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ABSTRACT

In this work we present two types of results for some fourth order functional boundary
value problems. The first one presents an existence and location result for a problem
where every boundary conditions have functional dependence. The second one states
sufficient conditions for the existence of extremal solutions for functional problems
with more restrict boundary functions. The arguments make use of lower and upper
solutions technique, a Nagumo-type condition,an adequate version of Bolzano’s theorem
and existence of extremal fixed points for a suitable mapping.

Keywords: Nonlinear functional problems, lower and upper solutions, extremal
solutions

1. INTRODUCTION

This paper contains two types of results for some fourth order functional boundary
value problems: the first one presents an existence and location result for a
problem where every boundary conditions have functional dependence on the
unknown function and its first and second derivatives. The second one states
sufficient conditions for the existence of extremal solutions for functional problems
with more restrict boundary functions. More precisely, firstly we consider the
problem composed by the functional equation

(1) u(w) (I) =f (:B7 u, u/7 u” ([E) ,u/// (IL"))
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with z € I = [a,b], f : I x (C(I))*> x R* = R a L'— Carathéodory function
and the nonlinear functional boundary conditions
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where L;, 1 = 0,1,2,3, are continuous functions satisfying some monotonicity
assumptions to be defined later.

The second part of the work provides sufficient conditions for the existence of
extremal solutions to the fourth order functional equation

(3) — (¢ () = fla,u"(x),u" (x),u v u"),

for a.a. x €]0,1], with ¢ an increasing homeomorphism, I := [0,1], and f :
I xR? x (C(I))’ — R a L'-Carathéodory function, coupled with the boundary
conditions

4) 0 = Ly(u(a),u,u, u")

B) 0 = Ly (a),uu, u"),

6) 0 = L3 (a),u" (b),u" (a),u" (b),u,u u")

(7) 0 = Ly (U’” (a ,U” (b>) )

where L;, 1 = 1,2,3,4, are suitable functions, with L; and Ls not necessarily
continuous, satisfying some monotonicity assumptions to be specified.

Due to the functional dependence in the differential equation, which nonlin-
earity does not need to be continuous in the independent variable and in the
functional part, and in the boundary conditions covers many types of boundary
value problems, such as integro-differential, with advances, delays, deviated ar-
guments, nonlinear, Lidstone, multi-point, nonlocal, ... As example we refer the
works [1, 2, 3, 12, 13, 14, 16, 17, 19, 20, 22, 25, 26, 27, 29, 30, 31, 32, 33| for
nonlinear boundary conditions, and [4, 6, 7, 8, 21, 23] for functional problems.
In the research for sufficient conditions to guarantee the existence of extremal
solutions we refer, as example, [10, 18], for first and second order, and [5, 11], for
higher orders.

The arguments used here follow standard arguments in lower and upper solu-
tions technique, as it was suggested, for instance, in [15, 24], and for the existence
of extremal solutions the followed in [11]. In short, it is considered a reduced or-
der auxiliary problem together with two algebraic equations, the lower and upper
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solutions method, a sharp version of Bolzano’s theorem and the existence of ex-
tremal fixed points for a suitable operator. However the new boundary functions
assumed here, (4) and (5), require other types of monotonicity in the differen-
tial equation and in the boundary conditions, and, moreover, different definitions
of lower and upper solutions with their first derivatives well-ordered. Therefore,
(3)-(7) can be applied to different problems, not covered by the existent literature.

2. EXISTENCE AND LOCATION RESULT

In this section presents sufficient conditions for the solvability of problem (1)
— (2). The main result is an existence and location theorem, meaning that it
is provided not only the existence of a solution but also its localization in an
adequate strip, and for the first and second derivatives as well.

2.1 Definitions and auxiliary lemmas

A Nagumo-type growth condition, assumed on the nonlinear part, will be an im-
portant tool to set an a priori bound for the third derivative of the corresponding
solutions.

In the following, W*!(I) denotes the usual Sobolev Spaces in I, that is, the
subset of C3(I) functions, whose third derivative is absolutely continuous in [
and the fourth derivative belongs to L'(T).

The nonlinear part f will be a locally L!'—bounded Carathéodory function,
in the following standard sense:

f(x,-,--,-) is continuous in (C'(1))* x R? for a.e. x € I; f(-,n,&, 9o, y1) is
measurable for all (1,&,y0,y1) € (C(I))* x R?; and for every R > 0 there exists
¢ € LY(I) and a null measure set N C I such that |f(z,n,&,vo,v1)| < 9(z) for

all ('r’?’/vg?yanl) S (I\N) X (C(I))2 x R? with ||(77:§,y07yl)||oo < R.

The functions L;, 7 = 0,1, 2, 3, considered in boundary conditions, must verify
the following monotonicity properties:

(Ho) Lo, Ly : (C(I))> x R — R are continuous functions, nondecreasing in first,
second and third variables;

(Hy) Ly : (C(I))® x R? — R is a continuous function, nondecreasing in first,
second, third and fifth variables;

(Hy) Ly : (C(I))® x R2 — R is a continuous function, nondecreasing in first,
second and third variables and nonincreasing in the fifth one.
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The main tool to obtain the location part is the upper and lower solutions
method. However, in this case, they must be defined as a pair, which means
that it is not possible to define them independently from each other. Moreover,
it is pointed out that lower and upper functions, and the correspondent first
derivatives, are not necessarily ordered.

To introduce “some order”, it must be defined the following auxiliary func-
tions:

For any a, 3 € W*L (I) define functions a;, 6 : I — R, i = 0,1, as it follows:
®) @) = min{d(0), '<>}+/xa"<s>ds,
©) Aile) = max{a(@),F @)+ [ 5 (s)ds
(10) aofe) = minfa(a) @)+ [ o
(1) fole) = max{a(a) S+ [ 5

DEFINITION 2.1. The functions o, 3 € W4 (I) are a pair of lower and upper
solutions for problem (1) — (2) if & < (", on I, and the following conditions are
satisfied: For all (v,w) € A := |y, Bo] X [an, B1], the following inequalities hold:

(12) o™ (2) > f(z,v,w,a",a" (), for a.ex €I,
(13) Bv) (x) < f(x,0,w, 0", 8" (x)), for aex €1,
Ly (o, a1,0", a9 (a)) > 0 > Lo (8o, 51, 8", bo(a))
(14) Li (g, a1,0" 04 (a)) > 0 > Ly (0o, 51, 3", B (a))
L2 (OC07 a1’ O//, a// (a) ,O/H (a)) 2 0 2 L2 (ﬁo’ ﬁl, ﬂ//’ /6//( ) , ///( ))
L3 (Oéo, &1, &//’ &// (b) ,a{/// (b)) Z 0 2 L3 (60’ 61’ ﬁ//’ /3//( ) , ///( ))

The Nagumo-type condition is given by next definition:

DEFINITION 2.2. Consider T';, v; € L* (I), i = 0,1,2, such that v; (z) < T; (),
Vaxel, and the set

o { (z, 20, 21, Y2, y3) € I x (C(1)* x R : 4 () < 20 (z) < Ty (), }
M () < z1(x) <Th(2),d(z) <y < 0'(x) '

A function f : I x(C (I))*xR2 — R is said to verify a Nagumo-type condition
in E if there exists pp € C (]0,4+00), (0, +00)) such that

(]‘5) |f (x7y07y17y27y3>| S PE (|y3|)7
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fOT every ('r?yO)ylay%yB) € E> and

+oo t
16 — dt> Ty (2) — mi :
(16) / o @ max 2 () —min7 (z)

b—a ? b—a

where r > 0 is given by r := max { L2(0)=72(a) FQ(G)_VQ(b)} .

Next result gives an a priori estimate for the third derivative of all possible
solutions of (1).

LEMMA 2.3. There exists R > 0 such that for every L'— Carathéodory function
f:1x(C(I)?xR? — R satisfying (15) and (16) and every solution u of (1)
such that

(17) 7 (z) <u® (z) <Ty(z),Vael,

fori=0,1,2, we have |u"|| < R. Moreover the constant R depends only on the
functions ¢ and ~;, T; (i =0, 1, 2) and not on the boundary conditions.

Proof. The proof is similar to [8, Lemma 2.1]. O

2.2 Existence and location theorem

In this section it is provided an existence and location theorem for the problem
(1) — (2). More precisely,sufficient conditions are given for, not only the existence

of a solution wu, but also to have information about the location of u, u’, u” and

"
u-.

The arguments of the proof require the following lemma, given on [28, Lemma
2]:

LEMMA 2.4. For z,w € CY(I) such that z(x) < w(x), for every x € I, define
q(z,u) = max{z, min{u, w}}.

Then, for each u € CY(I) the next two properties hold:

d
(a) d—q(a:,u(a:)) exists for a.e. x € I.
T
(b) If u,u,, € CHI) and u,, — w in C*(I) then

d d
%q(xjum(gj)) — %q(:r:,u(x)) forae xel.
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Now, we can prove the the theorem:

THEOREM 2.5. Assume that there exists a pair (c, 3) of lower and upper solutions
of problem (1) — (2), such that conditions (Hy), (H1) and (Hs) hold.

If f: Ix(C (]))2 xR? — R is a L'— Carathéodory function, satisfying a Nagumo-
type condition in

o { (%, 20, 21, Y2, y3) € I x (C(I))> xR?: o (z) <
ar (z) < 21(2) < P (2), " (x) < y2 < F"(2)

then problem (1) — (2) has at least one solution u such that
ag (z) Su(z) < fo(x), ar(r) <u'(x) <P (x), o (x) <u’ () <" (2),
for every x € I, and |v" (z)| < K,V x € I, where

(18) K =max {R,[o" (x)],|3" ()]}

and R > 0 s given by Lemma 2.3 referred to the set E,.

Proof. Define the continuous functions

(19) 9 (z,y;)) = max{a; (z),min{y;, 5; (z)}}, fori=0,1,
0z (z,92) = max{a” (z),min{ys, 0" (z)}}

and

q(2) = max{—K,min{z, K}} forall z € R.

Consider the modified problem composed by the equation

20) ) = £ (180 )81 (o) B o). (- (B o) ) )

and the boundary conditions

u(a) = d(a,u(a)+ Lo (u, v, u",u(a))),
(21) W (a) = 01 (a,u (a)+ Ly (u,u/,u” 4 (a))),
u’(a) = 9 (a,u” (a)+ Lo (u, v, v u" (a),u” (a))),
u’ (b) = 09 (b,u” (b) + L3 (u,u,u” 4" (b),u" (b))).

The proof will be proved by following several steps:
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Step 1 - Every solution u of problem (20) - (21), satisfies o (z) < u" (z) <

" (@), a1 () < W' (2) < B (), oo (2) < ulz) < Fo(x) and |u” (2)] < K, for
every x € I, with K > 0 given in (18).

Let u be a solution of the modified problem (20) — (21). Assume, by contra-
diction, that there exists « € I such that o/’ (x) > u” (x) and let xy € I be such
that

IgIclel}l (u—a)"(z) = (u—a)’ (z¢) <O0.

As, by (21), v” (a) > " (a) and v’ (b) > &” (b), then zy € (a,b). So, there is
(x1,22) C (a,b) such that

(22) '(x) < a(z), Vo € (21,22), (u — )" (1) = (u— a)" (z2) = 0.
Therefore, for all z € (z1,x9) it is satisfied that g (x,u” (x) o” (z) and

) pum—
L5y (x,u"(x)) = o (z). Now, since for all u € C*(I) we have that (0 (-, ), 01 (-, ) €
A, we deduce, for a.e. © € (1, 12),

u™ (z) = f<x,50(-,u),51( u'), 0y (z,u" (z ( (8o (z,u"( )))))
= f(z,00 (), 01 (), 0" (2),0" (2)) <

In consequence we deduce that function (u—a))” is monotone nonincreasing on

the interval (xq, x2). From the fact that (v —a)"”(zo) = 0, we know that (u—«)”
is monotone nonincreasing too on (g, x2), which contradicts the definitions of xg
and 5.

The inequality v”(x) < f”(z) in I, can be proved in same way and, so,
(23) o' (z) <u"(x) <" (x),Vax el
By (21) and (8), the following inequalities hold for every = € I,
' (r) = o (a)+ /w u” (s)ds
> aj(a)+ /x o’ (s)ds =min{a’ (a), s (a)} + /x o’ (s)ds = ay (x).

Analogously, it can be obtained «' (z) < 3 (z), for z € I.
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On the other hand, by using (21), (10) and (11), the following inequalities are
fulfilled:

u(x) > ao(a)—i—/m(xl(s)ds:min{a(a),ﬁ(a)}+/xa1(s)ds:ao(x).

The inequality u (z) < Gy (z) for every x € I is deduced in the same way.

Applying previous bounds in Lemma 2.3, for K given by (18), it is obtained
the a priori bound |u"” (z)| < K, for = € 1. For details, see [?, Lemma 2.1].

Step 2 - Problem (20) — (21) has at least one solution.

For A € [0, 1] let us consider the homotopic problem given by

@20) u @) = A (.00 (1) 61 () B o @) o (1 e’ (@) )

and the boundary conditions

(a) = Ao (a,u (a) + Lo (u, v/, u” u(a))) =MLy,

"(a) = Ay (a, v’ (a) + Ly (u, o/, u” v’ (a))) = \Lg,
"(a) = Moy (a,u” (a) + L (u, v, u",u" (a) ,u" (a))) = XLe¢,

u” (b) = Mg (b,u” (b) + L3 (u, ', u” v (b) ,u" (b)) = \Lp.

Let us consider the norms in C®(I) and in L' (I) x R?*, respectively,

[vllgs = max {[[vll oo, [Vl s 10" 1o » 10" |0 }

and [(h, by, ho, ha, ha)| = max {||A[| ., max {|ha], |hal, |ha] , [ha]}} .
Define the operators £ : W4t (I) c C?(I) — L' (I) x R* by

Lu(z) = (W™ (z),u(a),u (a),u" (a),u" (b)), z€l,
and, for A € [0,1], Ny : C3(I) — L' (I) x R* by

NAU (I) _ ( )\f (%, 50 (-, u) 7(51 (-’ u/>ij2, éz’ug(g;)[?;q (% ((52 (l’,u” (1:))))) ’ )

Since Lg, L1, Ly and Lz are continuous and f is a L'— Carathéodory func-
tion, then, from Lemma 2.4, N, is continuous (see [9, Theorem 3.5] for details).
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Moreover, as £7! is compact, it can be defined the completely continuous op-
erator 7T, : C3(I) — C3(I) by Thu = L7'Ny (u). It is obvious that the fixed
points of operator 7, coincide with the solutions of problem (24) — (25). As
Nyu is bounded in L' (1) x R* and uniformly bounded in C®(I), we have that
any solution of the problem (24 ) — (25), verifies the following a priori bound
ullps < L7 Ny (u)] < K, for some K > 0 independent of .

Intheset @ = {u € C*(I) : |lul|cs < K + 1} the degree d (Z — 75,9, 0) is well
defined for every A € [0, 1] and, by the invariance under homotopy, d (Z — 7y, 2,0) =
d(Z —T,9,0).

As the equation = 7 (x) is equivalent to the problem
u™ () =0, z€I, ula)=1u(a)=1u"(a)=u"(b)=0,

which has only the trivial solution, then d(Z — 7y,€Q,0) = £1. So by degree
theory, the equation z = 77 (x) has at least one solution, that is, the problem
(20) — (21) has at least one solution in 2.

Step 3 - Every solution u of problem (20) — (21) is a solution of (1) — (2).

Let u be a solution of the modified problem (20) — (21). By previous steps,
function wu fulfills equation (1). So, it will be enough to prove the following four
inequalities:

ap (a) < u(a) + Lo (u, v, u”,u(a)) < B (a),
(26) (a) < u' (a) + Ly (u, v, u”, ' (a)) < Bi(a),
O/I (a) S u// (a)+L2 (u’ul’u//’u//(a’)’u/// (a)) Sﬁ//(a’)’
o (b) < u"(b)+ L (u, v, v, u” (b) ,u"” (b)) < pB"(b).

Assume that
(27) wu(a)+ Lo (u, v, u",u(a)) > By (a).

Then, by (21), u (a) = fp (a) and, by (Hy) and previous steps, it is obtained the
following contradiction with (27):

u(a) + Lo (u, v, u",u(a)) < Bo (a) + Lo (Bo, B, 8", Bo (a)) < Bo (a) -
Applying similar arguments it can be proved that ag(a) < u(a)+Lg (u, v, u”, u (a))

and «aq (a) < v (a) + Ly (u, v/, u” v’ (a)) < By (a) . For the third case assume,
again by contradiction, that

(28) u"(a) + Ly (u, v/, u”",u" (a) ,u" (a)) > 5" (a) .
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By (21), u” (a) = (" (a) and, as v’ (z) < (" (z) in I, then v (a) < " (a) and,
by (H;) and (14), it is achieved this contradiction with (28):

U/Il (CL) _"_ L2 (U/’ u/’ u//,u// (a> ,u/// (a))

< B"(a)+ Ly (Bo, 51, 6", 8" (a), 8" (a))
< 3" (a).

The same technique yields the two last inequalities. 0

3. EXISTENCE OF EXTREMAL SOLUTIONS

This section concerns with the presentation of sufficient conditions for the exis-
tence of extremal solutions, that is, maximal and minimal solutions, for prob-
lem (3) — (7). In short, the method considers a reduced order auxiliary prob-
lem together with two algebraic equations and applies lower and upper solutions
method,a version of Bolzano’s theorem and the existence of extremal fixed points
for aa adeqaute operator.

3.1 Auxiliary problem

Let us consider the nonlinear second order problem

(29) — (¢ (¥(2)) = g(z,y(x),y (z)) foraa. tel,
),y (a),y' (b)),
)

—~
w
=)
e}

I
=

—~~

< <

—~

SEERS
~— ~—
< <

—~

S S

where ¢ : R — R is an increasing homeomorphism and g : I x R? — R a
Carathéodory function, i.e., g(z,-,-) is a continuous function for a.a. = € I,
g(-,u,v) is measurable for all (u,v) € R? and for every M > 0 there exists a
real-valued function hy; € L'(I) such that for a.a. € I and for every (u,v) € R?
with |u| < M and |v| < M we have |g(x,u,v)| < hy(t).

Moreover, the function /; : R* — R is continuous, nondecreasing in the third
variable and nonincreasing in the fourth one, and I/, : R> — R is continuous, non-
increasing with respect to its first variable and injective in the second argument.

We will denote by AC(I) the set of absolutely continuous functions on I and
by a solution of (29) we mean a function n € C*(I) such that ¢ () € AC(I) and
satisfying the differential equation almost everywhere on I.

LEMMA 3.1. [10, Theorem 4.1] Suppose that there exist o, 3 € C*(I) such that
a< B onl, ¢, 6(3) € AC(), and

—(¢(d))(z) < g(z,a(z),d(z)) fora.a zel,
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—(¢(8))(x) = gz, B(x), F'(x))  for a.a. x €1,

Suppose that a Nagumo condition relative to o and 3 is satisfied, i.e., there
exist functions k € LP(I), 1 <p < o0, and @ :[0,+00) — (0,+00) continuous,
such that, for a.a. t € I,

lg(z,u,v)| < k(z)0(|v]) for allu € [a(t), 5(t)] and all v € R,

and

W [T el e
mm{/m 9(|¢—1<u>|>d“’/_oo o1 ™[ 17 Wl
where

p = max §(z) — mina(z),

_ max{a(a) = S()], |a(b) = Bla)[}

b—a ’
ess supeilk(x)] | p=oo
K|, = :
=\ T m@pas]” . 1<p<o

where “ess sup” means essential supremum and considering (p — 1)/p = 1 for
p = 0.
Then the problem (29) — (31) has extremal solutions in

[, B8] ={yeC' () :a<y<B onl},

i.€., there exist a least and a greatest solution to the problem in the functional
interval [, (.

The Nagumo condition guarantees that the first derivative is a priori bounded,
i.e., there exists N > 0, depending only on «, 3, k, 6, ¢ and p, such that every
solution y € [a, ] of (29) — (31) satisfies |/ (¢)] < N for all ¢t € I.
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3.2 Extremal solutions

In the following, a mapping w : C(I) — R is nondecreasing if w(y) <
whenever y(z) < d(z) for all z € I, and w is nonincreasing if w(y) > w(J)
whenever v(z) < §(x) for all = € I).

Let us consider now the initial problem (3) — (7) with the following assump-
tions:

(E) ¢ : R — R is an increasing homeomorphism and f : I x R* x (C(I))®> — R
satisfying:
(a) For all (u,v,7,d,e) € R? x (C(I))3, f(-,u,v,7,0,¢) is measurable;

(b) For a.a. z € I and all (u,v,7,d,e) € R* x (C(I))3, f(z,u,v,-,d,¢),
fz,u,v,7,-,¢) and f(t,u,v,7,d,-) are nondecreasing;

(c) For a.a. x € I and all (v,d,¢) € (C(1))?, f(z,-,-,7,d,¢) is continuous
on R%;

(d) For every M > 0 there exists a real-valued function hy; € L'(I) such
that for a.a. x € I and for every (u,v,v,d,¢) € R? x (C(I))? with

<
[ul + Jv] + max |y(2)] + max |§(2)] + max |e(2)] < M
we have |f(x,u,v,v,d,e)| < ha(t).

(L1) For ¢ = 1,2, for all v,d,e € C(I), and for all t € R, we have

lim sup Lz<y7 e 57 8) < Ll(tv v 67 E) < lim 1Ef Lz(y7 s 57 8)
y—t

y—t—

and the mappings L; are nonincreasing in the second, third and fourth
arguments.

(L2) For every v,d,e € C(I) the mappings
I (ta Y, u, U) € R4 = l1<t7 Y, u, U) = L3<t7 Y, u, v, 7, 57 5)

and L, satisfy the conditions assumed for [; and [5 in the previous section.
Moveover, the operator Lj is nondecreasing in the fifth, sixth and seventh
arguments.
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DEFINITION 3.2. A function o € C3(I) is a lower solution of (3) — (7) if ¢ (") €
AC(I) and

1

(@ (@) (z) < flz,d"(x),a"(z),a,a’,a") for a.a. x € I=]a,b],
0 > Li(afa),a,d,a”),
0 > Ly(d(a),a,a,a"),
0 < L3(a"(a),a"(b),a"”(a),a" (b),a,d, "),
0 = Lya"(a),a”(b)).

An upper solution is defined analogously with the reverse inequalities.

In the sequel we will use the following notation: for a couple of functions
v,6 € C(I) such that v < § on I, we define

[v,0] :={¢eC):y< ¢<donl}.
DEFINITION 3.3. Let o, 3 € C3(I) be such that o < 8% on I fori =0,1,2.
We say that f : I x R? x (C(I))®> — R satisfies a Nagumo condition relative to
a and [ if there exist functions k € LP(I), 1 <p < o0, and 0 : [0,+00) —
(0,4+00) continuous, such that, for a.e. x € I, for all u € ["(t),3"(t)] and for
all (,0,¢) € [, B8] x [#, ] x [, "], we have

[f (@, u,0,7,0,€)| < k(x) O(|v])  for all v € R,

and

min +Wm U ¢(_V)m U e

where p = maxyes B (z) — minger () and

_ max{|a"(a) — 5"(b)], |"(b) — "(a)[}
b—a

The following version of Bolzano’s theorem plays a key role in the proof of
the main result:

LEMMA 3.4. [?, Lemma 2.3] Let a,b € R, a < b, and let h : R — R be such that
either h(a) > 0 > h(b) and

limsup h(z) < h(z) < liminf h(z) for all z € [a,b],

— +
s z—T
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or h(a) <0 < h(b) and

liminf h(z) > h(z) > limsup h(z) for all x € [a,b).

2 z—axt
Then there exist c1,co € [a,b] such that h(c;) = 0 = h(cy) and if h(c) = 0 for
some ¢ € [a,b] then ¢; < ¢ < ¢q, i.e., ¢y and co are, respectively, the least and the
greatest of the zeros of h in [a,b].

For the reader’s convenience let us introduce some additional notation which
allows more concise statements.

In C%(I) we consider the standard partial ordering: Given v,d € C*(I),
~<é if and only if v < 6@ on I for i = 0,1, 2.

Notice that C*(I) is an ordered metric space when equipped with this partial
ordering together with the usual metric, in the sense that for every v € C*(I) the
intervals

[M)e ={6€C*I) : 70} and (y]e = {6 € C*(I) : 6=},

are closed in the corresponding topology. More details about ordered metric
spaces can be seen in [18].

For 7,8 € C2(I) such that v<4 define
[V, 0le == {& € C*(I) : v<¢<o}

The function 7* is the <-greatest solution of (3) — (7) in [y, ] ¢ if 7* is a solution of

(3) — (7) which belongs to [y, d]e and such that for any other solution € [v, g
we have v < v*. The <-least solution of (3) — (7) in [y, d]e is defined analogously.

If the <-least and <-greatest solutions of (3) — (7) in [, 6] exist we call them
<-extremal solutions of (3) — (7) in [y, 0]e-

The following fixed point theorem is also useful:

LEMMA 3.5. [18, Theorem 1.2.2] Let Y be a subset of an ordered metric space
(X, <), [a,b] a nonempty order interval in'Y', and G : |a,b] — [a,b] a nondecreas-
ing mapping. If {Gx,}, converges in'Y whenever {x,}, is a monotone sequence
in [a,b], then there ezists x, the least fived point of G in [a,b] and x* is the greatest
one. Moreover

z, =min{y |Gy <y} andE z* =max{y|y < Gy}.
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The main result for problem (3) — (7) is the following:

THEOREM 3.6. Suppose that conditions (E), (L1) and (L2) hold, and the problem
(3) = (7) has a lower solution o and an upper solution B such that

(32) a(a) < fB(a), d'(a)<pf(a) and " <B" onl.

If | satisfies a Nagumo condition with respect to o and (3 then the problem (3) -
(7) has <-extremal solutions in [a, [e.

Remark that the relations (32) imply that o < 3, by successive integrations
between a and x €]a, b].

Proof. For every v € [a, (]e fixed, consider the nonlinear second-order prob-
lem -

—(o W) (@) = flz,yt),y(t),7,7,7") foraa. tel,
(P’Y) 0 = L3(y(a)7y(b)7y/<a>ayl(b)7777177//)7
0 = La(yla),y(b)),

together with the two equations

0 = Ll(w7777/77//)7
0 = LZ(wafya’)/vf)//)'

By the assumptions, «” and (3" are, respectively, lower and upper solutions of
(P,), according to the definitions given in Lemma 3.1. Moreover, as the remaining
conditions in Lemma 3.1 are satisfied, there exists the greatest solution of (P,)
in [, 3”], which will be denoted by y,.

According to Remark 77, there exists N > 0 such that
(35) [¢,(x)] <N forall y € [, fle and all x € I.
On the other hand, we have
02> Li(a(a),a, o', a") = Li(a(a),7,7",7"),

and, similarly, 0 < Ly(83(a),v,7,7”). Thus, by Lemma 3.4, the equation (33)
has a greatest solution u, = u,(7) in [a(a), B(a)].

Analogously, the greatest solution of (34) in [&/(a), /'(a)] exists and it will be
denoted by u), = u/ (7).
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Define, for each x € I, the functional operator G : |, B]g — [a, 5]3 by

Gy(z) := u, + u(z — a) + /: /as Yy, (r)drds.

In order to prove that G is nondecreasing for the ordering < in [a, (e, consider
i € [, Ble for i = 1,2 such that v, < 5. The function y,, is a lower solution
of (P,,), and so Lemma 3.1 implies that (P,,) has extremal solutions in [y,,, 8”].
In particular, the greatest solution of (P,,) between o and 3" must be greater
than y.,, i.e., ¥, > y,, on 1.

Furthermore we have

0= Li(ua(71), 71,70 71) = Li(ua(11), 725 72, 75)

and, as 2 € [a, O]e then, by the definition of upper solution, 0 < Ly (5(a), v2, 5, 75)-
Hence Lemma 3.4 guarantees that the equation 0 = Ly (w, Yo, v}, 74 ) has extremal
solutions in [uy(71), B(a)]. In particular, its greatest solution between «(a) and
f(a) must be greater than or equal to u,(71), i.e., uq(y2) > uq(71). In a similar
way we deduce that u(y2) > u,(71) and, therefore, Gy, < Gs.

Let {7 }» be a <-monotone sequence in [«, Ble. Since G is nondecreasing, the
sequence {G7y, },, is also <-monotone and, moreover, G, € [, Bl for all n € N
and {G,}, is bounded in C*(1).

For all n € N and all x € I it can be verified that

(Gy)" () = ¢, (2),

and, by (35), {(G7,)"}» is equicontinuous on /. So, from Ascoli-Arzeld’s theorem
{(G7,)"}n is convergent in C2(I). Therefore G applies <-monotone sequences
into convergent sequences and, by Lemma 3.5, G has a <-greatest fixed point in
[, Ble, denoted by ~*, such that

(36) v =max{y € [a, e : 7<G}.

As ~* is a solution of (3) — (7) in [a, f]e, we will show that 7* is the <-
greatest solution of (3) — (7) in [a, B]le. Let v be an arbitrary solution of (3) —
(7) in [, Ble. Notice that the relations (4) and (5), with u replaced by ~, imply
that v(a) < uq(y) and +'(a) < ul,(y). Moreover, conditions (3), (6) and (7), with
u replaced by v, imply that 4" < y,. Therefore ~<G~ which, together with (36),
yields v<v*, so v* is the <-greatest solution to (3) — (7) in [a, A]e.

The existence of the <-least solution of (3) — (7) in [a, Ble can be proven by
analogous arguments and obvious changes in the definition of the operator G. U
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3.3 Example

The example below does not pretend to illustrate some real phenomena, but only
to show the applicability of the functional components in the equation and in the
boundary conditions. Notice that, like it was referred before, this problem is not
covered by the existent results.

Consider the fourth order functional differential equation

u(w)<x> _ " 3 " / ‘

zel

+h(z)g (max u”(x))

where 0 < ¢ <2, 1:=10,1], h € L*(I,]0,+00)) and g : R — R a nondecreasing
function, with the boundary conditions

zel

Au(0)*™ = —max u(m)—zaju'(gj),

(38)  BYw0) = e m(a),
Cu///(l) — U/ (maX{O, T — T}) ,
L(0) = (1),

where A,B,C € R, 0<¢; <1,V5 €N, pe Nand Z;fo a; is a nonnegative and
convergent series with sum @ .

This problem is a particular case of (3)-(7), where ¢(z) = arctan z (remark
that 6(R) £ R),

Fo6) = =g+ ot 1+ max o)+ [ (0
r 0
+ h(z)g <1£131><5(x)> :
+o0o
Li(t,y,0,e) = —A*#t max v(z) — Z; a;d (&),
j:

Ly (t,7,0,e) = e mwer=l®) _ By,
L3<t7 Yy, z,v,w,7, 5a 5) = 0 (maX{0> xr — 7—}) - Ow’
Li(ty) = y—t
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The functions a(z) = —2% — 2z — 1 and 3(x) = 2? 4+ 2z + 1 are, respectively,
lower and upper solutions of the problem (37)-(38) for

A< —-3—3a, B < —e*andC

Y]
Do | o

Moreover, the homeomorphism ¢ and the nonlinearity f verify condition (F) and
the Nagumo condition given by Definition 3.3 with

k(r)=14,0(v) = [v+ 1|5, p = 4,0 = 4.

The boundary functions L;, i = 1,2, 3, 4, satisfy the assumptions (L1) and (L2).
So, by Theorem 3.6, there are <—extremal solutions of (37)-(38) in [a, (]e.

REFERENCES

[1] E. Alves, T. F. Ma and M. L. Pelicer, Monotone positive solutions for a fourth
order equation with nonlinear boundary conditions, Nonlinear Anal., 71 (2009),
3834-3841.

[2] P. Amster and P. P. Cardenas Alzate, A shooting method for a nonlinear beam
equation, Nonlinear Anal., 68 (2008), 2072-2078.

[3] Z. Bai, The upper and lower solution method for some fourth-order boundary value
problems, Nonlinear Anal. 67 (2007), 1704-17009.

[4] A. Cabada, M. Grossinho and F. Minhds, On the solvability of some discontinuous
third order nonlinear differential equations with two point boundary conditions, J.
Math. Anal. Appl. 285 (2003), no. 1, 174 — 190.

[5] A. Cabada, M. Grossinho and F. Minhés, Extremal solutions for third-order non-
linear problems with upper and lower solutions in reversed order, Nonlinear Anal.,
62 (2005) 1109-1121.

[6] A.Cabada and S. Heikkila, Ezistence of solutions of third-order functional problems
with nonlinear boundary conditions, ANZIAM J. 46 (2004), no. 1, 33 — 44.

[7] A. Cabada and F. Minhés, Fully nonlinear fourth-order equations with functional
boundary conditions, J. Math. Anal. Appl. 340 (2008), 239-251.

[8] A. Cabada, F.Minhés, and A. 1. Santos, Solvability for a third order discontinuous
fully equation with functional boundary conditions, J. Math. Anal. Appl. 322 (2006),
735-748.

[9] A. Cabada, D. O’Regan, R. L. Pouso, Second order problems with functional con-

ditions including Sturm Liouville and multipoint conditions, Math. Nachr. 281,
(2008) 1254-1263.



EXTREMAL SOLUTIONS OF FOURTH ORDER FUNCTIONAL BVPs 19

[10] A. Cabada and R. L. Pouso, Extremal solutions of strongly nonlinear discontinuous
second order equations with nonlinear functional boundary conditions, Nonlinear
Anal. 42 (2000), 1377 — 1396.

[11] A. Cabada, R. Pouso and F. Minhés, Extremal solutions to fourth-order functional
boundary value problems including multipoint conditions, Nonlinear Anal.: Real
World Appl. 10 (2009), 2157-2170.

[12] S. Chen, W. Ni and C. Wang, Positive solutions of fourth order ordinary differ-
ential equation with four-point boundary conditions, Appl. Math. Letters 19 (2006)
161 — 168.

[13] J. Ehme, P. W. Eloe, and J. Henderson, Upper and lower solution methods for fully
nonlinear boundary value problems, J. Differential Equations 180 (2002), 51-64.
[14] H. Feng, D. Ji, W. Ge, Existence and uniqueness of solutions for a fourth-order

boundary value problem, Nonlinear Anal., 70 (2009) 3761-3566.
[15] D. Franco, D. O’Regan and J. Peran, Fourth-order problems with nonlinear bound-
ary conditions, J.Comp. Appl. Math. 174 (2005) 315-327.

[16] J. R. Graef and L. Kong, Existence of solutions for nonlinear boundary value
problems, Comm. Appl. Nonlinear Anal. 14 (2007), 39-60.

[17] J. R. Graef, L. Kong, and Q. Kong, Ezistence of three solutions of a higher order
boundary value problem, Electron. J. Differential Equations, Conf. 17 (2009), 71-80.

[18] S. Heikkilda and V. Lakshmikantham, Monotone Iterative Techniques for Discon-
tinuous Nonlinear Differential Equations, Marcel Dekker Inc., New York (1994).

[19] G. Infante and P. Pietramala, A cantilever equation with nonlinear boundary con-
ditions, Electron. J. Qual. Theory Differ. Equ., Spec. Ed. I, No. 15 (2009), 1-14.

[20] L. Kong and Q. Kong, Positive solutions of higher-order boundary value problems,
Proc. Edinburgh Math. Soc. 48, (2005), 445-464.

[21] E. Liz, Order reduction for periodic boundary value problems of discontinuous
third-order differential equations, Applicable Analysis 63 (1996), 353 - 362.

[22] D. Ma, X. Yang, Upper and lower solution method for fourth-order four-point
boundary value problems, J. Comput. Appl. Math., 223 (2009), 543-551.

[23] F. Minhés and J. Fialho, On the solvability of some fourth-order equations with
functional boundary conditions, Discrete Contin. Dyn. Syst. 2009, suppl., 564-573.

[24] F. Minhos, T. Gyulov, A. 1. Santos, Lower and upper solutions for a fully nonlinear
beam equations, Nonlinear Anal.,71 (2009) 281-292.

[25] H. Pang, W. Ge, Existence results for some fourth order multi-point boundary
value problem, Math. Comput. Model., 49 (2009) 1319-1325.

[26] C. V. Pao, Y. M. Wang, Fourth-order boundary value problems with multi-point
boundary conditions, Comm. Appl. Nonlin. Anal., 16 (2009), 1-22.

[27] H. Su, B. Wang, Z. Wei and X. Zhang, Positive solutions of four-point boundary

value problems of higher-order p-Laplacian operator, J. Math. Anal. Appl. 330
(2007) 836 — 851.



20 FELIZ MINHOS

[28] M. X. Wang, A. Cabada, J. J. Nieto, Monotone method for nonlinear second order
periodic boundary value problems with Carathéodory functions, Ann. Polon. Math.
58 (1993), 221-235.

[29] W. Wang, J. Shen, Z. Luo, Multi-point boundary value problems for second-order
functional differential equations, Comput. Math. Appl. 56 (2008), 2065—2072.

[30] G. Wang, M. Zhoua and L. Sun, Fourth-order problems with fully nonlinear bound-
ary conditions, J. Math. Anal. Appl. 325 (2007), no. 1, 130 — 140.

[31] S. Weng, H. Gao, D. Jiang, X. Hou, Upper and lower solutions method for fourth-
order periodic boundary value problems. J. Appl. Anal. 14 (2008), 53-61.

[32] X. Zhang and L. Liu, Positive solutions of fourth-order four-point boundary value
problems with p-Laplacian operator, J. Math. Anal. Appl. 336 (2007), no. 2, 1414
- 1423.

[33] H. Zhao, A note on upper and lower solutions method for fourth-order boundary
value problems, Ann. Differential Equations 24 (2008), 117-120.



