we have in the view of
Proposition 6 that the function s — (t — )" x(s), s < t, is



Pettis integrable. That is, the operator I makes sense. Further,
I is well defined. To see this, define y : I — E by y(t) :=
ITx(t), t € [0,1]. From the definition of fractional Pettis
integrals, we have for every ¢ € E* that

t _ el
o(y @) = L %go(x (s)ds =11 (x(t)).

)

Since x € %7 (E), one have gx € LF(I) for every ¢ € E*. One
could see, by the properties of fractional integral operators
on the Banach space L?(I), that gy € LP(I) for every ¢ € E*.
In particular, y is weakly continuous. Since weak continuity
implies weak measurability (see [26, page 73]), y(-) is weakly
measurable. However, in reflexive Banach spaces, weakly
measurable functions y : I — E are Pettis integrable if and
only if y is Dunford integrable; that is, ¢(y(-)) is Lebesgue
integrable on I for every ¢ € E*. Thus y(-) is Pettis integrable.
That is, [*x € 5 (E). O

Remark 11. Let us discuss some properties of #*(E) and
%OP(E). Recall that h(t) = 7 '/T'(«) for T > 0 and z(r) = 0
for T < 0. The case of & > 1 is trivial; that is, h € L*°(I). When
0 < a < 1, we see that f;(z(s))qu = fol(s“_l/l"(oc))qu < 00
whenever g < 1/(1 — «). This means that z € Ll/(l_"‘)(l) and
by the converse for the Young inequality I* takes 7' (E) into
Z°(E) whenever (1/q;) + (1/q) = 1 + (1/s). In particular, the
space required for this property depends on a. Let us note
that I* need not be continuous as an operator from L' (I) into
LY079(I) (cf. [29, Remark 4.11]).

This means that for & > 1 we have “uniform” estimations
for all «, but for 0 < « < 1 the situation is more complicated
(a weakly singular case).

Our consideration as well as Theorem 4.1.1 in [29] gives
us a new property.

Lemma 12. Forany 0 < « < 1 and arbitrary 1 > p > 1/« the
operator I takes %g(E) into # ,(E), wheres = p/(1-p(a—¢))
with arbitrary e > 0.

As a consequence of Lemma 10, we are able to prove the
following.

Lemma 13. Assume that o), &, > 1 and x € %g(E). Then,
%% = %% x = [, (10)

Proof. As in the proof of Lemma 10 it follows that I;>x and
177 x exist. By Lemma 10, I$" I3? x also exists. Therefore, for

any ¢ € E* we have
¢ (I I2x (1) = I (I x (1))
=I0 T2 (x (1))
= I} (x (1))

=@ (I2"x ),
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that is,

o (I I x (t) - I x (1) = 0,

+

for every ¢ € E".
(12)

Hence I I3 x = I7"* x(t). Similarly, we are able to show that

0y T o)+
[PI0x = [

L' 2x. This ends the proof. O

Let us present the case o > 1.

Lemmald. Ifa > 1,0 € LU0, 1], and y € #%(E), then

1 1
J [1°0(s)] y (s)ds = J 0 (s) [Iy (s)] ds. (13)
0 0

Proof. Define the real-valued function & by

1
h(s) = ﬁ J (1= 0(0)dr = I°0(s).  (14)

Using the properties of fractional calculus in the Banach
space L1[0, 1] (see, e.g., [20, 30]), we deduce that h € L[0,1].
Now, for y € # g (E) we have, in the view of Lemma 10, that
Ily e & g (E). Thanks to Proposition 6, the functions t —
O()I}y(t) and t — h(t)y(t) are Pettis integrable on [0, 1].
That is, the integrals in both sides of (13) exist. Then there
exists J € E, such that

J= Jl 0(s)I7y(s)ds. (15)
0

By the definition of the Pettis integral, we have

1 1
o] = J 0(s)p(Iy(s))ds :J 0 (s) Iy (s)ds
0 0

1 s a-1
(s—1) :
= —_— , E".
L 6(s) L e Ddrds, Vo
(16)
By changing the order of integration results in
1/ (1 a-1
B (s—1)
Qo] = L (L T @ 0(s) ds) ey (1)dr
1
= J h(z) @y (r)dr (17)
0

go(jlh(s)y(s)ds), Vo ¢ E°.
0

Thus

1

1
J= J I"6(s) y (s)ds = J u(s)ITy(s)ds. (18)
0 0
O
Definition 15. Let x : I — E. We define the fractional

pseudo-derivative of x of arbitrary order n + «, a € [0, 1),
wheren e N := {0,1,2,...} by
Dn+ocx (t) = Dn+111—ax (t) , (19)

+

where D denote the pseudo-differential operator (cf. [22, 25]).
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The following Lemma is well known in the case E = R,
but to see that it also holds in the vector-valued case, we pro-
vide a proof.

Lemma 16. For 0 < a < 3 we have for every weakly continu-
ous function x : [0,1] — E, D% = x, and

DPI%x = DP*x. (20)

In particular, when « = 3, (20) means that the operator
D*I{ is defined in C(I, E,,) and that D* is the left-inverse of

I,

Proof. The first claim, that is, DIix = x, follows from the
fact that the integral of weakly continuous function is weakly
continuous, then pseudo-differentiable with respect to the
right endpoint of the integration interval. Let 8 = n + y and
B—a=m+dwithn,m e Nyandy,§ € [0,1). Then we have,
in view of DI' x = x and Lemmas 9 and 10, that

DPI%x = D™ I V1%

— Dn+1 Ii—yﬂxx

+1 71+n-m—-48
= DTy

21
_ ym+l n—m yn—m y1-8 ( )
= pipr iy
_ Dm+11i—6x
= DP%x.

O

Definition 17. A function u : I — E is called pseudo-
solution of the problem (1) if u € CI[I, E,] has fractional
pseudo-derivative of order &« € (1,2], u(0) = 0, u(l) +

JOI S (t)u(r)dt = I and satisfies

Do (Pu®) + ¢ (f (u (), DPu()) =0

a.e. on [0,1], for each ¢ € E”.

(22)

The following auxiliary Lemma will be needed in our
techniques.

Lemmal8. Ifv € C[I, E,] is a pseudo-solution to the problem

D Pvt)+ f (61 (1), v (1)) = 0,

te[0,1], ae(l,2], PBe(0,1], a>1+p

Pv(1) + Jl SO Pvydr=1, v(0)=0,
0

(23)

then u := va is a pseudo-solution for the problem (1).

Proof. Let v € C[I, E,] be a pseudo-solution to the problem
(23) and ¢ € E*. As in the proof of Lemma 9 it follows that

If v exists and the real function @u is continuous for every
¢ € E*; moreover

. - B
tlimofpu (t) = tli>m()+ (I+ (pv) ()
(24)

= lim
t—0"

. W(PV (S) ds=0.

Thus @u(0) = 0 for every ¢ € E*; that is, u(0) = 0. Further

If (t-s)f"

1

u(1)+J S u(r)dr =1 (25)

0

In the view of Lemma 16 we also have

D*u(t) = (DIfv) (t) = D* v (p). (26)
O

If otherwise is not stated, we will assume from now that
« € (1,2]and 8 € (0,1].

To obtain the Hammerstein type integral equation mod-
eled off the problem (23), we keep the boundary value prob-
lem (23) in mind and we formally put (cf. [11, Lemma 2.3])

v(t)=-I{FPf(LEv @), v )+t P (@27)

In the view of Lemma 13, we obtain

o F(Oé—ﬁ) a-
Pvt)=-If (L IEv(),v (1) + ¢ [W] 71 (28)

To facilitate our discussion, let g € [1,00] be constant with
the conjugate exponents p. Suppose I € L7[0, 1] be a non-
negative real-valued function and f : [0,1] x EXE — E
satisfy the following assumptions:

(1) foreacht € I = [0,1], f(t,,:) : I) x EXE — Eis
weakly-weakly sequentially continuous,

(2) for each x, y € C(I, E,), f(-, x(-), y()) € #*(E),

(3) foranyr > 0 and ¢ € E” there exist a Pettis integrable
function f : I — E, function ¥ € LP[I,R"], and
nondecreasing continuous function Q : [0,00) —

(0,00) such that [p(f(t,x, y))| < |¢(f(t))|Q(r) <
oY (£)Q(r) for a.e. t € I'and all (x, y) € B, x B,.

Let us present two remarks about the above assumptions.

(i) For the interesting discussion about the growth con-
ditions for Pettis integrable functions of the above
type see [31]. For differential equations with Caputo
fractional integrals (i.e., solutions in the space C"(0,
1), RY), where m — 1 < a < m the problem of dom-
inants for considered functions (Assumption (3))
was considered in [32]. Nevertheless, in the paper
by Lin rather strong boundedness conditions are
investigated (dominants from L*(I) or L*(I) for o >
1/2 or bounded functions for « > 0) [32, Remark 2.3].



(ii) For convenience of the readers, let us recall the fol-
lowing lemma describing particular sufficient con-
ditions for Pettis integrability of f(:,x(-), y(-)) [23,
Lemma 15]. It is obvious that additional growth condi-
tion for f allows us to characterize the functions from
L (E).

Lemma 19. Assume that x is absolutely continuous and f :
IxExE — E. Thus f(-,x(-), y(:)) is Pettis integrable if at
least one of the following cases holds:

(a) f satisfies Carathédory conditions; that is, f(-,x,y) is
measurable, f(t,-,-) is continuous in E x E, and there
exists an integrable function h : I — R such that
£t x, Y < h(t) forall x,y € Eand a.e. t € I,

(b) f is weakly-weakly continuous and E is a weakly se-
quentially complete space,

(c) f(,x,y) is weakly measurable, f(t,-,-) is weakly-
weakly continuous in E x E and E is a WCG-space
(weakly compactly generated space),

(d) f is strongly measurable and there exists a Young func-
tion I' such that lim, , TI'(x)/x = +oco and of €
L'(D),

(e) f is strongly measurable and there exists p > 1 such
that of € L? for each ¢ € E* (here f(-,x(-), y()) €
4 (B)),

(f) f(,x,y) is strongly measurable, f(t,-,-) is weakly-
weakly sequentially continuous in E x E, and f is
bounded,

(g) f(,x(:), y(-)) is strongly measurable, E contains no
copy of ¢y, and f is bounded.

Now, we would like to pay our attention to solve (27) for
cby

v(1) + Jl S @) Pv(x)dr=1. (29)
0
It follows that
[F((x - ﬂ)] Jl (1- S)“iﬁ*lf(s,lfv(s),v(s))
c - ds =1,
['(a) 0 [(x-p)

T'(x)

_JIS(T)<C[M]Ta—ﬁ—I

[,

0 I'(x-p)
1 r((x_ﬁ) 1<~ a—p-1
=1 c[ T ]LJ(T)T dr
1 o T (- s)a_ﬁ_lf (S, IEV (s) ,V(S))
+L~s(r)<L T(«—p) ds | dr.

(30)

Journal of Function Spaces and Applications

Therefore
[(a-p)
(| e ey
1 - T (1 - s)aiﬁilf (S, IEV(S) ,V (S))
=l+J-O\5(T)<J.0 r(“_ﬂ) ds |dz
1(1- S)oc—ﬁ—lf (5,[51/ (s) ,V(S))d
i J-o T(a-p) ’
(31
where
1
y- J S (1) P ldr. (32)
0
Then (in account of Lemma 14), we have
oo I'(x)
T (a=B)(1+y)
L= P (s, v (). v (9)
X [1+L T{ap) s (33)

+ Jol h(s)f(s,va(s),v(s))ds] .

Here h = I* 3. Substituting ¢ into (27), one has

__qap B T ((X) tociﬁil
v(t) = -I° f(t,I+v(t),v(t))+—r(oc_ﬁ)(1+y)
. T ()t P
T(a-B)(1+y)
Ha-s
X L [ﬁ +h(s) f(s,va(s),v(s))ds
IT (o) %P1
T(a-B)(1+y)
_ a—p-1
+”r gy (L=
(1+y)(T(a-p))
_(t_s)tx—ﬁ—l
(a-p)
! (t(-s)F!
+ | T'(w)
L (1+) (T (- B))*
xf(s,va(s),v(s))ds

) o p-1
T(a-p)(1+y)

0

] f(s,va(s),v(s)) ds

Jl h(s) f (s, va (s),v(s))ds.
0

(34)



Journal of Function Spaces and Applications

Thus

1

v(t) = p(t) + JOG(t,s)f(s,[fv(s),v(s))ds, tefo,1],
(35)

where p(t) = ll“(oc)t“"ﬁ_l/l“(cx - B)(1+7). The Green function
G is given by G(t, s) = G,(t, s) + G, (¢, s) with

Gl (t> S)

= [ (-t (-9 ]
T(a-p)L(1+y)T(a~p) T () >

= 0<s<t<l,
I (o) [(t(l—s))“‘ﬂ‘l
T(a-pB) [(1+y)T(x-p)
1"(oc)t"“/3‘1
T(a-pB)(1+y)

:|, 0<t<s<l,

G, (t,s) = h(s), t,se[0,1].

(36)
Since & — 8 > 1, the following can be easily seen.

Lemma 20. The mapt — Gl(t,-) is continuous from [0, 1] to
L]0, 1].

Remark 21. We point out that if E is reflexive, it is not
necessary to assume any compactness conditions on the
nonlinearity of f. This will be due to [33, Lemma 2] and the
fact that a subset of reflexive Banach spaces is weakly compact
if and only if it is weakly closed and norm bounded.

3. Weak Solutions of the Hammerstein
Integral Equation

In this section, in the light of the Assumptions (1)-(3)
imposed on f, we proceed to obtain a result which relies on
the fixed point Theorem 3 to ensure the existence of weak
solution to the integral equation (35). For the sake of conve-
nience, we introduce the following.

Definition 22. By a solution to (35) we mean a function
v € C(I, E) which satisfies the integral equation (35). This
is equivalent to the finding v € C(I, E) with

1
() = (p(p(t) + L G(t,s)f(s,va(s),v(s))ds),
telVeeE".

(37)

We need to explain why we consider continuous solu-
tions. By the properties of the Pettis integral this should be
weakly continuous function. Since p is continuous and we
impose (local) boundedness hypothesis for f, our solutions
are strongly continuous (cf. [22]). We restrict our attention
to the space C(I, E) and then our integral operators will be
defined on this space. In contrast to the case of weakly-weakly
continuous functions f, we need to replace the space C(I, E,,)

endowed with its topology of weak uniform convergence by
the space of (strongly) continuous functions C(I, E) with its
weak topology. We will utilize in our proofs some character-
ization of its weak topology.

Now, we are in the position to state and prove the first
existence result.

Theorem 23. Assume thato € (1,2], f € (0,1) witha > 1+ 3
and S € L1([0, 1]) be a nonnegative real-valued function. If the
Assumptions (1)-(3) hold along with

Q(r)
p

<I(1+8),
(38)

1
(sup J |G (t, )| ¥ (s) ds)limsup

te[0,1] JO

then the integral equation (35) has at least one solution v €
C[I, E].

Proof. First of all, observe the expression of G and note that
the following implications:

Sell[0,1]=hell[0,1] = G(t,-) € L1[0,1],

t e[0,1],
(39)

hold. Consequently G(t,-)¥(-) € L'[0,1] for any t € [0,1].
Let

p= ( sup r |G (8, s)| W (s) ds)limsupQ(r). (40)

tef0,1] JO r— 00 r

Consider the set S of real numbers r > 0 which satisfy the
inequality

1
T(1+B) < |pl, +Q(r) ( sup J |G (¢, 5)| ¥ (s) ds) )
te[0,1] JO
(41)

Then S is bounded above; that is, there exists a constant R,
with

r<R, VreS. (42)

To see this, suppose (42) is false. Then there exists a sequence
0#r, € Swithr, — coasn — ooand

I, 06 (

Tn Ty

r(1+p)< sup J.llG(t,s)I‘I’(s)ds).
te[0,1] JO
(43)

Since lim sup(s, +t,) < limsup s, +lim sup t,, for any sequen-
cess, > 0,t, > 0, we have p > I'(1 + ). This contradicts (38).
Then, for every R > R, the inequality

1
lelo + @ (®) (sup j IG (£, ) ¥ (s) ds) <T(1+p)R
€[0,1] JO
(44)

holds, which is in contradiction with R € S and then contra-
dicts (42).



Now, define the operator T': C[I, E] — CI[I, E] by

Tv(t) := p(t)+JOIG(t, ) f (s v (s),v(s))ds, te[0,1].
(45)

We remark that for v € C[I, E] we have that, by Lemma 9,

va is weakly continuous, and consequently, f (-, va(-), v(+)) €
%g(E) (Assumption (2)). Since s — G(t,s) € Li(I), for

allt € [0,1], G(t,-) f(-, va(~), v(+)) is Pettis integrable for all
t € [0,1] (thanks to Proposition 6), and thus the operator
T makes sense. Note that T is well defined. To see this, let
t;,t, € [0,1] with t, > ¢t,. Since 3 € (0, 1), we deduce that if

vl < oy, then ||v|| < o and ||va|| < o, where o = 0, /T(1 + f3).
Without loss of generality, assume Tv(t,) — Tv(t;) # 0. Then
there exists (as a consequence of Proposition 2 ) ¢ € E* with
Il = 1 and | Tv(t,) - Tv(t)ll = (Tv(t,) - Tv(t,)).

Putting the Assumption (3) in mind, one can write the
following chain of inequalities:

ITv () = Tv (8]
=¢(Tv(t) = Tv(t)))
<¢(p(t)-p(1))
+Q(0) J-(: |G (t5,8) = G (t1, )| ¥ (s) ds

<lp (&) - p (&)l

1 l/q
+Q(0) (L |G(t,,5) - G (tl,s)|qd5>

1 1/p
X <J |V (s)|pds)
0

<lp(t) - p )]+ Q@G (1) - G (11, )] 1¥1,
<|p(t) - p (1)
+Q0) (6, (12:7) = Gi(81,)],
]G, (1) = Gyt ), 191,

<|p(t2) - p(t)]
+Q (o) “Gl (tz) ) -G, (tl’ ')"q

F(oc)‘

67 =D,
T(a=pB)(1+y)

191,

(46)
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Then
[Tv(t,) - Tv(t,)
<|lp(t2) - p(t)]

+Q (o) <||G1 (ty-) = Gy (t)s ‘)“q

. t‘l"*ﬁﬂ’ Il »
T(a-p)(1+y) P

I'(x)

(47)

Therefore we deduce, in the view of Lemma 20, that T
maps C[I, E] into itself.

Let Q € C[I, E] be the convex, closed and equicontinuous
subset (required by Theorem 3). Define this set by

Q:= <lv € C[LE]:|vly <Ry,

Vi, t, € [0,1] we have [v(t,) —v(t))]

<1p(t) - p ()]
Ry
Q(r0+m)

Xme@o—aawwq

) A LA TS
+ .
T (a=p)(1+y) ’

(48)

We claim that T restricted to the set Q maps this set into itself
(ie,T:Q — Q)andis weakly-weakly sequentially continu-
ous. Once the claim is established, Theorem 3 guarantees the
existence of a fixed point of T. Hence the integral equation
(35) has a solution in C[I, E].

We start by showing that T : Q — Q. To see this, take
veQ, t €[0,1]. Since B € (0, 1), we deduce that ||v]| < R, <
Ry/T(1+ ), 1PV < R,/T(1 + B). The monotonicity of Q) and
the inequality (47) imply that

|Tv(t,) - Tv(t,)]

< ”P (t)-p (tl)"
Ry
Q<r0+m>

Xomm%o—@awwq

57— 1,
11,

(49)

I'(x)

T(a=pB)(1+y)
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Now, without loss of generality, assume T'v(t) # 0. Then
there exists (consequence of Proposition2) ¢ € E* with
loll = 1 and [|Tx(¢)| = @(Tv(t)). By the Assumption (3), we
obtain

ITv @l
1
<o(p®)+e <L G(t,9) f (s Ifv(s),v(9) ds)

1
<lp@l+ swp [ 1G9 Jof (s 15v(9).v()]ds
tef0,1] Jo

R, 1
<|pl, +© <m) (tiﬁ,ﬁ] L G(t,s) ¥ (s) ds>

R, _
< mr(l +ﬁ) = RO‘
(50)

Therefore | TvIly = sup,c(o ) ITV(E) < Ry. Hence T: Q — Q.

We need to prove now that T : Q — Q is weakly-
weakly sequentially continuous. Let us recall that the weak
convergence in Q ¢ C(I, E) is exactly the weak pointwise
convergence. Let (v,) be a sequence in Q weakly convergent
to v. Then v,(t) — v(t) in E,, for each t € [0, 1]. Since Q is
closed, by Lemma 1 we have v € Q.

Fix t € I and note, in the view of Lebesgue dominated
convergence theorem for the Pettis integral (see [31, 34]), that
If v(s) — If v(s) in E,,. Let us recall that the topology
on C(I,E,) on equicontinuous subsets coincides with the
topology of weak pointwise convergence. Since f satis-

fies Assumption (1), we have f(t, r* v, (1), v,(t)) converging

weakly to f(t, If3 v(t), v(t)); hence again the Lebesgue domi-
nated convergence theorem for Pettis integral yields T'v, ()
converging weakly to Tv(t) in E, but Q is an equicontinuous
subset of C(I,E), and then T' : Q — Q is weakly-weakly
sequentially continuous. Applying now Theorem 3, we con-
clude that T has a fixed point in Q, which completes the
proof. O

Let us present a multivalued problem:
D Py(t) e F(t,I%(t),v (1)),
ae(1,2], Be(01],
1

va(l) + J S (1) va(r) dr=1, v(0)=0.
0

te[0,1], a>1+p,

(51)

Some basic results for multivalued boundary value prob-
lems with Pettis integrals are due to Maruyama [35], Azzam
et al. [36], Azzam-Laouir and Boutana [37], and Satco [38].
However these results are devoted to study the standard case
o — 3 = 2 and three-point boundary conditions. Our result is
an essential extension for the previous ones.

By ck(E) and cwk(E) we denote the family of all non-
empty convex compact and nonempty convex weakly com-
pact subsets of E, respectively. For every nonempty convex
bounded set C ¢ E the support function of C is denoted by
s(-,C) and defined on E* by s(¢,C) = sup,.¢x, for each
p€E".

Definition 24. A multifunction F : E — 2F with nonempty,
closed values is weakly sequentially upper hemicontinuous if
and only if for each ¢ € E*s(p,G(")) : E — R is sequentially
upper semicontinuous from (E, w) into R.

In the remaining part of the paper a multifunction F is
supposed to be Pettis integrable in the sense of Aumann.

Definition 25. The Aumann-Pettis integral of a multifunction
F:1 — Eis

I, = (AP) LF(S) as={) Lf(s) s f sk,
(52)

where S£° denotes the set of all Pettis integrable selections of
F provided that this set is not empty.

Let us note that the multivalued Pettis integral can be
defined by other methods. The above definition is the best
choice for our consideration. This can be deduced from the
following theorem.

Theorem 26 (see [39]). LetF: I — cwk(E) [ck(E)] be mea-
surable and scalarly integrable multifunction (i.e., the support
functions are real-valued integrable functions). Then the fol-
lowing statements are equivalent:

(a) the set {pf : ¢ € B(E*), f € St} is uniformly inte-
grable,

(b) every measurable selection of F is Pettis integrable,

(¢) for every measurable subset A of I the Aumann-Pettis
integral I , belongs to cwk(E) [ck(E)] and, for every ¢ €
E*, one has

s(p, 1) = L s(p, F(s))ds. (53)

Taking into account Theorem 8, we are able to add one
more condition to the above theorem, which seems to be
important in our consideration. Since &« — f > 1, G is
continuous, and by taking arbitrary Pettis integrable selection
we obtain Pettis integrability of G(t, ) f(-).

Theorem 27. Each of the conditions from Theorem 26 implies
the following:

(d) for every t the multifunction F is fractionally Aumann-
Pettis integrable; that is, ITF(t) := {Jot((t — )%y
I(a)) f(s)ds, f € S?e} belongs to cwk(E) [ck(E)].

Let us recall that we restrict ourselves to the case of the
(left-sided) fractional Pettis-integral.

Note that for multivalued mappings we will utilize Kaku-
tani’s fixed point theorem (for continuity concepts see [27]).

Theorem 28 (see [27]). If C is a nonempty weakly compact
convex subset of E and F : C — 2 is sequentially weakly
upper semi-continuous, then there exists a fixed point of F; that
is, x € C with x € F(x).
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An immediate consequence of the above theorems as well
as our main theorems is the following result.

Theorem 29. Assume that E is separable. Let F : IXEXE —
2F with nonempty convex and weakly compact values satisfy
the following:

(a) F(t,-,) : Ex E — E is weakly sequentially upper
hemicontinuous for each t € I,

(b) F(-, x, y) has a weakly measurable selection for each
(x,y) €e EXE,

(c) F(t,x,y) c H(t) a.e. for some cwk-(E-) valued Pettis
integrable multifunction G.

Then there exists at least one pseudo-solution of the Cauchy
problem (51) on I.

We will follow the idea of the proof for the single-valued
problem. Let us only sketch the main steps of the proof.

Note that the Assumption (c) implies weak compactness
of Sﬂe and separability of the space E are sufficient to replace
reflexivity of E (as announced in the preliminary part).

In this proof we need to define the multifunction T :
CILE] — 2°bE by

Tv(t) == p(£) + JOI G(t,s)F (s, 1fv(s),v(s)) ds, -

te(I).

By [40, Lemma 3.2] our assumptions (a)-(c) imply that the
set Sﬁe(-, v(:)) is nonempty for arbitrary v € C(I,E) and
the multivalued Nemytskii operator is well defined, so by
Theorem 27 the Aumann-Pettis integral of F is nonempty too.

LetW = {f ¢ %é(E) : f(t) € H(t) ae. on I} andU =

{x;€ CLE) : x4(t) = p()+ [, G(t, ) f(s)ds, t € I, f e W}

For f € W and ¢ € E* we have ¢f < s(p, H). Then,
by our assumptions, W is Pettis uniformly integrable. Thus
for arbitrary x € U and t,7 € I there exists an appropriate
f € Wand

o () = x ()| = sup ¢ (x (£) - x (7))

llofl<t

= sup (thpf(s)ds—Jrsvf(s)ds)

lell<z -0 0

= sup J of (s)ds

lofl<t

< sup Jts((p,H(s))ds.
lofl<t
(55)

By uniform Pettis integrability of W it follows that U is an
equicontinuous subset of C(I, E). The property of the multi-
valued Pettis integral gives us the convexity of U. Then U is
nonempty, convex, bounded, and equicontinuous in C(I, E).

Journal of Function Spaces and Applications

As Si¢ is sequentially compact for the topology induced
by the tensor product L™ ® E*, the U is closed. Since U is
convex, by Mazur’s lemma (Lemmal) U is weakly closed.
Thus by a weak version of Ascolis theorem U is weakly
compact in C(I, E).

As the set U is strongly equicontinuous, then for each
M > 0 there exists & € I such that for each t € T and f € S}

we have | [} f(s)ds| < M.

Then T restricted to a ball with radius R, = M + | p|
(as in the previous proof) has nonempty, closed, convex and
weakly compact values. As a domain Q for T we put U N
By, . By repeating the proof from [40, Theorem 3.3] we are
able to show that T' has weakly-weakly sequentially closed
graph. Restricted to a weakly compact set Q an operatot T
is sequentially weakly upper semi-continuous. This means,
that the Kakutani fixed point theorem (Theorem 28) gives us
a fixed point of T. The proof is complete.

4. Pseudo-Solutions to Fractional Order
Boundary Value Problem

In this section, we are looking for sufficient conditions to
ensure the existence of pseudo-solution to the boundary
value problem (1) under the Pettis integrability assumption
imposed on f. In order to obtain the existence of solutions of
the problem (1), we can make use of Theorem 23.

Theorem 30. Let the assumptions of Theorem 23 be satisfied.
Then the boundary value problem (1) has at least one pseudo-
solutionu € C(I, E,).

Proof. Firstly, we remark that, for any v € C[I, E], we have
(according to Proposition 6) that v(-)J(:) € P[I,E] for J ¢
LI(I), g € [1,00]. Thus the integral boundary condition
makes sense.

In account of Theorem 23 it can be easily seen that the
integral equation (35) has a solution v € C[I,E]. Let v be a
weak solution of (35). Then

*PUT ()
T(a-B)(1+y)

1
+ J (G, (t,5) + G, (t,9)]
0

X f(s,va(s),v(s))ds
__[fe-9t
o cer o
O )

T(a=pB)(1+y)
» [u [T b ),

v(t) =

(s, va (s),v (s)) ds +ct* P,

0 T'(x-p)

+ Jl h(s)f(s,va(s),v(s)) ds|.
0

(56)
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By Lemma 14 and using G, (0, s) = G,(0, s)
forward estimates show that

= 0, a straight-

1
v()=0, IPv(1) +J S@Pv@de=1. (57
0
Furthermore, we have
v(t)=-ISFf (618 (@), v (@) +ct™ P (58)
Thus for any ¢ € E* we have

ov(t) = —¢ (Iffﬁf (t, va @®),v (t))) + gocz“"*ﬁ*1

= _If_ﬁ‘/’ (f (t’ IEV (t),v (t))) + cpct“_ﬁ_l,

Operating by If_(“_ﬁ ) on both sides of (59) and using the
properties of fractional calculus in the space L' [0, 1] (see, e.g.,
[20, 30]) result in

(59)

Ii_(a_ﬁ)ﬁlw (t) = _]iq) (f (t, IfV t),v (t)))
T (- /3) (60
+ pc———— rQ) L.
Therefore

(7 Py)) =-Lo(f(LIve),v©)))

ra-p), (61
+ QOC F (2) t.
Thus

d 2 (a—p
e (L v ) (62)

—(p(f(t,lfv(t),v(t))) a.e. on [0,1].

That is, v has the fractional pseudo-derivative of order o —
B € (1,2) and satisfies

D*Py(t) =~f (. Iv(t),v(t)) on [0,1]. (63)

Therefore v is a pseudo-solution to the problem (23). This
together with Lemma 18 implies that the problem (1) has a
pseudo-solution u € C(I, E,) which completes the proof.

O

Now, we consider an example to illustrate our result.

Example 31. Let 3 € L°(I) and assume that E := £2(I) be the
space of countably nonzero functions on I := [0, 1] that are
square-summable, under the £2-norm. This is even a reflexive
space. For each t € I we define g(t) := ¢, € 22(1) by
1, ifs=t,
e (s):= 64

¢ (s) {o, if s#t. (64)

This function is Pettis, but not Bochner, integrable (it is not

even strongly measurable [22, 41]), and for any ¢ € £*(I) we
have [22, 41]

0, if T#t,
Y o(e ()= {(p(r)’ £, (63)

7€(0,1]

1

Since (£2(I))" = £2(I), the function @e, is only countably
nonzero for each ¢ ¢ (€2(I))*. Hence ¢g = 0 a.e. (with
respect to the Lebesgue measure).

Now, we investigate the existence of pseudo-solutions for

the problem

D*u(t) + uDPu(t) + du(t) = g (1),

€[0,1], &,pueR, ac(L,2], Be(0,1), a>1+p

u(l)+ J-IS(T)L{(T)CIT =1, u(0)=
0
(66)

Let us define the function f: I x ExE — Eby f(t,x,y) =
px + 8y — g(t). Remark that for any x, y € C[I, E], f is Pettis,
but not Bochner, integrable and satisfies, by suitable choice
of 8, p, all requirements of Theorem 30 with v = 1, Q(r) =
(6+wr, p=1,and g = oo.

Therefore one cannot expect the existence of weak or
strong solutions to the problem (66). In view of Theorem 30
the existence of pseudo-solutions is guaranteed. Since f
satisfies the requirements of Theorem 30 with p = 1, g = oo,
the problem (66) has a pseudo-solution u € C(I, E,) given

byu=1I f v, where v denotes the weak solution to the problem

IT (o) %P1

Y PR Ty

+ Jl G(t,s) [/,w (s) + 8va (s)—-g (s)] ds, (67)
0

te().
That is, v satisfies the problem

IT (o)t P!

RICE IO

+ Jl G (t,s) [uv (s) + 8IFv (s5)] ds (68)
0

- JIG(t,s)g(s)ds, te(l).
0

Since Jol G(t,s)pg(s)ds = 0, for each ¢ € £2(I), we obtain
jol G(t,s)g(s)ds = 0. Hence

IT (o) P71
T(ax—p)(1+y)

_ Ir (‘X) fxiﬁil _ qa—p B a—B-1
_—F((x—ﬁ)(1+)/) IT [yv(5)+81+v(s)]+ct ,

v(t) = r G (t,s) [uv(s) + 01y ()] ds

(69)
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where
_ I'(x)
[(a-pB)(1+y)
l 1(1—s)* P! [;w (s) + 6va(s)]
|1 ], I p)

N

+ Jl h(s) [yv (s) + 8va(s)] ds
0

Therefore

v(t) + le_ﬁv(t) + 6va(t) = C*tvf—ﬁ—l,

= rtp i)

* r((X B ﬁ) tocfl
T'(x) '

where

Further

va t) + ylffﬁlfv(t) + 512‘“81/ t)=c

Now ifu =1 f v, we obtain

u(t) + ulPu(t) + o1%u (t) = * %t“l.

Thus for every ¢ € (€2(I))*, we have

ou(t) + ‘quf_ﬁq)u (1) + O8I pu (t) = pc* %to‘_l.

Whence

Ii_“(pu @) + yli_ﬁ(pu ) + 8Ii(pu (t) = oc” P

Moreover,

2 2

—¢ (If_“u (t)) + d

@Wﬁ'ﬁu (t) + Ou (t) = 0.

2
d_ 2B
a2t

d(d _
== (alili P ou (t))

42 2B
ﬁ(er u(t) = ou (t)

_ d II*ﬁ

dt ™ pu ()

d _
- E(p]i Pu@),

Ma-p),

(70)

(71)

(72)

(73)

(74)

(75)

(76)

(77)

(78)
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we arrive, for every ¢ € E*, at D%pu(t) + uDPou(t) + Squ(t) =
0 forallt € [0, 1] while pg = O a.e.
Finally

D%u (t) + uDPu (t) + Su (t) = ge;, ae. [0,1].

(79)

Then u is a pseudo- (but not a weak or strong) solution to
the problem (66).
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We present some results on the existence of solutions for second-order impulsive differential equations with deviating argument
subject to functional initial conditions. Our results are based on Schaefer’s fixed point theorem for completely continuous operators.

1. Introduction

Differential equations with impulses arise quite often in the
study of different problems in particular are used as a model
for evolutionary processes subject to a sudden rapid change
of their state at certain moments. The theory of impulsive
differential equations has become recently a quite active area
of research. For an introduction to this theory we refer to
the books [1-4], which also contain a variety of interesting
examples and applications.

In this paper, we establish new results for the existence of
solutions for the second-order impulsive differential equation
with deviating argument subject to initial conditions:

()= Ax () + f(t,x (1), x (a (1),

t € [0,+00) \ {t;,....t;}

H) @) =W k=tnd
) - (5) = B (x(6))s k=1,
X(t)=¢(t), te[_r)o]a

x'(0) = ¢' (0) =17,

where x(t) is in the space (R",| - |) (| - | not necessarily the
Euclidean norm), ® := {0 < t; < --- < t;} € [0,+00), Aisa
real nx n matrix, x(7”), and x(z") are the left and right limits
ofxint =1.

Such type of problem arises from a few of scientific appli-
cations as, for example, the problem of impulsive maneuver
of a spacecraft (see [5] in finite-dimentional setting and
[6] in infinite-dimentional setting). More recently, impulsive
second-order differential equations or inclusions on compact
intervals subject to nonhomogeneous conditions have been
studied by several authors (see for example [7-14] and the
references therein). The study of differential problems on
unbounded interval has been done, for example, in [14-18].

Differential equations with deviating argument are inves-
tigated, for example, in [6, 7, 9, 12, 14, 16, 17, 19, 20].

Various techniques are utilized in the above papers:
Schauder’s fixed point Theorem [6, 9, 16, 17, 19, 20], Leray-
Schauder’s nonlinear alternative [14, 18], Contractions Prin-
ciple [8, 13], fixed point index theory [12], and Sadovskii’s
fixed point Theorem [7]. Moreover, in order to prove the
compactness of involved operator, the Ascoli-Arzela Theorem
is often used (see [6, 9, 12, 14, 18]).

The methodology here is to write the problem (P) as
a perturbed integral equation, and we look for fixed points
of an operator T in a suitable functions space. For this
purpose we want to utilize the Schaefer’s fixed point theorem
for completely continuous operators. In order to prove that
T is completely continuous, we make use of a variant of
the compactness result in the Banach space BC(Q,R") of
continuous bounded functions from a topological space Q
into R"” due to De Pascale, Lewicki and G. Marino. We
have used similar techniques and tools in [16, 17, 20] to
study first-order, impulsive, or nonimpulsive, differential



or integrodifferential equations on unbounded intervals. In
this paper we extend these ideas to second-order impulsive
equations.

Moreover we prove that our method can be easily used
also in the case of functional conditions that, to the best of
the our knowledge, are not studied for this class of problems.
In fact, we discuss in details the Problem (P) in the case of the
initial conditions

x(t)=¢ () x'(0) = ¢' (0) 1)

because it sheds light on the techniques used, but the same
approach may be applied to impulsive equations subject to a
more general functional initial condition that covers a large
number of cases, namely

t e[-r0],

Lx = H (x), x'(0) =, (2)

where L is a bounded linear operator and H is a completely
continuous operator. This is done in the last section.

2. Notations and Preliminaries

Firstly, we recall definitions, notations, and useful facts
regarding the cosine families (see [21-23] for the detailed
study of cosine and sine families).

Definition 1. A one-parameter family (C(t)),.p of bounded
linear mappings on R" into itself is called a strongly continu-
ous cosine family if and only if

(1) C(t+s) +C(t —s) =2C(t)C(s), forall t, s € R,
(2) C(0) = I, where I is the identity map,
(3) C(")x € C(R,R"™), for all x € R".

Moreover, the sine family (S(t)),c is defined as

t
S(t) = Jo C (s)ds. (3)

By definition one obtains that:
(ul) S(t)x is continuous in t € R, S(0) = 0 and S(-t) =
=S(t), forall t € R,
(u2) C(t) = C(-t), forall t € R,
(u3) C(t),S(t), S(s), C(s) commute, for all t, s € R,
(ud) S(t +s) + St — s) = 2S(t)C(s), for all t, s € R,
(u5) S(t +s) = S(t)C(s) + C(t)S(s), for all t, s € R.

Definition 2. The infinitesimal generator of a strongly contin-

uous cosine family is the operator A : R" — R" defined by
d2

A= —C(t 4

FraAY) L (4)

and Dom(A) :={x € R" C(¢)x is continuously differentiable
in t = 0}.
One obtains that, for x € R"and t € R,

2

%c (f)x = AC(t) x = C (t) Ax (5)
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and then

%C ) x = Lt AC(s)xds= A Jot C(s)xds = AS(t) x. (6)
So, by (u5) one has
(u6) C(t +s) = C(t)C(s) + AS(t)S(s), for all t, s € R.

Definition 3. A cosine family (C(t)),cg (resp., a sine family
(S8(t));er) is uniformly bounded if there exists M > 0 (resp.,
Mg > 0) such that

IC ()] < Mc  (resp. [S(t)| < Mg) VteR, (7)

where |- | denotes the norm in the space of the n x n matrices.

Example 4. In R", let (C(t));cg be the family of bounded
linear operators

cos (a;t) 0 0
0 ) 0
co-| o0 )
0 0 .+ cos (ant)

Let us observe that (C(t)),cr is a uniformly bounded cosine
family and its infinitesimal generator is

—af 0 ... 0
d2 0 _a2 O
A=2cw S N C)
dt? £=0 : : : :
0 0 ...-d

n

We will utilize the Schaefer’s fixed point theorem for
completely continuous operators.

Theorem 5 (see [24]). Let E be a normed linear space. Let S :
E — E be a completely continuous operator. Let

((S):={x € E:x=ASx forsome 0 < A<1}. (10
Then either {(S) in unbounded or S has a fixed point.

We use the condition for compactness in the Banach
space BC(Q, R") of continuous bounded functions y from
a topological space Q into R", endowed with the norm |
Yoo = supily(®)|, t € Q}, due to De Pascale, Lewicki and
G. Marino.

Theorem 6 (see [25]). Let T : BC(Q,R") — BC(Q,R") be
a continuous operator. Suppose that, for any bounded set F C
BC(Q,R"™), T(F) is a bounded set and there exist v bounded
functions ; : Q — R, j = 1,2,..., such that, for all
t,s € Qand forall y € F,

[(Ty) (&)= (Ty) )] < Y |o; ) —9; ). @)
j=1

Then T is a compact operator.
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3. The Integral Problem

From now on, we assume that the functions f, ¢, &, I, J; and
the matrix A have the following properties.

(hy) The matrix A is the infinitesimal generator of a
strongly continuous cosine family (C(t)),cp, uni-
formly bounded by M > 0. Suppose moreover that
the corresponding sine family (S(¢)),cr is uniformly
bounded by a constant Mg > 0.

(hy) f @ [0,+00) x R" x R" — R" is a continuous
function such that there exist a continuous integrable
tunction p : [0,+00) — [0,+00) and a continuous
nondecreasing function ¥ : [0,+00) — [1,+00) for
which

lf () <p®¥(xl+|y]), t=0, xyeR",
(12)

© ds
L Y0 +00. (13)

(hy) « : [0,+00) — [-7,+00) is a continuous increasing
function such that «(t) < t, for all t € [0, +00).

The function ¢ belongs to C Y([-r,0], R™).

(h) I : R" - R"'and J;, : R" - R" k=1,...,] are
continuous functions such that there are D;, D; > 0
for which

| »| <D, |Iy(»|<D;, VYveR" (14)

We will work in the Banach space
BPCg [-1, +00)
:={y: [-r,+00) — R" | y is bounded
and continuous in t ¢ ©, (15)
there exist y () = y ()
and y (t]) < 0o, t; € O},

endowed with the supremum norm [yl , = sup{|y(t)| : t €
[-7, +00)}.
We define for x € BPCg[-r, +00):

w, (t) := {jots(t_S)f(s’x(s)’x(“(s)))ds, t>0,
0, r<t<0
Y Cl-t) L (x(t)), t>1y,
(Ix) () = qo0<p<t
0, -r<t<t
Y S(E-t) T (x (), t>t,
(Jx) (t) := 1 0<ty<t
0, -r<t<t.

For any x € BPCg[-r, +00) let Tx be the function defined on
[-7,+00) by

CH)¢0)+S () n+w, ()
(Tx)(t) :== 3+ Ix) @)+ (Jx) (), t=0 17)
o), -r<t<o.

In the next propositions we show the properties of the
operator T useful for us.

Proposition 7. The operator T maps BPCg|—t,+00) into
BPCg [, +00) and (Tx)(t;)—(Tx)(t;) = I.(x(t;)). Moreover
Tx has derivative int € [-r,+00) \ O, (Tx)'(t,;) = (Tx)'(tk),
(Tx)'(t;) < 0o and (Tx)'(t;c') - (Tx)'(t,;) = T (x(t)).

Proof. The continuity of f, S, and C guarantees that Tx is
continuous in t € [-r,+00) \ ©, and there exists (Tx)' (t)

for t € [-r,+00) \ ©. Moreover, since p is integrable, for
t € [-r,+00) \ ®, one has

[(Tx) (£)] < M |¢ (0)] + Mg |y| + Mg¥ (2]|xlls)

00 (18)
X J p(s)ds +IMcD; +IMgDy,
0

$0 | Tx|lo, < 00. We need to show that, for k = 1,...,1, there
exist (Tx)(t;) and (Tx)(t;) = (Tx)(t;). Note that

(i) limtﬂtkwx(t) = w,(t). Indeed, using (u5), fort —
tk

|wx (t) - Wy (tk)|
< J IS(t—s) =S (te — )]
0
|f (5,2 (5), x ()] ds
* j 1St =s)[ - 1f (5.2 (), x (e ()] ds
(by (k1))

< Jt 1S(t—5) = S(t, - 9)| ¥ Qlxll) ps)ds 1
0

b
+ Mg¥ (2l o) Jt p(s)ds
<(IS®) -S| +|lc®-C )

t
x max {Mg, M} ¥ (2]|x]l ) L p(s)ds

ti
+ Mg¥ (2%l o) J; p(s)ds — 0.



(ii) Tt results that (Ix)(t) = (Ix)(t) = Yo Clty — t;)
Ij(x(t]-)). Indeed let t;,_; <t < t;. Then

|(Ix) (t) = (Ix) ()]

=| X C(t-1;)5;(x(1;))

O<tj<t

; (20)

(by (1))

k-1
<Dy [c(t-t;)-C(t-t;)| — 0.
=1

Analogously one can see that

(Ix) () =

J

C(te—1;) 1 (x(t)) D

k
=1

in such a way that (Ix)(t,:) — (Ix)(t,) = L (x(ty)).

Since, by (ul), S(t; — t) = 0, a similar proof permits
to verify that

19 (6) - 0 (60) = 35 (- )1, ()

i

By the above steps, it follows that (Tx)(t;) — (Tx)(t,) =
T (x(ty)).

Since there exists (Tx)'(¢) if t € [0, +00) \ ©, to conclude
our proof we show that there exists (Tx)'(t,;) = (Tx)'(tk),

(Tx)'(t,t) is finite, and (Tx)'(tZ) - (Tx)'(t,;) = Ji(x(t)). We
also observe that, fort > 0 and t ¢ ©, by (u6),

(Tx)' (t) = AS (1) ¢ (0) + C ()7
+ JtC(t—s)f(s,x(s),x((x(s)))ds
0
+ Z AS(t i) I (x (1))

0<t<t

+ Z C(t—tr) Ji (x () -

O<ty<t

(23)
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Thus, following the same idea, whent — t;, we have

JO Clt—3) f(sx(5),x (& (s))) ds

- Jok C(ty—s) f(s,x(s),x(a(s))ds

, (24)
< | let-9-clu=9lp© ¥ @Ix) ds

123

+ MY (2)1x]lo) L p(s)ds — 0.

Moreover, fort — ;.

> AS(t=1;)1;(x(t;))

0<tj<t

_IEAS (6 —1;)1;(x(t;))

k-1
<Di|AlY [S(t-t;)-S(te—t;)| — 0, (29
j=1

lim < > AS(t-t) I (x (tk))>

L
E= e\ o<te<t

Y as(e- )1, (x(1).

Finally, fort — t;

Z C(t—ti) T (x ()

0<t<t
k-1
=2C(t-1;) 1 (x (1)) (26)
j=1
k-1
<Dy [s(t-t;)-S(t-t;)| — 0
j=1
while
th_{]fth ( Y Clt—t) Ji(x (tk))>
&\ 0<tp<t
(27)

bl

=2 Ct-1)J;(x(t))),

j=1

and these permit to obtain that there exist (Tx)'(tZ)
and (Tx)'(t,;) and that one has (Tx)'(t,t) - (Tx)'(t,;) =
Ji(x(t). O

Proposition 8. The fixed points of T are solutions of the
problem (P).
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Proof. In fact, Tx|_,o = ¢ and (Tx)'(0) = 1. Moreover, by
the hypotheses on f and on the sine and cosine families, one
obtains that (Tx)" is derivable in t € [-r,+00) \ ©, and it
results in the following:

(Tx)" (t) = AC(t) $ (0) + AS(t) 5

+ JtAS (t=s) f(s,x(s),x(x(s)))ds
0

+ f(t,x (), x (a(t))) (28)
+ Y AC(t 1) I (x (1))

0<t,<t
+ ) AS(t-1) Ji (x (1)

0<ty<t

So one can conclude that
(Tx)" (t) = ATx () + f (t,x (1), x (@ (1)), (29)

that is, Tx satisfies the differential equation in problem (P).
This combined with the results in Proposition 7 yields the
thesis.

In order to prove that T is a completely continuous
operator, we make use of the following compactness criterion
in BPCg[-1, +00).

Proposition 9 (see [16]). Let T BPCg[-1,+00) —
BPCg[-1,+00) be a continuous operator. Suppose that, for
any bounded set F ¢ BPCg[—r,+00), T(F) is a bounded set,
and there exist v bounded functions ¢; : [-r,+c0) — R,
j = 1,2,...,v such that, for all t,s € [-r,+00) and, for all
y€F

[(Ty) ) = (Ty) )] < Y |o; ) -9; ). (30)
j=1

Then T is a compact operator.

Proof. The Banach space BPCg -1, +00) is isometric to the
Banach space:

Q={y e BC(QR") : there exist y(t])
(31
and y (t;),for k=1,...,1},

where Q = [, +00)\ ©. Of course, Q is closed in BC(Q, R").
So the thesis follows from Theorem 6. O

Proposition 10. T is a completely continuous operator.

Proof. First we prove that T is a continuous operator. Let
(V) men @ sequence in BPCg[-r, +00) such that y,, — yin
BPCg[-1,+00). We prove that T'y,, — Ty. By the continuity
of f it results that, for fixed s € [0, +00),

O (8) 1= (S Y () Y (@ (5)))
~f(sy(s),y(a(s)) — 0.

(32)

5
Moreover, by the monotonicity of ¥, we have
LHOIEVICSMOBMCION]
A ACSIONTCION]
(33)

< p () [¥Cyulo,) +¥ Y]]
< 2p(s) ¥ (2A),

where A = max{sup,, ll¥ulloos 1Yl Therefore |o,,(s)| is
dominated by an integrable function that does not depend
on m € N. Then, from the uniform boundedness of the sine
family and by the dominated convergence theorem, we have

sup 'wym (t) - w, (t)|

oy, - w,]
Im Moo ot oo

sup
0<t<+co

rS(t—s)am (s)ds

0

(34)

< Mg J |o,,, (5)] ds — 0.
0

The uniform boundedness of the cosine family and the
continuity of I; and J, imply that,as m — oo,

1 = Iyl

< sup (Z |C(t_tk)||Ik(ym(tk))_1k(y(tk))l>

te[ty,+00) \ o<ty <t

< Mckz 1T (7 (8)) = I (v (8))] — 0,

175 = 7]l oo — O

(35)
Thus
1Ty = Tyl < |wy,, —w
=Tl = b, -
+ "]ym - ]y"oo + "Iym - Iy"oo — 0.
Now, let
B, = {u € BPCg [-1,+00) : [lull, < p} - (37)

Thanks to Proposition 9, it is enough to show that T(B,) is a
bounded set and that it is possible to control the oscillations
of each function in T'(B p) by means of a finite number of
bounded functions. The boundedness of T(B,) follows by the
inequalities:

lnl =M% 20) | pi) s

I
Mxleo < Mc ) | (x ()] < IMcDy, (38)
k=1

1
1Txlloo < Ms Y Ty (x ()] < IMD;.
k=1



To control the oscillations of T(BP) we should need to
distinguish three cases: 0 < 7; < 7,, 77 < 0 < T,, and
T, <1, <0.

Here we study the case 0 < 7; < 7, only because the
proofs of the other cases are similar.

Let0 < 1) <7, and x € B,. Then

|(Tx) (71) - (Tx) (Tz)l
<|C (1) = C(n)]|p O] +[S(71) = S ()] ]

+ ds

| 15 =9 =80 = 9] £ (29 ¥ @)

0

+

I 2S('r2 =s) f(s,x(s),x (a(s)))ds

+|(Ix) (1) = Ix) ()] + |Ux) (1;) = Ux) ()] -
(39)

Now, by property (u5), one obtains that

S(t,—s)-S(r;, —9)
(40)
=[S(r) =S(n)]C(s) - [C(r)-C(1))]S (),

so we have

Ll [S(, - 8) = S (1, - )] £ (5, () x (a(s))) ds

< IS (Tz) -8 (Tl)l
x jol ICO|f (5,5 (5) x (x (5)))] ds
+]C(r) - C ()| (41)

x Ll SO (5x () x (@ (s)| ds
<15(5) =S (r)| Mc¥ (20) | p(9)ds

+1C () - C)| MY 2p) | p()ds.

Using (h;) we obtain also that

J 2S(‘r2 =5) f(s,x(s),x (a(s)))ds

T

T T (42)
< Mg¥ (2p) Hozp(s)ds— Ll p(s)ds] .

To control the oscillations of the operators I and ], first we
note that if 7, < t;, and 7, < t; we have nothing to prove
because (Ix)(1;) = (Ix)(1,) = (Jx)(1;) = (Jx)(1,) = 0. The
boundedness of I and ] solves also the case 7, < t; < T, since
we have

|(Ix) (r,) - (Ix) (1y)| = |(Ix) (,)] < D; Y. M,

0<t;<1,

[U2) () = U%) (71)] = |Ux) ()] < D; ) M.

0<t<T,

(43)
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Thus it remains to prove only the case t; < 7; < 7,. We have
that

|(Ix) (7)) = (Ix) (1))

Z C (7 — i) I (x (1))

0<t; <t

- Z C (7, = 1) L (¢ (1))

0<t<T,

<

Y. [Cln-1)-Cln -] I (x (1)

- 0<ty<ty (44)
+ ) 1C(m = )| [T (x ()]
T <t <T,
!
= DIZ |C(1; —t) = C (7, — 1)
k=1
+DI[ Y Mc- ) MC:|.
0<ty<T, 0<ty<T)
In a similar way we can show that
|Ux) (1) = Ux) (z,))
!
<D S(ty —t) =S, — ¢
]kZi| (1 k) (2 k)l (45)

Y Mg- Y MS].

0<ty <1, 0<ty<ty

+ Dy [
So, defining
Y1 () =C () $(0),
v () = McKS (1),

Y, (1) =S,
Yy (t) = MgKC (1),

v (1) = Mg¥ (2p) j p(s)ds,

¥ () = D,C(t - t,),
v7 (1) =D,C(t-1,),.... 95 (1) = D,C(t - 1)), (46)

Ve (t) = DM Z L,

0<t<t

Yy () = DyS(t =),
Vs (1) = DS (t—15) .., ¥y () = DS (£ = 1)),

Yoy (1) = D;Mg ) 1,

0<tp<t

where K = ¥(2p) f;o p(s)ds,and we obtain that forall x € B )

21+7

|(Tx) (1y) = (Tx) (1,)] < Z v (1) - ()| (47)
k=1

O
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4. Main Result

Theorem 11. Assume that the hypotheses (hy)-(h;) hold. Then
the problem (P) has at least one solution.

Proof. Our problem (P) can be reduced, by Propositions 7
and 8, to find a fixed point for the operator T. Proposition 10
assures that T is a completely continuous operator.

To apply the Schaefer’s fixed point theorem, it remains to
prove that the set

{(T):={x € R":x=ATx,for some 0 < A <1}  (48)

is bounded. The proof is based on an idea in [19].
Let x = M(Tx) with A € (0, 1). First of all, since {Tx|_, o :
x € BPCg[-1,+00)} = {¢}, for t € [-r, 0] we have

Ix (O] = A(Tx) ()] < [(Tx) O] = ¢ )] < ¢l - (49)
We consider now that t > 0. Thus we have

Ix (5)] = AI(Tx) (0] < Mc||g]|.., + Ms |n]

t

M5 [ pOF O+ x@@Dds  60)

0
+IM¢cDy + IMgD;.

Consider the function p, : [0,+00) — [0, +00) defined by

phy (£) :=sup{|x(&)| :0<E<t}. (51)

Observe that 4, is not necessarily continuous in © but p, (¢;)
and pu, (t;) = u,(t;) exist, for all t;, € ©.
For & € [0, t], we have

|x @) < Mc[¢]lo, + Ms |n]
s [ pOY @+ k@ ds 6
+IMgDy +IMD;.
Moreover, being « increasing and «(t) < t for t > 0, one has

sup |x («(s))| = sup [x(s)|

0<s<t a(0)<s<a(t)

(53)
< sup |x (s)| = p (£)

0<s<t

50, taking the supremum over [0, ¢] in the inequality (52), we
obtain that

Uy (t) < MC||¢||00 + MS |}7|
+ M JO ()W (24, () ds (54)

+IMgD; + IMcD;.

Denoting by v, (t) the right-hand side of the last inequality,
we have that the function v, is continuous:

c:=v,(0) = (1+Mc) ||, + Ms|n| + IMsD; +IMcD,;

(55)
and p, (t) < v, (¢) fort > 0.
Moreover, since ¥ is nondecreasing, fort ¢ O,
Vi (t) < Mgp (£) ¥ (2v, (). (56)
This implies that
'
szv—itzl‘))SMsp(t)’ t¢ @ (57)

and so, for any b > 0,

) o) =
J;) mdt < MS J;) p(t) = l“b < 00. (58)

. ! . . .
Since v, is a continuous function for all ¢ ¢ ®, we have

(59)

2v,.(b) ds
[,
2c 2¥ (5)

This, together with condition (13), permits us to conclude that
v, is bounded by a constant A depending on the functions ¥
and p only.

Summarizing, x € {(T) implies that ||x[lo, < max{[¢ll_,,
A}. O
5. Functional Initial Conditions

Let us consider the problem
x'(6) = Ax () + f (6, x (), x (@ (1),
t € [0,+00) \ {t},.... 1}
x () = x (8) = T (x ()
X (tg) = ' (6) = T (x ()
Lx = H (x), x 0) =1.

k=1,...,1 (Pg)

k=1,...,1

The modularity of the operator T used in the proof of our
Theorem 11 permits to prove a result on the existence of
solutions for Problem (P;) modifying few parts of the above
proof.

For u € BPCg[-r,+00), we define the function Cu :
[-7r,+00) — R"as

~ ju@), -r<t<0
(Cu) = {C(t)u(o), £20. 0

We suppose that

(hy) L : BPCg[-r,+00) — C([-r,0],R") is a bounded
linear operator for which if u, v € BPCg[-1, +00) are
such that u|_, o = v|[_,¢)> then Lu = Lv.



H : BPCg[-r,+00) — C([-r,0];R") is a completely
continuous operator such that |[H(u)|,, < M, for a
certain constant M.

(hs) For u € BPCg[-1,+00), H(u) = (LCH)(u).

Theorem 12. Assume that the hypotheses (hy)-(hs) hold. Then
the problem (Pg) has at least one solution.

Proof. Let us consider the operator W defined on
BPCg[-1,+00) as

(Wx) (t) = (CH (x)) () +S(t)n o
+w, () + (Ix) (t) + Jx) (t) -

Following the proof of Theorem 11, it is necessary to study
only the part of the operator arising from the functional initial
condition. First, for ¢ > 0, one has

|<6H (x)) (t)| < Mc|(H (W) ()] < McM,

_ (62)
= ||CH (x)||00 < MM,
and, by the continuity of C(t), ast — t;
CH (x)) (t) - (CH (x)) (t
@Ewo-Enwe

<M |C(t)-C(t)| —o.

These, following Proposition 7, are enough to prove that Wx €
BPCg[-r,+00) and (Wx)(t,:) = (Wx)(ty) = Li(x(t).

Moreover, it is not difficult to verify that (CH (x))’(t) =
AS(t)(H(u)(t)) for t > 0, and this is enought to prove that

(CH(x)) (t}) = (CH(x)) (£;) so that one has
Wx)' () = (Wx)' (£7) = T (x () - (64)
From the hypotheses on L one has
LS(t)n = Lw, () = L(Ix) () = LJx) () =0,  (65)
so, it follows from (h5) that
L(Wx)(t) = L(CH (x)) (t) + LS (t) 1
+Lw, () +L(Ix) () + LUJx) (@) (66)

= L(CH (x)) (t) = (H (x)) (¢).

Moreover, (CH (x))”(t) = A(CH(x))(t) and so, using
Proposition 8, the fixed points of W are solutions of (Py). It
remains to prove that we can control the oscillations of Wx by
a finite number of bounded functions.

We need to control only the oscillations of CH(x).If0 <
T, < T, (the other case are similar), we have

|(6H (x)) (1) - (CH (x)) (Tz)'
< lC ()-C (Tz)| M,.

(67)
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So, by defining y(¢) := M,C(t) we have
'(GH @) (1) - (GH (x)) (12)'

<y(n)-y(w).

Hence W is a completely continuous operator. Following
the same proof of Theorem 11 one can see that the set

(68)

{(W):={x € R": x = A\WWx, for some 0 < A < 1}  (69)

is bounded, so W has fixed points that are solutions of (Py).
This complete the proof. O

Remark 13. The reader is referred to [5, 9, 13, 19] for some
examples and applications.
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We determine the principal eigenvalue of the linear problem u™(t) + Bu"(t) = ulu(t) — u”"(®)], t € (0,1), u(0) = u(l) =
IOI p(s)u(s)ds, 4'0) = u'(1) = J'Ol q(s)u"(s)ds, where 0 < f8 < 7* and p>-q € L[0,1]. Moreover, we investigate the existence
of positive solutions for the corresponding nonlinear problem. The proofs of our main results are based upon the Krein-Rutman

theorem and fixed point index theory.

1. Introduction

The deformations of an elastic beam can be described by
the boundary value problems of the fourth-order ordinary
differential equations. For example, an elastic beam in an
equilibrium state whose both ends are simply supported can
be described by the fourth-order boundary value problem of
the form

u @ = f(tu@,u"®), te(1),
@
u@© =u()=u"(0)=u"(1)=0,
see Gupta [1, 2]. Owing to its significance in physics, it has
been studied by many authors using nonlinear alternatives of

Leray-Schauder, the fixed point index theory, and the method
of lower and upper solutions; see, for example, [3-16].

Recently, Bai [3] investigated the existence of positive
solutions for more general fourth-order nonlocal boundary
value problem

u® () + pu" (1) = Af (Lu(®),u" (1)), te(01),

1
u(0)=u(l) = L p(s)u(s)ds, (2)

1
J10)=d" (1) = L q(s)u" (s)ds.

By using the Krasnoselskii fixed point theorem, the sufficient
conditions for the existence of positive solutions of (2) are
obtained. We can find that, however, those conditions do not
involve the eigenvalues with respect to the relevant linear
operator, and those sufficient conditions are not optimal.

The likely reason is that the spectrum structure of the
linear eigenvalue problem

u )+ " O =plu)y-u" ®], te©1),

1

u(0)=u(l) = j p(s)u(s)ds, (3)

0
" " ! "
u 0)=u (1) = L q(s)u (s)ds

is not clear.

It is the purpose of this paper to investigate the first
eigenvalue of (3) by using the Krein-Rutman theorem [17, 18],
and then we use this spectrum result to establish the existence
of positive solutions of nonlinear nonlocal problem (2). The
existence of positive solution is obtained by means of fixed
point index theory under some conditions concerning the
first eigenvalue with respect to the relevant linear operator.
The obtained sufficient conditions in this paper are optimal.
For the concepts and properties of fixed point index theory,
we refer the reader to [19].



The rest of the paper is arranged as follows: in Section 2,
we study the spectrum of (3). Finally, in Section 3, we give an
application of our main result.

2. Spectrum of (3)

Let us assume that

(A1) 0 < B < 7% p,q € L[0,1], p(t) = 0, q(t) = 0,
t € [0,1], _[01 p(s)ds < 1, jol q(s) sin \/Bsds + _[01 q(s)
sin \/B(1 - s)ds < sin 1/B.

(A2) f € C(]0,1] x [0, 00) x (=00, 0], [0, 00)).

Definition 1. We say u is an eigenvalue of linear problem (see
(3)), if (3) has nontrivial solutions.

To study the spectrum of (3), we need several preliminary
results.

Let
{t(l—s), 0<t<s<l;
G, () =
s(1-t), 0<s<t<l;
sin\/BtsiI?\/B(l—s)’ 0<tos<l, (4)
/Bsin /B
G, (t,s) =

sin \/Bssin \/B (1 - t)
\Bsin /B ’

Lemma 2 (see [7]). Assume (Al) holds. Then one has

(i) Gi(t,s) = 0, fort,s € [0,1]; G,(t,s) > O, fort,s €
(0,1);

(i) ;G;(t, 1)G;(s, 5) < G(t, s) < C;G;(t, 1), fort,s € [0,1],

where C; = 1, b, = 1;C, = 1/sin /B, b, = 1/Bsin /B.

Lemma 3 (see [3]). Assume (Al) holds. Then for any g €
C[0, 1], u solves the problem

)+ (1)=g (), te(0,1),
1
uw(0) = u(l) = jo p(s)u(s) ds, “

1
W' (0) = " (1) = L q()u (s) ds,
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if and only if

11
u(t) = L J K, (t,s)K, (s,7) g (r)dr ds, (6)

0

where

K, (t,5) = Gy (6,8) + —————— jl G, (5,%) p (x) dx,

l—fo p (x)dx J0

1

K, (s,7) =Gy (s, 1)+ p(s) L G, (1,x) q (x) dx,

p(s)

sin /Bs + sin \/B (1 - s)

) sin /B - jolq (x) sin \/Bx dx — Iolq(x) sin \/B (1 - x) dx‘
(7)

Let

1 2
Cie Iop(s)(s s )ds

(t) = -t
‘ 1- Iol p(s)ds

, te[0,1].  (8)

Then, there exist ¢,¢ > 0 such that

JlKl (t,s)e(s)ds <ce(t), tel0,1], )
0

JIKZ (t,s)e(s)ds <Ce(t), te[0,1], (10)
0

respectively.
In fact, from (ii) of Lemma 2, we can obtain

Jl K, (t,s)e(s)ds

0
1

=J- Gy (t,s) + 1;

0 l—fop(x)dx

X Jl Gy (s, %) p(x) dx] e(s)ds
0
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| 1
<
0

G, (tt)+ ———
: I—Jolp(x)dx

1
X J G, (s,5) p(x) dx:I e(s)ds
0

Iol p(x)dx

=Gy (t,1) Jle(s)ds+ :
0 I—Jop(x)dx

1
X J G, (s,s)e(s)ds
0

jol p(x)dx

1
=(-t*+t d
( i )Le(s) S+1—J'01p(x)dx

1
xj (s—sz)e(s)ds

0

<ce(t), tel0,1],
(11)
where we can take
1 ! d
C:max{J e(s)ds)&
0 IO (s—s?)p(s)ds
(12)

0

1
XJ (s—sz)e(s)ds} ,
and also we obtain

Jl K, (t,s)e(s)ds
0

= J-l [Gz (t,s)+p(t) Jl G, (s,x)q(x) dx] e(s)ds

0 0

1 1 1
< m L [Gz ) +p(t) L G, (x,x)q(x) dx]

x e(s)ds

SCISin\/EtSil’l\/E(l_t)-"GZ

<ce(t),
(13)

where

C e(s)ds,

1 1 1
6 =— Le(s)dsL Gz(s,s)q(s)ds(l)ggp(t), (14)

1—Jolp(s)ds o
[} (s-)p)ds

ol
Il

3
Let
weC[0,1]:u(0) = u(l) = Llp(s)u(S)ds
X271  wo=u"- jol gOu ©ds [
—ce(t) < —u'' (t) < ee(t)
(15)

for a certain € > 0, and let Y be the Banach space CI0, 1] with
the norm [ull,, = max,,;|u(t)|. For u € X, we have

1
u(t) = JO K, (t,5) (-u" (5)) ds. (16)

Combining (16) and (9) with the fact that —ee(s) < -u'(s) <
ee(s), we conclude that

—cee(t) <u(t)<cee(t), tel0,1]. 17)

So, we may define the norm of u € X by

lullx := inf {e | & > 0,—ee (t) < —u" (t) < ee (t),t € [0,1]} .
(18)

This norm is so called ©,-norm.
It is easy to get the following lemmas.

Lemma 4. (X, || ||x) is a Banach space.

Proof. Let {u,} be Cauchy sequence of (X, || - [|x). Then, we
have

||un - um"X — 0, (n,m— 00). (19)

From (18) and (19), for all € > 0, there exists N > 0 such that

—¢ee(t) < — (u;' (t) - u:,'l (t)) <ee(t),
(20)
te€[0,1], Vn,m > N.

Hence,

|| " "

n um"OO < 8"@"00 i O) (n)m — OO) 5 (21)

which implies that {u'} is a Cauchy sequence of
(C[0, 11,1l - llso)- According to the completeness of (C[0, 1],
Il - 1lo)- there exists u, € C*[0, 1] such that

n n

u, —u, ”OO — 0, (n— ). (22)

Letm — oo in (20). Then, we have

—ee (t) < — (u, (t) —uy () < ee(t),

(23)
te [0>1]’ (n>N))
which implies that
||un—u0||XSs, (n>N). (24)
Hence, for Cauchy sequence {u,} C (X, || - ||x), there exists
u, € X satisfying
||un - u0||X — 0, (n— 00). (25)

Therefore, (X, || - ||x) is a Banach space. O



Lemma 5. X N C*[0, 1] is compactly embedded in X.

Proof. Let {u,} ¢ XN C*[0, 1] be bounded. Then, according
to the fact that C*[0,1] is compactly embedded in c*o, 1],
there exist {unj} C {u,} and y, € C?[0,1] such that

" n
Uy, Uy

— 0, j— oo (26)

(o)
From (26), for all € > 0, there exists N > 0 such that
<—(ul ) —uy (1)) <e, telo1 N. (27
—e<—(uy O -uy ) <& telo1], m >N (27)

Since

Iol (s - 52) p(s)ds
1- fol p(s)ds

e(t) > , tefo,1], (28)

combining this fact with (27) we have

1- IOI p(s)ds
Jol (s—s?) p(s)ds

< (uy () -ug )

ee(t)

. l—j(:p(s)ds

jl( ) ()dse(t), te[O,l],nj>N,
o (s=52) p(s)ds

(29)

which implies

1-[ p(s)d
< B POL
! X _[0 (s=s?)p(s)ds

— 0, nj — 00.

(30)

Therefore, X N C4[0, 1] is compactly embedded in X. OJ

Let
P={ueX|u®)z0, u"(®)<0,tel0,1]}. (3

Then, the cone P is normal and has nonempty interior int P.
In the rest of this section, we will prove the existence of
the first eigenvalue of (3). To wit, we get the following.

Theorem 6. Assume (Al) holds. Then (3) has an algebraically
simple eigenvalue u,, with an eigenfunction ¢, € intP, and
there is no other eigenvalue with a positive eigenfunction.

Remark 7. If p = q = 0, then y, can be explicitly given by

n* - B

(32)
1+ m?

H =

and the corresponding eigenfunction ¢, (t) = sinnt, t €
[0, 1].
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Proof of Theorem 6. For u € X, define a linear operator T' :
X — Yby

1
(Tu) (£) = “OKl (t:9) K,y (s,7) [u(r) —u" ()] drds. (33)

Then, by the definition of K;, we have

(Tu) (¢)

J{

1

G, (t,s)+ ——————
v l—folp(x)dx

0

1
J G, (s, x) p(x) dx:I

0

X jl K, (s, 1) [u () -u" (T)] dr} ds

= Jt s(l—l‘)+1;le1 (s,x) p(x)dx
0 I—Jop(x)dx 0

0

X jl K, (s, 1) [u () -u" (T)] dr} ds

1 1 1
+J t(l—s)+1—J Gy (s, x) p(x)dx
t 1—_[0p(x)dx 0

X JOI K, (s, 1) [u (r)-u" (T)] d‘r} ds.
(34)

Therefore, we can obtain

t

(Tw) (t) = J {—s Ll Ky (s,7) [u(r) —u" (7)] dr} ds

0

+ f {(1 —3) Ll Ky (s,7) [u(r) —u" (1)) dr} ds,
(35)

(Tw)" (t) = -t Ll K, (60 [u(@) -u" ()] dr
+(t-1) Ll K0 [u@-u" (0]dr  (36)

=- Jl K, (t,1) [u (r)-u" (T)] dr.

0

WeclaimthatT : P — P.Infact,foru € X, let||u||x = a.
Then, from (18) and (17) we have, for t € [0, 1],

—ae (t) < —u" (t) < ae(t),
(37)
—cae (t) <u(t) < cae(t).
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On the one hand, from (36)-(37) and (10) we have

1
—(Tw)" @) = L Ky (t:9) [u(s) —u" (s)] ds

J ! (38)

On the other hand, from (36)-(37) and (10) we have

1

—(Tw)" @) = L Ky (ts) [u(s) - u" (5)] ds

> - Jl K, (t,s) [ca + o] e (s)ds (39)
0

>——Clca+a)e(t).

Therefore, T(X) € X.Ifu € P, then u(s) > 0,4’ (s) < 0 on
[0, 1]. According to (36) and the fact that

K,(t,s)=20, 0<t s<l1, (40)

we have

1

(Tw)" (t) = - L Ky (ts) [u(s)-u" (s)]ds<0. (4D

Furthermore, according to (41), the definition of T, and the
fact that

K, (t,5)=0, 0<t s<]I, (42)

we have
1 1 "
(Tu) (t) = J- {Kl (t, S)J K, (s, 1) [u(‘r) -u (T)] dr} ds
0 0

- Jl K, () [~(Tw)" (s)] ds = 0.
’ (43)

Then u € P, and accordingly, T(P) C P.

Now, since T(X) ¢ X n C*0,1] and X n C*[0,1] is
compactly embedded in X, we have that T : X — X is
compact.

Next, we show that T': P — P is strongly positive.

Foru e P\{0}, it is easy to check that there exist p;,,, p,,, >
0, such that for t € [0, 1]

(Tu) (t) = pre(t),

) (44)
—(Tw)" (t) = pye(t).

5
In fact, for every u € P\ {0}, it follows from Lemma 2 that
(Tu) (2)
1 1 1
:” G ts)+ —F—— J G, (s, x) p(x)dx
0 1- jo p(x)dx Jo
1
X [Gz (s, 7)+p(s) L G, (1,x)q(x) dx]
X [u (r) - u" (T)] drds
1
> ”0 |:G1 (1) G, (s,9)
& Jl Gy (x,x) p(x)dx
1- _[0 p(x)dx 0
1
X [Gz (s, 7)+p(s) L G, (1,x)q(x) dx]
X [u (r) —u" (T)] drds
= Plue (t) >
(45)
where
1
P = HOG1 (s,5)
(46)

1
X [G2 (s, 7)+p(s) Jo G, (1,x)q(x) dx]
X [u () -u" (T)] drds > 0,

- (Tw)" (t)

1 1
= J [G2 t,s)+p(t) J G, (s,x)q(x) dx]

0 0

X [u (s)—u" (s)] ds

> \fsin \/E J'O1 [Gz (t, 1) G, (s, )

(DG, (5,5) j

0

1 G, (x,x) q(x) dx]

X [u (s)—u" (s)] ds
= \[sin \/B [Gz L) +p @) J'Ol G, (x,x) q (x) dX]

X [J: G, (s,$) [u (s)—u" (s)] ds]
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>p(t) [J sin \fxsm \f(l -x)q(x) dx]
1
X “0 G, (s,9) [u (s)—u" (s)] ds]
Z Poue (t) ’
(47)
where
P = tlg[l&rll]p (t) [ J sin \fxsm\f (I-x)q(x)dx
1
X J G, (s,9) [u (s)—u" (s)] ds]
' (48)

><< _[ p(s)(s—s)ds)
4 l—j p(s)ds
> 0.

Therefore, it follows from (44) that Tu € int P.

Now, on the one hand, by the Krein-Rutman theorem ([17,
Theorem 7.C] and [18, Theorem 19.3]), T has an algebraically
simple eigenvalue (1) > 0 with an eigenfunction ¢, € int P.
Moreover, there is no other eigenvalue with a positive eigen-
function. On the other hand, we have from the definition of
T and Lemma 3 that (3) is equivalent to the integral equation

u(t) = p(Tu) (t). (49)

Therefore, y; = (r(T))™" witha positive eigenfunction ¢, is a
simple eigenvalue of (3). Moreover, for (3), there is no other
eigenvalue with a positive eigenfunction. O

3. An Application of Theorem 6

For convenience, we introduce the following notations:

t,u, v
limsup ma f( - )
[t +]v] — +00 € [0, 1 |u| + |V|

7=

t,u,v
= liminf mmf( )
20 jujtlvl - 0* tel01] |u| + |v]

ftu,v) V)
lim sup max
f = lu +1v] —»l; eefo1] ful +|v| (50)
f (t,u, V)

= liminf
=00 |ul+|v| = +oo te[ 01 |u| + |v|

B, ={ueX||ulx<r},

OB, ={ueX||uly=r} (r>0).
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Theorem 8. Assume that (Al) and (A2) hold, and 0 < 700 <

fo < +00. Then, for each A satisfying

W

=0

<A< = 'ul (51)

there exists at least one positive solution of (2).

Theorem 9. Assume that (Al) and (A2) hold, and 0 < 70 <
[, < +00. Then, for each A satisfying

" .“1

<A< 52
f (52)

—00

there exists at least one positive solution of (2).

Remark 10. Bai [3] proved existence of positive solutions via
Guo-Krasnoselskii fixed point theorem under some condi-
tions which do not involve the eigenvalue of (3). While our
Theorems 8 and 9 are established under (51) or (52) which are
related to the eigenvalue of (3). Our Theorems 8 and 9 cover
an undefined case in [3]. Consider the following boundary
value problem:

2

D)+ u” (t)
37T + 1 i
= ut)-u (t)
_ ﬁ sin[u() - u" (9], te(0,1),

u@=u)=u"0=4"1)=0.

In this case, y; = 37t /4(1 + %), ftu,v) = (Bt +1)/4(1 +
) —v) - (2/4(1 + 7*)) sin(u — v), A = 1, and
H 3 3 H

Ao <c1=2«< = (54)
4 4_ —0
f 3t + 1 3nt -1 7

According to Theorem 9, the above boundary value problem
has at least one positive solution. For the above boundary
value problem, however, we cannot obtain the above conclu-

sion by [3, Theorem 3.1] since
At 41 n3<\/4+2\/§+2>
- (20<36< !

f oS
=0 4(1+7m?) 242 A
(55)

Moreover, (51) and (52) are optimal. In order to illustrate this
point, consider the problem

" - Br? "
u® () + pu" (t) = Tﬁz [u(e)-u" ()]

o (u(),u" ®), (56)

u(0) =u(l)=u"(0)

te(0,1),

-4 1) =
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where

(x-y), 0<x-y<l,
plxy) = (57)
VXx—-y, 1<x-y<oo.

In this case, g, = (' — Br2)/(1 + ), fltuv) = (G -
Br*)/(1 + 7)) [u—v] + p(u,v), A = 1,and

H “h H “h
—=1==, — =A==
L) f ioo fO (58)

However, (56) has no positive solution. In fact, suppose on
the contrary that (56) has a positive solution u. Multiplying
the first equation of (56) with sin 77t and integrating from 0
to 1, we get

0= Jl p (u ), u" (t)) sinmt dt > 0, (59)
0

which is a contradiction.

To prove Theorems 8 and 9, we need the following
preliminary results.

Lemma 11. For every u € X, there exist Ly, L, > 0 such that
Lollull, < ||, < |, < Lilulx. (60)

Proof. (1) Byu(0) = Jol p(s)u(s)ds, thereis u(t) = f(: u' (s)ds+
[ p(s)u(s)ds, so

1 1
lu(t)] < L | ()| ds + L p(s) [u(s)|ds
. (61)
<[+t | P9 s
Hence
Lollullgo < '] (62)

where L, =1 - Jol p(s)ds.

(2) Byu(0) = u(1), thereisa & € (0, 1) such that W' =0,
and so, for t € [0,1]

§
—u' (t) = J u" (s)ds. (63)
t
Hence [u' ()] < | [ [u"(9)ds| < [ [u"(9)]ds < [lu" ]| and
accordingly,
[l < 1) ©9

(3) We have from (18) that |u"'(t)| < [|ull xe(t), which
implies that

1 2
-s7)d
" (1)) < (1 LGy S) lulx,  (65)
1
4 1- Io p(s)ds

and consequently

Ju"|. < Ll (66)

where L, = (1/4) + (] p(s)(s — s5)ds/(1 - [, p()ds)).  OI
Let
(Au) (t)

= )L”:)Kl t,s)K, (s,7) f (T, u(r),u” (T)) dzds,

te[0,1], A >0.
(67)

It is easy to show that A : P — P is a completely continuous
operator. In addition, we can verify that the nonzero fixed
points of the operator A are positive solutions of the problem

(2).

Lemma 12 (see [19]). Let E be Banach space, P a cone in E,

and Q(P) a bounded open set in P. Suppose that A : Q(P) —
P is a completely continuous operator. If there exists u, € P\{0}
such that

u—Au+pu,, YueoQ(P), u=0, (68)

then the fixed point index i(A, Q(P), P) = 0.

Lemma 13 (see [19]). Let E be Banach space, P a cone in E,
and Q(P) a bounded open set in P with 0 € Q(P). Suppose

that A : Q(P) — P is a completely continuous operator. If

Au#pu, YueoQ(P), u>1, (69)

then the fixed point index i(A, Q(P), P) = 1.

Proof of Theorem 8. It follows from the first inequality of (51)
that there exists r, > 0, such that

Af (u,v) > py (Jul + |v]), VEe[0,1], 0<|ul+|v] <.

(70)

Let ¢, be the positive eigenfunction of T' (see (33)) corre-
sponding to y;. Thus ¢; = u; Te;.

Letr; = Lorg/(1+Ly)L,. Then for every u € 0B, NP, we
have from Lemma 11 that

0<u(®)—u" () < ulg + ||

1+L
<! ? o) lullx < o
0

(71)

It follows from (70) that

1
(Au) () > iy UOKI (6,5 K, (57) [u (1) — " ()] drds

=u (Tu)(t), tel0,1].

(72)



We may suppose that A has no fixed points on 0B, N P
(otherwise, the proof is finished). Now we show that

u—Autup, Yu€oB NP, ux0. (73)

Suppose the contrary, that there exists u; € 0B, N P and
7, > 0 such that u; — Au; = 7,¢,. Hence 7, > 0 and

u, = Auy + 1,9, 2 1, (74)
Put
" =sup {t | u; > 79, }. (75)

It is easy to see that 7° > 7; > 0 and u; > 7" ¢,. We find from
T(P) C P that

wTu, > 7w To, =179, (76)
Therefore, by (72), we have
u; = Auy + 19 2 Tuy + 100, 2779 + 1190, (77)

which contradicts the definition of *. Hence (73) is true, and
we have from Lemma 12 that

i(A,B, nP,P)=0. (78)

It follows from the second inequality of (51) that there
exists 0 < 0 < 1 and r, > ry such that

Af (tu,v) <opy (Jul + |v]), Vi€ [0,1], |ul+|v| >,

(79)

Let T\u = oy Tu,u € X. Then T, : X — X isabounded
linear operator and T, (P) C P.
Let

M = [ max 1K1 (t,5) K, (s,r)]

0<t,s,7<
1 (80)
x| sup )LJ f(T,u (r),u” (T)) dr |,
ueB,,np 70
where r; = Lyr,/(1 + Ly)L,. It is clear that M < +oo0.
Let
W={ueP|u=pAu, 0<pu<l}. (81)

In the following, we prove that W is bounded.
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Foranyu € W, set E(t) = {r € [0,1] | u(r) -u" (1) > 75}
Then,

u(t) = p(Au)(t)

< AJ'J':)IQ ts)K, (s1) f (T) u(1), S (T)) drds

= )LJ'I L(T) K, (t,5) K, (s, T)f(-[-)u(_[)’ull (T)) dr ds

0

1
+)»J J K, (t,s)K, (s,7) f
[0,1]\E(7)

0

X (T, u(r),u” (T)) drds

1
< oy ”OKI (t,9) Ky (5,7) [u (r) - u” (1)] dr ds

1
+)LJ J K, (t,s)K, (s,7) f
[0,1]\E(7)

0
X (T, u(r),u” (T)) drds

< (Tyu) @) +M, telo,1].

(82)
Thus, ((I - T)u)(t) < M, for every t € [0, 1]. Since y, is the
first eigenvalue of T and 0 < ¢ < 1, the first eigenvalue of T,

(r(Tl))_1 > 1. Therefore, the inverse operator (I — Tl)_1 exists
and

(I—Tl)fl=I+T1+T12+~--+Tf+~--. (83)

It follows from T, (P) c P that (I - Tl)_l(P) C P. So, we have
u(t) < (I - Tl)_lM, t € [0,1], and we conclude that W is
bounded.

Select r, > max{r;, sup W}. Then, from the invariance
property of the fixed point index, we have

i(A,B, nP,P)=i(6,B, NP,P)=1. (84)
By (78) and (84), we have that
i(A (B, nP)\ (B, nP),P)

(85)
=i(A,B, NP,P)-i(AB, NP,P) =1

Then A has at least one fixed point on (B,, N P) \ (El N P).
This means that the boundary value problem (2) has at least
one positive solution. O

Proof of Theorem 9. It follows from the second inequality of
(52) that there exists r, > 0, such that

Af (u,v) < py (Jul+ V), VEe[0,1], 0<|ul+|v] <.

(86)

Letry = Loro/(1+ Ly)L;. Then, for every u € dB, N P, we
have from Lemma 11 that

0<u®-u" (1) < lulg + "],

(1+Ly)L, (87)
<l < ro.
0
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It follows from (86) that

1
) @) < [ K 69K 67 [u@) - ()] dr s
= (Tu) (), te[0,1].
(38)

Suppose there exists u, € 0B, NPand 7, > 1 satistying Au, =
T,u,. We may suppose that A has no fixed points on 0B, NP
(otherwise, the proof is finished). So 7, > 1. By (88), we have
T,u, = Au, < p,Tu,. By induction, we have tyu, < T u,,
for alln € N. Thus

"Tn“ > "TnuZ "X > T%iHMZ "X - T_2: (89)
foly  Wilels
By Gelfand’s formula, we have
1
() = Jim ST = 2> (90)
1 1
which is a contradiction with #(T) = 1/y,. Hence
Au#tu, Yu€oB, NP, t>1, (91)
and we have from Lemma 13 that
i(AB, NnP,P)=1. (92)

It follows from the first inequality of (52) that there exist
€ > 0and R, > 0 such that

Af (bt v) = (g +€) (ul + ), Jul + v > Ry, (93)

From (A2), we know that there exists d > 0 such that

Af (tu,v) = (g +€) (lul + |v]) - d,

(94)
te[0,1], 0<|u|+]|v|] < +oo.
We can take R > r; large enough, such that
alHlK1 (s,)K, (s,7)dr ds
plu 2 . (95)

(=D p0asl (1- [ o as))

where p,, is defined as in (46). Then by (94) and (33), for all
u€P, |lulx =R, ¢t €[0,1], we have

(Au) (t) = )L”:KI (9K, (s, 7) f (r,u(1),u" (1)) dr ds
> (uy +¢) ”:Kl (t,s) K, (s, 7)
x [u(r)-u" ()] drds
- d”;KI (t,5) K, (5, 7) dr ds
2 py (Tu) (t) + epye (t)
_ d”(l)[q (5,5 K, (s, 7) dr ds

jol (s - sz) p(s)ds
1- [, p(s)ds

>y (Tu) (t) + epy,

1
- dJJOKI (s,8) K, (s,7)drds

> py (Tu) (1),
(96)
Hence, for every u € P, |lullx > R, we have
(Au) (t) = py (Tu) (t), te]0,1]. (97)
Let ¢, be the positive eigenfunction of T' corresponding to ;.
Thus ¢, = i, Tg,.
We may suppose that A has no fixed points on 0By N P
(otherwise, the proof is finished). Now, we show that
u—Au#tp,, VYu€oByNP, T>0. (98)

Suppose the contrary, that there exists u; € 0Bz N P and
73 > 0 such that

us — Aus = T3¢, (99)
Hence 7, > 0 and
Uz = Aus + T30, = T3¢, (100)
Put
= sup {7 | us > 79 }. (101)

It is easy to see that 7 > 73 > 0 and u; > 7" ¢;. We find from
T(P) c P that

wTuy =27 T, =1°¢,. (102)
Therefore by (97), we have
Uy = Auy + 130, = i Tus + 7,0, = 779 + 7,0, (103)
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which contradicts the definition of 7*. Hence (98) is true, and
we have from Lemma 12 that

i(A,BgNP,P)=0. (104)
By (92) and (104), we have that
i(A, (BxnP)\ (B, nP),P)
(105)

=i(A,BgnP,P)-i(AB, NPP)=-1.

Then, A has at least one fixed point on (Bg N P) \ (En N P).
This means that the boundary value problem (2) has at least
one positive solution. O
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We study the initial boundary value problem of the general three-component Camassa-Holm shallow water system on an interval
subject to inhomogeneous boundary conditions. First we prove a local in time existence theorem and present a weak-strong
uniqueness result. Then, we establish a asymptotic stabilization of this system by a boundary feedback. Finally, we obtain a result
of blow-up solution with certain initial data and boundary profiles.

1. Introduction

It is well known that the Camassa-Holm equation has
attracted much attention in the past decade. It is a nonlinear
dispersive wave equation that models the propagation of
unidirectional irrotational shallow water waves over a flat
bed, as well as water waves moving over an underlying
shear flow. It was first introduced by Fokas and Fuchssteiner
as a bi-Hamiltonian model. Cauchy problem and initial
boundary value problem for Camassa-Holm equation have
been studied extensively in a number of papers (see [1-15] and
the references within).

Fu and Qu in [16] proposed a coupled Camassa-Holm
equation,

m, = 2mu, + mu + (mv), +no,,

@

n, = 2nv, + n, v + (nu), + mu,;

with m = u - u,, n = v - v, which has peakon
solitons in the form of a superposition of multipeakons and
may as well be integrable. They investigated the local well-
posedness and blow-up solutions of system (1) by means of
Kato’s semigroup approach to nonlinear hyperbolic evolution
equation and obtained a criterion and condition on the
initial data guaranteeing the development of singularities

in finite time for strong solutions of system (1) by energy

estimates. Recently the initial boundary value problem for the
system (1) has been established in [17]; moreover, the local
well-posedness and blow-up phenomena for the coupled
Camassa-Holm equation were also established in [16, 18-32].
In [33], Tian and Xu obtained the compact and bounded
absorbing set and the existence of the global attractor for
viscous system (1) with the periodic boundary condition in
by uniform prior estimate.

Recently, Fu and Qu in [34] introduced a general three-
component Camassa-Holm equation as follows:

m, = 2mu, + mu + (mv + mw), + nu, + lw,,
n, = 2nv, + n v + (nu + nw), + mu, + lw,, (2)

I, =2lw, + Lw+ (lu+ ), +mu, +nv,,

wherem =u—-u,,n=v-v,,and! = w - w,,. Equation
(2) also has peakon solitons in the form of a superposition
of multipeakons. Such system also conserves the H'-norm
conservation law. Moreover, the well-posedness and blow-
up phenomena for system (2) with peakons have been
established in [35]. To our knowledge, the initial boundary
value problem of (2) has not been studied yet. The first aim



of this paper is to consider an initial boundary value problem
of the following

m, = 2mu, + mu + (mv + mw),, + nu, +lw,,
n, = 2nv, + n v + (nu + nw) . + mu, + lw,,

I, =2lw, +Lw+ (lu+ W), +mu, +nv,,

3)
m (0, ) = mO’ n (O’ ) = nO’ Z(O’ ) = ZO’
m(,0)y =my,  n( 0, =mn, 1,0, =1,
me, Dy, =m,, n(, Dy =n, 16D =1,

where I} = {t € [0,T] | w+v+w)(t,x) <0}, I, ={t €
[0, T] | (u+v+w)t,x) >0}

Then, we will consider the asymptotic stabilization of
(3) by means of a stationary feedback law acting on the
inhomogeneous boundary condition. Following the step in
[11], we convert the initial boundary value problem of (3)
on the interval into an ODE system and two PDE systems.
Then, we can consider the system (3) easily. Consequently,
we obtain a local in time existence theorem, a weak-strong
uniqueness result, asymptotic stabilization result on the
interval, and a result of blow-up solution, respectively.

Our paper is organized as follows. In Section 2, we
will consider an initial boundary value problem and the
uniqueness of the solution to (3). By using the feedback law
enjoyed by (3), the asymptotic stabilization on an interval is
considered in Section 3. Finally, in Section 4, a result of blow-
up solution with certain initial data and boundary profiles
will be established.

First, we begin with a general remark that will be used
many times later.

Remark 1. Let T be a positive number and QO = [0,T] x
[0,1]. Changing u(t, x) in —u(t,1 — x), v(t,x) in —v(t,1 —
x), w(t,x) in —w(t,1 — x), and t in T — t, and it will be
more convenient for us to analysis the system, if we define
the following sets

P={te[0,T]| (u+v+uw)(t0) =0},

(4)
P ={te[0,T]| (u+v+w)(t1) =0}

Let A = (1- aﬁ)“z, then the operator A% can be ex-
pressed as

1
N @=Grf@=5 [ b ©
0

where G = (1/2)eflx|.N0w,letAi = A’zBi =G=B,i=1,2,3,
where B, is an auxiliary function which lifts the boundary
values my, m,, n, n,, and [; defined by

B;(t,x) =0, (t,x)€[0,T]x][0,1],

vVt € [0,T],
(6)

G * B; (t,0) =y, t), G=B;(t1) =0, (t),

wherei =1,2,3.
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Settingu = p+G+* B, v=q+G+*By,andw = r+G * By,
we can further rewrite the system (3) as

p=G=m, q=G=*n, r=G=*l,

pt0)=pt1)=0,  qt0)=q(t1)=0, (7)
r(t,0)=r(t1)=0,

m,=(p+G=* B, +v+w)m,

+[2(p+G*By), +v,+w,]|m+nv, +lw,
n,=(q+G =B, +u+w)n,

+[2(q+G = B,y) +u, +w,]n+mu, +lw,
l,=(r+G=By+u+v)l, (8)

+[2(r + G = B;)_+u, +v,]l+mu, +nv,

m (0) ) = m()’ m(') O)IFI = ml) m(" 1)|I‘r = mr’

n(0,-) =ng, n(~0)y, =m, n( 1y, =n,

l(O, ) = lO’ l() O)|I‘l = ll) l(’ 1)|1", = lr’

where functions m;, m,, n, n,, I, and I, in C°([0, 1], R) are the
boundary values and m,, n,, and [, in L*°(0, 1) are the initial
datum.

Lemma 2. We have A; = G B, € C°([0,T]);C™[0,1]) €
C°([0,T);C®[0,1]) and p,g,7 € L((0,T),C"'([0,1])) N
Lip((0,T), Hy(0,1)), i = L1,2,3,mnl € L®(Q7) N
Lip((0, T), H'(0, 1)). Moreover, we also have the bounds

l|Ai”L°°((O,T); Cb10,1])

< cosh (1) (
~ sinh (1)

rllzom ||Uli "L"O(O:T))’ ©)
(i=1,23),
120 o019 oy < 2 (1 + cosh (1) il oo g,
102l o 0.y < 10l oy £-110,000
[l o, 10y 20+ cosh ) Pl
(10)
19:l 0.2 ryg0.1) = 196 oqoiry r 10,1y

IFlz=ommy oo < 2 (1 + cosh (D) Wlca,

19,71 oo o, Hi01]) S 10| o 0,7, 110,11



Journal of Function Spaces and Applications

Proof. A;, p,q,7,(i = 1,2,3) can be expressed, respectively,
as

A;(t,x) =G = B; (t,x)

_ Sin}: 0 (sinh (x) v,, (£) +sinh (1 - %)y, (),

(i=123),

X

Bt %) = - L sinh (x — X)m (1, %) d&

. sinh (x) J !

sinh (1) sinh (1 — X) m (t, X) dX,

0

qt,x) =- Lx sinh (x — X)n (t,X) dx

. 1
. sinh (x) J sinh (1 - ¥) n(t, ) dX,

sinh (1) Jo

7(t,x) =— Jx sinh (x — X) [ (t,X) dX

0

+ sinh () Jl sinh (1 - X) [ (t, X) dx.

sinh (1)

0

(1)

Estimates (9) and (10) can be easily obtained from the above
expressions. O

2. Initial Boundary Value Problem

First, we define what we mean by a weak solution to (8). Our
test functions will be in the space:

Adm (Qr) = {(p eC' (Q) | @(t,x) =0 on [0,T]\ T}

x{0}U [0, T]\T, x {0} U {T} x [0,1]}.
(12)

Definition 3. When (p,q,r) € L™((0,T);Lip[0,1]) X
L((0, T); Lip[0,1]) x L*((0,T);Lip[0, 1]), the function
(m,n,1) € L(Qp) x L®(Qyp) x L*(Qy) is the weak solution
to (8) if for all @ € Adm(Qy):

” m(p,— (u+v+w)e, +(p,+0,G = B))p)dtdx
Qr
1
= —“ (nv, + lw,) @ (t, x) dt dx — J mq (x) @ (0,x) dt
o 0

T
+J (u+v+w)(t,0) @ (t0)m(t,0)
0
—w+v+w) D) e 1)m(t1))dt,

” n(p,— u+v+w)e, +(q, +9,G * B,) ¢)dt dx
Qr

= —“ (mu, +Ilw,) ¢ (t,x)dt dx — Jl 1y (x) ¢ (0, x) dx
o 0

T
+J (u+v+w)(t0)¢(t0)n(t0)
0

—wtv+w) @t Dot )n(t1))dt,

” g —(u+v+w)g, +(r, +0,G * By) ¢) dt dx
Qr
1
= ‘J-J. (mu, +nv,) @ (t,x) dt dx — J- Iy (x) ¢ (0, x) dx
Qp 0

T
+J ((u+v+w)(t0)e(t0)1(t0)
0

—(ut+v+w) L) e 1)1(t1))dt.
(13)

It is obvious that Cé(QT) C Adm(Qy); therefore, a
weak solution to system (8) is also a solution to (8) in the
distribution sense. And it is clear that a regular weak solution
is a classical solution.

Definition 4. For (t,x) € Q, we consider w(:,t,x) the
maximal solution satisfying

w,=—Ww+v+w)(tw(tx),
(14)
w(0,x) = x.

We consider that w is the flow of (u(t, x), v(t, x), w(t, x)).
For (t,x) € Qp, w(-,t,x) is defined on a set [e(t, x), h(t, x)].
Here e(t,x) is basically the entrance time in Qg of the
characteristic curve going through (t, x).

Remark 5. Obviously e(t, x) > 0 implies that w(e(t, x),, x) €
{0, 1}.

In the following, we consider a partition of Q, which
allows us to distinguish the different influence zones in Q..

Definition 6. Let P = {(t,x) € Qp|3s € [e(t,x),h(t,x)]
such that w € {0,1} and (u + v + w)(s, w(s,t,x)) = 0} U
{(s, w(s,0,0)) | for all s € [0, T]} U {(s,w(s,0,1)) | for all s €
(0, T1},

I={(t,x) e Qp\ ple(t,x) =0},
L={(t,x) e Qp\plw(e(tx),tx) =0}, (15)
R={t,x) e Qr\plwle(tx),t,x)=1}.

Those points of the set P are tangent to the boundary,
which are precisely the singular points of e and h. It’s
obviously that the sets P,I,L, and R constitute a partition
of Q. Furthermore, if (f,x) € L, then e(t,x) € I}, and if
(t,x) € R, thene(t,x) € T,.

Definition 7 Here, we consider the case of data
(w,v,w) € L([0,T];C'([0,1])) x L=([0, T];C'([0,1])) x



L®([0, T};C ([0, 11)), (my, mp, ;) € CHI) x CHI) x CHI));
(m,,n,1) € CNI,) x CUI,) x CMI,),(mgy,nyl)) €
CC1 (0,1) x Ci (0,1) x CE(O, 1). We define the functions m, n,
and [ in the following way.

When (t, x) € P, m(t,x) = 0, n(t, x) = 0, and I(¢, x) = 0,
when (t, x) € I,

m(t, x) = my (w (0,1, x))
X exp (Jt [2(p, +0,G * B)) + v, +w,]
0
X (s,w (s, t, x))ds)
t
+ J (nv, + lw,) (s, (s, 1, x))
0
X exp (r [2(p, +0,G * B)) + v, +w,]
X (s’,w (s',t, x)) ds') ds,
n(t,x) = ny (w (0,1, x))
X exp <Jt [2(gy + 0,G * By) + u, + w, |
0
X (s,w (s, t,x)) ds>

+ r (muy + lw,) (s, @ (s, 1, X))
0

X exp( [2(g, +0,G = B,) + u, +w,]
X (5', ) (s', t, x)) ds') ds,
I(t,x) =1, (w(0,¢,x))

t
X exp <J [2(r, +0,G = By) + u, +v,]
0
X (s,w (s, t, x))ds>

N J: (i, + 1) (5, @ (5, £, %))
« exp <Lt [2(r, +0,G * By) + u, +v,]
(o' x)) s ) s,
(16)
when (t,x) € L,
m(t,x) = m (e (£, x))

t
xexp<J [2(py +0,G = B)) + v, + w,]
e(t,x)

X (s,w (s, t, x)) ds)
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+ J (nv, + lw,) (r, w (1, t, x))
e(t,x)

t
X exp(J [2(p, +0,G * B)) + v, + w,]

X (s', 1) (s', t, x)) ds'> dr,
n(t, x) =n (et x))
t
X exp (J [2(q, +9.G * B,) +u, +w,]
e(t,x)

X (s, w (s, t, x)) ds)

t
+ J (mu, +lw,) (s, w (s, £, x))
e(t,x)

t
X exp (J [2(q, +0,G = B,) + u, +w,]
X (s’, w (s', t, x)) ds') ds,
l (t> x) = ll (e (t) x))
t
xexp(J [2(r, +0,G * By) +u, +v,]
e(t,x)

X (s, w (s, t, x)) ds)

¢
+ J (mu, +nv,) (s,w (s, t, x))
e(t,x)

X exp (Jt [2(ry +0,G * By) + u, + v,
X (s',a) (s',t, x)) ds') ds,

(17)
when (t, x) € R,

m(t,x) = m; (e (£, x))

t
xexp(J [2(p, +0,G * B)) + v, +w,]
e(t,x)
x (s, w (s, t, x)) ds)
t
+ J (v, + lw,) (r, @ (r, £, x))
e(t,x)

t
X exp<J [2(p, +0,G * B)) + v, + w,]

X (s', w (s', t, x)) ds') dr,
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n(t,x) =n (e(t,x))
t
xexp(J [2(q, +0,G * B,) +u, +w,]
e(t,x)

X (s,w (s, t, x)) ds)

t
+ J (mu, +lw,) (s, w (s, £, x))
e(t,x)

t
xexp([ [2(g, +0,G * B,) +u, +w,]

X (s', w (s’, t, x)) ds’) ds,

I(t,x) =1 (e(t,x))

t
xexp(J [2(r, +0,G * By) +u, +v,]
e(t,x)
X (s, w (s, t, x)) ds)

t
+ J (mu, +nv,) (s,w (s, t, x))
e(t,x)

t
X€Xp<j. [Z(rx+axG * BS) +ux+vx]

X (s', w (s', t, x)) ds') ds.

(18)

Lemma 8. Since (m,n,1) € L®(Qp) x L(Qp) x L2(Qy)
and satisfies (8), we immediately get that (m,n,l) is the
weak solution of (8) and (m,n,l) € wh®0,T,H1(0,1)) x
w0, T, H1(0,1)) x W-®(0, T, H (0, 1)). However, the
functions m, n, and [ satisfy the following estimates:

Imll o,y
< [max (oo Il o) + v + T 7]
% eT||2(p+G*Bl)x+vx+wx||d)(n_r,’
Il
< [max (o]l eos Il s ) + s+ o o,y
s T2 GB) oy

1Mo,

< [max (ool oo oo I, o)+ st + 10, ooy T

% eT”Z(HG*Ba)ﬁ”x*'Ux leo gy ,

o] co(a,
< {2 max (”mo"Lom lrmy “Low ||mr“L°°)

x (”P +G B1||L°°((O,T);Lip[0,l])

+ [Vll Lo o,mysLipro,n + ||w||L°°((0,T);Lip[0,1]))
2
2
+ [("u”LOO(QT) + "axxu“Loo(QT))
2
2
+ (oo + [22,0] )

(I R N
x (1+2(]lp +G * Bl oogompmipionn
+ ollzoommiptonsy + 1wl mstiponn)) T
X exp (2T (||(p +G * Bl)x"L"O(QT)
oo, + lwdlioq,))
190y
< {2 max (o] o> [l o 2, 0
% (la+G * Byllomyipton

+ ||”||L°°((0,T);Lip[o,1]) + ||w"L°°((O,T);Lip[0,1]))
2
2
#| (Wl + 102 o)
2
2
+ ("U"Lm(QT) + ||axxv'|Loo(QT))

+(“w"L°°(QT) + ||a>2€xw”L°°(QT)>2]

X (1 +2 (”q +G BZ"L°°((0,T);Lip[0,1])

+ [[ull oo o,mysLipro,11)
+ ||w"L°°((0,T);Lip[0,1]))) T}

X exp (2T <||(‘1 +G* B2)x||L°°(QT)

ealio@y * Toelioy))
[0dlcsca,
< {2max ([lo]l o [l oo 2] )

X ("" +G * By ||L°°((0,T);Lip[0,1])

+ [[ull oo 0, rsipro,1)) + ||U||L°o((o,T);Lip[o,1]))

(oo + )



+ (||U||L°°(0T> + "aozcx““meT))z
(Il + [0 o) |
x (142 (fIr + G * B3| oo rsmiptonny
Pl orsipton
+ o nuwipt0)) T

xexp (2 ([[( + G * By) [l (.

+ el + loelliogany)) -
(19)

Definition 9. We can define operator E and a domain for
the system (8) by: for all p,q,r € L®((0,T);C"'([0,1])) N
Lip([0, TT; Hy (0, 1)),

E(p)=p e L®((0,1);C"" ([0,1]))

N Lip ([0,T]; H, (0,1)),
E(q) =g €L ((0,T);C" ([0,1]))

N Lip ([0,T]; H, (0,1)),
E(r)=7eL®((0,T);C" ([0,1]))

N Lip ([0,T]; H, (0,1)),

CMO,MI,T

={p.g.r e L*((0,1);C" ([0,1]))
N Lip ([0, T15 Hy (0, 1)) | dllzeo o110,

< Mo, ldllLipgo,rymz 0.y < Ml} ,
(20)

where

d(t,x) =max(p(t,x),q(tx),r(tx)),
(t,x) € [0, T] x [0,1].

(21)

. Obviously Cy; 7 is convex and Cyy a1 is.compact
with respect to the norm || - || oo (o 1y;Lip((0,17)- We will endow
Q My,n,,7 With the norm || - [l oo ry;wip(jo,17) - There exist pgsi-
Fivelt{lumbers My, My, and T such that E maps Cy; 7 into
itself.

Theorem 10. There exists T > 0, and (m,n,l) is a weak
solution of (8) with p,q,r € L®((0,T);C"'([0,1])) N
Lip({o, T];HS(O,I)) and m,n,l € L*(Qy). Moreover, any
such solution (p,q,r) is in fact in c’(10, T1; W*f(0,1)) n
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cl(o, T; WOI’P(O, 1)), for all p < +00. Furthermore, the
existence time of a maximal solution T > min(T", T), with

T* = max Lln &
T a0, p50 \ 6 4(1+cosh(1)a /)’
T = max iln |ﬁ|
a0, f>0 \ 6 1202 ) )’ (22)
h (1)
C, = max [(S:?Ijh (1) (HUTi ||L°°(0,T) + ”vli "L‘X’(O,T))] ’

i=1,2,3.

Proof. For T > 0, we consider my, m,,n,n,,l, and I, in
C°([0,T]) such that the sets P, and P, have only a finite
number of connected components.

LetC, = max(llmiIILm(O’l), IIniIILoo(rl), ||li||L°°(r,))> where i =
0,7,land

cosh (1)
C, = max [ sinh (1) ("Uﬂ' ||L°°(0,T) * "Uli ||L°°(0,T))] ’ (23)
i=1,2,3.
Now, if u, v, w € Caym,,T (see (21)), we have
[2(p+ G = B)), +v, + wx||cm(QT)
<2 (”ax“"cme) + ||axUHC°°(QT) + "axw"C‘X‘(QT)) >

"2(q +G* Bz)x T Ut wx“c"O(Q—r)

(24)

<2 (”ax”"cwmr) + ||axUHC°°(QT) + ||axw"C°°(QT)) >

[2(r + G = By), +u, + vx"cme)

<2 (”axu"CDO(QT) + ”axU“C‘X’(QT) + "axw"C"O(QT)) .

For all u, v,w € L®((0, T); W**(0, 1)), we have

19.4] o r, < 2\/||M||L°°(QT) 10%.c4ll oy

< (||“"L°°(QT) + "aazcx”"Lm(QT))’

0.0l < 24100y 020 o

< (”U”Lw(ar) + "ayzch"LOO(QT)) >
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||axw||Lm(QT) < 2\/"w”L°°(QT)“aazcxw"L"o(QT)
< (Ilwlle(QT) + "aazcxw”meT))’
"”Ux + lwx“LOO(o,l)
2
< [(||”||L°°(QT) + “aazcxu“Lw(QT))
) 2
+ (||U||L°°(QT) + "axx”"Loo(QT))
2
+ (i + [0l )]

[l + lwx“L""(O,l)

S [(CTE e N &
+ (Ilvlle(oT) * "a)zcx“"po(on)z
+ (IIwIILoomT) + ”aixw"mm))z] ’
s, + nv] oo
S [(C i S
+ (IleILoomT) * "a»zcx”"po(m))z

+ (||w||L°°(QT) + '|832€xw||L°°(QT))2] :
(25)

We also define that d(t,x) = max(p(t, x),(t, x), 7(t, x)),
(t,x) € Qp. If p,g,r € Cpy py, 7> then from Lemmas 2 and
8, we derive that

"(;IHLOO((O,T);CLI[O,I])
< 2(1+cosh (1)) (Cy + 12T (M, + C,)°)

x exp (6T" (M, +C,)),

"at‘j"cﬂ(oT)

< [6C, (M, +Cy) +12(M, +2C,)°

(26)

x (146 (M, +C,)T)] exp (6T (M, +Cy)).
Finally, to obtain p,g,7 € Cy; » 1> itis sufficient to show that

2 (1 + cosh (1)) (G + 127" (M, + C,))

x exp (67" (M, + C,)) < M,,

7
M,y +[6C, (M, + Cy) +12(M, +C,)°
x (1+6T (M, +C,))] x exp (6T (M, +C,))
< Ml) (27)

if we have chosen T and M,; it is easy to choose M, to satisfy
the second inequality. For the above two inequalities, we just
choose M, and M, sufficiently large and then T close to 0.
More precisely:

M, > 2(1+cosh(1))C,,

T < ! 1 ( M, )
S 6(My+Cy) \a(+cosh(1)(My+C1) )" (28)

T< ! ln( M, = M, 2).
6(My+Cy)  \ 12(M, +C))

Maximizing the bound of T, we can get minimum existence.
Then, we get the result announced, where « = M, + C,, 8 =
M, - M,. O

Lemma 11. The operator E Crpm,r —  Capom,r 18
continuous with respect to || - ll o (o,msLipfo,1)-

Proof. The proof is omitted here; one can see a similar proof
in [8, Proposition 2.4].

Now, we can apply Shauder’s fixed point theorem to the
operator E, and we get the result that there exist fixed points
p>q,rsuch that E(p) = p, E(q) = g, and E(r) = r, so we know
that there exists a wake solution of (9).

p.gor € L% ((0,7);C ([0,1])) N Lip ([0, T]; Hy (0,1)).
(29)
O

2.1. Uniqueness. We will prove the weak-strong uniqueness of
weak solution of (8) in the following.

Theorem 12. Let (p,m), (g, n), (r,1) € L°((0, T); C*'([0, 1]))
n Lip([O,T];Hé (0,1) x L*((0,T); Lip([0,1])) be the weak
solution of (7)-(8), then it is unique in L°°((0, T); ch([0,1]))x
L®(Qr).

Proof. Define ® = m-m,¥ =n-1n,Y = I-Tand P =
p-pQ=q-3 H=r—T7, then we have

P(t,)=G*D(t),
Q) =G=¥Y(), (30)
H(t)=G*Y(t),
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where P,Q H € Lip([0,T];H,(0,1)), and (®,%Y) € Y _ J
L®(Qp) x L®(Qp) x L(Qy) is the unique weak solution of (&%) 0 fr (s (stx)
t
P, =(p+GxB+v+w)d, X exp (J b, (s',w (s',t, x)) ds') ds.  (33)

+[2(p+G =By, +v, +w ] For (¢, x) € L, we have

t

q)(t, x) = J f1 (S,(U(S, t>x))

e(t,x)

+(P+Q+H)m, + (2P, +Q, + H,)m
+ VYo, +1nQ, + Yw, +THx,

¢
¥, =(q+G+*B+u+w)V¥, Xexp(J b (s',w(s',t,x))ds'>ds,

r

+[2(q+G*Bz)x+ux+wx]‘I’

t

(31) Wt x) = J

e(t

(s, w (s, t,x))
+(P+Q+H)fi, + (P, +2Q, + H )7 )

(34)
T ! ! ! !
+ Qu, + md, + Yw, +1H,, X exp (J b, (s ,w(s ,t,x))ds >ds,
r
Y,=r+G«B+u+v)Y, ¢
Y (t, x :J s,w(s, t,x
+[2(r+G=B;) +u,+uv,]Y (%) e(t,x) fi(sal )
~ -~ t
+(P+Q+H)L + (P, +Q,+2H,)I X exp (J b, (s',w (s',t,x)) ds') ds.
 Qu + MO+ Yo, +7Q, For (t, x) € R, we have
Let ¢
c O (t,x) = J 1 (50 (s1x))
b =2(p+G*B)) +v, +uw, e(tx)
t
b, =2(q+G * B,) _+u, +w,, X exp <J b, (s',w (s',t,x)) ds') ds,
by =2(r+G = B;) +u,+u, ;
Y (t,x) = J (s,w (s, t,x))
fi=(P+Q+H)m,+ (2P, +Q,+ H,)m e(t,x)f2
~ t
+ Yo, +7Q, + Yw, +IH,, (32) X exp <j b, (s', w (s', t,x)) ds') ds,
f,=P+Q+H)n, + (P, +2Q,+H)7 t
’ o T Y(t,x):J £y (50 (5,1, %))
+ Qu, +md, + Yw, +IH,, e(tx)
t
fi=(P+Q+H)T, + (P, +Q, +2H)I X exp <j by (s, w(s,t,x)) ds’) ds.
r
+ Qu, +md, + Yo, +7Q,, (35)
with iy = 0, i; = 0,and i, = 0, where i = ®, %, Y. ;@V(:h)lﬁe IPe, ')||||1517(t0’1))||§ S|, 'l"”“(%ﬁ%} ("thT' Mo .
For (t,x) € P, we have ®(t,x) = 0,¥(t,x) = 0, and e S (VL i S (DR > Mgy am
Y(t, x) = 0. m, 0,im, 1, 0,7, 1, 0,1 bounded, we see that for some A; > 0,
Then, we get the uniqueness result. Ay >0, 43 >0,
For (t, x) € I, we have ||f1 (t, ')||L°°(o,1)
t
D(t,x) = J fi(sw (st x)) <A (lo, Mo,y + I & Mo,y + 1Y (£ ')”L°°(0,1))’
0
: 12 &Mooy
X exp (J b (s', w (s', t, x)) ds') ds,
r < Ay (19 (8, lpeoo,1y + 1Y (& Mooy + Y (& peoo,)) »
t
¥ (t,x) = J £ (s 0(st X)) 1f5 &) ooy
0

<A (I (& Mooy + ¥ (6 Mooy (el )

X exp <Jt b, (s’, w (s', t, x)) ds') ds, (36)

r
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since p,q,r, and B;, (i = 1,2, 3) are bounded, we get that for
some /1'1 > 0, )L'Z >0, Ag >0,

P (& )l oo 0,1

t
sMLw®QMWMVWW@wmm)

HIY (5, o)) s,

¥ (& Hizeoco,1
, t
SMLU@@JMWMVWW@Jhmm) (37)

+Y (s, ')||L°°(0,1)) ds,

1Y (& )l oo 0,1

t
sMLw®QMWMVWW@wmm)
HIY (5, Moo ds.
‘We can obtain that

10, Moy + I¥CE Mooy + 1Y Mo,
< (A’l + AL+ Ag)
t (38)
wa®mwwmwwwmwwmn
1Y (5 )y ds-

As a result, we get the result of the uniqueness by
Gronwall’s inequality when (t,x) € I, (t,x) € L, (t,x) € R.
Then, we complete the proof of the uniqueness results. [

3. Asymptotic Stabilization

3.1. Preliminary Results. The equilibrium state that we want
to stabilizeism = n =1 = 0,p = q =71 = G *
B, = 0,and i = 1,2,3. A natural idea is using Lyapunov
indirection method to investigate whether the linearized
system around the equilibrium state is stabilizable or not.
Its stabilization would provide a local stabilization result on
the nonlinear system. However, there is a difficulty in the
stabilization problem. We have to prescribe y;, and we just
need to make a continuous transition at (t,x) = (0,0), and
that y; asymptotically converge in time. For convenience, the
system (6)-(8) can rewrite in the following

0,y —d(t,x)0.y=b(t,x)y+ f (t,x),

)’(0>) = Yo» )’(,0) =) }’(17) =V

gtx)=G+ytx), gt0)=gt1)=0, (39
B(t,x) =0, G*B(t,0)=v,(t),

Gx*B(t,1)=v,(t),

9
where
i} 2(p+G*B)x+vx+wx
b(t,x) = 0
0
0 0
2(q+G>x<1§)x+ux+w,C 0
0 2(r+G*B)x+ux+vx
(p+G+B+v+w)
a(,x) = 0
0
0 0
(u+q+G * 1§+w) 0 ,
0 (u+v+r+G * B)
m m
y=1n/l Yo=1\| Mo |>
I IN
3 nu, + lw, 0 nl u,
ftx)= (mux+lwx> = <m 0 l> <vx>,
mu, +nv, m n 0 w,
p m m,
git,x)y=1_q|, = mn, y, = n
r ll lr
(40)
Our feedback law for (3) reads
, u(y) = Al”y”CO([O,l])’
yeC ([0,1]) — v, (y) = Ar||y||d)([o,l]), (41)
oy, = My,
where A; > 2sinh(1), A, > A;cosh(1) + sinh(2), M > 0,
00
T>0,and M = <§ /g 0 ), ¢ < 0, a symmetric matrix, is the
u

unique matrix solution to the matrix function:
PM+M'P=-2, (42)

for some symmetric positive-definite matrices P and Z.
Indeed, let V(t, y,) = y Py, be the Lyapunov candidate, and
that y; asymptotically converges in time is equivalent to that
the time derivative of the V.,V (t,y;) = —y/ Zy is strictly
negative. A fixed-point strategy will be used again to prove
the existence of a solution to the closed-loop system, we begin
by defining the domain of the operator.

Definition 13. Let X be the space of (g,N) € C°([0,T] x
[0,1]) x C°([0,1]) satisfying
() for all (t, x) € [0,T]x[0, 1], g(0,x) = y,(x), g(t,0) =
yO(O)eMt)
(2) for allt € [0, T], lg(t, Moo,y < N(©),
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B)N s
”yo"C°([0,1])><C°([0,1])><C°([0,1])'

N(0)

IN

nonincreasing,  and

Lemma14. The domain X is nonempty, convex, bounded, and
closed with respect to the uniform topology.

The proof is elementary and one notices that

Mt Mt .
(Vo(X)e™ s Iyollcoo,ipxeonxcqoane ) € X so X is

nonempty.

\Y \
Now for (y, N) € X, we define g and G+ B as the solutions

V(tx) €Qpn G(tx) =G * y(tx),
J(60)=9 (1) =0, B(tx)=0, (43)

G« B(1,0)= AN(t), G+B(t1)=AN(@).
One has the following exact formulas:
Y (t,x) € Qr,

g (t,x) = - stinh (x— %) y (6, %) dx

0

sinh (x) Jl sinh (% - 1) y (¢, %) d%,

~ sinh (1)
N ()
sinh (1)

0

Vv
G* B (t,x) =

(A, sinh (x) + A;sinh (1 - x)).
(44)

Therefore, we have the following inequalities:

V(t,x) € [0,T] x [0,1],

9.(t.%)

<2(1+cosh (1) ]yt ')||C°([0,1])><C°([0,1])><C°([0,1])’

V
9, 9 (¢t x)l < 2cosh (1) ||y (¢, ')||c°([o,1])xc)([o,l])xcﬂ([o,l])’

2.9t x)l < [2(cosh (1) + 1) + 1]

x|y, ')“C"([0,1])><C°([0,1])><C"([0,1])’

A, —2cosh(1) A,
sinh (1) N®,

=

0, (G* 1\§> (t, x)

G+ B (t, x)l > AN ().
(45)
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Let ¢ (t,x) = G= 1\§ (t, x)+ é (t, x), where ¢ (t,x) =
(E) (t, x), and in turn those provide
cosh (1)

¢ (thx) < [2(1 + cosh (1)) + siT(l)(Ar+A,)

x|y ')||C°([O,1])xC"([O,l])xC‘)([O,l])’

sinh (2) + 2A; cosh (1) — A,
sinh (1)

9, ¢ (tx) <

x ")’ (t, ‘)||C°([0,1])><C°([0,1])><C°([0,1])’

cosh (1)
h (1) (Ar + Al)

32, € (t,x) < [2(1+cosh (1)) + 1+

x|y, ')“C"([0,1])><C°([0,1])><C°([0,1])‘
(46)

Now, if w is the flow of\c/, w is C', and since ¢ > 0, w(-,t,x) is
nondecreasing. This allows us to define the entrance time and
then the operator S as follows. Let e(t,x) = min{s € [0,¢] |
w(s,t,x) = 0}

Now, for for all (t,x) € [0,T] x [0,1], S(y,N) = (¥, N)
with the following:

(1) if x > w(t,0,0),

y (&, x)

= ¥, (w (0,1, x)) exp <r i;/ (r,w(r,t, x)) dr)

0

+ Jt ]\é (r,w(r,t, x))
0

X exp (Jt Z (r’, w (r', t, x)) dr’> dr,

r

(47)
2) if x < (t,0,0),
y (£, x)
= 3 (0) €M) exp (Lt b (1w (rt,x)) dr)
(48)

+ r ]\é (r,w (r,t, x))
e(t,x)

X exp (Jt l\a/ (r',w (r’,t, x)) dr'> dr,

r

(3) N@®) = 1y oo,

Lemma 15. (1) The operator S maps X to X.
(2) The family S(X) is uniformly bounded and equicontin-
uous.
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(3) S is continuous w.r.t. the uniform topology.

The proof is very similar to [10], except for the state y here
is a three-component vector and the proof is omitted.

Now, we can apply Schauder’s fixed point theorem to S and
get (y, N) fixed point of S.

3.2. Stabilization and Global Existence

Theorem 16. For any y, € C°([0,1]) x C°([0, 1]) x C°([0, 1]),
there exists y € CO(QT)XCO([O, T], C*([0,1])) a weak solution
of (39) satisfying

Vxe[0,1]  y(0,%) = yp (x). (49)

Furthermore, any maximal solution of (39) and (41) is global,
and if we let

cosh (1)
k= 2(1+cosh(1))+1+ A +A4),
max< (1 + cosh (1)) snh (1) (A, +4)
sinh (2) + 2A; cosh (1) — A, )
sinh (1) ’ (50)
1 M|)?
T = M ln < 3 P || "3 > >
11l 8k ”yO“C"([0,1])><C°([0,1])><C°([0,1])
then we have
V21 |y () o oo

(51)

M -

To finish the proof of Theorem (39), we have to prove the
global existence of a maximal solution and the estimate (51).

Proof . First, we rewrite (46) as the following:
\%
Vtx) € Qp ¢ (tx) <k|y® oo
\%
ax C (t, .x) < k"y (t, )HCO([O,I])’ (52)

Oy € (£,%) < Ky (¢, Mooy

where k = max(2(1 + cosh(1)) + 1 + (cosh(1)/ sinh(1))(A, +
A)), (sinh(2) + 2A; cosh(1) — A,)/ sinh(1)).
For y is the solution of the transport (39) and it satisfies

y(t,x)=y(s,w(st,x))exp <Jt Z (r,w(r,t,x)) dr>
0
t v
+ J f (r,w(r,t,x)) (53)
0

X exp (J.t i;/ (r', w (r', t, x)) dr') dr.

r

1
Combining those facts, we get for ¢t > s the following:
|y (&, x)|
< |y (s, w (s, t, x))| (1 + 4k* |y (s, w (s, t, x))l t)
t
X exp (2 L klly (r, ')"cﬂ([o,u)ch([0,1])xcﬂ([o,11)dr> :
(54)

We have also imposed y(t,0) = y(s, 0)eM*) and thanks to

the existence theorem that a maximal solution of the closed

loop system is global. To get a more precise statement, we

consider all the between time ¢ and s, and we obtain.
ForO0<s<t,

|y, ')”CO([0,1])><C°([0,1])><C°([0,1])
<y .)“C"([0,1])><C°([0,1])><C°([O,1])
| Ml (r—x) (

X max [e 1+ 4k2"y (s, ')”cO([0,1])xc°([o,1])xc°([o,1])r)]

t
X exp <2k Jr "J’ (o ')||c°([0,1])xc°([o,1])xc°([o,1])d“> :
(55)

We define

_ [ IMl5(r—s) 2
g(r)= [e ’ (1 + 4k y (r, ‘)"cﬂ([o,1])xcﬂ([o,1])xc°([o,1])r)]
t
X €xXp (Zk L ")’ (o, ')"cﬂ([o,u)ch([0,1])xc0([0,1])d“) >
(56)
and we set g(r) = g,(r) + g,(r), where

g1 (r) = M9

t
X exp <2k L "}V (o, ')"CO([0,1])><C°([0,1])><C°([0,1])) )

(g

_ (r=s) 41.2
g (r)=e 4k |y (r, ')||c0([0,1])xc°([o,1])><c°([o,1])r

t
X €Xp <2k Jr Iy (e, ')"cﬂ([o,u)xd([o,u)xcﬂ([o,l])) .
(57)
Then, we have
g @
= (”M”3 - 2k||)’(r’ ')“C"([O,l])><C°([0,1])><C"([0,1])) g1 (r)
" (% + 1Ml - 2K| y(r, ')"C°([0,1])xC°([0,1])><C0([0,1]))

X 92 (T) >
(58)

as long as the quantity |[y(r, ~)||Co([0)1]) is not equal to
zero, it strictly decreases, so if || Yllcoqo.17)xc0(10,11)xc?(0.17) >
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| M||;/2k, for t small enough || y(t, -)IICU([O)I])XCO([O,I])XCO([0)1]) >
| M]|;/2k, and we have the following.

||J’ (t, ')”C"([O,l])><C°([0,1])><C"([0,1])

= “yO||C°([0,1])><C°([0,1])><C°([0,1]) (59)
2 [|vll5¢
X (1 + 4k "yO||C°([0,1])><C°([0,1])><C°([0,1])t) e
If we define 7 = (1/IMll;)  In(IM]3/
3 2
8kl yollcoqqo,wco(ro.xceo o > We get that
M5

ly(z, ‘)||c0([o,1])xc0([o,1])><c0([o,1]) <= (60)

This provides 7 < s < t, the inequality (which was clear
when [[yollcoo,1yxco o pxco oy < 1M 1l3/2k)

Iy, ')||c0([o,1])xc°([o,1])xc°([0,1])
< |y, ')”c°([0,1])xcﬂ([o,1])xc°([o,1])

x (1+ 42 y(1, )| coopxeoapxcont)

(61)
t
X exp (2k L "J’(“ ')"c°([0,1])x@([o,u)xcﬂ([o,l])dr)
M _

4. Blow-Up Phenomena

In this section, we present a result with the initial data
and boundary profiles under a special condition that ensure
strong solutions to following system blow-up in finite time as
follows:

om—(u+v+w)(t,x)om
=(2(p+G=*B)+v, +w,)(t,x)m
+ (nv, + lw,) (t,x),
on—(u+v+w)(t,x)on
=(2(q+G#*B)+u,+w,)(t,x)n
+ (mu, +lw,) (t, x),
ol —(u+v+w)(t,x)o,l
=(2(r+G=*B)+u, +v,)(tx)]

+ (mu, +nv,) (£, x),

m(0,-) =m,, n(0,)=n, 1(0,-)=1, x¢€l0,1],
m(t,0)=m; =m(t,1)=m,, te[0,T],
n(t,0)=m=n(1)=mn,, tel0,T],
I(t,00=L=1@¢1)=1, te[0,T],

(62)
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wherem =u—-u,,, n=v-v,,, | =w-w,,. This imply that

u(t,0)=u(t1),
v(t,0) =v(t1), (63)
w®t0)=w(tl).
From Definition 3, we can also define
w,=-w+v+w)(tw(ty)),
(t.x) € [0,T] x [0, 1], (64)

w(0,x)1=x, x€[0,1];

where u, v, and w denote the solution to (62). Applying clas-
sical results in the theory of ordinary differential equations,
one can obtain a result on which is crucial in studying blow-
up phenomena.

From (62), we obtain that

m, — 0, (mu + mv + mw) = mu, + nv, +lw,,
n, — 0, (mu + nv + mw) = mu, + nv, +lw,, (65)

I =0, (lu+lv+lw) =mu, +nv, +lw,.

Lemmal7. Letu,v,w € C([0,T); H)NnC'([0,T); H™), (s >
2), then (64) has a unique solution w € C([0,T) x [0,1]).
Moreover, the map w(t, ) is an increasing diffeomorphism with

w, (t,x) = exp {— L (uy (s, (s, %))

+U, (5,0 (s, %) + w,y (5,0 (s, x)) ds) }

>0,

w,(0,x)=1, Vxe[0,1].

(66)

Proof. The proof is omitted here, one can see a similar proof
in [12]. O

Now, we have the following lemma that the potential m —
n, n — I, m — [ with compactly supported initial datum m, —
ny, 1y — Iy, my — 1, also has compact x support as long as it
exists.

Lemma 18. Assume that u,(t, x), vy(t, x), wy (¢, x) € H* x H®
with s > (3/2), (u,v,w) is the corresponding solution, if my —

ny, 1y — Ly, My — Iy has compact support, thenm —n,n—I,m -1
also has compact support, moreover, we can obtain that

lm (t,) = n(t, ) < & mg () = ny )]s
lm(t,-) =1t < e Jmg () =1, (), (67)

In(t,) =1t < & g () =1, O] -
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Proof. Since

d (m(t, w(t,x)) w,)

dt
= (mt + mxwt) Wy + MWy (68)
= [m, - 9, (mu + mv + mw)|
= (mu, +nu, +lw,) w,
Similarly,
d
= (n(t,wt x)w,) = (mu, +nv, + lw,) w,,
(69)

% (It w(t, x) wy) = (Mu, +nv, +lw,) 0,
So it follows that

% ((m(t,w(t,x)) = n(t,w(t x))) @) =0,
9 (o0 -1GoE)0) =0 00

d
E ((ﬂ (ta w (t) .X)) -

We obtain
[m (t’ w (t» x)) -

I(t,w(tx)) w,) =

n (@ (1, )] @, = my (x) - g (x),
[m (tw (t,%)) = 1 (6@ (6. X)) @, = my (x) =y (x),  (71)
[t (t,%)) = 1 (6@ (1, )] @, = 1y (%) = Iy ().

From Lemma 17, we have

w, = exp (— Lt u, (s,w(s,x))
(72)

+ 0, (s, w (s, %)) +w, (s, w (s, x)) ds) .

If there exist four constants K, K}, K,, and K; such that u, <
K, v, < K,, w, < Kj,and K = max(K,, K,, K3), we can get
that

llm (£,-) = n (¢, )l

= "m (t’ w (ta )) -n (ts w (ta ))"L00

= |exp <Lt u, (s,w(s,x)) + v, (s,w(s,x))

+w, (s,w (s, X)) ds) x (mg (x) — 1y (x)) ds

L®

<& lmy () =y )] -

(73)
Similarly,
lm () =1t ) < & Jme () =1, O] »
74)
I ) =1t < & g () =1, ()] -
O
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Theorem 19. Let uy(x),vy(x), and wy(x), s > 3/2 and
u(t, x), v(t, x), w(t, x) be the solution in (62) with time T. Then,
T is finite if and only if

tim inf | inf ’ _
lim in {xér[}))” [u, (x t)]} 00 (75)
or

th_r}r} inf Léﬂfn [v, (x, t)]} = —00 (76)
or

tlg}} inf {xél[})i,:l] [w, (x, t)]} = —00. (77)

Proof. Let uy(x),vy(x), and wy(x), s > 3/2 and
u(t, x), v(t, x), w(t,x) be the solution (62) with time T.
We know that u(t,0) = wu(t,1),v(t0) = v(t, 1), and
w(t,0) = w(t, 1). By the definition of m, n, and [, we have

Il = j
Il = j

1
112, = L (w- wxx)zdx = L (w2 + 2w92c + wix) dx.

1
2
u-u,,)dx= L (u2 +2ul + uix) dx,

1
v-v, ) dx = L (v2 +200 + vix) dx, (78)

2 2 2 2 2
Hence, [lullyz < lml < 2luli vl < lnl <
2 2 2 2
2fvllzes lwllze < 7 < 2lwlze.
Multiplying the first equation by m, the second one by n,
and the third one by I, after integration by parts and adding

up the results, we see that

li Jl (mz+n2 +lz)dx

0
1

= J [(Zux +u, +w)m + (2u, +u, +w,)n’

+ (Qw, +u, +v,) I+ (mm, +nn, +11)

X (u+v+w)+mn(u, +v,)

+Im(u, +w,) +1n (v, +w,) ] dx

! 1 1 1 )
= Zux+vx+wx—5ux—§vx—§wx m
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111 ,
+(2Ux+“x+wx_5“»:‘5%‘5“-’::)”
11 1 \,
+(2wx+ux+vx—Eux—zvx—iwx>l
+mn(u, +v,) +Im(u, +w,)In (v, +w,) ] dx
! 2 2
= L [<2ux+zvx+ 2wx>m +<2vx+ St ¥ 2wx)n
3 1 1 \,
+<§wx+5ux+§vx>l +mn(u, +v,)
+lm(ux+wx)+ln(vx+wx)]dx
1 2, 2.
=, E(ux+vx+wx)(m +n +l)
2 2 2
+mu, +nv, + Fw, + mn(u, +v,)
+lm(ux+wx)+ln(vx+wx)]dx
rl 2 1 2
=J [E(ux+vx)(m+n) +5(ux+wx)(m+l)
0
1 1
+= (v +w,) (L +n)’ + Zum’
2 2
1 1
+vanz+§wxl2 dx
(79)
So, we have
d 'y o2 2 n
— | (m +n +1")dx
dt,[o( )
< (K, +K, +Kj)
! 2 2
xj [(m+n) +(m+1) (80)
0

+(l+n)2+m2+n2+lz]dx

1
<5(K; + K, +K3)J (m2 +n +lz)dx.
0
By Gronwall’s inequality, we get

2 2 2
lulle + lvlle + lwllze

< Jl(m2+n2+lz)dx
0

<exp[5T (K, + K, + K3)]
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X Jl(mé+ng+lé)dx
0

<2exp [5T (K, + K, + Kj)]

x (ol + lollze + ol
(81)

The above inequality, Soblev’s embedding theorem, ensure
that the solution (u(t, x), v(t, x), w(t, x)) cannot blow up in
finite time.

On the other hand, if

tILmT inf {xéﬂfu [u, (x, t)]} =—00 (82)
or

th_{nT inf {xér[gu [v, (x, t)]]» = -0 (83)
or

lim inf{ inf [w, (x, t)]} = —00, (84)

t—>T x€[0,1]
then the solution will blow up in finite time. O
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This paper is concerned with the existence and nonexistence of positive solutions to the singular third-order m-point boundary
value problem v (¢) + a(t)fu®) =0,0<t<1, u0) = W' (0)=0, u'(1) - Z::z au' (E) = A, where & € [0,1), o; € [0,00) (i =
1,2,...,m—2) are constants, A € (0, 1) is a parameter, f : [0,00) — [0, 00) is continuous and a(-) is allowed to be singular at t = 0
and t = 1. The results here essentially extend and improve some known results.

1. Introduction and the Main Results

Singular boundary value problems for nonlinear ordinary
differential equations arise in a variety of areas of applied
mathematics, physics, chemistry, and so on. For earlier works,
see [1-3]. Nonsingular third-order multipoint boundary
value problems have been studied by many authors by using
different type of techniques, see, for example, [4-9] and
the references therein. In recent years, singular third-order
multipoint boundary value problems have also received much
attention, see [10-12].

Very recently, motivated by Ma [13], Sun [14] considered
the third-order three-point boundary value problem

W) +alt) fw®)0=0, te(0,1),
(Py)

u' (1) —au' () = A,

where 1 € (0,1), & € [0, 1/r) are constants and A € (0, 00) is
a parameter. Under the following assumptions:

u(0) =u' (0)=0,

(H,) a € C((0,1),[0,00)) and 0 < Iol(l — s)sa(s)ds < oo;
(H,) f € C([0,00), [0,00));
(Hy) f is superlinear, that is, f, = 0, f., = 00;
(H:) f is sublinear, that is, f, = 0o, f., =0,
where f, = lim, _, o+ (f(r)/1), foo =lim, _ . (f(r)/r).

By using Guo-Krasnosel'skii fixed point theorem, the
author established the following results.

Theorem A (see [14, Theorem 3.1]). Suppose that (H,), (H,),
and (H; ) hold. Then the problem (Py) has at least one positive
solution for A small enough and has no positive solution for A
large enough.

Theorem B (see [14, Theorem 3.2]). Suppose that (H,), (H,),
and (Hy ) hold. If f nondecreasing, then there exists a positive
constant A* such that the problem (Py) has at least one positive
solution for A € (0,A") and has no positive solution for A €
(A%, 00).

Theorem C (see [14, Theorem 3.3]). Suppose that (H,), (H,),
and (H. ) hold. Then the problem (P,) has at least one positive
solution for any A € (0, 00).

Being directly inspired by the previously mentioned
works, we will consider the existence and nonexistence of
positive solutions to the following third-order m-point BVP:

WO +alt) fw()=0, 0<t<l, (1)

m—2
u©=u'(0=0 WO-Yau (&) =1 (2))

i=1

where &, € [0,1), o; € [0,00) (i = 1,2,...,m — 2) are
constants and A € (0, 1) is a parameter, a(-) is allowed to be
singular att = 0 and t = 1. Here, the solution u of BVP of (1),



(2,) is called positive solution if u(t) is positive on (0, 1) and
satisfies (1) and the boundary conditions (2,).
We assume that (H,), (H,) hold and make the following
additional assumptions:
(Hy) 0 < Y72 < 15

(Hy) lim,, _, o+ sup (f(u)/u) < Ay and lim, _, ,  inf (f(u)/
u) > Ay;

(Hs) lim,, _, o+ inf (f(u)/u) > 0 and lim,, _, ., sup (f(u)/
u) <L,

where

_ 1
Ay =200+ B L, IRl = Sy,
m-2 1 -1
(1 +yZ(xi>J (1 —s)sa(s)ds] ,
i=1 0
m—2 -1
Y= <1 - Z“igi) 5
i=1

-1
A, = }1[02 J: (1 —s)sa(s)ds] .

L=

2)

From (H,), we know that there exists t, € (0, 1) such that
a(ty) > 0. Let O satisfy 0 < 0 < £, < 1.
Our main results are the following.

Theorem 1. Let (H,)-(H,) hold. Then there exists a positive
number A" such that BVP of (1), (2,) has at least one positive
solution for A € (0, A™) and none for A € (A", 00).

Theorem 2. Let (H,)-(H;) and (Hs) hold. Then BVP of (1),
(2,) has at least one positive solution for any A € (0, 00).

The proof of previous theorems is based on the Schauder
fixed-point theorem.

Remark 3. BVP (P,) is a special case of (1), (2,) with a; =
a8 =nanday =---=a, ,=0,=--=§,,=0.

Remark 4. (H,) allows but do not require the nonlinearity
f(u) to be sublinear at zero and infinity; (H;) allows but do
not require the nonlinearity f(u) to be sublinear at zero and
infinity.

Remark 5. We do not assume any monotonicity condition on
the nonlinearity as in [14]. We find that the nondecreasing
condition of f can be removed from Theorem 3.2 in [14], and
the same result is obtained in Theorem 1.

Remark 6. It is obvious that Theorem1 is an extension
and complement of Theorems 3.1 and 3.2; furthermore,
Theorem 2 is also an extension of Theorem 3.3 in [14].

2. Preliminary Lemmas

In this section, we present some notation and preliminary
lemmas.
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Let C*[0,1] = {u € C[0,1] | u(t) = 0,¢t € [0,1]}
equipped with the norm [Ju|| = max,_,, [u(t)|.

Lemma 7 (see [15, Lemma 2.1]). Suppose that ¢ € {¢p €
L1 [0,1] | [, t(1 - B)lg(t)ldt < co}.

(i) Then [ s¢(s)ds, [, (1 - $)d(s)ds € L'(0,1) and

Ll Lt s (s)dsdt = Ll Ll (1-5)¢(s)dsdt

1 )
= j s(I=s)¢p(s)ds.
0
(ii) Letr € (0, 1). Then
lim v(t)Jl(l—s)qb(s)ds=0, (4)
t—0" t
for everyv e C'10, r] with v(0) = 0, and
lim w (t) r s¢(s)ds =0, (5)
t—1" 0
for everyw € C'[r, 1] with w(1) = 0.
Lemma 8. Suppose that (H,)-(H,) hold, then BVP
W) +alt) fw®)=0, 0<t<l,
(6)

m—2
u' (1) - Z“i”’ (&) =0

i=1

u(0)=u'(0) =0,

has a unique nonnegative solution u € Cl1o,1] n C*0,1)
which can be represented as

1
u(t) = L G(t,s)a(s) f(u(s)ds+ %ySftz, (7)

where
2
1 |(2t-t"—5s)s, 0<s<t<],
G(t,s):= = ( )
2 1(1-9)t% 0<t<s<l,
(8)
(1-t)s, 0<s<t<l,
Gy (t,s) :=

(1-s)t, 0<t<s<l,

and §; = Yl _[01 G, (&, s)a(s) f (u(s))ds.

Proof. The proof of the uniqueness is standard and hence is
omitted here. Now we prove the existence of the solution.

From (H,)-(H;) and Lemma 7, we conclude that the
integration in (7) is well defined. Let v = u'; then BVP (6)
may be reduced to boundary value problems

Vi) ra®) fw(t) =0, 0<t<l, )

m—2
v(0) =0, v(l) - Zociv &) =0, (10)
i=1
W @) =v(), 0<t<l, (11)
u(0) = 0. (12)
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We claim that (9), (10) have a nonnegative solution v which
can be represented as

1
v(t) = Jo Gy (t,s)a(s) f (u(s))ds +ydt. 13)

In fact, from (H,)-(H;) and Lemma 7, for each r €
(0,1), sa(s) f(u(s)) € L'[0,7] and (1 — s)a(s) f(u(s)) €
L'[r,1]. Combining the continuity of sa(s) f(u(s)) and (1 —
s)a(s) f (u(s)), we have

Jtsa (s) f(u(s)ds e c' (o, r],
0

) (14)
J (1-s)a(s) f (u(s))ds e C [r,1).
Thus v(¢) € C*(0,1). Moreover
v’a)=-—j sa(s) f (u(s))ds
’ (15)

S (u(s))ds +yd;.

+J1(1—s)a(s)

Similarity, V'(t) € C'(0,1). From (15), we get V) =

—a(t) f(u(t)), t € (0,1).
By Lemma 7, we have from (13) that

v(0) = tlin&v 3}

= lim (1-1¢) J-tsa (s) f(u(s))ds
t—0t 0
(16)

+ lim+t J;l (L-s)a(s) f(u(s)ds

t—0
+ tlin&ty(?f =0.

Again applying (13), we have
v(D) = limv (1) = yd;. 17)

This together with (13) implies that v(1) =

T ().
The claim is proved.
By Lemma 7, we obtain from (11), (12), and (13) that

um=£wﬂm

= Jt JT (I-1)sa(s) f (u(s))dsdr

g
[

J (1=s)ta(s) f (u(s))dsdr + y(Sft (18)

2t—t -5 sa(s)f(u(s))ds

1
2

J (1-s)t* a(s) f(u(s)ds+ y6ft

l\)l'—‘

It is easy to see that u € C'10,1]1nC*(0, 1), and moreover,
u is a nonnegative solution of the BVP (6).
The proof is complete. 0

Lemma 9 (see [14, Lemmas 2.2 and 2.3]). For any (t,s) €
[0,1] x [0, 1], one has

(1) qt) G(1,s) < G(t,s) < G(1,s) =
q(t) =13,

(ii) (9/ot) G (t,s) =
(1-s)s.

(1/2)(1 = s)s, where

G(t,s), and 0 < G,(t,s) < G,(s,8) =

Lemma 10. Suppose that (H,)-(H;) hold; then the unique
nonnegative solution u of (6) satisfies

in u(f) > 6 ||ul.
[nin u (t) [l (19)

The proof is similar to Lemma 2.4 in [14].

Lemma 11. Suppose that (H,)-(H;) hold. Let j €
{1,2,...,m—=2}andr € (—00,0). Then BVP

w'®) =0, 0<T<t<]l, (20)

w(r) =

m—2
w(l) = Y aw () =r (21)

has a unique solution w satisfying w(t) < 0 on [1, 1].

Proof. From (20) and (21), we obtain w(t) = (f — w' (7).
Again applying (21), we have
(1-1w (1) - Zoc w' (1) =,
" @)

w'(r)(l—r—niz(xi(ﬁi—‘r)> =r.
i

Nowsetd:=1-1— Zm 2 o, (&, - 7); then we have that

d>1_7_m§_:2“i(ff—‘f£i)

i=j

m—2
=(1—T)<1— Z“z’&‘) >0
i

This together with the fact that r € (—00,0) implies that
w' (1) < 0. Thus w(t) < 0 on [z, 1]. The proofis complete. [

(23)

3. Proof of the Main Results
In this section, we will prove our main results.

Proof of Theorem 1. We divide the proof into three steps.

Step 1. We first prove the existence of positive solutions to (1),
(2,) for sufficiently small A : A > 0.



4
Let h be the unique solution of
J"(H)=0, 0<t<1,
m=2 (24)
u(0) =u' (0) = u ()= ) el (&) =1.
i=1
Then h(t) = (1/2)yt2. Let v = u — Ah; then u is a positive

solution of BVP (1), (2,) if and only if v = u — Ak is a
nonnegative solution of BVP

VI +alt) fvE)+AR(1) =0, 0<t<],

(25)

m—2
v(0) = (0) = V(1) - Y av' (&) =0.
i=1

Let f(x) = SUP(s<, S (5). Since lim,, _, o sup(f(u)/u) <
A ;; then there exists a positive number A, such that

FAy+ AL IR < Ay (A + AL IRI) = 20,1 (26)

Define a closed convex subset in C*[0, 1] by
D={veC"[0,1]|v() <A, te[0,1]} (27)

and an operator T: D — C'[0, 1] by

1
Tv(t) := J G(t,s)a(s) f(v(s)
’ (28)

1 2
+Ah(s))ds + EV(Sft ,

where 6f :’an o; Jo G, (&, )a(s) f (v(s) + Ah(s))ds. Mod-
eling the proof of Lemma 2.3 in [10], we can show that T is
a completely continuous operator. From Lemma 8, we know
that v is a nonnegative solution of (25) if and only if v is a
fixed point of T

Suppose that A < A;; we claim that T : D — D.

In fact, from Lemma 9 and (28), we have

0<Tv(t)

Jl (1-39)sa(s)ds

N | —

<f(A+) ||h||)[

(=]

+

| =

m=2 (29)
Yy« J (1-1s)sa(s) ds]
i=1

1~ -
= S FQu+ Al L7

The claim is proved. Using the Schauder fixed point
theorem, we conclude that T has a fixed point v in D, and
then u = v + Ak is a positive solution of (1), (2,).

Step 2. We verify that BVP of (1), (2;) has no positive
solutions for A large enough.

Suppose to the contrary that BVP of (1), (2,) has at
least one positive solution for any A > 0. Then there exist

Journal of Function Spaces and Applications

0<A <Ay <o <A, <-ooywithlim, | A, = 00, such
that for any positive integer 1, BVP of (1), (2,) has a positive
solution u,,. Thus v,, = u,, — A, h is a nonnegative solution to
(25). On the one hand, we have
1

[V, + Akl > A, Il = Ey)un — 00, (n— 00). (30)

On the other hand, since lim,,_, inf(f(u)/u) > A,,
there exists r, > 0 such that f(u) > A,u, for any u € [r,, 00).
Let n be large enough that 92||vn + A k|l = ry. By Lemma 10,
we have

. 2
tel[%ﬁ]v" ) >0 ||vn|| ,

31
inf h(t) = —y92 =6 |h|.
e[,
This implies that
nf, (v, (1) + A,k (8) = 0° (|v,]| + A IBD) = 67 ||, + A1
€lo,
(32)
Thus
[v,, + A,.h]|

1
> |v,] = L G(Ls)a(s) f(v,(s)+A,h(s))ds

m-2

Yo o

% s)a(s) f (v, (s) +A,h(s))ds

> J-l G(Ls)a(s) f(v,(s)+A,h(s))ds
o

A (v, () +A h(s))J' (1-s)sa(s)ds

=2|v, +A,h|, o)
33

which is a contradiction.

Step 3. Let B = {A | BVP of (1), (2,) has at least one positive
solution} and A* = sup B; then 0 < A" < 0o. We show that
(1), (2,) have positive solution for any A € (0, A"). From the
definition of A", we know that, for any A € (0, 1), there exists
A > A such that (1), (2;) have positive solution us.

Now we consider the following third-order m-point
boundary value problem:

u" @) +a®) (Fu) ) =0, 0<t<l,
m=2 (34)
u(0) =4 (0) = u ()= Y o' (&) =
i=1
where
flug(®), ifu)>u;@),
(Fu)®) =< f@®), ifo<u)<uz(t), (35
£(0), if u(f) < 0.
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Since F is bounded, by Schauder fixed point theorem, the
problem (34) has a solution u;.
By Lemma 8, u, satisfies

1
uy (t) = L G(t:s)a(s) (Fu)(s)ds
+ ;ytz Zcx, J G, (§,s)a(s) x (Fu) (s)ds (36)
+ %y)ttz,

thus u, > 0.

LetI = {t € (0,1] | uy(t) > uz(t)} and Q = {t € (0,1] |
w(t) > 0}, where w(t) = u;(t) - u'x(t), t € [0,1]. We will
show that I = @. Noticing that, if ug ) > u'X (t) holds for any
t € (0, 1), combining with u/'\(O) = u%(O),we getu, (t) > uz(t).
Thus we prove that Q = 0; then we have I = 0.

Suppose to the contrary that Q) # 0.

If u;(l) < u%(l), then, from Q # @, and the continuity of
w(t), there exists (a,b) ¢ Q such that w'(a) = w®) = 0.
Moreover, w' (t) = 0 in (a,b). Thus w(t) = 0 in (a,b). This
contradicts with the fact that w(t) > 0 in (a, b).

If u;(l) > u%(l), we claim that there exists j ¢
{1,2,....,m~— 2}suchthatw(£ ) > 0.

In fact, from the fact that w(1) - Y}, 2 w(&;) = A-1<0
and w(1) > 0, we have that Y (xw(E) > 0. Thus, there
exists j € {1,2,...,m — 2} such that w(£ ) > 0.

Let j, =min{j | j€{1,2,...,m-2} suchthatw(Ej) > 0}
then, we only need to deal with the following four cases.

Case 1. w(t) > 0in (0, 1). In this case, we have

w”(t):o, 0<t<l,
m—2 _ (37)
w(0) =0, w(l)—Z(xiw(Ei)=A—)L<0.
i=1
We easily verify that
w(t)=(A-2)pt<0, in (0,1). (38)

This contradicts with the fact that Q + 0.

Case 2. There exists T € (0, 1) such that w(r)
in (0, 7). In this case, we have

=0andw(t) >0

w' @) =0 0<t<rt,
39)

w(0) =0, w(t)=0.

We easily obtain w(t) = 0 in [0, 7], a contradiction again.

Case 3. There exists T € (0, 1) such that w(r) = 0 and w(t) > 0

in (7, 1]. In this case, if j, > 1, then, for anyi € {1,2,..., j, —
1}, we have w(¢;) < 0. Thus

Naw ()

r: =w(l)

i=jo

—w(l)—Z(xw thw(f)
i=1 (40)
Jo—1

=A-1+ Zaiw(fl)
i=1

<A-1A

< 0.

If j, =1,thenr := w(l)—zznjzocw(f)—/\ A < 0,and

w(t) satisfies

w”(t)=0, T<t<]1,

- (41)
w(l) - Zociw(fi) =r<0.

i=jo

w(t) =0,

By Lemmall, we also have w(t) < 0 in [r,1], a

contradiction again.

Case 4. There exists [a, b] c (0, 1) such that w(a) = w(b) =0
and w(t) > 0 in (a,b). The same as Case 2, we can lead to a
contradiction.

Summarizing the previous discussion, we assert that Q =
0; thus I = 0. Up to now, the problem (1), (2,) has a solution
Uuy. O

Proof of Theorem 2. Since lim,, _, o+ inf( f(u)/u) > 0, there
exists 4 > 0, and r; > 0 such that f(u) > pu, u € [0,r,]. Next
we consider two cases: f is bounded or f is unbounded.

Case 1. Suppose that f is bounded, that is, f(u) < M, for all
u € [0, 00). By Schauder fixed point theorem the problem of
(1), (2;) has a positive solution.

Case 2.1 f is unbounded. Since lim,, _, ,  sup(f(u)/u) < L,
there exists a positive number r, such that f(u) < Lu, for
u € [r,,00). Since f is unbounded, for any A € (0, 00), we are
able to choose

Ry > max {2r,r,, A||h|l} (42)
such that
f(u) < f(2R)), forue[0,2R;]. (43)

Defining a closed convex subset in C*[0, 1] by

D, ={veC"[0,1] | v(t) <R), t €[0,1]}. (44)



For each v € D;, we have 0 < v + Ah < 2R,. By (28) and
Lemma 9, we obtain that

Tv(t) < lf (2Ry) < jl (1-s)sa(s)ds
2 0

m—2

+ yZoci JOI (1-s)sa(s) ds) (45)

i=1
1 -1
< EL . ZR/\L = R/\.
That is, Tv(t) € D,. By using the Schauder fixed point

theorem, we assert that T has a fixed point v € D;, and then
u = v + M is a positive solution of BVP of (1), (2,). O

4. Example

Consider the boundary value problem

2
u" (1) + t(ll— f EB D 0+ cosutw) =0,

u(t)+176 (46)

0<t<l,

Py (47,)

4

wO=u' ©=0, u(1)-Yir (l> -
i=1

where o; =4, & = (1/8i) (i = 1,2,3,4), a(t) = 1/t(1 —t), t €

(0,1),and f(u) = (WP +u)/(u+176)) (7+cos u), u € [0, +00).

Obviously (H,), and (H,), and (H;) hold. By calculating, we

havey =2, |h]| =1, L = 1/21, A; = 1/21. Let 0 = 1/4, then

A, = 16/3. We easily verify that

1
lim sup f ) =— <A, lim inf
u—0* u 22 u—+0oo

=6>A,,
(47)

f W)
u

that is, (H,) is satisfied. Therefore, Theorem 1 now guarantees
that there exists a positive number 1* such that BVP of (46),
(47,) has at least one positive solution for A € (0,1") and
none for A € (1%, 00).

But we cannot apply Theorem B [14, Theorem 3.2]. In
fact, f does not satisfy monotonicity condition. Moreover,
condition (H, ) of Theorem B does not hold.
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We discuss the existence of solutions for a boundary value problem of Riemann-Liouville fractional differential inclusions of order
a € (2,3] with integral boundary conditions. We establish our results by applying the standard tools of fixed point theory for
multivalued maps when the right-hand side of the inclusion has convex as well as nonconvex values. An illustrative example is also

presented.

1. Introduction

In the last few decades, fractional calculus is found to be an
effective modeling tool in many branches of physics, eco-
nomics, and technical sciences [1-3]. A fractional-order dif-
ferential operator is nonlocal in its character in contrast to its
counterpart in classical calculus. It means that the future state
of a dynamical system or process based on fractional-order
derivative depends on both its current and past states. Thus,
the application of fractional calculus in various materials
and processes enables an investigator to study the complete
behavior (ranging from past to current states) of such stuff.
This is indeed an important feature that makes fractional-
order models more realistic and practical than the integer-
order models and has accounted for the popularity of the
subject. For some recent development on the topic, see [4-
17] and the references therein.

Differential inclusions appear in the mathematical mod-
eling of certain problems in economics, optimal control, and
so forth and are widely studied by many authors. Examples
and details can be found in a series of papers [18-23] and the
references cited therein.

In this paper, we study the following boundary value
problem:

Dy x(t) e F(t,x(t), 0<t<l, 2<a<3,

x(0) = x"(0) =0,

1
x(1)=J g(s)x(s)ds,

0

@

where Dy, is the standard Riemann-Liouville fractional
derivative of order 2 < « < 3, F: [0,1] xR — 2(R) is a
multivalued map, P(R) is the family of all subsets of R, and
g is a continuous function.

Here we remark that the present work is motivated by a
recent paper [17], where problem (1) is considered with F as
single valued and the results on existence and nonexistence
of positive solutions are obtained.

The main tools of our study include nonlinear alternative
of Leray-Schauder type, a selection theorem due to Bressan
and Colombo for lower semicontinuous multivalued maps,
and Covitz and Nadler’s fixed point theorem for contraction
multivalued maps. The application of these results is new in
the framework of the problem at hand. We recall some pre-
liminaries in Section 2 while the main results are presented in
Section 3.

2. Preliminaries

2.1. Fractional Calculus. Let us recall some basic definitions
of fractional calculus [1, 2].



Definition 1. The Riemann-Liouville derivative of fractional
order g is defined as

ﬁ(%)n Lt (t=9)"""g(s)ds,

n-l1<g<n,

Dg+g(t) = ( )
2

n=[q]+1,

provided the integral exists, where [g] denotes the integer part
of the real number g.

Definition 2. The Riemann-Liouville fractional integral of
order g is defined as

Ig,g(t) = L Jt 9() ds, q>0, 3)

T(q) Jo (t-9"1
provided the integral exists.

Definition 3. A function x € AC*([0,1], R) is called a solu-
tion of problem (1) if there exists a function v € L'([0,1], R)
with v(t) € F(t, x(t)), a.e. [0, 1] such that D*x(t) = v(t), a.e.
[0,1] and x(0) = x'(0) = 0, x(1) = Iol gt)x(t)dt.

Lemma 4 (see [17]). Given y € L([0, 1], R), then the unique
solution of the problem
Dx(t)+y(t)=0, 0<t<l, 2<ac<3,

x(0) = x"(0) =0,

(4)
1
x(1) = J gt)x(t)dt
0
is given by
1
x(t) = J G(t,s) y(s)ds, (5)
0
where
G(t,s) =G, (t,5) + G, (L, s), (6)
1 [t(1-s)]"", 0<t<s<l,
G169= 55 {[t(l ) —(t-5)*", 0<s<t<],
(7)
tocfl 1
G, (t,s) = - L Gy (1,8) g (1) dT,
(8)

1
o= J s g (s)ds.
0

Lemma 5 (see [17]). The functions G,(t,s), G(t,s) have the
following properties:

(i) G,(t,s) = 0, forallt,s € [0,1];
(ii) Gy(t,s) < ((@ — 1)s(1 — s)“_l)/l“(oc)for allt,s € [0,1];

(iii) G(t:s) < (@ = Ds(1 - 9™ DM@ + (1/(1 -
0)) [, g(x)d) for all t,s € [0, 1].
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2.2. Basic Concepts of Multivalued Maps. Let (2,1 - ||) be a
normed space and let H : & — () be a multivalued
map. H is said to be

(i) convex (closed) valued if H(x) is convex (closed) for
allx € X

(ii) bounded on bounded sets if H(B) = U,.zH(x) is
bounded in & for all B € %,(X), where 2 (X)) =
{d € P(X): o is bounded}, (i.e., sup,pisup{lw| :
w € H(x)}} < 0o);

(iii) upper semicontinuous (u.s.c.) on & if the set H(a,)
is a nonempty closed subset of 2" for each q, € &
and if for each open set M of & containing H(a,)
there exists an open neighborhood M, of g, such that
H(M,) < M;

(iv) completely continuous if H(B) is relatively compact
for every B € 9, (X).

Definition 6. If the multivalued map H is completely contin-
uous with nonempty compact values, then H is u.s.c. if and
only if H has a closed graph; that is, w,, € H(x,,) imply that
w, € H(x,)whenx, — x,, w, — w,.

Definition 7. H has a fixed point if there is x € & such that
x € H(x). The fixed point set of the multivalued operator H
will be denoted by Fix H.

Definition 8. Let 4(R) = {W € P(R) : W is closed }.
A multivalued map H : [0;1] — P4(R) is said to be
measurable if the function

t+—d(y,H(t))=inf{|ly-z|:z € H@®)} 9)
is measurable for every y € R.

In the sequel, by C([0,1]) we mean a Banach space of
continuous functions from [0, 1] into R with the norm ||x|| =
SUP;e(o,17|%(£)| whereas L'([0,1],R) is the Banach space of
measurable functions x : [0,1] — R which are Lebesgue

integrable and normed by ||x|| 1 = Iol |x(8)|dt.

Definition 9. A multivalued map # : [0,1] x R — P(R)
is said to be Carathéodory if the map t — Z(t,x) is
measurable for each x € R and the map x — F(f,x) is
upper semicontinuous for almost all ¢+ € [0, 1]. Further, a
Carathéodory function % is called L'-Carathéodory if for
each & > 0, there exists ¢, € L'([0,1],R") such that
17Z(t, x)Il = sup{lv] : v € Z(t,x)} < @,(t) for all [x| < «
and fora.e. t € [0,1].

Definition 10. For each w € C([0, 1], R), the set of selections
of Z is defined by

Sorw =1V €L ([0,1],R) : v () €  (t,w (1))
for a.e. t € [0,1]}.

Definition 11. For a nonempty closed subset V' of a Banach
space E, let ', : V. — 9(E) be a nonempty multivalued
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operator with closed values. We call 7. to be lower semi-
continuous (L.s.c.) if the set {v € V: Z.(v) N B # 0} is open for
any open set U in E.

Definition 12. A subset & of [0, 1] x R is Z ® % measurable
if of belongs to the o-algebra generated by all sets of the form
J x D, where 7 is Lebesgue measurable in [0, 1] and 9 is
Borel measurable in R.

Definition 13. A subset &/ of L'([0,1], R) is said be decom-
posable if for all a, b € &; and measurable & c [0,1],
the function a¢y + b )\ € &y, where ¢ stands for the
characteristic function of #.

Definition I4. A multivalued operator ,.: W — P ([0,1],
R)) has a property (BC) if 7, is lower semi-continuous
(l.s.c.) and has nonempty closed and decomposable values,
where W is a separable metric space.

Definition I5. Let F : [0,1] x R — P(R) be a multivalued
map with nonempty compact values. We say that F is of lower
semi-continuous type (Ls.c. type) if its associated Nemytskii
operator &y is lower semi-continuous and has nonempty
closed and decomposable values, where

Fy ()= {uel (0,1],R):
(11)
u(t) € F(t,x(t) forae te[0,1]}.
Definition 16. Let (', d) be a metric space induced from the
normed space (X | - ||) and let &Z,; : P(X) x P(XL) —
R U {oo} be defined by

M 4 (A, B) = max {sup d(a,B),supd (A, b)} , (12)
a€cA beB

where d(A,b) = inf, ,d(a;b) and d(a, B) = inf, zd(a;b).
Then (P, (L), M z) is a metric space and (P, (X), M) is a
generalized metric space (see [24]).

Definition 17. A multivalued operator #Z : & — P,4(X) is
called y-Lipschitz if and only if there exists y > 0 such that

My (N (x),N(y)) <yd(x,y) foreachx,yeZ,

(13)

and a contraction if and only if it is y-Lipschitz with y < 1.

For further details on multi-valued maps, we refer the
reader to the books [25, 26].

3. Existence Results for
the Multivalued Problem

In this section, we present some existence results for the
problem (1). Our first result deals with the case when F is
Carathéodory. We make use of the following known results
to establish the proof.

Lemma18 (see [27]). Let X be a Banach space. Let F : [0, T]x
R — P, (X) bean L'-Carathéodory multivalued map with
compact and convex values and let 0 be a linear continuous
mapping from LY([0, 1], X) to C([0, 1], X). Then the operator

6 ° SF : C([O) 1] rX) — g)cp,c (C([O) 1] rX)) >

(14)
X = (6 ° SF) (x)=06 (SF,x)

is a closed graph operator in C([0, 1], X) x C([0, 1], X).

Lemma 19 (nonlinear alternative for Kakutani maps [28]).
Let E be a Banach space, C a closed convex subset of E, U an
open subset of C, and 0 € U. Suppose that F : U — P._,(C) is
an upper semicontinuous compact map; here P, (C) denotes
the family of nonempty, compact convex subsets of C. Then
either

(i) F has a fixed point in U, or
(ii) thereisau € oOU and A € (0, 1) with u € AF(u).

Theorem 20. Assume that
(Hy) F:[0,1] xR — P(R) is Carathéodory and has non-
empty compact and convex values;

(H,) there exists a continuous nondecreasing function y :
[0,00) — (0,00) and a function p € L'([0,1],R")
such that

IE (t, x)ll g == sup {|y| : ¥ € F (t,x)}
<p@®wllxl) for each (t x)€[0,1] xR;
(15)

(H,) there exists a constant M > 0 such that
M M 1
(‘l’( ) I' () +1—0 Og(s)ds

-1

1
x J s(l—s)a_lp(s)ds> > 1.
0

(16)

Then the boundary value problem (1) has at least one solution
on [0, 1].

Proof. In view of Lemma4, we define an operator @
C([0,1],R) — 2*(C([0, 1], R)) by

@(x)={h e C([0,1],R): h(t)=J1G(t,s)v(s) ds, v e SF,x]»
0
17)

and show that it satisfies the hypotheses of Lemma 19. Since
Sk, is convex (F has convex values), therefore, it can be easily
shown that @ is convex for each x € C([0, 1], R).

As a next step, we prove that @ maps the bounded sets
(balls) into bounded sets in C([0, 1], R). For a positive num-
ber &, let By = {x € C([0,1],R) : [lx|| < &} be a bounded ball
in C([0, 1], R). Then, for each h € @Q(x), x € By, there exists
v € Sg, such that

h(t) = Ll G(t,s)v(s)ds. (18)



Then, for t € [0, 1], we have

1
|h ()| < Jo G(t,s)|v(s)|ds

B 1
e e L)

(o)
1
x J s(1-9)""p(s)ds (19)
0
(a-1) 1 (!
<y©® I'(x) (1 " 1-0 Jo g(S)dS>

x Jl s(1-9)""p(s)ds.
0

Thus,

B 1
i< v® G2 (101 [ awds)

. (20)
X J s(1-9)""p(s)ds.
0

Now we show that @ maps the bounded sets into equicontin-
uous sets of C([0, 1], R).

Lett',t" € [0,1] witht' < ¢" and x € B;. Foreach h € @,
we obtain

() -n(0)] = [ [6(¢25) - G (¢".5) N vio) s
< Ll G(',s) -G (t",5)| p() v lxl ds

1
<y (@) L G(',s) -G (t",5)| p(s) ds.
(21)

Obviously the right-hand side of the above inequality tends
to zero independently of x € Bzast" —t' — 0. As @ satisfies
the above three assumptions, therefore, by the Ascoli-Arzeld
theorem, it follows that @ : C([0,1],R) — 2(C([0, 1], R))
is completely continuous.

In our next step, we show that @ has a closed graph. Let
x, — Xx,,h, € Q(x,), and h, — h,. Then we need to show
that h, € @Q(x,). Associated with h, € @(x,), there exists
v, € g, such that for each t € [0, 1],

1

h(t) :J G(t,s)v, (s)ds. (22)

0

Thus, it suffices to show that there exists v, € Sg, such that
foreacht € [0, 1],

1

h, (t) = J G(t,s)v, (s)ds. (23)

0

Define a linear operator ¢ : LY([0,1],R) — C([0,1],R) as

1
freeW()= J-o G (t,s)v(s)ds. (24)
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Notice that

|k, @) = h, @]

= — 0, asn— o0o.

(25)

Jl G(t,s) (v, (s) = v, (s))ds
0

Thus, it follows from Lemma 18 that ¢ o Sy, is a closed graph
operator. Further, we have h,(t) € go(SF,xn), since x,, — x,.
Thus, for some v, € S, , we have

1
h, (t) = J G(t,s)v, (s)ds. (26)
0
In the last step, we show that there exists an open set 7° <
C([0,1],R) with x ¢ @(x) for any y € (0,1) and all x €
07 . Let u € (0,1) and x € p@(x). Then there exists v €
L'([0,1],R) with v € Sg,, such that for t € [0, 1], we have

1

x(@t)=u J G(t,s)v(s)ds, (27)

0

and using the computations used in the second step, we
obtain

— 1
o< vl §2 (14 1 [ g as)

r

(@ (28)

1

X J s(1—5)*"p(s)ds.
0
In consequence, we have
(x—=1) 1 1
Il (wnxu) o (1 | g(s)ds>

(29)

1 -1
X J s(1 —s)“_lp(s)ds> <1
0

By the assumption (H;), there exists M such that || x| # M. Let
us set

7 ={x e C([0,1],R) : |lx] < M}. (30)

Observe that the operator @ : 7 — P(C([0,1],R)) is upper
semicontinuous and completely continuous. From the choice
of 7/, there is no x € 07 such that x € u@(x) for some
p € (0,1). Consequently, by Lemma 19, we have that @ has
a fixed point x € 7 which is a solution of the problem (1).
This completes the proof. O

Example 21. Consider the following boundary value prob-
lem:
‘DPx(t) e F(t,x(t), telo,1],

x(0) = x"(0) =0, 31)

1
x(1) = L Vix () dt,
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where F: [0,1] xR — ZP(R) is a multivalued map given by

tlx|? t x|
(1x* +3)" 2 (x| + 1)

x—>F(t,x)=[ :| (32)

For f € F, we have

t|x|® t|x|

< max<(|x|3 +3) 20+ 1)

)gvz, xeR. (33)

Here 0 = Jol s*g(s)ds = jol $Ps2%ds = (1/3) < 1,
IE(t Xl := sup{lyl : y € F(t,x)} < t = p()y(llx]), x € R,
with p(t) = ¢, w(x]) = 1, and jol s(1 - s)*?sds = 16/315.
Using the given values in the condition (H;):

M(y/(M) (-1 <1+ 1i0_ ng(s)ds>

I'(x)
(34)
1 -1
X J s(1 —s)“_lp(s)ds> > 1,
0
we find that
96
M > TN (35)

Clearly, all the conditions of Theorem 20 are satisfied. Hence,
the conclusion of Theorem 20 applies to the problem (31).

In our next result, we assume that F is not necessarily
convex valued. We complete the proof of this result by
applying the nonlinear alternative of Leray-Schauder type
together with the selection theorem of Bressan and Colombo
[29] for lower semi-continuous maps with decomposable
values, which is stated below.

Lemma 22 (see [29, 30]). Let Y be a separable metric space
and let N Y —  PLY0,1],R)) be a multivalued
operator satisfying the property (BC). Then N has a continuous
selection; that is, there exists a continuous function (single-
valued) g : Y — L'([0,1], R) such that g(x) € N(x) for
everyx €Y.

Theorem 23. Suppose that (H,) and (H;) hold. In addition,
we assume the following condition:

(Hy) F:[0,1]xR — P(R) is a nonempty compact-valued
multivalued map such that

(a) (t,x) — F(t,x) is &£ ® B measurable,

(b) x — F(t,x) is lower semicontinuous for each t €
[0,1].

Then the problem (1) has at least one solution on [0, 1].

Proof. Observe that the assumptions (H,) and (H,) imply
that F is of Ls.c. type. Then, by Lemma 22, there exists a
continuous function v : AC%([0,1],R) — L'([0,1],R) such
that v(x) € %(x) for all x € C([0, 1], R).

5
Let us consider the problem
Dx () =v(x(t), tel[01],
x(0) = x' (0) =0, (36)

1
x(1) = j g0 x (b dr.
0
One can note that if x € AC?([0, 1], R) is a solution of (36),
then x is a solution to the problem (1). To convert the p_roblem
(36) to a fixed point problem, we define an operator @ as

1
Ox (t) = L G(t,s)v(x(s))ds. (37)

It is easy to show that the operator @ is continuous and
completely continuous. The rest of the proof is similar to that
of Theorem 20. So we omit it. This completes the proof. [

Finally we show the existence of solutions for the problem
(1) with a nonconvex valued right-hand side by applying a
fixed point theorem for multivalued maps according to
Covitz and Nadler [31].

Lemma 24 ([31]). Let (X, d) be a complete metric space. If N :
X — P(X) is a contraction, then Fix N # 0.

Theorem 25. Assume that

(Hs) F: [0,1]xR — QCP(R) issuch that F(-,x) : [0,1] —
Pp(R) is measurable for each x € R;

(Hg) M 4(F(t, x), E(t, y)) < m(t)|x — y| for almost all t €
[0,1] and x, y € R with m € L'([0,1],R") and
d(0, F(t,0)) < m(t) for almost all t € [0, 1].

Then the boundary value problem (1) has at least one solution
on [0,1] if

-1 1 1 1 "
T (1 12g Jy 90a) [ -9 m@as <
(8)

Proof. By the assumption (Hj), it follows that the set S, is
nonempty for each x € C([0, 1], R). So F has a measurable
selection (see [32, Theorem IIL.6]). Now it will be shown that
the operator @ defined by (17) satisfies the hypotheses of
Lemma 24. To show that @(x) € 2,((CI[0, 1], R)) for each
x € C([0,1], R), let {u, },5o € @(x)besuchthatu, — u(n —
00) in C([0,1],R). Then u € C([0,1],R) and there exists
v, € Sp, such that, for eacht € [0, 1],

1
u, (t) = J G (t,s)v,(s)ds. (39)
0
As F has compact values, we pass onto a subsequence (if
necessary) to obtain that v, converges to v in L'([0, 1], R).
Thus, v € Sg, and for each ¢ € [0, 1], we have

1

v, (t) — v (t) = Jo G(t,s)v(s)ds. (40)

Hence, u € Q.



Next, we show that there exists § < 1 such that
My (Q(x),0(y))

(41)
for each x, y € AC*([0,1],R).

<8fx -yl

Letx,y € AC?([0,1], R) and h, € @(x). Then there exists
v (t) € F(t, x(t)) such that, for each t € [0, 1],

hy (t) = Jl G (t,s) v, (s)ds. (42)
0
By (Hg), we have that
My(Ftx),F(ty)<sm@®)|x®)-y®].  (43)

So, there exists w € F(t, y(¢)) such that

vy (t) —w| <m () |x (&) - y (1)],
Define 77" : [0,1] — P(R) by

W(t)={weR:|v{t)-w| <m@)|x{t)-y®)|}. (45

tef0,1].  (44)

Since the multivalued operator 77 (t)NF(t, y(t)) is measurable

([32, Proposition II1.4]), there exists a function v, (¢) which is

a measurable selection for 7. So v,(t) € F(t, y(t)) and for

eacht € [0, 1], we have that |v, (t) — v, (£)| < m(t)|x(t) — y(t)].
For each t € [0, 1], let us define

1

hy (t) = J G (t,s) v, (s)ds. (46)

0
Thus,

IN

1
L G(t,s) |v1 () -, (s)| ds

< (?(—a;) (1 + lia Jolg(s)ds>

X Jl s(1-9)""'m(s)ds v (s) = v, (s)| ds.
0
(47)

|h1 (t) = hy (t)l

Hence,

-1 1 (!
Iy b < (?(“)) (1+1 | g(s)ds)

-0 Jo

. (48)
X J s(1-9)""'m(s)ds|x - y].
0

Analogously, interchanging the roles of x and X, we obtain

My(Q(x),Q(y)) < 8|x-y]

{5 (15 [s0)

x Jl s(1-9)""'m(s) ds} x|
0
(49)

IN

Since @ is a contraction, it follows from Lemma 24 that @ has
a fixed point x which is a solution of (1). This completes the
proof. O
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We investigate a class of higher order functional differential equations with damping. By using a generalized Riccati transformation
and integral averaging technique, some oscillation criteria for the differential equations are established.

1. Introduction

In this paper, we consider the following higher order func-
tional differential equations with distributed deviating argu-
ments of the form as follows:

b
X (1) + p () "D (¢) + j q(t8)

x f(x[g1 &O],....x[g, & 8)])du (&) =0,

t>t,

@

where n > 2 is an even number, p(t) € Cl([to,oo),R+),
q(t.8) € Cllty,00) x [@bl,R,), gi(t&) € Clltg00) x
[a,b],R), liminf, |  reopgi(t,8) = oo fori € I, =
{1,2,...,m}, and f(uy,...,u,,) € C(R™ R) has the same
sign as u,,...,u,,; when they have the same sign, u(&) €
C([a,b],R) is nondecreasing, and the integral of (1) is a
Stieltjes one.

We restrict our attention to those solutions x(t) of (1)
which exist on same half liner [twoo) with sup{x(t) : t >
T}#0forany T > t, and satisty (1). As usual, a solution x(t)
of (1) is called oscillatory if the set of its zeros is unbounded
from above, otherwise, it is called nonoscillatory. Equation (1)
is called oscillatory if all solutions are oscillatory.

In recent years, there has been an increasing interest
in studying the oscillation behavior of solutions for the
differential equations with distributed deviating arguments,
and a number of results have been obtained (refer to [1-3]

and their references). However, to the best of our knowledge,
very little is known for the case of higher order differential
equations with damping. The purpose of this paper is to
establish some new oscillation criteria for (1) by introducing
a class of functions ®(t, s, r) defined in [2] and a generalized
Riccati technique.

Firstly, we define the following two class functions.

We say that a function ® = @(t,u,v) belongs to the
function class X, denoted by ® € X, if ® € C(E, R), where
E = {t,u,v) : t, < v £ u <t < 00}, which satisfies
O(t, t,v) = O(t,v,v) = 0, D(t,u,v) #0, v < u < t and has the
partial derivative 00/0u on E that is locally integrable with
respect to u in E.

LetDy = {(t,u) : to <u<t}, D ={(tu) : t, <u <t} We
say that a function H = H(t, u) belongs to the function class
Y, denoted by H € Y, if H(t,t) = 0 for t > t,, H(t,u) #0 in
D,, H has continuous partial derivative in D, with respect to
tands.

In order to prove the main theorems, we need the
following lemmas.

Lemma 1 (see [4]). Let x(t) € C"([ty,00), R, ), if x"(¢) is of
constant sign and not identically zero on any ray [t,, +00) for
t, > to, then there exists at, > t,, an integer (0 < I < n), with
n+ 1 even for x®)x" @) > 00rn+1 odd for x®)x"™(t) < 0;
and fort > t, > t, x®)xP@) > 0,0 < k < I, and

o

D x)x® @) > 0, 1<k <n.



Lemma 2 (see [5]). If the function x(t) is as in Lemma I and
V()X () <0 fort >t; > t,, then there exists a constant
0 € (0, 1) such that for sufficiently large t, there exists a constant
My > 0, satisfying

x'(01) > Myt *x" D (). )
Lemma 3 (see [3]). Suppose that x(t) is a nonoscillatory

solution of (1). If

t s
lim J exp {—J p(r) dr} ds=o00, Ty=t;,, (3)
0 TO

t—oo Jr

then x(t)x" "V (t) > 0 for any large t.

2. Main Results

Theorem 4. Assume that (3) holds, and

(A;) there exists a function o(t) € C"([t,, 00), R, ) such that
o(t) = min g, {t,infre,p9:(8 O lim, _, o(t) =
00.0'(t) = 0> 0,0"*(t) = p" % > 0, (My/2)op" > =:
k > 0, where 0, p, and k are constants.

(A,) f(uy,...,u,,) is nondecreasing with u;, i € 1, and
there exist constants N > 0 and A > 0 such that
Up... U
lim infM >N, w; =N, itip.  (4)
uj, — 00 u;

Ty

If there exists a function O(t,u,v) € X, such that for any I(t) €
C!([ty» 00), R,), r(t) € C'([ty, 00), R) and T, > t,,

lim sup Jt {(DZ (s, u,v) Y (s) - @
t—oo JT,
p 2
X [CDL (s,u,v) + l(s);l;%] ]»ds > 0,

)

where

o () =1(t)exp {—Zk J-t r(s) ds} ,
TU
b 2
v = ¢ {A] (LOWE KO (6)

- (t) -

Pe P
2k 4k |-

Then (1) is oscillatory.

Proof. Suppose to the contrary that (1) has a nonoscillatory
solution x(¢). Without loss of generality, we may suppose that
x(t) is an eventually positive solution. From the conditions of
gt &) and f(uy,...,u,,), there exists a T, > t,, such that

x>0, x[g®8]>0
f(x [gl (tag)] ""’x[gm (LE)]) > 0;

(7)

t>T,y, i €1,
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By Lemma 3, there exists a t, > T, such that X" (¢) > 0,
t > t,. Thus, we have

Xty = -px" V@

b
- [[469 5 lo @Ol xlg, @) ©

xdu() <0, t>t,.

By Lemma 1, there exists a t, > t, such that x'(t) > 0,¢ > t,.
Further, by Lemma 2, there exist constant My > Oand at; >
t,, such that

ML

1= Mya™2 (1) x" ™V [o ()]

)

> Mo”2 () x" D (1), t>t,

Set

(n—1)
L O) +r(t)+&]», (10)

y()=¢() {—x 50/ %

then

y () = ¢—y(t> +¢ (1)

b f(x[gl (t>£)]""7x[gm(t)g)])
x {‘ J 9(6:%) x[0 (/2]

7D (1)
x[o(t)/2]

¢' (1)
(t)

xdu (&) - p(t)

X" 0 o) /2]
2x2 [0 (t) /2]

p' (t)} _

!
t = 7
+r (t)+ &

(1)

In view of (A,), (A,) and the definition of y(¢), ¢(t), we have

V(1) < %y(t) v o0
x("—l) (t) b
X {—P (t) o0/ A L q(t,&)du (&)
(n-1) 2 (t) 12)
"V (1) N
_k[—x[o‘(t)/Z]] +r(t)+7]>
Ko Ty
S YT R TR A

where y(t) = $(O){A [ 4(t, EduE)+kr*(0)—r' (1)~ p' (1)) 2k~
P’ (t)/4k}.
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Multiplying (12) by ®*(t, u, v) and integrating from ¢, to
t, we have

r O (s, u, v)y(s)ds
I'(s)
L(s)

b k)’2 ()
_ LCD (s,u,v) 50 ds.

Integrating by parts and using integral averaging tech-
nique, we have

< I O (5,1, ) [—y' (s)+-—=y(s)|d (13)

Jt @ (s,u,v) w(s)ds

L¢()[®() o)+

t ke
_Jt3 {@(suv)y(s)\j(/)() \]T

2
X[q):(s’”wﬂw] } ds

' (s) D (s,u,v) 2
2(s) ] ds

21 (s)

, 2
< Jt w[@: (s,u,v) + P& (suv) (s)@(s,u,v)] ds,
t, k

21 (s)
(14)
thus
lim sup J-t {@2 (s, u,v) Y (s) - @
, 2
><|i<l>£ (s,u,v) + 1(5)26;%] ]» ds <0,
(15)

which contradicts (5). This completes the proof of Theorem 4.
O

If we choose ®(t,u,v) = +/H,(t,u)H,(u,v), where H;,

H, €Y. By Theorem 4, we have the following results.
Corollary 5. Assume that (3), (A;), and (A,) hold. If there
exist H;, H, € Y such that for each T, > t,,,

t
lim sup J H, (s,u) H, (u,v)

t—oo JT,

2
X {1//(5) [ W :;khz (1, 0)] ],ds >0,
(16)

where h, and h, are defined by OH,(t,u)/ou =
hy(t,u)H, (t,u), 0H,(u,v)/0u = hy(u, v)H,(u,v), and

(” P;(f). 17)

v =2 j 468 du @) -

Then (1) is oscillatory.

If we choose I(t) = 1, r(t) = 0, and let ®(t,u,v) =
(t —u)(u—v)*, a > 1/2, by Theorem 4, we have the following
corollary.

Corollary 6. Assume that (3), (A,), and (A,) hold. If there
exists a constant o > 1/2 such that for each T, > t,,

. 1 (!
lltnlscgpm L (s —u)*(u—v)™
’ (18)
o

Xky (S ds> o T a1

where y(t) is defined as in Corollary 5. Then (1) is oscillatory.

Theorem 7. Assume that (3) holds, and

(A;) there exist functions y;(t) € C"([ty, 00), R, ), such that
yi(t) < minlsiSm{t’ inf{e[a,b] gi(t’ E)}’ hmtﬁooyi(t) =
00, ¥, (t) > y; > 0, where y; are constants, i € I,,;

(A,) there exist constants A; € [0,1] and A > 0, such that

. f(ul""’um) 3
Ay (t) >0, > A
Zl 7 () > ST (19)
)/1"72(1‘) > p” 2 >0, (My/2) Yo Ayel 2(t) =2 k > 0, where

p; and k are constants, i € I,.

If there exists a function ® € X, such that for any I(t) €
Cl([to,oo),R+), r(t) € Cl([to,oo), R),and T, > t,, and (5)
holds, where ¢(t) is defined as in Theorem 4:

b
w(t)=¢(t){Aj (68 du ©)
(20)

+ kit @) -7 @) -

PO P
2k 4k |’

Then (1) is oscillatory.

Proof. Suppose to the contrary that (1) has a nonoscillatory
solution x(t). Without loss of generality, we may suppose that
x(t) is an eventually positive solution. Similar to the proof of
Theorem 4, there exists a Ty > ¢, such that x[g;(t,&)] > 0,
x[y; O] > 0, x'(t) > 0, f(x[g,(t,E)],...,x[gu(t:E)]) > 0,
£ V() > 0,and x™(t) <0, for t > Ty, i€ I,. Set

(n=1)
. i U R (t)+ﬂ}, 1)

YO =90 {Z;gl Aix [y ) /2] %



4
then
- 8®
y ()= ¢(t)y(t)+¢(t)
n 1) (t)
{ PO S 0 2]
_th(t E)f(x[gl 9], x[gn (:8)])
a i Aix [y (8) /2]
1)
xdp (§) - ®)

2437 Aex [y (1) 2]

leAx Oy © +r () + 2,(f)}.

(22)
In view of (A;), (A,) and the definition of y(¢), ¢(t), we have

ky* (1) . '@y
¢ (1) L)

y (1) < - —y (). (23)

The following proof is similar to Theorem 4, and we omit the
details. This completes the proof of Theorem 7. O

Similar to Corollaries 5 and 6, we have the following
corollaries.

Corollary 8. Assume that (3), (As), and (A,) hold. If there
exist H),H, € Y such that for each T, > t,, and (16) holds,
where hy, h, are defined as in Corollary 5:

2
v =1 jq(tf)dy(&)—ﬁ—f’T]i”. (24)

Then (1) is oscillatory.

Corollary 9. Assume that (3), (A;), and (A,) hold. If there
exists a constant o« > 1/2 such that for each T, > t;, and
(18) holds. where y(t) is defined as in Corollary 8, then (1) is
oscillatory.

For the case of the function f(u,...
tonicity, we have the following theorem.

,U,,,) with mono-

Theorem 10. Assume that (3), (A;) hold, and

(As) there exzst of [ou; and Of [ou; > A,
oA, (t) > 0, where/\ is constants. y;

0, (Me/2) Y Avie!
are constants,i € I,

O such that
Prpf 2
“2(t) =i k > 0, in which p; and k
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If there exists a function ® € X, such that for any I(t) €
C'([ty,00),R,), r(t) € C*([ty,0),R), and (5) holds, where
o(t) is defined as in Theorem 4:

b
w<t>=¢<r)“ q(68) dp )
(25)

! 2
+k72(t)_rr(t)_P_(t)_p (t)}

2k 4k

Then (1) is oscillatory.

Proof. Suppose to the contrary that (1) has a nonoscillatory
solution x(¢). Without loss of generality, we may suppose
that x(f) is an eventually positive solution. Similar to the
proof of Theorem 4, there exists a T, > t,, when t > T,
and we have x[g;(t,&)] > 0, x[y;(t)] > 0, x'(t) > O,
fx[g, &), x[g,,(6D]) > 0, x"V(t) > 0,and x(¢) <
0,i€1,.Set

2V (p)
flxlp@2]+--+x[y, ) /2])

p(t)
2k |

ym=¢w{
+7r (t)+

then
y' (t)

_¢'®

YR y () +¢()

" { —p® 20
PO S G @2+ +x [y /2])

_ b f(‘x[gl(t)f)]"x[gm(tsg)])
J 16O Al 2]
xD (1)
2{f (x [y ) /2] + -+ x [y, ®) 2]))

xdu(§) -

XZIM YOy @) +r () + pz;(:)}'

(27)

In view of (A;), (A;) and the definition of y(t), ¢(t), we have

ky* (t) . I'@t) y(t)

Y= T

—y ). (28)

The following proof is similar to Theorem 4, we omit the
details. This completes the proof of Theorem 10. O

Similar to Corollaries 5 and 6, we have the following
corollaries.
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Corollary 11. Assume that (3), (A5), and (As) hold. If there
exist H),H, € Y such that for each T, > t,, and (16) holds,
where hy, h, are defined as in Corollary 5:

b ! 2
ww=mewma—%$—%§. (29)

Then (1) is oscillatory.

Corollary 12. Assume that (3), (A3), and (As) hold. If there
exists a constant o > 1/2 such that for each T, > t,, and
(18) holds. where y(t) is defined as in Corollary 11. Then (1)
is oscillatory.

3. Examples

Example 13. Consider the following equation

1 /2 2 i
)+ 1@ @) J % x (t + sin &) _o,
t o 122 —exp(-x%(t+cosé))
t>1,
(30)
where u; = x(t + cosé), u, = x(t + sin&), obviously

f(u,uy)/u, 21 =A.Choosingo =1, p = 1, then k = My/2,
and

1 ! ) w My 1
limsu—J. s—u)(u-v “<—+—>ds
t—>00p t2a+l 0 ( ) ( ) 252 452

My, 1\, 1 (! ) 2 1
(5 ) imep i [ -wi- o s 60

:<%+1) 1
2 4/ aRa+1)Qa-1)

Thus, there exists a constant o > 1/2, such that (Mg/2+1/4) >
o, that is,

(%+1> ! > < (32)
2 4/ aa+1)QRa-1) Qa+1)Qa-1)

By Corollary 6, then (30) is oscillatory.

Example 14. Consider the following equation

@ 1 @ 3

X (t)+tx (1?)+J0 "

x[xt-O+xt+H+x" -+ (t+E]dE=0,
(33)

where f(u;,u,) = u; + u, + u) + u;, obviously of /ou; =
1+3u > 1,0f/0u, = 1+ 5u; > 1. Choosing A; = 1,9, = 1,
p; = L,and i = 1,2, then k = M. By Corollary 12, then (33)
is oscillatory.
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We are concerned with the existence and uniqueness of positive solutions for the following
nonlinear perturbed fractional two-point boundary value problem: D, u(t) + f (t, u,u/, ..., u"2) 4+
gt)=0,0<t<l,nm-1<a<nn>2,u0) =u0) = =u"2(0) =u"2(1) =0, where Dy, is
the standard Riemann-Liouville fractional derivative. Our analysis relies on a fixed-point theorem
of generalized concave operators. An example is given to illustrate the main result.

1. Introduction

In this paper, we are interested in the existence and uniqueness of positive solutions for the
following nonlinear perturbed fractional two-point boundary value problem:

Dy, u(t) +f<t,u,u',...,u("_2)> +g9(t)=0, O<t<l,n-1l<a<n n>2, a1
u(0) =/'(0) =---=u"2(0) =u"?(1) =0,

where Dy, is the standard Riemann-Liouville fractional derivative and g : [0,1] — [0, +o0)
is continuous.

Fractional differential equations arise in many fields, such as physics, mechanics,
chemistry, economics, engineering, and biological sciences; see [1-15], for example. In
recent years, the study of positive solutions for fractional differential equation boundary
value problems has attracted considerable attention, and fruits from research into it emerge
continuously. For a small sample of such work, we refer the reader to [16-26] and the
references therein. On the other hand, the uniqueness of positive solutions for nonlinear
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fractional differential equation boundary value problems has been studied by some authors;
see [19-22, 25], for example.

When g(t) = 0, Yang and Chen [22] investigated the existence and uniqueness of
positive solutions for the problem (1.1) by means of a fixed-point theorem for 1y concave
operators. They present the following result.

Theorem 1.1 (see [22]). Assume that

(Hy) f € C([0,1] x [0, +00) x R"™2 — [0,+0)), f(t,Y1,Y2,---,Yn-1) is increasing for y; > 0,
i=1,2,...,n—1,and f is not identically vanishing;

(Hy) foranyt € [0,1], y; > 0,i=1,2,...,n-1, there exist constants my, my, my; <0 <my <1
such that

" f(tyi, Yo, Y1) < f(b ey, cya, o cyna1) S (G v, Yo, Y1), Y0<e<1;
(1.2)
(H3) my < (2m1 + 1)/3
Then the problem (1.1) with g(t) = 0 has a unique positive solution.

In this paper, we will remove the condition (H3) and improve on (H;). And we
will use a fixed-point theorem of generalized concave operators to show the existence and
uniqueness of positive solutions for the problem (1.1). Our main result is summarized in the
following theorem.

Theorem 1.2. Assume that (Hy) holds and
(Hy) forany c € (0,1) and y; > 0,i=1,2,...,n— 1, there exists a number ¢(c) € (c,1) such
that

flteyr,cya, ..., cyna) Z @) f(Ly, v, ... Yna). (1.3)
Then the problem (1.1) has a unique positive solution u* = 16’;27)* € C([0,1], [0, +o0)) which satisfies
o)t (1 - ) <o*(t) < p(o)t* ™11 - 1), t € [0,1], where u(v*) > A(v*) > 0.
Remark 1.3. Some examples of ¢(t) which satisfy the condition (Hj) are

(1) p(t) =t",forall t € (0,1), where r € (0,1),
(2) p(t) =t(1 +n(t)) with0 < 5(t) <1/t -1, for allt € (0,1).

Remark 1.4. It is easy to see that the condition (Hy) is weaker than the condition (Hj).
Moreover, we do not need the condition (H3) in our main result.

2. Preliminaries and Previous Results

For the convenience of the reader, we present here some definitions, lemmas, and basic results
that will be used in the proof of our theorem.
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Definition 2.1 (see [4, Definition 2.1]). The integral

« L f®
If, f(x) = @) fo o t)l_adt, x>0, (2.1)

is called the Riemann-Liouville fractional integral of order a, where a > 0 and I'(a) denotes
the gamma function.

Definition 2.2 (see [4, page 36-37]). For a function f(x) given in the interval [0, o), the
expression

« _ 1 aN"(f__f®
D0+f(x)—m<a> f Wdt, (22)

0 (x-—

where n = [a] + 1, [a] denotes the integer part of number a, is called the Riemann-Liouville
fractional derivative of order a.

By using the same method in [21], the problem (1.1) can be transformed into the
following boundary value problem:

DE 2o (t) + f(t, 20, Io(t), ... ,13+v(t),v(t)) +g(H)=0, 0<t<1,
(2.3)
v(0) =ov(1) =0.

Moreover, from Lemma 2.5 and Lemma 2.7 in [21], we can easily obtain the following result.
Lemma 2.3. Ifv € C([0,1], [0, +o0)) is a positive solution of the problem (2.3), then u(t) = I} *v(t)

is a positive solution of the problem (1.1). On the other hand, if v € C([0,1], [0, +0)) is a positive
solution of the problem (2.3), then the solution is

v(t)=fG(t,s)[f(s,Igjv(s),Igﬁv(s),...,13+v(s),v(s))+ g(s)]ds, te[0,1, (24)
0
where

£H1 - a—n+1_t_ a-n+1 <g<t<1
Glts) = — L {(( )) (t-9)"™, 0<s<t<l,

T(a-n+2) | (#1-s))"", 0_< t; s_g 1. (29)

Here G(t, s) is called the Green function of the problem (2.3). Evidently, G(t,s) > 0 for t,s € [0, 1].

The following property of the Green function plays important roles in this paper.
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Lemma 2.4 (see [22]). The Green function G(t, s) in Lemma 2.3 has the following property:

a-n+1 _ oyan+la-ntlq
F(a_n+2)s(1 g)Hlpanil (] _ gy
: (2.6)
< < _ o\anga-n+l _ .
_G(t,s)_—r(a_n+2)(1 $)* M1 -ty fort,s € [0,1]

In the sequel, we present some basic concepts in ordered Banach spaces for
completeness and a fixed-point theorem which we will be used later. For convenience of
readers, we suggest that one refers to [27, 28] for details.

Suppose that (E, || - ||) is a real Banach space which is partially ordered by a cone P C E,
thatis, x < y if and only if y — x € P. If x < y and x #y, then we denote x < y or y > x. By 0
we denote the zero element of E. Recall that a nonempty closed convex set P C E is a cone if
it satisfies i) x e P,A>0=Ax e P; (ii) x e P,-xe P=>x =06.

P is called normal if there exists a constant M > 0 such that, forallx,y € E,0 < x <y
implies ||x]| < M||y||; in this case M is called the normality constant of P. If xy, x, € E, the set
[x1,x2] = {x € E| x1 < x < x3} is called the order interval between x; and x».

For all x,y € E, the notation x ~ y means that there exist A > 0 and y > 0 such that
Ax <y < px. Clearly, ~ is an equivalence relation. Given h > 0 (i.e,, h > 0 and h#0), we
denote by P, the set P, = {x € E | x ~ h}. Itis easy to see that P, C P is convex and AP, = P,
forall A > 0.

In a recent paper [28], Zhai et al. considered the following operator equation:

x = Ax + Xxo. (2.7)

They established the existence and uniqueness of positive solutions for the above equation,
and they present the following interesting result.

Theorem 2.5 (see Theorem 2.1 in [28]). Let h > 0 and P be a normal cone. Assume that
(D1)A : P — Pisincreasing;
(D2)xg € P satisfies Ah + xy € Py;
(D3) forany x € Pand t € (0,1), there exists ¢(t) € (t,1) such that A(tx) > ¢(t) Ax.
Then the operator equation (2.7) has a unique solution in P,.

Remark 2.6. An operator A is said to be generalized concave if A satisfies condition (Dj).

3. Proof of Theorem 1.2

In this section, we apply Theorem 2.5 to study the problem (1.1), and we obtain a new result
on the existence and uniqueness of positive solutions. The method used here is new to the
literature and so is the existence and uniqueness result to the fractional differential equations.
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In our considerations we will work in the Banach space C[0,1] = {x : [0,1] —
R is continuous} with the standard norm ||x|| = sup{|x(#)| : t € [0,1]}. Notice that this space
can be equipped with a partial order given by

x,y€C[0,1], x<y<x(t)<y(t) fortel0,1]. (3.1)

Set P ={x € C[0,1] | x(t) > 0,t € [0,1]}, the standard cone. It is clear that P is a normal cone
in C[0, 1] and the normality constant is 1.

Proof of Theorem 1.2. Let h(t) = t*™1(1—t), t € [0,1]. Then

Py, = {x € P | and there exist A(x), pt(x) > 0 such that A(x)h < x < p(x)h}. (3.2)

For any v € P, we define

1 1

G(t, s) f(s,Ig;%(s),Ig;%(s),...,Ig+v(s),v(s))ds, xo(t) =J G(t,s)g(s)ds,

Av(t) = f
’ (3.3)

0

where G(t,s) is given as in Lemma 2.3. Noting that Ig;zv(s),lg‘;3v(s),...,I(Lv(s),v(s) >0
and G(t,s) > 0, it follows from (H;) that A : P — P. In the sequel we check that A and x
satisfy all assumptions of Theorem 2.5.

Firstly, we prove that A : P — P is an increasing operator. In fact, for v; € P,i = 1,2
with v1 < v, we know that vy (t) < v, (t), t € [0, 1], by the monotonicity of Riemann-Liouville
fractional integral I(‘)S ,6>0and (Hy),

1
Aoy (t) = L G(t,s)f <s, %0, (5), T304 (5), ..., I, 01 (s), 1 (s))ds
(3.4)

< f: G(t, s) f(s, I vy(s), 305 (), .. ,13+vz(s),vz(s))ds = Avy(b).

That is Av; < Av,. Hence, the condition (D;) in Theorem 2.5 is satisfied.
Next we show that the condition (D3) holds. From (Hy), for any y € (0,1) and v € P,
we obtain

1
G(t, s)f(s, I2yo(s), I 3yo(s), ..., I, yo(s), yv(s))ds

AGo)0 - |

0

1
= fo G(t, s)f(s, ylgjv(s),y[gfv(s),. ..,yI&v(s),yv(s))ds 35)

1
> f G(t, s)(p(y)f<s,lgjzv(s),16‘;30(5),...,Ié+v(s),v(s)>ds
0

= ¢(y)Av(t), te][0,1].
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That is A(yv) > @(y)Av, for allv € P, y € (0,1). So the condition (D) in Theorem 2.5 is
satisfied. Now we show that the condition (D) is also satisfied. On one hand, it follows from
(H1) and Lemma 2.4 that

1
Ah(t) = fo G(t, s) f(s, I"2h(s), I'h(s), ..,Ié+h(s),h(s)>ds

Va-n+1
> h(t) fo FE’;_—"niz)sa =) (s, I8 2h(s), I h(s), - I, h(s), h(s) ) ds

(3.6)
a—-n+1
- INa-n+2) h(t)

1
xj s(1-s)" ! f(s,Ig;zh(s),Igfh(s),...,13+h(s),h(s))ds, te[0,1].
0

On the other hand, also from (H;) and Lemma 2.4, we obtain

1 ! N -
AR(D) < F— () L (1= )" f (5, 152h(s), h(s), ..., I3, h(s), h(s))ds, t€[0,1].
(3.7)
Let
Ay = 2=+l flsu — g)enl f<s 1"-2h(s), ["3h(s), ..., IL. h(s) h(s)>ds
r(a_n+2) 0 720+ 7 20+ 4 720+ 4 4 (38)
1 ! -n n— n— .
OB ) fo (1=9)"f (5, 152h(s), R(s), ... 1o, h(s), h(s) ) ds.
Since f is continuous and f #0, we can get 0 < A(h) < pu(h). Consequently,
A(h)h(t) < Ah(t) < p(h)h(t). (3.9)

Next we consider xp. If g(t) =0, then xo(¢) = 0; if g(t) £0, let | = maxejo1)g(t), then ] > 0.Itis
easy to prove that

l
(a-n+ 1Dl (a-—n+2)

1
0< xo(t) < 2h) fo (1-5)""ds = h(t). (3.10)

INa-n+

Hence,

l
< < .
0<x< (a—n+1)F(cx—n+2)h

(3.11)
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Further,

1

A(h)h < xp+ Ah < ﬂ<h)+(a—n+1)l’(a—n+2) h.

(3.12)

Hence x¢ + Ah € Py. Finally, using Theorem 2.5, v = Av + x( has a unique solution v* in Pj,.
That is, v* is a unique positive solution of the problem (2.3) in Py. So there are u(v*), A(v*)
with p(v*) > A(v*) > 0 such that L(o*)t* "1 (1 - ) < v*(t) < p(v*)t* "1 (1-¢t), t € [0,1]. From
Lemma 2.3, u* = 1(’)1;271* is the solution of the problem (1.1). Evidently, u* € C([0, 1], [0, +o0))
is a unique positive solution of the problem (1.1). O

Remark 3.1. Let f = C > 0. Then the conditions (H;), (Hy) are satisfied and the problem (2.3)
has a unique solution v(t) = fé G(t,s)[C + g(t)]ds, t € [0,1]. From Lemma 2.4, the unique
solution v is a positive solution and satisfies v € P, = Piena_y. So u = 16‘;2'0 is a unique
positive solution of the problem (1.1).

To illustrate how our main result can be used in practice we present an example.

Example 3.2. Consider the following problem:

D u(t) + a(t){u1/3(t) + [u'(t)]1/4} +g(t)=0, 0<t<1,
(3.13)
u(0) =4'(0)=4'(1) =0,

where a, g : [0,1] — [0,+0o0) are continuous with a#0.

In this example, we have a = 5/2. Let f(t,x,y) = a(t)[x/® + y/*]. Evidently, f(t, x, )
is increasing in x for t € [0,1], y > 0, and increasing in y for t € [0, 1], x > 0. Moreover, f #0.
Set ¢(y) = y*/12,y € (0,1). Then

fltyx,yy) = a(t) [Y1/3x1/3 + Y1/4y1/4] >o(y)f(tx,y), tel0,1],x,y>0. (3.14)

Hence, all the conditions of Theorem 1.2 are satisfied. An application of Theorem 1.2 implies
that the problem (3.13) has a unique positive solution.
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This paper is concerned with g-Sturm-Liouville boundary value problem in the Hilbert space with
a spectral parameter in the boundary condition. We construct a self-adjoint dilation of the maximal
dissipative g-difference operator and its incoming and outcoming spectral representations, which
make it possible to determine the scattering matrix of the dilation. We prove theorems on the
completeness of the system of eigenvalues and eigenvectors of operator generated by boundary
value problem.

1. Introduction

Spectral analysis of Sturm-Liouville and Schrodinger differential equations with a spectral
parameter in the boundary conditions has been analyzed intensively (see [1-16]). Then
spectral analysis of discrete equations became an interesting subject in this field. So there
is a substantial literature on this subject (see [10, 17-19]).

There has recently been great interest in quantum calculus and many works have
been devoted to some problems of g-difference equation. In particular, we refer the reader
to consult the reference [20] for some definitions and theorems on g-derivative, g-integration,
g-exponential function, g-trigonometric function, g-Taylor formula, g-Beta and Gamma
functions, Euler-Maclaurin formula, anf so forth. In [21], Adivar and Bohner investigated
the eigenvalues and the spectral singularities of non-selfa-djoint g-difference equations of
second order with spectral singularities. In [12], Huseynov and Bairamov examined the
properties of eigenvalues and eigenvectors of a quadratic pencil of g-difference equations.
In [22], Agarwal examined spectral analysis of self-adjoint equations. In [23], Shi and Wu
presented several classes of explicit self-adjoint Sturm-Liouville difference operators with
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either a non-Hermitian leading coefficient function, or a non-Hermitian potential function,
or a nondefinite weight function, or a non-self-adjoint boundary condition. In [24], Annaby
and Mansour studied a g-analogue of Sturm-Liouville eigenvalue problems and formulated
a self-adjoint g-difference operator in a Hilbert space. They also discussed properties of the
eigenvalues and the eigenfunctions.

In this paper, we consider g-Sturm-Liouville Problem and define an adequate Hilbert
space. Our main target of the present paper is to study g-Sturm-Liouville boundary value
problem in case of dissipation at the right endpoint of (0, a) and with the spectral parameter
at zero. The maximal dissipative g-Sturm-Liouville operator is constructed using [25, 26] and
Lax-Phillips scattering theory in [27]. Then we constructed a functional model of dissipative
operator by means of the incoming and outcoming spectral representations and defined
its characteristic function in terms of the solutions of the corresponding g-Sturm-Liouville
equation. By combining the results of Nagy-Foias and Lax-Phillips, characteristic function is
expressed with scattering matrix and the dilation of dissipative operator is set up. Finally, we
give theorems on completeness of the system of eigenvectors and associated vectors of the
dissipative g-difference operator.

Let g be a positive number with0 < g <1, A CR, and a € C. A g-difference equation
is an equation that contains g-derivatives of a function defined on A. Let y(x) be a complex-
valued function on x € A. The g-difference operator D is defined by

y(gx) - y(x)

) , VxeA, (1.1)

Dgy(x) =
where p(x) = (g — 1)x. The g-derivative at zero is defined by

Dyy(0) = lim y(q"x) -y (0)

x €A, (1.2)
n—oo q"‘x

if the limit exists and does not depend on x. A right inverse to Dg, the Jackson g-integration,
is given by

I ft)dgt =x(1- q)Zq"f(q"x), x €A, (1.3)
0 n=0
provided that the series converges, and
b b a
J‘ f(t)dyt = f ft)dgt - J‘ f(t)dst, a,beA. (1.4)
a 0 0

Let L;(O, a) be the space of all complex-valued functions defined on [0, a] such that

= ([ 1eolage) < 15)
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The space Lé(O, a) is a separable Hilbert space with the inner product

(f.8) = IO f(0)g(x)dgx,  f,g€L;(0,a). (1.6)
We will consider the basic Sturm-Liouville equation

I(y) = —%D,ﬂ Dyy(x) +v(x)y(x), 0<x<a<+oo, (1.7)

where v(x) is defined on [0, a] and continuous at zero. The g-Wronskian of y(x), y»(x) is
defined to be

Wa(y1,y2) (%) = y1(x) Dgy2(x) = y2(x)Dgyr (x), x € [0, a]. (1.8)

Let Ly denote the closure of the minimal operator generated by (1.7) and by Dy its domain.
Besides, we denote by D the set of all functions y(x) from Lé (0, a) such that y(x) and Dgy(x)

are continuous in [0,a) and I(y) € Lf, (0,a); D is the domain of the maximal operator L.
Furthermore, L = Lj [2, 4, 13]. Suppose that the operator Ly has defect index (2,2).
For every y, z € D we have g-Lagrange’s identity [24]

(Ly,z) - (v, Lz) = [y, z](a) - [v,2](0), (1.9)

where [y, z] := y(x) Dy z(x) - quly(x)m.

2. Construction of the Dissipative Operator

Consider boundary value problem governed by
(ly) =y, yeD, 2.1)

subject to the boundary conditions

(2.2)
y(a) -hDgj1y(a) =0, Imh>0,
a1y(0) — 4D g1y(0) = A(a)y(0) — a,Dg1y(0)), (2.3)
where A is spectral parameter and ay, a, a’l, tx’z € R and a is defined by
a a , ,
a = “i a; =aja —ma, > 0. (2.4)
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For convenience we assume

Ro(y) := a1y(0) = a2Dg1y(0),
Ry (y) = a,y(0) - ;D4 y(0),
Ni(y) = y(a),

N3 (y) := Dgy(a),
NY(y) = y(0),

N3 (¥) = Dgy(0)es,

Ra(y) := N3 (y) - kN7 (v).

(2.5)

Lemma 2.1. For arbitrary y,z € D, let one suppose that Ry(z) = Ro(z), Rj(z) = R{(z), then one

has the following.

Proof.

[v.2], = %[Ro(y)Ra(z) - Ry(n)Ro(2)],

R R ) - Ry () Ro(2)|

_1 (a1y(0) — a2D41y(0)) (a’lz(O) - zx’2Dq71z(0))
a [~(a,y(0) - 4D, y(0)) (alz(O) - aquqz(O)>

_ % |(c2 - 13 ((0) Dy 12(0) - Dy1y(0)z(0) )]

= [v.2],

Let 01, 8, denote the solutions of (2.1) satisfying the conditions

N?(ez) =ap — a’z)t, NS(QZ) =y — tX/l)L, Ni‘(@l) = h, Ng(@l) =1.

Then from (2.3) we have
A()) = [01,02], = —[02,01], = —[62,01],

_ _i [Ro(6)Ry(82) - R (6)Ro(62)]

= Ro(62) - AR} (62),

(2.6)

(2.7)

(2.8)
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A() = [61,65], = ~[6:,01], = ~[65,61],
= ~(¥(@)Dy2(a) - z(@) Dy y(@))

= —(y(a) - KDy (@) = —(N£(61) - hN{ (61)).
(2.9)

We let

=1 (6206, 1)01(x,N), x<¢
Gl e ) = m{eﬂx, Vo), < x}‘ (210)

It can be shown that G(x,¢, ) satisfies (2.1) and boundary conditions (2.2)-(2.3). G(x, ¢, 1)
is a Green function of the boundary value problem (2.1)-(2.3). Thus, we obtain that the
G(x,¢,A) is a Hilbert-Schmidt kernel and the solution of the boundary value problem can
be expressed by

y(x ) = jo G(x, &, V(& V)de = Ruy. 2.11)

Thus R, is a Hilbert Schmidt operator on space Lg (0, a). The spectrum of the boundary value
problem coincides with the roots of the equation A(X) = 0. Since A is analytic and not
identical to zero, it means that the function A has at most a countable number of isolated
zeros with finite multiplicity and possible limit points at infinity. O

Suppose that f1) € L,[0,a), f?) € C, then we denote linear space H = L3(0,a) ® C

with two component of elements of f = (/{23 ) Ifa>0and f = (;g ), g= <§2 > € H, then

the formula
= ! _ 1 _o—
(f , g) = f O (x)gMdyx + - fOg® (2.12)
0

defines an inner product in Hilbert space H. Let us define operator of A, : H — H with
equalities suitable for boundary value problem

D(Ap) = {f= <§g;> eH: fVe D,R,,(fﬂ)) =0,f@ = Rb(ﬂ”)},
0= (50)

Remind that a linear operator A, with domain D(A;) in Hilbert space H is called dissipative
if Im(Anf, f) > 0 for all f € D(A;) and maximal dissipative if it does not have a proper
extension.

(2.13)
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Definition 2.2. 1f the system of vectors of yo, y1, Y2, ..., Yn corresponding to the eigenvalue \g
is

I(yo) = doyo,  Ro(yo) —AR,(y0) =0,  Ra(yo) =0,
I(ys) = doys —¥s-1=0,  Ro(ys) — ARy (ys) — Ry(ys-1) =0, (2.14)
Ra(ys) =0, s=1,2,...,n,

then the system of vectors of yo, y1, vz, ..., Y» corresponding to the eigenvalue 1 is called a
chain of eigenvectors and associated vectors of boundary value problem (2.2)-(2.12).

Since the operator Aj is dissipative in H and from Definition 2.2, we have the
following.

Lemma 2.3. The eigenvalue of boundary value problem (2.1)—(2.3) coincides with the eigenvalue
of dissipative Ay operator. Additionally each chain of eigenvectors and associated vectors yo,y1,
Y2, ..., Yn corresponding to the eigenvalue Ay corresponds to the chain eigenvectors and associated
vectors Yo, Y1, Yo, - - ., Yn corresponding to the same eigenvalue Ay of dissipative Ay, operator. In this
case, the equality

U = y") k=0,1,2,...,n 2.15
= () (219)

holds.

Proof. o € D(Ay) and Apyjy = Aoy, then the equality I(vo) = Aoyo, Ro(yo) — ARy (yo) = 0,
Ri(yo) = Ra(yo) = 0 takes place; that is, iy is an eigenfunction of the problem. Conversely,
if conditions (2.14) are realized, then <R[]y(30yo)> = 1o € D(Ay) and Anjjo = AoYo, Yo is an
eigenvector of the operator Ay. If Yo, ¥1,Y2,...,Yn are a chain of the eigenvectors and
associated vectors of the operator Aj corresponding to the eigenvalue .y, then by
implementing the conditions yx € D(A)(k =0,1,2,...,n) and equality Ap¥o = AoYjo, AnYs =
MVs + Ys-1, 5 = 1,2,...,n, we get the equality (2.15), where vo, y1,Y>,..., Y, are the first
components of the vectors o, 1,42, ..., Y. On the contrary, on the basis of the elements
Y0, Y1, Y2, - .., Yn corresponding to (2.1)—(2.3), one can construct the vectors yji = < Rﬁ;k) > for
which yx € D(Ay)(k=0,1,2,...,n) and Apyo = XoVo, AnYs = AoVs + Ys-1,5=1,2,...,n. O]

Theorem 2.4. The operator Ay, is maximal dissipative in the space H.

Proof. Let 7 € D(Ap). From (2.6), we have

(Any, Y) = (9, AY) = [y1, 0], - [y, 9] + %[RO(yl)Rb(y_l) - Ry(y1)Ro(w1)

= [y, 1], = 2Im (D1 (a))’.

(2.16)
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It follows from that Im(AxYy, y) = Im h(Dy-111 (a))*>0, Apisa dissipative operator in H. Let
us prove that Ay, is maximal dissipative operator in the space H. It is sufficient to check that

(A - AI)D(Ap) =H, Iml<O0. (2.17)

To prove (2.17),let F € H, Im A < 0 and put

Gy

G(x, 1)
~ G(x,é,)t) _ _
G = (RMG(x,g,)o]) = <ri)el<m>a>'

where

(2.19)

_ L (6@ 00, x<¢
Glx,¢,1) = m{ej(x,l)elz(éfl)/ §< x}'

The function x — (G(x,¢, 1), F;) satisfies the equation I(y) — Ay = F1(0 < x < o) and the
boundary conditions (2.1)-(2.3). Moreover, for all F € H and for ImA < 0, we arrive at
I' € D(Ap,). For each F € H and for Im A < 0, we have (A, — AI)I' = F. Consequently, in the
case of Im A <0, the resultis (A, — AI)D(A) = H. Hence, Theorem 2.4 is proved. O

3. Self-Adjoint Dilation of Dissipative Operator

We first construct the self-adjoint dilation of the operator Ay,. Let us add the “incoming” and
“outgoing” subspaces D_ = L*(~c0,0] and D, = L*[0, 00) to H = LZ(0, a) @ C. The orthogonal
sum H = D_e& H @ D, is called main Hilbert space of the dilation. In the space # we consider the
operator .£j, on the set D(.£},), its elements consisting of vectors w = (¢_, y, . ), generated by
the expression

dop_ ~ do,
2(p_,7,9:) = <id—";,l(9),i i > (3.1)

satisfying the conditions: ¢_ € Wzl(—oo, 0], . € Wz1 [0,00), y€e H, 7 = (yly(zx) >, yieD, y=
Ro(y1), and

y(a) —hDg1y(a) = Pp-(0),  y(a) - hDs1y(a) = Py.(0), (3.2)

where W} (-, -) are Sobolev spaces and ? := 2Im h, > 0. Then we have the following.

Theorem 3.1. The operator Ly, is self-adjoint in H and it is a self-adjoint dilation of the operator Ap.
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Proof. We first prove that £Zj, is symmetric in . Namely (£,.f, g)_, — (f, £rg), = 0. Let f,g €
D(Ly), f ={p-,y,9+) and g = (¢, Z, ). Then we have

(Lnf 8) = (fr L)y = (L(o-, T, 9 ) (W=, Z,95)) = ((p- T, ), L(¥-, Z,¢51)),
= [y 7], - [y1. 73], + %[RO(yl)Ré(Zl) - Ré(yl)Ro(ZD]

(3.3)
+ig_(0)p_(0) —ip. (0)y, (0),

(L1f:8) e = (f1£08) 4 = [y1,71] , + igr-(0)9_(0) — ip. (0)35  (0).

On the other hand,

igp_(0)y_(0) — i, (0), (0) = ‘[%(y(a) —hDg1y(a))(z(a) - hDg1z(a))

i
P

- [%[(h ~)y(a)Dg12(a) - Dq-ly(a)ﬁ].

<y(a) ~hDgy(@))(2(a) ~h Dy1z(@)),  (34)

By (3.3), we have
i (0)7_(0) - i (0F, (0) = ~[y1, 7] . (3.5)

From equalities (3.3) and (3.5), we have (£,f,g) , — (f, £ng) 4 = 0. Thus, £}, is a symmetric
operator. To prove that £, is self-adjoint, we need to show that £, C £7. We consider the
bilinear form (£, f, g)_, on elements ¢ = (¢, Z, ¢, ) € D(£}), where f = (¢p_, y,¢.) € D(£Ly),
= € W) (R<),9+(0) = 0. Integrating by parts, we get £; ¢ = (i(dy_/d§),z",i(dg./dE)), where
¢ € Wy(Ry), 2* € H. Similarly, if f = (0,7,0) € D(£y), then integrating by parts in
(£nf, &) 4, We obtain

_ dy_ ~ _ dy, ,
Lrg=Lp_,Z,p,) = <zd—q;,l(z),zd—q;>, z1 € D, z; = Ry(z1). (3.6)

Consequently, we have (£,f,8), = (f,£ng) 4, for each f € D(Z£;) by (3.6), where the
operator £ is defined by (3.1). Therefore, the sum of the integrated terms in the bilinear form
(£nf, g)_ must be equal to zero:

[y, 2], - [y, Zy + - [Ro () Ry (=) ~ Ry Rot)] + ip-(0)_(0) ~ i, O, (0) =0,
(3.7)

Then by (2.6), we get

[v1,z1],, +ip-(0)F_(0) — igp', (0)3,, (0) = 0. (3.8)
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From the boundary conditions for .£j, we have

y(a) = fp_(0) - ?—;(so_«n ~0.(0)),

. (3.9)
Dy y(a) = ;—3«07(0) - 9.(0)).
Afterwards, by (3.8) we get
Bp-(0) ~ 2 (p-(0) = . (0) (@) - - (9-(0) ~ 9. (0)) D, 12(@)
ip p (3.10)
=i, (0)y, (0) — ip_(0)gr_(0).
Comparing the coefficients of ¢_(0) in (3.10), we obtain
iﬁz{; m z(a) + %Dqlz(a) = ¢_(0) (3.11)
or
z(a) — hDg1z(a) = pg_(0). (3.12)
Similarly, comparing the coefficients of ¢, (0) in (3.10) we get
z(a) — hD1z(a) = Py, (0). (3.13)

Therefore conditions (3.12) and (3.13) imply D(£;) C D(£;), hence 2, = Z;.

The self-adjoint operator £;, generates on J a unitary group U; = exp(i£,t) (t € R, =
(0,00)). Let us denote by P : # — H and P, : H —  the mapping acting according to the
formulae P : (¢_,7,¢,) — yand P, : y — (0,¥,0). Let Z; :== PU,P;,t > 0, by using U;. The
family {Z;}(t > 0) of operators is a strongly continuous semigroup of completely nonunitary
contraction on H. Let us denote by Bj, the generator of this semigroup: By = lim;_, o(it)™"
(Z:y — i/). The domain of By, consists of all the vectors for which the limit exists. The operator
By, is dissipative. The operator £Z;, is called the self-adjoint dilation of By, (see [2, 9, 18]). We
show that By, = Ay, hence £}, is self-adjoint dilation of Bj. To show this, it is sufficient to verify
the equality

P(L, - APy = (A, -AD)'y, y€HImh<O. (3.14)

For this purpose, we set (£}, — AI)*lplg = g = (¢_, Z, ¢, ) which implies that (£, -\I)g = Py,
and hence I(2) - AZ = ¥,¢_(¢) = ¢_(0)e™™ and ¢, (&) = ¢, (0)e"™. Since g € D(£;,), then
¢- € L*(-0,0), and it follows that ¢_(0) = 0, and consequently z satisfies the boundary
condition z(a) — hDy-1z(a) = 0. Therefore, z € D(Ay), and since point A with Im A < 0 cannot
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be an eigenvalue of dissipative operator, it follows that ¢ (0) is obtained from the formula
¢.(0) = p~1(z(a) - hDg1z(a)). Thus

(L, - AI) ' Py = <o, (Ap— A\, g (z(a) - Equlz(a)) > (3.15)
for y and Im A < 0. On applying the mapping P, we obtain (3.14), and

(A, - A =P(L, - AP, = —iPJ Ue Mdtp,
B ’ (3.16)
= -if ZieMdt = (B,— A7, ImA<0,

so this clearly shows that Ay, = By,. O

The unitary group {U;} has an important property which makes it possible to apply
it to the Lax-Phillips [27], that is, it has orthogonal incoming and outcoming subspaces D_ =
(L*(-0,0),0,0) and D, = (0,0, L?(0, o)) having the following properties:

(1) U;D_ c D_, t <0and U;D, C D,, t > 0;
(2) NioUD- = nysoU; Dy = {0};

(3) UsoUD_ = UioU D, = H;
(4) D_ L D..

To be able to prove property (1) for D, (the proof for D_ is similar), we set Ry =
(L - J\I)’l. For all A, withIm X < 0 and for any f = (0,0,¢.) € D., we have

L
Rof = <o,o, —ie-ﬂéf e‘)‘s(p+(s)ds>, (3.17)
0
as R, f € D.. Therefore, if g 1 D, then
0= (R)Lf/ g)e@ = —IJ' e_i)‘t(lltf, g)szt, ImA<O (318)
0

which implies that (U;f, g)_, = 0 for all t > 0. Hence, for t > 0, U;D, C D,, and property (1)
has been proved.

In order to prove property (2), we define the mappings P* : # — L?*(0,00) and P; :
L%(0,00) — D, as follows: P* : (0, ¥,90:) — @yand P : ¢ — (0,0,¢), respectively. We
take into consideration that the semigroup of isometries U, := P*U;P; (t > 0) is a one-sided
shift in L?(0, o0). Indeed, the generator of the semigroup of the one-sided shift V; in L?(0, o)
is the differential operator i(d/d¢) with the boundary condition ¢(0) = 0. On the other hand,
the generator S of the semigroup of isometries U; (t > 0) is the operator Sp = P*£,P/¢ =



Journal of Function Spaces and Applications 11

P*£,(0,0,¢) = P*(0,0,i(d/d&)yp) = i(d/d¢)p, where ¢ € Wzl(O,oo) and ¢(0) = 0. Since a
semigroup is uniquely determined by its generator, it follows that U; = V;, and hence

(U:D, = <o,o, ﬂVtLZ(O,oo)> = {0}, (3.19)

t>0 t<0

so, the proof of property (2) is completed.

Definition 3.2. The linear operator A with domain D(A) acting in the Hilbert space H is called
completely non-self-adjoint (or simple) if there is no invariant subspace M C D(A)(M # {0}) of
the operator A on which the restriction A to M is self-adjoint.

To prove property (3) of the incoming and outcoming subspaces, let us prove
following lemma.

Lemma 3.3. The operator Ay, is completely non-self-adjoint (simple).

Proof. Let H' C H be a nontrivial subspace in which A, induces a self-adjoin t operator A}
with domain D(A}) = H' N D(Ay). If f € D(A!), then f € D(A}) and

% ||eiA’ht f”; _ % <eiA’ht 7, et f)H

(3.20)
_ i<AlheiA’htf’ eiA;[tf) _ i<eiA;1tf’ A%eiA’ht]?>
and taking g = e f, we have
0=i(A,8 8y~ i(8 A8
T =1 il = o L R (o) - R (v Relo)
= ilg1 3], ~il81 1], + 2 [Ro(8)Ro(g1) = Ry (1) Ro(s1) .

=-2Imh(Dg1y:1 (a))’

= —F(Dgry1(a))*.

Since f € D(A}), A, holds condition above. Moreover, eigenvectors of the operator A}
should also hold this condition. Therefore, for the eigenvectors (1) of the operator Ay, acting
in H' and the eigenvectors of the operator A}, we have Dg1y1(a) = 0. From the boundary
conditions, we get y1(a) = 0 and 7(x, 1) = 0. Consequently, by the theorem on expansion in
the eigenvectors of the self-adjoint operator A}, we obtain H' = {0}. Hence the operator Ay,
is simple. The proof is completed. O

Let us define H_ = UpsoU;D-, H, = UioU;D;.

Lemma 3.4. The equality H_ + H, =  holds.
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Proof. Considering property (1) of the subspace D, it is easy to show that the subspace H#' =
H © (H- + H,) is invariant relative to the group {U;} and has the form J#' = (0, H',0), where
H' is a subspace in H. Therefore, if the subspace #' (and hence also H') was nontrivial, then
the unitary group {U,} restricted to this subspace would be a unitary part of the group {U,},
and hence the restriction B, of B, to H' would be a self-adjoint operator in H'. Since the
operator By, is simple, it follows that H' = {0}. The lemma is proved. O

Assume that (1) and ¢(\) are solutions of I(y) = Ay satisfying the conditions

1 (01 )‘) = 0/ (PZ(OI )‘) = 1/ 1 (O/ -/\) = 1/ (PZ(OI )L) =0.

(3.22)
0(x, L) =p(x,A) + ma(V)g(x, L) € Lg(O, a), Imli>0.

The Titchmarsh-Weyl function m1,(\) is a meromorphic function on the complex plane C with
a countable number of poles on the real axis. Further, it is possible to show that the function

m, (L) possesses the following properties: Im mm,(A) > O for all Im A > 0, and m,(\) = m, (X)
for all A € C, except the real poles m,(\). We set

ma(\) - h
ma(A) —h’
U, (x,¢,8) = (e, (ma(X) = h) ™ ab(x, 1), Sp(N)e™™¢). (3.24)

Sp(d) = (3.23)

We note that the vectors U, (x,¢,¢) for real A do not belong to the space H#. However,
U; (x,¢,¢) satisfies the equation LU = AU and the corresponding boundary conditions for

the operator £p;. By means of vector U (x, ¢, {), we define the transformation F_ : f — f_ (1)
by

(F=f)() = F.() = \%ﬂ( AU, (3.25)

on the vectors f = (¢_, ¥y, ) in which ¢_(¢), ¢.({), y(x) are smooth, compactly supported

functions.

Lemma 3.5. The transformation F_ isometrically maps H_ onto L?(R). For all vectors f, g € H_ the
Parseval equality and the inversion formulae hold:

~ o 1 [(® -
(f8)u=(F3),= j FoFma,  f=—= f_w fumdy,  (326)

where f_(1) = (F_f)(\) and §-(\) = (F-g)(\).

Proof. For f,ge D_, f =(¢-,0,0), g = (¢+,0,0), with Paley-Wiener theorem, we have

Fone Loy o L -ixg 2
F) == (U= = [ p-@eaze 1 (3:27)
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and by using usual Parseval equality for Fourier integrals
(9= [ o@r@a-[ FOFOa-(FLEg,  62)

Here, HZ denote the Hardy classes in L*(R) consisting of the functions analytically extendible
to the upper and lower half-planes, respectively.

We now extend to the Parseval equality to the whole of H_. We consider in H_ the
dense set of H' of the vectors obtained as follows from the smooth, compactly supported
functions in D_ : f € H' if f = Urfo, fo = (¢-,0,0), p- € C(~0,0), where T = Ty
is a nonnegative number depending on f. If f,¢ € H’, then for T > Ty and T > T, we
have U_rf,U_rg € D_; moreover, the first components of these vectors belong to Ci° (-0, 0).
Therefore, since the operators U;(t € R) are unitary, by the equality

F.Uif = (Uif,Uy), = e (f,Uy) , = eME-f, (3.29)

we have

(f8)w=UrfUxrg),=(F-Urxf FU1g),

. . _ (3.30)
(T 1), = (),

By taking the closure (3.30), we obtain the Parseval equality for the space H_. The inversion
formula is obtained from the Parseval equality if all integrals in it are considered as limits in

the of integrals over finite intervals. Finally F_-H_ = UpoF_-U;D_ = Uspe’ H? = L*(R), that is,
F_maps H_ onto the whole of L?(R). The lemma is proved. O

We set

U (x,¢,0) = <sh()t)e-“§, (ma(A) - E>_1¢x9(x,l),e_“§>. (3.31)

We note that the vectors U} (x,¢§,¢) for real A do not belong to the space . However,
U} (x,¢,¢) satisfies the equation £U = AU and the corresponding boundary conditions for the

operator L. With the help of vector U7 (x, ¢, {), we define the transformation F, : f — f+ (1)
by (F+f)(V) = f+ (V) := (1/v2x)(f,U})_, on the vectors f = (¢, y, ¢, ) in which ¢_(¢), ¢+ (¢)

and y(x) are smooth, compactly supported functions.

Lemma 3.6. The transformation F, isometrically maps H, onto L?(R). For all vectors f, g € H. the
Parseval equality and the inversion formula hold:

~ o 1 (* -
(9)e= (F8), = f_m FAOFMAL f=— f_m Foyusdy, (3.32)

where f. (1) = (F. f)(A) and g, (1) = (F.g)(A).
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Proof. The proof is analogous to Lemma 3.5. O

It is obvious that the matrix-valued function Sj (1) is meromorphic in C and all poles
are in the lower half-plane. From (3.23), |S,(A)| < 1 for ImA > 0; and Sp(\) is the unitary
matrix for all A € R. Therefore, it explicitly follows from the formulae for the vectors U and
Uj that

U = Sy(W)U7. (3.33)

It follows from Lemmas 3.5 and 3.6 that H_ = H.. Together with Lemma 3.4, this shows that
H_ = H, = #; therefore, property (3) above has been proved for the incoming and outcoming
subspaces. Finally property (4) is clear.

Thus, the transformation F_ isometrically maps H_ onto L?(R) with the subspace D_
mapped onto H? and the operators U, are transformed into the operators of multiplication by
eM. This means that F_ is the incoming spectral representation for the group {U;}. Similarly,
F. is the outgoing spectral representation for the group {U;}. It follows from (3.33) that
the passage from the F_ representation of an element f € # to its F, representation is
accomplished as ﬁ () =St f_(.)t). Consequently, according to [27] we have proved the
following.

Theorem 3.7. The function S;'(\) is the scattering matrix of the group {U;} (of the self-
adjoint operator Lgg).

Let S(A) be an arbitrary nonconstant inner function on the upper half-plane (the
analytic function S(\) on the upper half-plane C. is called inner function on C, if |Sp(1)| <1
forall A € C, and |S,(1)| = 1 for almost all A € R). Define K = H> © SH?. Then K # {0} is a
subspace of the Hilbert space H2. We consider the semigroup of operators Z;(t > 0) acting in
K according to the formula Z;¢ = P[e¢],¢ = ¢(\) € K, where P is the orthogonal projection
from H? onto K. The generator of the semigroup {Z;} is denoted by

Ty = tlingo(it)_l (Zip- o), (3.34)

in which T is a maximal dissipative operator acting in K and with the domain D(T) consisting
of all functions ¢ € K, such that the limit exists. The operator T is called a model dissipative
operator (we remark that this model dissipative operator, which is associated with the names
of Lax-Phillips [27], is a special case of a more general model dissipative operator constructed
by Nagy and Foias [26]). The basic assertion is that S(\) is the characteristic function of the
operator T.

Let K = (0,H,0), so that # = D_ @ K D.. It follows from the explicit form of the
unitary transformation F_ under the mapping F_

H—I*R), f—fON)=(Ff)(Q), D.—H?), D,— S,H?
B B (3.35)
K — H20ScH?, U, f — <F,utF:1 f,) () = eMF(M).

The formulae (3.35) show that operator Ay, is a unitarily equivalent to the model dissipative
operator with the characteristic function Sy (1). Since the characteristic functions of unitary
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equivalent dissipative operator coincide (see [26]), we have thus proved the following
theorem.

Theorem 3.8. The characteristic function of the maximal dissipative operator Ay, coincides with the
function Sp(A) defined in (3.23).

Using characteristic function, the spectral properties of the maximal dissipative
operator Ay, can be investigated. The characteristic function of the maximal dissipative
operator Ay is known to lead to information of completeness about the spectral properties of
this operator. For instance, the absence of a singular factor s(A) of the characteristic function
Si(1) in the factorization det Sp(A) = s(A)B(\), where B(\) is a Blaschke product, ensures
completeness of the system of eigenvectors and associated vectors of the operator Ay, in the
space L3(0, a) (see [25]).

Theorem 3.9. For all the values of h with Im h > 0, except possibly for a single value h = hy,
the characteristic function Sp(A) of the maximal dissipative operator Ay, is a Blaschke product. The
spectrum of Ay is purely discrete and belongs to the open upper half-plane. The operator Ay has
a countable number of isolated eigenvalues with finite multiplicity and limit points at infinity. The
system of all eigenvectors and associated vectors of the operator Ay, is complete in the space H.

Proof. From (3.23), it is clear that S,(\) is an inner function in the upper half-plane, and it is
meromorphic in the whole complex A-plane. Therefore, it can be factored in the form

Su(A) = e*“By(1), c=c(h) 20, (3.36)

where By, () is a Blaschke product. It follows from (3.36) that

1Sk(V)] = [€¢]|Br (V)| < e?WIm - Im A > 0. (3.37)

Further, for m,(\) in terms of S, (1), we find from (3.23) that

h - hSp(\)

et (3.38)

mg(A) =

If c(h) > 0 for a given value h(Im h > 0), then (3.37) implies that lim;_, ,, S, (it) = 0, and then
(3.24) gives us that lim;_, ;. m,(it) = —G. Since m, (1) does not depend on A, this implies that
c¢(h) can be nonzero at not more than a single point h = hy (and further hy = —lim;_, o, m,4(it)).
The theorem is proved.

Due to Theorem 2.4, since the eigenvalues of the boundary value problem (2.1)—(2.3)
and eigenvalues of the operator Aj, coincide, including their multiplicity and, furthermore,
for the eigenfunctions and associated functions the boundary problems (2.1)-(2.3), then
theorem is interpreted as follows. O

Corollary 3.10. The spectrum of the boundary value problem (2.1)—(2.3) is purely discrete and
belongs to the open upper half-plane. For all the values of h with Im X > 0, except possible for a single
value h = hy, the boundary value problem (2.1)—(2.3) (h# hy) has a countable number of isolated
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eigenvalues with finite multiplicity and limit points and infinity. The system of the eigenfunctions and
associated functions of this problem (h # hy) is complete in the space Lﬁ(O, a).
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