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Abstract

This thesis is devoted to the study of a new class of numerical semigroups, which we
call generalized repunit numerical semigroups. Firstly, we describe minimal systems of
binomial generators for the defining ideals of all corresponding monomial curves (over a
fixed field). Then, we describe the Apéry sets, relative to the multiplicity, and solve other
classical problems of Numerical Semigroup Theory like the Frobenius problem or the
computation of the genus, by means of closed formulas for the entire class. Generalized
repunit numerical semigroups are Wilf and have other interesting properties such as
being homogeneous and having Cohen-Macaulay tangent cone. Furthermore, from the
structure of the toric ideal of a generalized repunit numerical semigroup, the complete
Betti sequence of its coordinate ring is derived. Finally, we explicitly describe a minimal

graded free resolution of this ring, for the grading given by the semigroup.

Keywords: Numerical semigroup; Frobenius problem; Monomial curve; Determi-

nantal ideal; Minimal free resolution.



Resumo

Semigrupos numéricos repunit generalizados

Esta tese é dedicada ao estudo de uma nova classe de semigrupos, que designamos por
semigrupos numéricos repunit generalizados. Em primeiro lugar, descrevemos sistemas
minimais de geradores binomiais para os ideais definidores de todas as correspondentes
curvas monomiais (sobre um corpo fixado). Em seguida, calculamos os seus conjuntos
de Apéry, relativos a multiplicidade, e resolvemos outros problemas notéveis da Teoria
dos Semigrupos Numéricos, como o problema de Frobenius ou o célculo do género, por
meio de férmulas fechadas para a totalidade da classe. Os semigrupos numéricos re-
punit generalizados sao Wilf e possuem outras propriedades interessantes, como serem
homogéneos e possuirem cone tangente de Cohen-Macaulay. Além disso, a partir da
estrutura do ideal térico de um semigrupo numérico repunit generalizado, a sequéncia
completa de Betti do seu anel de semigrupo é retirada. Finalmente, descrevemos ex-
plicitamente uma resolugao livre minimal graduada deste anel, para a graduacao dada

pelo semigrupo.

Palavras-chave: Semigrupo numérico; Problema de Frobenius; Curva monomial;

Ideal determinantal; Resolucao livre minimal.
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Introduction

Let N be the set of nonnegative integers. A numerical semigroup .S is a subset of N
containing zero such that S is closed under addition and N\ S is finite. The cardinality
of N\ S is called the genus of S, here denoted g(5), and the greatest integer not in S
is the Frobenius number of S, denoted F(.5).

Given an element s € S\{0}, the Apéry set of S, relative to s, denoted Ap(S, s),
so named after [2], is the subset {wi,...,ws} of S, w1 = 0 < .-+ < ws, such that,
for 1 < i < s, w; is the least integer in S having s-residue distinct from those in
{wi,...,wi—1}. The set Ap(S,s) is thus a complete system of residues modulo s and,
by adding the element s to it, we get a system of generators of S. Therefore, numerical

semigroups are finitely generated (commutative) monoids. Furthermore, for a given

numerical semigroup S, there exists a unique set {ai,...,a,} C N such that S =
Naj; + - -+ + Na,, and no proper subset of {ai,...,a,} generates S. In this case, the
set {a1,...,a,} is the minimal system of generators of S, its cardinality is called the

embedding dimension of S and min{ay,...,a,} is called the multiplicity of S. The
finiteness of the genus implies that ged(aq,...,a,) = 1. In fact, one has that the
necessary and sufficient condition for a subset A of N to generate a numerical semigroup
is ged(A) = 1.

The set Ap(S, s) retains much of the combinatorics of S, giving more information
than an arbitrary system of generators of S. It can be used, for instance, to solve
the membership problem in S, or to compute the Frobenius number and the genus of
S, by means of the so called Selmer’s formulas. The computation of other numerical
invariants of S, like the pseudo-Frobenius numbers of S, introduced by Froberg et al.

in [21], or the number of these elements, called the type of S, rely on the combinatorics

of Ap(S,s).
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Let A ={ay,...,a,} be a subset of N minimally generating a numerical semigroup.
The Frobenius number and the genus of the numerical semigroup S = Naj + --- + Na,
have natural interpretations in the study of nonnegative integer solutions of Diophantine
equations of the form a1z, + - -+ + apx, = b, where b € N. Concretely, the Frobenius
number of S is exactly the last integer b for which there are no nonnegative integer
solutions of the equation and the cardinality of the set of those b for which no such
solutions exist is the genus. In fact, since any nontrivial submonoid of N is isomorphic
to a numerical semigroup, one has that the study of numerical semigroups is equiv-
alent to the study of nonnegative integer solutions of non homogeneous Diophantine
equations with positive coefficients and one can find in the early literature concerning
numerical semigroups many examples where this classical problem is treated (see for
example [7], [8], [17], [18] and [29]).

Frobenius proposed in his lectures the problem of finding a formula for F'(S) in terms
of its minimal system {ai,...,a,} of S, a problem that is in the origins of numerical
semigroup theory and that is since then known as the Frobenius problem. The formu-
las for the Frobenius number and genus of a numerical semigroup minimally generated
by {a1,as} go back to the 19th century, (see for instance [46]), given by two certain
(linear related) quadratic symmetric polynomials in the indeterminates aq, az. In [16],
F. Curtis proved that for numerical semigroups of embedding dimension 3 we cannot
expect formulas for the Frobenius number of a certain type; particularly no polynomials
formulas in terms of {aj, as,as} exist. Despiste the complexity of the Frobenius prob-
lem, it has been solved for certain classes of numerical semigroups, by means of closed
formulas for the entire class.

In 1965, Rédei proved, in [39], that finitely generated commutative monoids are
finitely presented, that is, a finitely generated commutative monoid S can be given by
a set A ={ay,...,a,} of generators of S together with a finite set of relations among
these generators, encoded by a set p C N™ x N" referred to as a presentation of S by
A, which is a generating set for the congruence given by A. For numerical semigroups,
or more generally for finitely generated submonoids of N%, d a positive integer, which

are the monoids of special interest in this thesis, here called positive affine semigroups,
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one has also that any two minimal presentations, with respect to set inclusion, have the
same cardinality.

Computing a minimal presentation of S from A is not easy in general. The interested
reader may refer to [42] Section 8.3 or [11] for a detailed development of this topic.

Let k be a field. It is well known that the computation of presentations of a finitely
generated submonoid S of Z%, d a positive integer, can be achieved through the general
theory of toric rings. Particularly, if S is the numerical semigroup generated by A =
{a1,...,a,} and k[S] = k[t ..., t%] C k[t] is its numerical semigroup ring then, the

kernel of the k—algebra surjective homomorphism

k[z1,...,xn) = K[S]; 2 —t%, i=1,...,n,
denoted 14, is an homogeneous ideal for the grading given in k[x1, ..., z,] by A. One has
that I4 is a prime binomial ideal of the polynomial ring k[x1,...,z,], and (minimal)

presentations of S translate into (minimal) systems of binomial generators of I4, by
a correspondence which is known as the Herzog correspondence after the celebrated
paper [26]. In particular, the existence of a finite presentation of S may also be seen as
a consequence of Hilbert’s basis theorem.

If S is the numerical semigroup generated by A = {ay,...,ay}, then the toric ideal
I4 is the defining ideal of the affine curve parametrized by ¢t — (t*,...,t%), t € k,
which is called a monomial curve, and k[S] is (up to isomorphism) its coordinate ring.
The theory of (non-trivial) numerical semigroups is essentially the theory of these (non-
normal and hence singular) irreducible curves and common invariants of a numerical
semigroup S, like the embedding dimension, multiplicity, genus (also called the degree
of singularity in this setting) or the conductor are so named due to this bridge from
Commutative Algebra and Algebraic Geometry to Numerical Semigroup Theory. It is
also known that the Cohen-Macaulay type of k[S], that is, the rank of the last module
in a minimal free resolution of this ring, coincides with the type of S, in the sense of
Froberg et al.

Several methods have been developed for computing minimal systems of binomial
generators of I (see, for instance, [6] and [36]). We note that, for monomials curves

in 4-dimensional affine space, we have the remarkable phenomena that the so-called
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arithmetic binomial ranks (see [30]) can be arbitrary large, firstly provided by the
examples of Bresinsky and Hoa. In fact, this is true for embedding dimensions larger
than three, as proved by Bresinsky in [9].

The study of the defining ideal of monomials curves is a long-established research
topic since J. Herzog, in [26], characterized the minimal systems of binomial generators
of (all) the monomial curves in affine three-dimensional space. The elegance of Herzog’s
result for the three-dimensional case contrasts with the fact that no explicit description
is known for the general case. Particular advances are just known for low-dimensional
cases (see, e.g., [10] or more recently in [31] and the references therein) or for special
families of monomial curves like the one corresponding to the numerical semigroups
that will be presented in this thesis; due to its proximity to our work, we highlight the
article by D.P. Patil [37].

A positive affine semigroup S, not even a numerical semigroup, need not have a
unique minimal presentation. If S has a unique minimal presentation then, S is said
uniquely presented (see for instance [22], where the uniqueness of the minimal presen-
tation is discussed from the semigroup point of view).

Despite not being the aim of this thesis, we emphasize that the study of the defining
ideal of monomials curves have its own interest for applications to other areas such as
linear programming (see, e.g., [48]), coding theory (see, e.g., [33] or algebraic statistics,
where the minimal systems of binomial generators are called Markov bases and the
uniqueness property has special consideration (see [1]).

The study of free resolutions of numerical semigroup rings has also gained a con-
siderable interesest for researchers since the classification of monomial curves in affine
three-dimensional space was achieved by Herzog. In this embedding dimension, the
structure of the minimal resolution is clear: for symmetric numerical semigroups the
structure is Koszul and non-symmetric numerical semigroups have determinantal struc-
ture. For embedding dimension n > 3, we have that the type of monomials curves
is unbounded, a result firstly provided by Backelin for n = 4. For some particular

classes of numerical semigroup rings of embedding dimension 4, the whole resolution



INTRODUCTION 5

has been constructed (see, for instance, [44]). Results with no restriction on the em-
bedding dimension also exist, P. Gimenez at al explicitly construct the graded minimal
free resolutions for monomial curves defined by arithmetic sequences (see [24]).

The reader interested in delving deeper into Numerical Semigroups can consult [42]
or [3], for Ideals and Grobner Bases in general [15], and for Binomial Ideals and Semi-
group Algebras [35, Chapter 7] or [13] Chapter 6].

This thesis is organized as follows: the first chapter of this thesis provides the
preliminaries on numerical semigroups and their semigroup algebras, needed for a full
comprehension of the subsequent chapters 2, 3 and 4, where the detailed results on the
family of generalized repunit numerical semigroups are given.

A repunit number is an integer whose representation in a base b consists of copies
of the single digit 1. Throughout this thesis, we will write 74(¢) for the {—th repunit

number in base b, that is,

T
L

r(6) = v

<.
I
=)

and, for completeness, we set 1,(0) = 0.
Given two positive integers n > 1 and a, consider the submonoid of generated by

{a1,aq9, ...}, where

a; = ry(n) + arp(i — 1), for every i > 1.

Clearly, the condition ged(ag,a) = 1 is necessary and sufficient for such a monoid to be
a numerical semigroup (see Chapter 3 of this thesis for a detailed proof of this fact).
In this case, it is called a generalized repunit numerical semigroup as it generalizes the
repunit numerical semigroups introduced by D. Torrao et al. (see [40, 41]) and it is
denoted S, (b, n). Furthermore, as proved in Chapter 3, S,(b, n) is minimally generated
by {ai,...,an}, so it is of embedding dimension n.

In what follows, A = {ai,...,a,} denotes the minimal system of the generalized

repunit numerical semigroup Sg (b, n).
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In Chapter 2, by using Grobner basis techniques, we prove that I4 is minimally

generated by the 2 x 2 minors of the matrix

b b b
] ... xp_ Xy
X =
Ty ... Tp x‘f“

This is one of the main results of this chapter. As an immediate consequence, we have
that generalized numerical semigroups are homogeneous in the sense of [27]. In fact, as
we point out in Chapter 4, they are of homogeneous type.

In Chapter 2, we also obtain that the 2 x 2—minors of X form a minimal Grébner
basis with respect to a family of A-graded reverse lexicographical term orders on
k[z1,...,2,] and conclude that for n > 3, the ideal I4 has a unique minimal system of
generators if and only if a < b — 1.

We note that the over-mentioned results are also valid for b = 1. In this case,
a; =n+ (i—1)a, i > 1, is an arithmetic sequence that generates a MED semigroup,
provided that ged(n,a) = 1.

From a classical point of view, where much investigation on numerical semigroups
is centered on characterizing families of semigroups via the properties they fulfill, we
can say that generalized repunit numerical semigroups, in which we also include the
case b = 1, can be characterized as those semigroups having determinantal toric ideals
according to the above description. In fact, as we will see in further results, much of the
properties of this class of numerical semigroups rely on that structure. Following this
line, see [47], where the relation of I4 having determinantal structure and the behavior
of Pseudo-Frobenius numbers of S is analyzed.

In Chapter 3, by using the minimal system of binomial generators of I 4 described in
Chapter 2 and partially thanks to a result of Gastinger, pointed out in [23], we explicitly
compute the Apéry set of S,(b,n), that is, the Apéry set of S, (b, n) with respect to the
multiplicity a1, a result that highlighs the internal structure of generalized repunit
numerical semigroups as the Apéry set of S,(b,7) can be obtained from the Apéry set

of Sg(b,i — 1), for every ¢ > 3, for instance.
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Then, we solve the Frobenius Problem and compute the genus of a generalized
repunit numerical semigroup, by means of closed formulas in terms of n, b and a. These
formulas are the main results of this chapter.

Finally, in Chapter 3, we compute the whole set of pseudo-Frobenius numbers of
Sq(b,n) obtaining that its cardinality is » — 1. As an immediate consequence of this
result we have that generalized repunit numerical semigroups gives another family of
numerical semigroups satisfying Wilf conjecture, one of most notable open problems of
Numerical Semigroup Theory, enunciated in [49], declaring the (multiplicative) inverse
of the embedding dimension of a numerical semigroup S as the greatest lower bound for
the probability of finding an element of S up to F(.S). Although there are some families
of numerical semigroups for which this conjecture is known to be true, the general case
remains unsolved. A very good source for the state of the art of this problem is [19].

Denote simply by S the generalized repunit numerical semigroup S, (b, n). In Chap-
ter 4, the ring k[S] is referred to as a generalized repunit k-algebra.

Since I4 is a determinantal ideal, the generalized repunit k—algebra k[S] can be
(minimally) resolved by the Eagon-Northcott complex introduced in [20]. The main
result of Chapter 4 is the explicit description of a minimal S—graded free of resolution

of k[S], basically in terms of A.



CHAPTER 1

Preliminaries and theoretical overview

In this chapter, we will present some basic definitions and known results that are
necessary for a better understanding of the meaning and coherence of the articles com-
piled in this thesis. Some more specific definitions and known results will be presented
in the body of this thesis.

The proofs of the results in the first section can be consulted in [42]. In the section

we mainly used [34], while in the section [3{ we followed the preliminary section of [28].

1. Numerical semigroups and their most notable elements

From now on and, along the whole thesis, Z denotes the set of integers and N the
set of nonnegative integers.

A binary operation on a non-empty set S is a map + : S x S — S. The image of
(x,y) € xS is usually denoted by z+y. A semigroup is a non-empty set, S, equipped
with a binary operation that verifies the associative law, that is, (x+y)+2z = x4+ (y+=2),
for all x,y,z € S. Usually we also omit the binary operation + when referring to a
semigroup and write S as (S,+) instead. A monoid is a semigroup with an neutral
element, that is, there exists an element e € S satisfying z +e = e + x = x for all
x € S. The neutral element, if it exists, is unique.

A submonoid of a monoid (S, +) is a subset of S that is a monoid for the binary
operation +. Equivalently, a submonoid of a monoid (S, +) is a subset of S that contains
the neutral element and is closed under the binary operation +. It is clear that S and
{e} are submonoids of S, called the trivial submonoids of S. Moreover, one can easily
see that the intersection of any family of submonoids of S is also a submonoid of S.

Given a subset A of a monoid S, the monoid generated by A, denoted by (A), is
the least (with respect to set inclusion) submonoid of S containing A, which turns out

to be the intersection of all submonoids of S containing A. Note that, by definition, if

8
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A = & then (A) = {e}, the proper trivial submonoid of S. If A is a non-empty set, we
say that A is a system of generators of S if (4A) =S . In this case, we also say that S is
generated by .A. Furthermore, we have that A is a minimal system of generators
of S if no proper subset of A generates S. A monoid S is a finitely generated monoid
if there exists a system of generators of S with finitely many elements.

Given two monoids (S1,+1) and (S2,+2), a map f : S; — Sz is a monoid homo-
morphism if f(x 4+ y) = f(x) +2 f(y) for all z,y € S1 and f(e1) = e, where ¢; is the
neutral element of S;, ¢ = 1,2. We say that f is a monoid isomorphism if it is bijective.

A commutative monoid is a monoid (S,+) such that the binary operation +
verifies the commutative law, that is, x +y = y+x, for all x,y € S. Given a non-empty

subset A of a commutative monoid S, it is clear that

<A):{Zuiai|neN\{O}, a; € A, uieNandie{l,...,n}},

i=1
where, for each a € S and u € N, we define 0a = e and ua = (v — 1)a + a.

A finitely generated commutative monoid (S,+) is cancellative if x + z = y + 2
implies x = y, for every z,y and z € S; equivalently, if it is isomorphic to a submonoid
of a finitely generated commutative group. Moreover, if the group is torsion-free, then
S is said to be torsion-free, too.

All the monoids considered in this thesis are finitely generated submonoids of Z?, for
some integer d > 1. Therefore, they are finitely generated, commutative, cancellative
and torsion free. A monoid that is isomorphic to a finitely generated submonoid of Z<,
for some integer d > 1, is usually called an affine semigroup.

Our main objects of study are numerical semigroups.

DEFINITION 1. A numerical semigroup S is a submonoid of N, with usual sum

of natural numbers, such that N\ S is finite.

A numerical semigroup other than N is called a non-trivial numerical semigroup.

An alternative way to define a numerical semigroup is given by the following result.

PROPOSITION 2. Let S be a submonoid of (N,+). Then S is numerical semigroup
if and only if ged(S) = 1.
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PROOF. See, e.g., [42, Lema 2.1]. O

Numerical semigroups classify the infinite submonoids of N.

PROPOSITION 3. Every non-trivial submonoid of (N, +) is isomorphic to a numerical
semigroup.

PROOF. See, e.g., [42], Proposition 2.2]. O

Given two subsets A and B of commutative monoid S, we write A+ B for the subset
{z+y|xcAyc B}ofS. Given a submonoid S of N and S* = S\ {0} we have that
the set S* + 5* is the subset of S of those elements which are the sum of two non-zero

elements in S.

LEMMA 4. Let S is a submonoid of N, with the coordinate-wise sum. Then S* \

(S* 4+ 5*) is system of generators of S. Furthermore, every system of generators of S
contains S* \ (S* + 5%).
PROOF. See [42 Lemma 2.3] and the comment below it. O

Note that, by lemma M| we have that every submonoid S of (N%,4) has a unique
minimal system of generators, denoted msg(S). That is,
msg(S) = 5%\ (S* + 5%).

Let us see that if d = 1, then msg(S) is finite. But first, we introduce what is probably

the most versatile tool in numerical semigroup theory.

DEFINITION 5. Let S be a numerical semigroup. The Apéry set of S with respect

to an element s € S* (so named in honor of [2]) is
Ap(S,s)={we S|w—-s¢S}.

Apéry sets can be computed efficiently, as shown for example in [32] (see also Propo-

sition .

LEMMA 6. Let S be a numerical semigroup and s € S*. Then Ap(S, s) is a complete
system of residues modulo a. Concretely, Ap(S,s) = {0 = w(0),w(1),...,w(s — 1)},

where w(i) is the least element in S* congruent with i modulo s, for alli € {0,...,s —1}.
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PROOF. See, e.g., [42, Lemma 2.4]. O

REMARK 7. Knowing the set Ap(S,s) allows us to solve the membership problem
in S. From the previous result, an integer n belongs to S if and only if n > w(n mod s),

where n mod s stands for the least nonnegative residue of n, modulo s.

The next result follows directly from the characterization of an Apéry set given in

Lemma [6l

LEMMA 8. Let S be a numerical semigroup and s € S*. Then for each n € S there

exists a unique (k,w) € N x Ap(S, s) such that n = ks + w.

PROOF. See, e.g., [42, Lemma 2.6]. O

By Lemma [§f we conclude that S = (Ap(S,s) U{s}). So together with Lemma 4| we

have the following result.

THEOREM 9. Fvery numerical semigroup admits a unique minimal system of gen-

erators. Moreover, this minimal system of generators is finite.

The cardinality of the unique minimal system of generators of a numerical semigroup
S, msg(5), is called the embedding dimension of S, denoted by e(S5).

Obviously, the (unique) minimal system of generators of a finitely generated sub-
monoid of Z¢ is finite. So, for affine semigroups, the term embedding dimension also

applies analogously.

REMARK 10. The finiteness of the cardinality of the minimal system of generators
of a numerical semigroup cannot be extended to the submonoids of Z¢. For example,
the submonoid of N2 C Z? (minimally) generated by {(1,n) | n € N} U{(n,1) | n € N}

is not finitely generated.
Despite the above, using Proposition [3| and Theorem [9] we get the next result.

COROLLARY 11. Ewvery submonoid of (N,+) has a unique minimal system of gen-

erators, which in addition is finite.
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Let us now introduce some other notable elements of the theory of numerical semi-
groups.
Let S be a numerical semigroup. The smallest element of S* is called the multi-

plicity of S and is denoted by m(S). It is clear that m(S) is not in S* + S*.

REMARK 12. Let S be a numerical semigroup and denote by Ap(S) the Apéry set of
S, relative to its multiplicity m(S). Clearly, msg(S)\ {m(S)} is a subset of Ap(S)\ {0},
and since Ap(S) has cardinality m(S), we have that m(S) is an upper bound for the
embedding dimension of S, that is, e(S) < m(S).

Considering Proposition [2] it makes sense to talk about the largest element not in
S. This element is usually known as the Frobenius number of S and is denoted here
by F(S). The Frobenius problem is the search for closed formulas for the Frobenius
number of a numerical semigroup in terms of its minimal system of generators (see [38]
for more details).

The elements in N\ S are called the gaps of S, and the cardinality of the set of gaps
of S is called the genus of S, denoted by g(.5), which is sometimes referred to as the

gender or degree of singularity of S.

EXAMPLE 13. Let n > 1 be an integer. Consider the subsemigroup of (N, +) given
by S(n) = {m € N | m >n}. We have that S = S(n) U {0} is a numerical semigroup.
Clearly, m(S) =n, g(S) =n—1and F(S) =n—1=m(S5) — 1.

The numerical semigroups shown in the example above are classical. In the literature
they are commonly called half-line semigroups (or superficial numerical semigroups).

A maximal embedding numerical semigroup or MED numerical semigroup for
short, is a numerical semigroup S such that e(S) = m(S) (see remark [12)). The half-line
S = S(n)U{0} is MED, since msg(S) = {n,...,2n — 1}. More generally, we have,

ExXAMPLE 14. Let n > 1 be an integer and a a positive integer relatively prime with
n. The submonoid of N (minimally) generated by A = {ay,...,a,}, where (a;) is the

arithmetic sequence given by a; =n+ (i — 1)a, i > 1, is MED.

Selmer’s formulas ([45]), summarized in the next result, relate Apéry sets to the

Frobenius number and the genus of S.



1. NUMERICAL SEMIGROUPS AND THEIR MOST NOTABLE ELEMENTS 13

THEOREM 15. Let S be a numerical semigroup and let s € S*. Then:
(1) F(S) = max (Ap(S,s)) — s;
(2) 8(8) = 1 (Sueapso @) — 55+

PROOF. See, e.g. [42] Proposition 2.12]. O

Let S be a numerical semigroup. Following the terminology introduced in [43], we
say that the an integer z is a pseudo-Frobenius number of S if z € Z \ S and
x+s e S for all s € S*. We denote by PF(S) the set of pseudo-Frobenius numbers of
S and its cardinality is the type of S, denoted by t(S). Clearly, F(S) € PF(S).

The next result gives us a characterization of the set of pseudo-Frobenius numbers

in terms of the Apéry sets.

PROPOSITION 16. Let S be a numerical semigroup and let x be an element in S*.
Then
PF(S) = {w — 2 | w € maximals< (Ap (S,x))},

where <g is the partial order on Z such that a <g b if and only ifb—a € S.
PROOF. See, e.g. [42] Proposition 2.20]. O

The partial order shown in the result above is explored again in Proposition
with a little more generality.

From Proposition [16[ and by an argument much similar to the one made in remark
we obtain an upper bound for the type of a numerical semigroup, we have that
t(S) < m(S) — 1. Notice MED numerical semigroups have maximal type, that is, if
S is MED then, m(S) = t(S) + 1, since, in this case, Ap(S) \ {0} consist of m(S) — 1
incomparable elements with respect to <g . In fact, the condition m(S) = t(S) + 1,
caracterizes MED semigroups (see, for instance, Proposition 11 in [3]).

The element c¢(S) = F(S) + 1, called the conductor of S, is the smallest element
¢ € S with the property that * > ¢ = x € S, for x any nonnegative integer. A
non-gap of S is an element of S'in {z € N | 0 < z < F(95)}, that is, an element of
{s €S| s<F(S)}. The cardinality of the set of non-gaps is denoted n(S). It is clear
that n(S)+g(S) = ¢(5). In particular, c¢(S) is an upper bound for both the cardinalities
of g(S) and n(S).
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In [49] Wilf conjectured that c¢(S) < e(S) n(S), for any numerical semigroup S . This
question is still largely open and is one of the most important problems in numerical
semigroup theory. The numerical semigroups that satisfy Wilf’s condition are said to
be Wilf. By [21] Theorem 20], a numerical semigroup S satisfying t(S5) < e(S) — 1 is
Wilf. Although the Wilf conjecture is known to be true for some families of numerical
semigroups, the general case remains unsolved. A very good source for the state of the

art of this problem is [19].

2. Presentations and minimal systems of binomial generators

DEFINITION 17. Let S be a commutative monoid. A congruence ~ on S is an
equivalence relation on S that is additively closed, that is, a ~ b = a+c ~ b + ¢ for

a,band ce S.

Let ¢ : S — S’ be a monoid homomorphism. The kernel of ¢ is defined as

ker(¢) := {(a, b)e S x S| ¢(a) = ¢(b)}.

In this case, the relation on S determined by ker(¢) C S x S is a congruence.
If S is the commutative monoid finitely generated by A = {aj,...,a,}, then the

monoid homomorphism determined by A
(1) degy :N" — S; ej—a;, i=1,...,n,

where e; denotes the element in N whose i—th coordinate is 1 with all other coordinates

0, is surjective and gives a presentation of S, namely,
S =N"/r4,

where ~ 4= ker(deg4). In the literature, this degy is called the factorization map
associated to A4 and accordingly, the fiber deg;\l(a) is called the set of factorizations
of a € S with respect to A.

Let k be a field. Given a commutative and finitely generated monoid S, the semi-
group algebra of S is the direct sum

k[S] := €D Spany {x*}

aEes
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with multiplication 2 - x® = x®tP. If A = {a;,...,a,} is a generating set of S, then

the factorization map deg 4, induces a map of semigroup algebras

(2) @ kw1, wn] > K[S]; x® e ydesW),
Observe that k[x1, ..., x,] = k[N"].
THEOREM 18. With the above notation, if

(3) Igp:=(x"—x" | degy(u) =degy(v)) Cklz1,...,zp],

then ker((ggjl) = I 4, so that k[S] = k[x1,...,z,]/I4. Moreover, I, is spanned as a

k—wvector space by {x" —xV | deg 4(u) = deg4(v)}.
PROOF. See, e.g. [34, Theorem 13]. O

As a consequence of the above theorem and the noetherianity of k[z1,...,z,], it
follows that every finitely generated commutative monoid is finitely presented (see e.g.
[34 Theorem 11] for more details).

A minimal presentation of a commutative and finitely generated monoid S is a
presentation of S which is minimal for the inclusion relation, that is, a presentation of
S that does not properly contain a presentation of S. Observe that, by Theorem
minimal presentations of S are in one-to-one correspondence with minimal systems of
binomial generators of I 4, for given A.

In general, S does not have unique presentation (uniquely presented finitely gen-
erated commutative monoids are studied in [22]). Despite of this fact, we have the
following result.

In the next section we will delve into finitely generated positive commutative monoids.

PROPOSITION 19. Let S be a finitely generated submonoid of Z¢. If S is positive,

i.e., SN (=S) = {0}, then all minimal presentations of S have the same cardinality.

PROOF. See, e.g. [42] Corollary 8.13] or [11], Section 1]. O

From now on, S denotes a finitely generated submonoid of Z%. Let A = {ay,...,a,} C

Z® be the minimal system of generators of S, that is, A = msg(S). In this case, deg 4
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is naturally extended to a group homomorphism
Zr — 7% e; —> a;, i=1,...,n,

so that, ker(deg 4) can be seen as a subgroup (sublattice) of Z™. Therefore, the dimen-

sion of S, denoted dim(S), is well-defined as n — rank(ker(deg 4)).

ProrosiTION 20. With the above notation, the dimension of S is equal to the Krull

dimension of k[S].
PROOF. See, e.g., [35] Proposition 7.5]. O

Observe that numerical semigroups are (isomorphic to) the submonoids of N of
dimension one (Proposition [3). In fact, in this case, k[S] is the coordinate ring of a
monomial curve in the affine space Aj, where n is the cardinality of the minimal system
of generators of S.

Computing a minimal presentation of S from A is not easy in general. The interested
reader may refer to [42 Section 8.3] or [11] for a detailed development of this topic.
In this section, we only briefly detail the methods used in the following chapter which
essentially consist of determining whether a given subset of relations of ker(deg,))
(equivalently, a subset of binomials of I 4) generates the entire presentation (equivalently,
generates [ 4).

Given u = (uy,...,u,) € Z", we write u' for the element of Z" whose i—th
coordinate is u; if u; > 0 and 0 otherwise, and we write u™ for u™ —u. Also, for a given

vetor u = (uy,...,u,) € N", the monomial z}* ...zl € k[zy,...,x,] is denoted x".

PROPOSITION 21. Let B be a system of generators of ker(deg4) C Z", let I be the
ideal of K[z1, ..., xn] generated by {x*" —x" | u € B} and let J be a subideal of 14
containing Ig. Then, J = 14 if and only if x; is a non-zerodivisor of k[x1,...,xy]/J,

for every i € {1,...,n}.
PROOF. See, e.g., [34], Proposition 38|. O

Recall that, for an arbitrary ideal I of k[xi,...,z,] and f € Kk[z1,...,x,], the
quotient of I by f is defined as

(I:f):={gekz,...,xy] | gf® €I, for some s € N}.
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Observe that f is a non-zerodivisor in k[z1, ..., x,]|/I if and only if (1 : f*°) = I. There-
fore, by the following theorem due to Bigatti et al. ([6]), given an ideal J containing I

one can indeed check the criterion given by Proposition [21]

Let <; be the term order on k[x1,...,x,] defined by the following matrix
al e 473 Ai+1 | G442 - .. (079
0 -1 0 0O ... 0
M:=1 -1 0 0 0 0
0 0 0 0 -1
0 0 0 -1 0
We observe that <; is the A—graded reverse lexicographical term order on k[x1, ..., ;]

induced by x; <; Ti—1 <i ... < T1 <4 Tn <4 ... =i Ti4+1; in particular, z; is the smallest

variable for <;.

THEOREM 22. Let J be a subideal of Ia. If {x{* f1,... 2" fr} is the Grobner basis
of J with respect to <;, then {f1,..., fr} is the Grobner basis of (J : x$°) with respect

to <;.

PROOF. See [6, Theorem 3.1]. O

Alternatively, if S is a numerical semigroup, the following result has as a consequence

another effective way to implement Proposition [21] originally due to Gastinger ([23]).
ProrosiTION 23. With the above notation, the map
{x" ekzy,...,zp] | x" €ing, (La+ (zi))} — Ap(S,ai); x" +— degy(u),
is a bijection for every i € {1,...,n}.
PROOF. See, e.g. |28, Proposition 3.1]. O

Now, since the {x" € k[x1,...,zy] | x* € ing, (J + (x;))} is basis of k[z1, ..., zp]/(J+

(x;)) as k—vector space, the next result is an immediate consequence of Proposition
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COROLLARY 24 (Gastinger, 1990). Let J C I4 be a subideal. The necessary and
sufficient condition for J = 14 is that dimg (k[z1, ..., z,]/(J+(z:)) = a; for some (any,
in fact) i € {1,...,n}.

3. Minimal free resolutions of semigroup algebras

Let S be the submonoid of Z? generated by A = {ay,...,a,}. By Theorem we

have that 14 = ker(@) is spanned as a k—vector space by the set of binomials
(4) {x" —xV | u,v e N" with degy(u) =deg(v)}.

Observe that k[zy,...,x,] is S—graded via deg(z;) = a;, ¢ = 1,...,n. This grad-
ing is known as the A—grading on k[zi,...,z,]. The semigroup algebra k[S]| =
Dacs Spany {x?} also has a natural S—grading. Under these gradings, the map of semi-
group algebras @ is a graded map. Hence, the ideal I4 = ker(@) is S—homogeneous.

The following result is [34, Proposition 29].

PRrROPOSITION 25. With the above notation, if ay, ..., a, are non-zero, then following

are equivalent:

(1)

(2) degz'(0) = {(0,...,0)}.

(3) SN (—S) = {0}, that is to say, a € S and —a€ S = a=0.
(4)

The fibers of map deg4(—) are finite.

The relation a’ < a <= a’' —a € S is a partial order on S.

As mentioned in remark [34, Remark 30], if the conditions of Proposition [25| hold,
the monoid S generated by A is said to be positive. When S is positive, m =
(x1,...,2zy) is the only S—homogeneous maximal ideal in k[z1,...,z,]. Recall that
a graded ideal m in a graded ring R is a graded maximal ideal or *maximal ideal
if the only graded ideal properly containing m is R itself. Graded rings with a unique
graded maximal ideal are known as graded local rings or *local rings. Many re-
sults valid for local rings are also valid for graded local rings, starting with Nakayama’s
Lemma. In particular, the S—graded minimal free resolution of any finitely generated
k[z1, ..., 2] —-module is well defined as explained below (see also [13] Section 1.5] and

[2]).
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In what follows, S is a finitely generated submonoid of Z¢ such that SN (—S) = {0},
called a positive affine semigroup. Let A = {aj,...,a,} be the minimal generating set
of S, that is, A = msg(S5). Without loss of generality, we assume d = dim(S5).

The ring k[x1,...,z,] has a natural S—graded structure given by assigning degree

a; tox;, i =1,...,n; indeed,

klzy,...,z,) = @k[ajl, ey Tnla,

acS
where k[z1,...,2,]a denotes the k—vector space generated by the monomials x" :=
z{t -zl such that Y wia; = a, and k[z1, ..., zplak[z1, ..., 2p]a = Kk[z1, ..., Tnlatar

The surjective S—graded ring homomorphism

dega : K[z, ..., 2n] — K[S]; 25 > 2
endows k[S] with a structure of S—graded k[zi,...,z,]—module. For simplicity, in

—

what follows, we write o = deg 4.

By Theorem [I8] the kernel of (g, denoted 14, is a binomial ideal, the toric ideal

of S; such that k[S] 2 k[z1,...,2,]/l4. Thus, minimal generating systems of I4 gives
rise to minimal representations of k[S] as k[zi,...,z,]—module. Indeed, if My :=
{fi,..., fs } is a minimal system of generators of I 4, then

K[z1,..., 2.7 25 K[z, ..., 20] 25 k[S] — 0
is an exact sequence, where ¢ is the homomorphism of k[x1, ..., z,]—modules whose
matrix with respect to the corresponding standard bases is (f1,..., fz,). Since I4 is

S—homogeneous (equivalently, a binomial ideal, see e.g. [34, Theorem 1]), then ¢ is
also S—graded, that is, homogeneous of degree 0 after an appropriate degree shifting.
Now, if ker o1 # 0, we can consider a minimal system of S—graded generators of
ker o1, proceed as above defining a S—graded homomorphism of k[x]—modules 2 and
so on. By the Hilbert Syzygy Theorem, this process cannot continue indefinitely, giving

rise to the S—graded minimal free resolution of k[S]:

0= K[z, ...omn) 2 oo P K[y, DS K, 2] 2 K[S] — 0.



20 1. PRELIMINARIES AND THEORETICAL OVERVIEW

For b € S, we write 3; , for the number of minimal generators of ker ¢; of S—degree b.

Of course, 8; p, may be 0. Here it is convenient to recall that
Bip = dimy Tor™ ™) (k K[S])

(see, e.g. [35] Lemma 1.32]) is an invariant of k[S] for every ¢ > 0 and b € S. The
integer number §;, is called the i—th Betti number of k[S] in degree b and ; =
> bes Bib is called the i—th (total) Betti number of k[S]. Clearly, k[z1, ..., 2,]% =
DPpesklzy, ... , )P and

i P K[z, ... 2] (—0) " — € (k[an, ..., za)(—b)) >

beS beS

is homogeneous of degree 0, for every i =1,...,p.

Notice that there are finitely many non-zero Betti numbers. The elements b € §
such that 1 # 0 are called in literature Betti elements and the set of Betti elements
of § is usually denoted by Betti(S) (see, [22] for more details).

The maximum 4 such that ; # 0 is called the projective dimension of k[S],
denoted pdyp(k[S]). By the Auslander-Buchsbaum formula (see, e.g. [13, Theorem
1.3.3]), one has

(5) depth(k[S]) = n — pdyy (k[S]).

Recall that when depth(k[S]) = d (equivalently, pdyp(k[S]) = codim(k[S]) = n — d),
then k[S] is Cohen-Macaulay (much more information can be found at [13]). We extend
this terminology to S, by saying that S is Cohen-Macaulay when k[S] is. In this case,
if p = pdyq (k[S]), then B, is called the type of k[S].

PROPOSITION 26. If S is a numerical semigroup and p = pdy (k[S]), then
PF(S) ={b—> a;|Byb #0}.
i=1

Moreover, if Bpp # 0, then Byn = 1; in particular, the type of S is equal to the type of
k[S]

PROOF. See, e.g. [32] Corollary 17]. O



CHAPTER 2

Minimal systems of binomial generators for the ideals of

certain monomial curves

In number theory, a repunit is a number whose representation in a base b consists
of copies of the single digit 1. In binary, these are known as Mersenne numbers. The
term repunit, which stands for repeated unit, was coined by Albert H. Beiler in [5].
Given ¢ € N\ {0}, we set 7(¢) for the repunit number of length ¢ in base b, that is
rp(f) = Zf;é b/, with the convention r,(0) = 0.

Let n and a be two positive integers, with n > 1, and consider the sequence defined
by

a; = rb(n) +arb(z’ — 1),i > 1.

The main result of this chapter is the explicit determination of a minimal system of

binomial generators of the defining ideal of the monomial curve associated to
A=A{ay,...,an},

provided that ged(A) = ged(ag,a) = 1. Concretely, we prove that I4 is minimally

generated by the 2 x 2 minors of the matrix

b b b
] ... oxp_ T
X =
Ty ... Tp x‘f“

It is worth to say that the submonoids of N generated by A, with ged(A) = 1, are
studied in detail in Chapter 3. These numerical semigroups, which are in fact minimally
generated by A, are called generalized repunit numerical semigroups by us, as they
generalize the numerical semigroups introduced by D. Torrao et al. (obtained in case
a = b"). Therefore, the above result gives in particular minimal presentations of repunit
numerical semigroups, an original result not considered by Torrao’s et al, when studying

these semigroups.

21
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In this chapter, we also characterize the uniquely presented generalized repunit
numerical semigroups. The cases n = 2 or n = 3 are well known; clearly, 14 is generic
in these cases. For n > 3, we prove that the ideal I, has a unique minimal system of
generators if and only if and @ < b — 1. In particular, for n > 3, repunit numerical
semigroups are never uniquely presented. Finally, notice that our results applies in case

b =1, that is, for MED arithmetic numerical semigroups.

The forthcoming paper is published in [Branco, M.B.; Colaco, I.; Ojeda, I. Minimal
Systems of Binomial Generators for the Ideals of Certain Monomial Curves. Mathemat-
ics 2021, 9, 3204] https://doi.org/10.3390/math9243204. According to the journal
policies no special permission is required to reuse all or part of article published by
MDPI, including figures and tables. For articles published under an open access Cre-
ative Common CC BY license, any part of the article may be reused without permission
provided that the original article is clearly cited. Reuse of an article does not imply

endorsement by the authors or MDPI.


https://doi.org/10.3390/math9243204

. mathematics

Article

Minimal Systems of Binomial Generators for the Ideals of
Certain Monomial Curves

Manuel B. Branco 1

check for

updates
Citation: Branco, M.B.; Colago I.;
Ojeda, I. Minimal Systems of
Binomial Generators for the Ideals of
Certain Monomial Curves.
Mathematics 2021, 9, 3204. https://
doi.org/10.3390/math9243204

Academic Editor: Philippe Gimenez,
Ignacio Garcia Marco and Eduardo

Séenz De Cabezo6n

Received: 8 November 2021
Accepted: 9 December 2021
Published: 11 December 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

, Isabel Colagco 2

and Ignacio Ojeda® *

Departamento de Matematicas, Universidade de Evora, 7000-671 Evora, Portugal; mbb@uevora.pt
Departamento de Matematica e Ciéncias Fisicas, Instituto Politécnico de Beja, 7800-295 Beja, Portugal;
isabel.colaco@ipbeja.pt

Departamento de Mateméticas, Universidad de Extremadura, 06071 Badajoz, Spain

*  Correspondence: ojedamc@unex.es

Abstract: Let a,b and n > 1 be three positive integers such that 2 and 27;01 b/ are relatively prime. In
this paper, we prove that the toric ideal I associated to the submonoid of N generated by {Z;’;()l b} u
{2;7;01 b +a Z};é bl |i=2,...,n} is determinantal. Moreover, we prove that for n > 3, the ideal I
has a unique minimal system of generators if and only ifa < b — 1.

Keywords: binomial ideal; semigroup ideal; minimal system of generators; determinantal ideal;
Grobner basis; indispensability

MSC: primary: 13P10, 20M14; secondary: 52B20

1. Introduction

Let k be a field and let A = {ay,...,a,} be a set of positive integers. It is well known
that the kernel of the k—algebra homomorphism
oA K[y, x] S K[E, ] e Y i=1,000,m, (1)
where x1,...,x, and t are indeterminates, is a binomial ideal (see [1], or [2] for a more
recent reference). Clearly, ker(¢ 4) is the defining ideal of a monomial curve.
Let b be a positive integer and set 1, (¢) for the /—th repunit number in base b, that is,

=1
rb(ﬁ) = Z bl.
j=0

By convention, #,(0) = 0.
The main result in this paper is the explicit determination of a minimal system of
binomial generators of I := ker ¢ 4 for

A={a;:=r,(n)+ar,i—-1) | i=1,...,n},

where 2 and n > 1 are positive integers. We prove that I is minimally generated by the
2 x 2 minors of the matrix

b b b
X7 ... X0 X

X 1 n—1 ail , )
Xp ... Xpo X)

provided that ged(ay, ..., a,) = ged(a,rp(n)) is equal to 1. In this case, as an immediate
consequence, we have that the so-called binomial arithmetical rank of I (see, e.g., [3]) is
equal to (5).
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Furthermore, we obtain that the 2 x 2—minors of X form a minimal Grobner basis
with respect to a family of .A-graded reverse lexicographical term orders on k[xy, ..., x;]
(Theorem 1) and, applying ([4], Corollary 14), we conclude that for n > 3, the ideal ] has a
unique minimal system of generators if and only if and a < b — 1 (Corollary 2).

The submonoids of N generated by A are studied in detail in [5] as a generalization
of the numerical semigroups introduced by D. Torrdo et al. (see [6,7]); in this context,
Corollary 2 provides a minimal presentation of the submonoid of N generated by a4, ..., a4y,
providing an original result not considered in Torrdo’s PhD thesis.

To achieve our main result (Theorem 1), we first compute the ideal | of the projective
monomial curve defined by the kernel of the k—algebra homomorphism

k[x1, ..., x4] — k[t”’(o) s, ... to(n=1) s|;  xj— preli=Dg i =1, . n, (3)

where s is also an indeterminate. This intermediate result (Proposition 1) has its own
interest, as it exhibits another family of semigroup ideals that are determinantal and have
unique minimal system of binomial generators (Corollary 1).

Throughout the paper, we keep the notation established in this introduction. Moreover,
as the case n = 2 is trivial and the case n = 3 is well known for any a1, 4, and a3 (see [1]),
we suppose that n > 3 whenever necessary.

The explicit description of minimal systems of binomial generators of monomial
curves, and in a broader context of toric ideals, is a long-established research topic since
J. Herzog, in his celebrated paper [1], characterized the minimal systems of binomial
generators of (all) the monomial curves in affine three-dimensional space. The elegance
of Herzog’s result for the three-dimensional case contrasts with the fact that no explicit
description is known for the general case. Particular advances are just known for low-
dimensional cases (see, e.g., [8] or more recently in [9] and the references therein) or for
special families of monomial curves as presented in this paper; due to its proximity to the
present work, we highlight the article by D.P. Patil [10] as one among many others.

We finally emphasize that, despite of not being the aim this paper, the study of the
defining ideal of monomials curves have its own interest for applications to other areas
such as linear programming (see, e.g., [11]), coding theory (see, e.g., [12] or algebraic
statistics, where the minimal systems of bionomial generators are called Markov bases and
the uniqueness property has special consideration (see [13]).

2. Preliminaries

Let a,b and n be three positive integers such that n > 3. Consider the sequence of
positive integers (4;);>1 such that

ai == ry(n) +ary(i—1),

foreveryi > 1.

In this section, we present several lemmas that reflect the arithmetic structure of
the sequence (4;);>1. In addition, we present the family of term orders that will be used
throughout the paper.

Lemma 1. The following equality holds: a, ., = a + ab !
a1 = (14 a)rp(n).

ay, for all k > 1. In particular,

Proof. It suffices to observe that r,(n +k — 1) = r,(k — 1) + b*"1ry(n), for all k > 1, and,
consequently, thata, x = r,(n) + +ar,(n+k—1) =a; +ar,(n+k—1) =ay +a(ry(k—
1) + b1y (n)) = ax +ab 1 ay, for all k > 1. Finally, as a; = r,(n), the last statement is
straightforward [

Notice that, by Lemma 1, the set A = {ay,...,a,} is a system of generators of the
submonoid of N generated by the sequence (4;);>1.
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Lemma 2. For each pair of positive integers j and k, it holds that
baj+aj e =bajix1+aj1.

Proof. Asaj = a1 +ar,(j+k—1) = ay+a(r(j— 1)+ ry(k)) = aj+ab 1 ry(k),
we conclude that
baj+ajx=Dbaj+a; +abl (k) =
=baj+aj+abl " (bry(k—1)+1) =
=b(aj+ab ryk—1)) +a;+ab !
=baj 1+ (e +ar(j—1)) +ab!

=bajp1+aj,
as claimed. O

Let <; be the term order on k[x, ..., x,] defined by the following matrix

a1 ai | i41 | 4i42 an
0 -1 0 0 0
M .= -1 0 0 0 0
0 0 0 0 -1
0 0 0 -1 0

We observe that <; is the A-graded reverse lexicographical term order on k|[x1, ..., x,]
induced by x; <; xj_1 <j ... <; X1 <j Xy <j ... < Xjy1; in particular, x; is the smallest
variable for <;.

Lemma3. Ifj€ {1,...,n—2}andk € {j+1,...,n— 1}, then
.x]b.XkJrl <l .x]’+1x£
ifandonlyifi < jork+1 <.

Proof. By Lemma 2, ba; + ar,1 = a1 + bag, so we just need to decide what the variable
Xj, Xj+1, Xk OF Xgy1 is cheapest for the order defined by the last n — 1 rows of M. As
j<j+1<k<k+1,according to the definition of <;, the variable xy 1 is cheaper than
the other three when j <ior k+1 < i; thus, x}’ Xpa1 =i xij,lz in these cases. Conversely, if
j+1 <i <k, then either xj or Xjt1 is cheaper than the others if k = 7 or k # i, respectively.
Therefore x;’ka —i x]'Hx,lé when j+1 <i <k, and we are done. [

3. Grobner Bases and Minimal Generators for |

We keep the notation of the Introduction and Section 2.
Let I(Y) be the ideal of k[x1, ..., x| generated by the 2 x 2—minors of

LAy
X2 X3 ... Xn
Let gl(i), gé” and ggi) be defined as follows:

gl — {x].+1x,€—x§.’xk+1 | jeli,...,.n—2} ke {j+1,...,n—1}},
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gl — {x]-+1x,’z-x§’xk+1 | je{l,...,i-2} ke {j+1,...,i—1}},

Q3 _{x Xpyp1 — xj_Hx,é | jE{1,...,i—1},k€{i,...,n—l}}

and let g@ be equal to gl(i) U géi) U QS(i).
Notice that, by Lemma 3, the underlined monomials are the leading terms with respect
to <; of the corresponding binomials.

Proposition 1. With the above notation, the set Ql(/i ) is the reduced Grobner basis of L(Y) with
respect to <;. In particular, the cardinality of g(y” is ("51).

Proof. First, let us see that Ql(,i ) is a Grobner basis. By the Buchberger’s Criterion (see,

e.g., [14], Theorem 3.3), it suffices to verify that each S-pair of elements in Q}(j ) can be reduced

to zero by g(y" ) using the division algorithm. To do this, we distinguish several cases:

o Letf € g{”, that is to say, f = x/Hx,}z —xb

Xk41, for some j € {i,...,n—2} and

ke{j+1,...,n—1}

[¢]

Letg = xp 128, —xbxy i € gl If gcd(x]+1x,€, x141x8,) =1, then S(f, g) reduces
to zero with respect to {f, g} C QY Otherwise, j =1, j+1=mk=I14+1ork=

m. IfthenS(f g) = xb (—xt xk+1) x,lj(—x]l-’xmﬂ) :x;?(xfxmﬂ—xfnxkﬂ)

reduces to zero with respect to gy If then

S(f.8) = x1+1x]b;11(—x]bxk+1) - xllZ(_xlbxj+2)'
Now,asi < j < j+l1 <k <k+landi <I <I+1<m=j+1K<
j + 2, the leading term of S(f, g) with respect to <; is x,[;xf’xjﬂ. Then S(f,g) =
xf’(xfx]qrz - x;-’kaH) + x?;kaH (xlbxjH - xl+1x]b) reduces to zero with respect
to gy ). By symmetry, the case is completely similar to the latter
one. Finally, if , then S(f,g) = —x,H(—x;?ka) - xj+1(—x§’xk+1) =
Xpt1 (X;?XZJ',l — x]-+1xf’) reduces to zero with respect to Qy)

Letg = x4 128 —xlxy 0 € gz If gcd(x]ka, x141x8,) = 1, then S(f, g) reduces
to zero with respect to {f, g} C QY . Otherwise, j = L,j+1 =mk =1+1
or k = m. First, we observe that the cases j = | and k = m produce the same
S-polynomial as in the corresponding case for g € gl(i) ; s0, we just focus on the
cases j+1=mand k =1+ 1. If,theni <j<j+1<k<k+1
and ! <I+1<m=j+1<j+2=m—1<i thereforei < j+1=m </,
a contradiction. Finally, if |k=1+1| theni < j < j+1 <k < k+1and
I<l+1=k<m<m+1<isoi<k=1I141 <1, acontradiction again.

Letg = Vx4 — x41%Y, € gé"). If gcd(xjﬂxllz, xPxy41) = 1, then S(f, g) reduces
to zero with respect to {f, g} C Qg). Otherwise, j+1=1,j=m,k=1ork =

m+ 1. If j+1=l,theni§j<j+1:l<k<k+1andl<i—1'soi<j+

1=1<1i—1,acontradiction. If | j = m | (or | k = I, respectively) then 5(f, g) =

xb (xbxy g — xPxpeyq) (or S(f,8) = ka(xijﬁl - x]bxmﬂ), respectively) reduces

to zero with respect to g<yi ). Finally, if , then

S(f,8) = x| (=x)xm12) — Xj 120, (—xx7,)-
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Now,asi < j < j+1<k=m+1<k+1,1 <i—1andi < m, then
X[41 OF X1 is cheaper than the others for the order induced by the last n — 1
rows of the matrix M, therefore leading term of S(f, g) is x;’x;?xkﬂ and thus,

S(f,g) = —x]b(xlbxm+2 — leszl) — Xl+1xz1_+11 (x]bxmﬂ — xj+1xbm) reduces to

zero with respect to g<yi ),

e Letf € sz, that is to say, f = xj+1x,l§ — xUxy 41, for some j € {1,...,i —2} and
ke{j+1,...,i—1}.

o

]

Letg = xp 128 —xlxy 41 € géi). If gcd(xijZ, x141x8) =1, then S(f, g) reduces
to zero with respect to {f,g} C Ql(,”. Otherwise, j = ,j+1=mk=1+1or
k=m.If|j=1|(or |k = m| respectively), then S(f,g) = x;?(x,ljxmﬂ — xpp1xh)

(or S(f,8) = xpr1(xp41 x;’ — xbxj,1), respectively) reduces to zero with respect to

G\ 1 then
b

S(f,8) = xl+1xmfl(—xg171xk+1) - xi(—x?xmﬂ)

and,asl+1 <m =j+1 <k <i—1,the leading term of S(f,g) is equal to
MR . Thus, S(7, ) =~ Wit (3151 — 2w + 30 (<L 1 —

xb x4 1) reduces to zero with respect to g§j ) ; observe that I < [ 41 < m implies

that the leading term of x7, ¢ xfjkl - xf’ Xy is actually x4 xfnfl. Finally, by sym-

metry, the case | k = [ 4- 1 |is completely similar to the latter one.
Letg = xVxy 1 — x41%Y, € gél). If gcd(xjﬂx,lz, xPxy41) = 1, then S(f, g) reduces
to zero with respect to {f, g} C g(;). Otherwise, j+1 = 1,j = m,k = l or

k=m+1. If,then

b—1 b b b
S(f.8) = x| Xmr1(—=X]_1 Xi1) — X¢(—X111X).
Furthermore,as! =j+1<k<i—land! <i—1<i<m < m+1, wehave
that the leading term is xf’ _1xm+1xf’_1xk+1 ifk =1and x,lleﬂxbm otherwise. In
ther first case, S(f, g) = xm+1x£_l + x3xb, reduces to zero with respecto to g<y’ ),
In the second case, S(f,§) = x5, (x0x; 1 — x 1)) + x;’_lxk+1(xﬁ1xl — Xpy1x) )

reduces to zero with respect to g<Yi i j=m| (or |k =1| respectively) then

S(f.8) = xp(xxrin — xxe41) (or S(f,8) = X1 (xj41%5, — x}’xmﬂ), respec-

tively) reduces to zero with respect to g§j ). Finally, if , thenj+1 <
k=m+1<i—-1,l<i—1andi <m;so,m+1<i<m,acontradiction.

o Letf € QS(i), that is to say, f = xlx;q — xj+1x,€, for some j € {1,...,i—1} and
kedi...,.n—1}

[¢]

]

Let ¢ = xVxp41 — x140120, € géi). If gcd(xf-’xkﬂ,xf’xmﬂ) = 1, then 5(f, g) re-
duces to zero with respect to {f, g} C Ql(/i). Otherwise, j=1,j=m+1,k+1=1

ork=m Asj<i—-1<i<kand! <i—-1<i< m,thecases
and cannot occur. If | j = I | (or | k = m |, respectively), then S(f, g) =

X111 (k1% — Xmp1xl) (or S(f, g) = x4, (xf’xjﬂ - x]}-’xlﬂ), respectively) reduces

to zero with respect QS ).
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Once we know that g§’ ) is Grobner basis, it is immediate to see that it is reduced since

the leading term of f € Qy ) does not divide any other monomial that appears in a binomial

of G\ {f}. | |
It remains to prove that g§’ ) generates I>(Y). Clearly, Qy ) is contained in the set of
2 x 2—minors of Y. Moreover, as the cardinality of Ql(l), g§’> and g;l) are

(=1 =)+ (-1 —i=1)+...+1= (”2_1)
((-D=1)+((-D=-2)+..+1= (igl)

(i=1)(n—1),

respectively, we have that the cardinality of g§j ) is equal to (”;1) which is the number of

and

2 x 2—minors of Y. Therefore, g$ ) generates I;(Y) and we are done. [

Example 1. We observe that the reduced Grobner basis, g@, of I (Y) with respect to <; is not an
universal Grobner basis. For example, if n = b = 5 and < is the term order defined by

ap a2 as ay as
0o 0 -1 0 0
0 0 0 0o -1 |,
0 0 0 -1 0
0 -1 0 0 0

then one can check (using, for example, Singular [15]) that the reduced Grobner basis of the ideal
L (Y) with respect to < has eight generators; however, g(Y” contains (551) = 6 binomials only.

Alternatively, one can see that Q)(,U is not an universal Grobner basis of L(Y) by us-
ing ([16], Theorem 4.1).

We now consider the 2 x n—integer matrix B whose j—th column is

e

Remark 1. Observe that aj = (a,r,(n)) - aj, forevery j=1,...,n.

Notice that the semigroup ideal associated to {aj,...,a,} is equal to J; indeed, | is
the kernel of (3).

Corollary 1. The ideal | is minimally generated by the 2 x 2—minors of Y. Moreover, | has a
unique minimal system of binomial generators.

Proof. Let [(Y) the ideal generated by the 2 x 2—minors of Y. Since ba; + ay1 = aj1 +
b ay for every j and k, we have that L(Y) C J.
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Conversely, let C be the (n — 2) x n—matrix

b -1 —b 1 0 0 0 0 0
0 b -1 —b 1 0 0 0 0
00 b -1 —b 0 0 0 0
00 0 b -1 0 0 0 0
00 0 0 b 0 0 0 0
00 0 0 0 b -1 —b 1
00 0 0 0 0 b —(b+1) 1

and let Ic be the ideal of k[x1, ..., x,] generated by
{x"* —x" | uisarow of C},

where u; and u_ denote the positive and negative parts of u, respectively. Clearly,
Ic C L(Y).

Now, as the determinant of the submatrix of C consisting in the last n — 2 columns
is 1, the rows of C generates a rank n — 2 subgroup G¢ of Z" such that Z" / G¢ is torsion
free. Moreover, as BCT = 0, we conclude that the rows of C generate kerz(B). Therefore,
by ([14], Lemma 7.6),

J=1Ic: (ij)oo C L(Y): (fo)oo

By Proposition 1 and ([17], Theorem 3.1), we have that I,(Y) : x° = I,(Y) for every
i=1,...,n.50, L(Y): (Iljx;)® = L(Y) and, consequently, ] C I>(Y) as desired.

Finally, by Proposition 1, we conclude that the 2 X 2—minors of Y form a minimal
system generators of | and, ([4], Corollary 14), we conclude that | has a unique minimal
system of binomial generators. [

We recall that semigroup ideals minimally generated by a Graver basis have unique
minimal system of binomials generators (see ([4], Corollary 16)). As Graver bases are in
particular universal Grobner bases (see [18], Proposition 4.11), by Example 1, we can assure
the minimal system of binomial generators of | is not a Graver basis.

4. Grobner Basis and Minimal Generators for I
We maintain the notation of the Introduction and the previous Sections, and we set
gi’) to be equal to

) x| 1= 1= 1 U sl T | 1=,

where the underlined monomials again highlight the leading terms with respect to <; of
the corresponding binomials.

Let I;(X) be the ideal of k[xy, . .., x| generated by the 2 X 2—minors of the matrix X
defined in (2).

Theorem 1. The set Gl) = g@ U gﬁ“ is a minimal Grobner basis of I(X) with respect to <;. In
particular, the cardinality of G is (}).

Proof. Proceeding as in the proof of Proposition 1, we first need to prove that S(f,g)
reduces to zero with respect to G, for every f, ¢ € G1). However, as, by Proposition 1,

g(yi ) is already a Grobner basis with respect to <; and the leading terms with respect to <;
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of the binomials in G ii) are relatively prime, it suffices to prove that S(f, g) reduces to zero

with respect to g(i>, for every f € g§" ) andge g ii). To do this we distinguish three cases:

fe Ql(i) = {xjp1x} —x]bka |je{i,....n=2}, ke{j+1,...,n—1}}.1fj # land
k # 1+ 1, then the leading terms of f and g are relatively prime and there is nothing
to prove. Therefore, it suffices to consider the cases j = lor k = [ + 1.

o Ifj=1,then! > i; otherwise, the leading terms of f and g are relatively prime,
and S(f,g) = x,bl(—x;’xk+1) xb(—xixb) = —xl(xp 1200 — 29T 1axb) reduces to
zero with respect to G il).

o Ifk=I+1thenn-2>k—-1=12>j2>1, otherwisetheleadingtermsoff

and g are relatively prime, and S(f,g) = xb(—x? x1+2) +1xl+1 H—xittab) =

5’ xbxpg+ x4t x/+1 x;’;ll xl. Observe that the leadmg term of S(f, g) is divisible
by the leading term of 1 := xbx;,, — x{™xb, | € gf). Therefore, S(f,g) =

1+1
bh b,a+1.b a+1,b—1

atl, . b—1.b by, _ b
XX AT X X = =T g (x]xl+1 x]+1xl) Now,

—X

as x;’xlﬂ — xj+1xl € g(y”, we are done.

fe gy) ={xpx) P | je{l.i-2h ke {j+L.. i1} I +1#]
and k # I, then the leading terms of f and g are relatively prime and there is nothing
to prove. So, it suffices to consider the casesj =1 —1ork = I.

o Ifj+1=1Ithenl <j=1-1<k<i-1,otherwise the leading terms of f

and g are relatively prime, and S(f,g) = x{*'x *1(—xlhflxk+1) —xl(—xp1xh) =
by gl — 28 1xlb 1xk+1 If | = k, then the S-polynomial S(f, g) = xx; 12

a+1..b b—1

b— +1,b
=X XX Xkl = X xk+1(x1

Xp_q— x¢xh) reduces to zero with respect

to g4 ; otherwise, the leading term of S(f, g) is x0x;,1x} which is divisible by
the leading term of h := x0x; 1 — xj41x) € gf). So, S(f,8) = xbh + xxp4xb —

+1.b b—1 — b b—1 +1.b b : +1.,.b
xq Xy 1x1 Xey1 = Xph — ] xpeq (X x4 — xx7). Now, since x7" x| —

xnxl IS g4 , we are done.
o Ifk=1thenl < j < k =1 < i—-1, otherwise the leading terms of f
and g are relatively prime, and S(f,g) = x4 (— x]bxlﬂ) - x]-+1(—xl+1xﬁ) =

x;? — Xj41xh € gﬁ”, we are done.

fe Q3 = {xjka —xjaxl [ je{l,..i-1}, ke{i...,n—1}}. Ifj£1,j#
I,k # Iand k # n — 1, then the leading terms of f and g are relatively prime and there
is nothing to prove. Therefore, is suffices so consider the cases j = 1,j =,k =l or
k=n-1.
o Ifj =1, then, in particular, I < i, otherwise the leading terms of f and g are rel-
atively prime. Now, if 2 +1 > b, then S(f, g) = x1~ byx (—xzxZ) — Xpy1X741x0
and its leading term is divisible by the leading term of / := x%’ X — Xj1q xll’ € Qz(i) U
G"; then S(f,g) = 1 0abh — 2010 (—xp g} — xk+1xl+1xb X bxbp
—X41 (xk+1xb - x?“ b) which reduces to zero with respect to Q U Q(Z) U gﬁ’).
Otherwise, ifa +1 < b, then S(f, g) = xV(—xx¥) — X0 g (=28 ) and its

—xp41(x “x}’ — xj;+1x%). Now, since x{*

leading term is divisible by the leading term of /i := xl X2 — X141 x1 € g2 U 931 ;
then S(f,8) = xph —xb(—xp 1) — 2] Ty (- xl_be) = th - xlf “Txrp
(x1x5 — x¥7xb) which reduces to zero with respect to Qz U Q U g4 , too.

o Ifj=1,thenl <[ <i—1; otherwise, the leading terms of f and g are rela-

. . 1
tively prime, and S(f, g) = 1" (— xl+1x£) xk+1( X41X0) = = x4 (X1 X)) —
x9T1xb) which reduces to zero with respect to gl g
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o Ifk=Itheni < <n—1;otherwise, the leading terms of f and g are relatively
prime, and S(f, §) = x},(—xj1x}) — x;’(fx’fﬂxf’) = xf’(x’f“x}” — xj41x}) which
reduces to zero with respect to gii).

o Ifk=n-1,thenl <j<i<I<n,otherwise the leading terms of f and g are
relatively prime. In this case, S(f,g) = x1+1x£’l_1(—x]-+1x£’171)—x;’(—xi’“xlb) and,

since the leading term of S(f, g) is divisible by the leading term of h := xf“x;? -

b (1) _ b b b b—1 b
Xjy1X, € G, ', wehave that S(f,g) = x/h — x] (=xj125) + xp10 (—xj41%, )
_ i
= xPh — xjxb a2l — xbx,), and as x;41x8_| — xPx, belongs to Ql( ) we
are done.

Now, as S(f, g) reduces to zero with respect to G in all the three cases we conclude
that G() forms a Grébner basis.

Once we know that G() is a Grébner basis, we observe that the leading terms of the
binomials in G(*) are not divisible by the leading term of any other binomial in G() other
than itself. That is to say, the Grobner basis G is minimal.

Clearly, G\/) is a subset of 2 x 2—minors of X. Moreover, its cardinality is equal to

the cardinality of g<yi ), that is (”51), plus the cardinality, n — 1, of G ii). Therefore, G) has
cardinality equal to (";') + (n — 1) = (%) which is the number of 2 x 2—minors of X.
Hence we conclude that G{) generates I,(X) and we are done. []

Example 2. The minimal Grobner basis, G\), of I,(X) with respect to <; is not reduced in
general. For example, if n = 4,a = 3 and b = 3, then one can see (using, e.g., Singular [15])
that the binomial x} — x1x5x3 belongs to the Grobner basis of I, (X) with respect to <o; however,
xfi’ — xlx‘zlx% is not a minor of X.

Corollary 2. If ged(a,ry(n)) = 1, then the ideal I is minimally generated by the 2 x 2—minors
of X. In this case, if n > 3, then I has a unique minimal system of generators if and only if and
a<b-1

Proof. By Theorem 1, to prove the first part of the statement it suffices to see that I = I, (X).

By Lemma 2, we have that ¢ 4(f) = 0, for every f € G(), where ¢ 4 is the k—algebra
homomorphism define in (1). Therefore I,(X) C I. Conversely, let L be the (n — 1) x
n—matrix

b —(b+1) 1 0 ... 0 0 0

0 b —(b+1) 1 ... 0 0 0

0 0 0 0 b —(b+1) 1
(a+1) 0 0 0 0 b —(b+1)

and let I} be the ideal of k[x1, ..., x,] generated by
{x"* —x" |uisarow of L}.

Clearly, I} C L(X).

On the one hand, a direct computation shows that the set of (n — 1) x (n — 1) —minors
of L is equal (up to sign of its elements) to {ay,...,a,} and therefore, by ([18] [Lemma
12.2),

n
IL : (Hx,')oo =1
i=1
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if and only if ged(ay,...,a,) = ged(a,ry(n)) = 1. On the other hand, by Theorem 1
and ([17], Theorem 3.1), we have that L,(X) : (x°) = L(X) foreveryi =1,...,n, thatis to
say, L(X) : (IT, xi)oo = I(X). Putting this together we conclude that

B(X) = B(X) - (ﬁx»“’ I (ﬁlxi)"" -1,

and thus I = L(X) as claimed.
To prove the second part of the statement, we observe that, for every i # n, the

non-leading term, x’f“x%’ , of the binomial x; 1 x}, — x‘f“x%’ €g p is divisible by the leading

term of xll’xl — xzxf’fl € géi), provided that I > 3 (otherwise, no such binomial in géi)

exists), if and only a + 1 > b. Now, as these are the only divisibility relationships between
the monomials of the binomials in G, and | > 3 implicitly requires n > 3, we obtain that
forn>3,G () is reduced for every <; if and only a < b — 1, and, by ([4], Corollary 14), we
conclude that for n > 3, I has a unique minimal system of binomial generators if and only
ifanda<b—-1. O

Notice that the condition ged(a, r,(n)) = 1 cannot be avoided.
Example 3. Let n = 4,a = 3and b = 2. In this case, a1y = r,(4) = 15,a, = 18,43 = 24
and ag = 36. Clearly, gcd(ay,ap,a3,a4) = ged(a,ry(4)) = 3. By direct computation, one can
check that I is minimally generated by four binomials whereas I,(X) is minimally generated by six
binomials. In particular, I # I(X); in fact, one has that I is a minimal prime of I(X).

The following example shows the minimal system of generators of I for n = 4.

Example 4. If n = 4, then the ideal I C k[x1, X2, X3, x4] is minimally generated by

bl b b bbbl b
xy = xxs, xxg — xox3, x5 — x5y
and
b+l b oat1.b b bl 1.6
X — oy, 2§ g — sy, )T — X

(recall that the first three binomials generates J). In [9], a complete classification of the monomial
curves in A*(k) having a unique minimal system of generators is given. By ([9], Theorem 3.11),
one has that I has a unique minimal system of generators if and only if x2 ™18 is not divisible by
xi’x&' equivalently a < b — 1 as we already knew by Corollary 2. Observe that the result on the
uniqueness of the system of generators of I can be deduced from [19], too.

We end this paper by observing that, since both | and I are determinantal ideals by
Corollaries 1 and 2, respectively, one can conveniently adapt ([20], Section 2.1) to compute
the minimal free resolution of I and | using the Eagon-Northcott complex. In particular,
one can prove that the k—algebras k[xy, ..., x| /] and k[xy, . .., x,] /I are Cohen-Macaulay
of type n — 2 and n — 1, respectively (see ([20], Section 2.1 for further details)). The
explicit computation of the minimal free resolution of k[xy, ..., x,|/J and k[xy,...,x,] /I is
a future work.
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CHAPTER 3

The Frobenius problem for generalized repunit numerical

semigroups

In this chapter, we delve into the combinatorics of generalized repunit numerical
semigroups. Let b > 1 be a integer. We recall that (r,(¢))sen is the sequence such that
rp(0) = 0, defined by the recurrence relation r4(¢) = bry(¢ — 1) + 1, £ > 0.

Given two positive integers n > 1 and a, we firstly consider the the submonoid of N

generated by {aj,as,...}, such that
a; = p(n) + ary(i — 1), for every i > 1.

We prove that the condition ged(ag,a) = 1 is necessary and sufficient for such a monoid
to be a numerical semigroup. In this case, it is called a generalized repunit numerical
semigroup by us, or a grepunit semigroup for short, denoted S, (b, n), and we prove that
Sa(b,n) is minimally generated by A = {a1,...,an}.

All S, (b,n) share a particular combinatorial invariant, a certain subposet of N*~1,
ordered by the standard product order, firstly introduced in the study of repunit numer-
ical semigroups, denoted R(b,n) as a set, from which we explicitly describe the Apéry
set of S, (b, n), relative to its multiplicity a; = 75(n), denoted Ap(S,(b,n)). Notice that,
by Proposition 22 given in Section 2 of Chapter 1, the set R(b,n) can be read on the
minimal system of I 4, for each a.

Then, we get closed formulas for the Frobenius number and genus of grepunit semi-
groups as functions of a, b and n, which are the main results of these chapter. Fur-
thermore, we prove that the maximals of R(b,n) corresponds in a one-to-one manner
to the maximals of Ap(S,(b,n)), ordered by the partial order given by S, (b, n), by the
restriction of the factorization map deg 4 to {0} x R(b,n). In particular, we obtain that
the type of S,(b,n) is n — 1 and, thus, since S,(b,n) has embedding dimension n, we
have that grepunit semigroups are Wilf.

34
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Notice we describe the whole set of Pseudo-Frobenius numbers of S,(b,n) as the
set of terms of the arithmetic sequence starting with ba, — a; and whose step is the
common diference ba; — a;+1. As point out in [47], this step can be read on the matrix
X, defined in Chapter 2, which gives the minors of the minimal system of I4. Also,
notice the type of S,(b,n) is already clear from the determinantal structure of I4, as

explained in the next and final chapter of this thesis.

The forthcoming paper is published in [Branco, M.B., Colaco, I. & Ojeda, I. The
Frobenius Problem for Generalized Repunit Numerical Semigroups. Mediterr. J. Math.
20, 16 (2023)] https://doi.org/10.1007/s00009-022-02233-w. This is an open ac-
cess article distributed under the terms of the Creative Commons CC BY license, which
permits unrestricted use, distribution, and reproduction in any medium, provided the

original work is properly cited.
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Abstract. In this paper, we introduce and study the numerical semi-
groups generated by {a1, az,...} C Nsuch that a; is the repunit number
in base b > 1 of length n > 1 and a; — a;_1 = a b’ 2, for every i > 2,
where a is a positive integer relatively prime with a;. These numerical
semigroups generalize the repunit numerical semigroups among many
others. We show that they have interesting properties such as being ho-
mogeneous and Wilf. Moreover, we solve the Frobenius problem for this
family, by giving a closed formula for the Frobenius number in terms of
a,b and n, and compute other usual invariants such as the Apéry sets,
the genus or the type.
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1. Introduction

Let N be the set of nonnegative integers. A numerical semigroup S is a subset
of N containing zero which is closed under addition of natural numbers and
such that N\S is finite. The cardinality of N\S is called the genus of S,
denoted g(5).

Numerical semigroups have a unique finite minimal system of genera-
tors, that is, given a numerical semigroup S there exists a unique set {a, ...,
ae} C N such that

S =Na; + -+ Na,

and no proper subset of {a1,...,a.} generates S (see [10, Theorem 2.7]).
In this case, the set {aj,...,a.} is the minimal system of generators of S,
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its cardinality is called the embedding dimension of S, denoted e(S), and
min{ai,...,a.} is called the multiplicity of S, denoted m(S). Notice that
the finiteness of the genus implies that ged(aq,...,a.) = 1. In fact, one has
that the necessary and sufficient condition for a subset A of N to generate a
numerical semigroup is ged(A) = 1 (see, e.g., [10, Lemma 2.1]).

Let S be a numerical semigroup. Since N\S is finite, there exists the
greatest integer not in S which is called the Frobenius number of S, denoted
F(S). The so-called Frobenius problem deals with finding a closed formula
for F(S) in terms of the minimal systems of generators of S, if possible (see,
e.g., [9]).

Let b be a positive integer greater than 1. Set a; = Z;:ol b and consider
the sequence (a;);>1 defined by the recurrence relation

a; —a;_1 = ab"2, for every i > 2,

where a and n are positive integers. In this paper, we study the numerical
semigroups, S,(b,n), generated by {a1,as, ...}, provided that ged(aq,a) = 1.
This last condition is necessary and sufficient for S,(b,n) to be a numerical
semigroup (see Proposition 4). In this case, we say that S,(b,n) is a gener-
alized repunit numerical semigroup as it generalizes the repunit numerical
semigroups studied in [11] (see Example 7).

Clearly, the generalized repunit numerical semigroup S, (b,n) has mul-
tiplicity a;. Moreover, by Theorem 6, we have that S, (b, n) is minimally gen-
erated by {ai,...,a,}; in particular, the embedding dimension of S,(b,n) is
n.

The main results in this paper are Theorem 22, which provides the
following formula for the Frobenius number of S, (b, n):

m—=1) (" —-1—-a)+a (Z;:Olbj) ifa<b”—1;

F(S,(b,n)) = ,
(Salb-) v -1—ata (Sj5 ) ifa>b—1,

and Corollary 26, which gives the following formula for the genus of S, (b, n):

(Saltr)) = - (Z=v)

To achieve these results, we take advantage of Selmer’s formulas, summarized
in Proposition 20. These formulas depend on the Apéry sets of S,(b,n). We
explicitly compute the Apéry set of S,(b,n) with respect to a; (Theorem
15). This is a result that may seem technical; however, it reflects the inter-
nal structure of generalized repunit numerical semigroups. For instance, the
Apéry set of S,(b,i) can be obtained from the Apéry set of S, (b, — 1), for
every ¢ > 3. This is Corollary 19 whose statement is a stronger version of [8,
Theorem 3.3] partially thanks to the fact that generalized repunit numerical
semigroups are homogeneous in the sense of [5] (Proposition 17).

The last section of the paper is devoted to the computation of the
pseudo-Frobenius numbers of S, (b, n). Concretely, using our results in Sect. 3,
we explicitly compute the whole set of pseudo-Frobenius numbers of S, (b, n)
and we obtain that its cardinality is n — 1 (Proposition 29). So, we prove that
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the type of S,(b,n) is equal to n — 1 which implies that S,(b,n) is Wilf (see
Sect. 5 for further details).

Generalized repunit numerical semigroups have other interesting prop-
erties. Without going further, using Grébner basis techniques, in [1] it is
proved that the toric ideal associated to S,(b,n) is determinantal and that
the cardinal of any minimal presentation of S,(b,n) is (g) Moreover, follow-
ing [7], we proved that, for n > 3, generalized repunit numerical semigroups
are uniquely presented, in the sense of [4], if and only if a < b — 1.

Finally, we note that our results are also valid for the case b = 1. In this
case, a; = n+ (i — 1)a, ¢ > 1, is an arithmetic sequence that generates a
MED semigroup, provided that ged(n,a) = 1. These semigroups are widely
known (see, e.g., [10, Section 3]); for this reason and for the sake of simplicity,
we consider b > 1; so that ay is properly a repunit number.

2. Generalized Repunit Numerical Semigroups

Let b > 1 be a positive integer.

Definition 1. A repunit number in base b is an integer whose representation
in base b contains only the digit 1.

We write 7, (¢) for the repunit number in base b of length ¢, that is,

;ob—1
r(0) =) b = T

By convention, we assume 7,(0) = 0.

Ezample 2. The first six repunit numbers in base 2 are 1,3,7,15,31,63.. .,
whereas the first six repunit numbers in base 3, are 1,4,13,40,121,364.. ..
Observe that repunit numbers in base 2 are the Mersenne numbers.

Here and in what follows, a and n denote two positive integers.

Notation 3. Set a; := ry(n) +ary(i—1), i > 1. Observe that a; = r(n) and
a; —a;_1 = ab=2, for every i > 2. We write S,(b,n) for the submonoid of N
generated by a;, 1>1.

If n =1, then a; = 1 and therefore S, (b,n) = N. So, in the following
we assume that n > 1.

Proposition 4. S,(b,n) is a numerical semigroup if and only if ged(rp(n), a)=1.

Proof. Let d = ged(rp(n), a). By definition, S, (b,n) C dN. Now, if S,(b,n)
is a numerical semigroup, then N\dN C N\S,(b,n) has finitely many ele-
ments, and hence d = 1. Conversely, if ged(ry(n),a) = 1, then ged(ay,a2) =
ged(ry(n), rp(n) +a) = ged(rp(n), a) = 1. So, a1N + a2N is a numerical semi-
group containing S, (b, n). Therefore, N\S, (b,n) C N\ (a;N+asN) has finitely
many elements, that is to say, S, (b,n) is a numerical semigroup. 0
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Let us prove that if ged(ry(n),a) = 1, then {aq,...,a,} is the minimal
generating set of S, (b,n). We begin with a useful lemma.

Lemma 5. The following equality holds: a,,; = a; + ab "' ay, for all i > 1.

Proof. Tt suffices to observe that ry(n+i—1) = ry(i — 1) + b1 ry(n), for all
i > 1, and, consequently, that a,+; = a1 +ary(n+i—1) = a1 + a(rp(i —

1) + b7 try(n)) = a; +ab~tay, for all i > 1. O
Observe that the previous lemma already implies that {aq,...,a,} gen-
erates S, (b,n). So, it remains to see that {ai,...,a,} is minimal for the in-

clusion. In this case, by [10, Theorem 2.7], {a1,...,a,} will be the (unique)
minimal system of generators of S, (b,n).

Theorem 6. If S,(b,n) is a numerical semigroup, then {ai,...,a,} is the
minimal system of generators of Sq(b,n). In particular, the embedding di-
mension of Sa(b,n) is n.

Proof. By Lemma 5, we have that {ai,...,a,} is a system of generators of
Sp(a,n). Now, since a1 < -+ < ay, to see the minimality property, it suffices
to prove that a; & (ay,...,a;—1) for every i € {2,...,n}. By the condition
ged(aq, az) = ged(ag,a) = 1 this is true for ¢ = 2. Also when a = 1, we have
. L —2 ; .

that a; —ar =1p(i — 1) —rp(k — 1) = Z;:k_l b < ay, for every k < i, and
consequently, a; & (a1, ...,a;-1).

So, from now on we assume a > land i € {3,...,n}.Ifa; € (a1,...,a;—1),
then there exist wuy,...,u;_1 € N such that a; = Z;;ll
a; =a; +ary(i — 1) is equal (Z;;ll uj)ar +a 22;11 ujry(j — 1) and thus

uja;. Therefore,

1—1

Zuj a1 = ay; (mod a).

j=1

Now, since S,(b,n) is a numerical semigroup, by Proposition 4, we have
gcd(ql,a) = ged(rp(n),a) = 1, and we conclude that Z;;ll u; =1 (mod a).
If 23;11 uj = 1, then there exists k € {1,...,7 — 1} such that u; = 1 and
u; = 0 for every j # k, that is to say, a; = a; which is not possible because
k < i. Thus, there exists a positive integer N such that 23;11 u; =14+ Na.
Therefore, a; = (1 + Na)a; > (1 4+ a)a; = an41, where the last equal-
ity follows from Lemma 5. However, this inequality implies ¢ > n + 1, in
contradiction to our assumption. U

We emphasize that the hypothesis S,(b,n) is a numerical semigroup
(equivalently, ged(aq,...,a,) = 1) cannot be avoided for the minimality
property of {ai,...,a,}; for example, if b = 2,a = 5 and n = 4, we have
that a1 = 15,a2 = 20,a3 = 30 and ay = 50; clearly, a; and as suffice to
generate S, (b,n), in this case.

Here and throughout this section, we suppose ged(ry(n),a) = 1 so that
Sa(b,n) is a numerical semigroup with multiplicity a; and, by Theorem 6,
of embedding dimension n. We call these semigroups generalized repunit nu-
merical semigroups or grepunit semigroups for short.
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Example 7.
(i) f a=2",a1 =2" — 1 and b = 2, then S,(b,n) is a Mersenne numerical
semigroup (see [12]).
(ii) If @ = b™, then S, (b,n) is a repunit numerical semigroup (see [11]).

The numerical semigroups in Example 7 are part of the larger family of
those numerical semigroups which are closed respect to the action of affine
maps. A numerical semigroup S is said to be closed respect to the action of
an affine map if there exists a € N\{0} and 8 € Z such that as + 8 € S, for
every s € S\{0}.

Corollary 8. S, (b,n) is closed by the action of the affine map x — bx + a —
o" —1).

Proof. We first, observe that
bCLj +a— (bn — 1) = bCLj +a— (b— 1)7”1,(71)
=bry(n)— (b—1)rp(n) +abrpy(j — 1)+ a
=ry(n)+abry(j —1)+a=ry(n) +ary(j)

= Gj41,
for every 7 > 1.

Now, since {ay,as,...,a,} generates S,(b,n), given s € S\{0}, there
exist u; €N, i =1,...,n, with u; # 0 for some j, such that s = Y | u;a;.
Therefore,

n

bs+a—(b"—1) :Z(uib)ai—ka— " —1)
i=1
n

= (uib)a; + (u;b)a; +a— (b" — 1)

I
NE

(uib) a; + ((u; — 1)b) aj +ba; +a— (b" — 1)

= Z(Ulb) a; + ((u] — 1)b) aj + a1 € S,

as claimed. O

In [13], numerical semigroups which are closed respect to the action
of the affine maps =z — az + 8, with « € N\{0} and 8 € N, are studied.
Therefore, by Corollary 8, the grepunit semigroup S, (b,n) belongs to the
family studied in [13] if and only if a — (b™ — 1) > 0; equivalently, a > b" — 1.

Remark 9. Grepunit semigroups could be seen also as shifted numerical
monoids in the sense of [8]; since, by Theorem 6, S, (b,n) is minimally gen-
erated by

{a17a1 —f—CLTb(].),...,al +arb(n_ 1)}
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Nevertheless, the hypothesis r,(n) = a; > a®rp(n — 1)? required in [8] only
holds for grepunit semigroups when n = 2 and a? < b+ 1. Indeed, r,(n) >
a’?ry(n —1)? if and only if

mp(n)  14bry(n—1) 1 n b
m(n—1)2 rmpn—12  rmp(n—12  rp(n—1)
Now, as the right hand side is either 1+b, if n = 2, or less than (1+2b)/(1+
b)? < 1, otherwise, we are done.

a2<

To finish this section, we make explicit a set of relations which charac-
terizes S, (b, n).

Lemma 10. For each pair of integers i > 1 and j > 1, it holds that ba; +
Qijyj = ba¢+j_1 + Aj41-

Proof. Since a;+; = a1 +ary(i+j—1) = a1 +a(rp(i — 1) + b 1ry(j)) =
a; +ab =t ry(4), for every j, we have that

ba; + airj =ba; +a; +ab " rp(5)
=ba;+a;+ab " (bry(j —1)+1)
=b(a;+abtry(j—1))+a; +ab?
=bajyj_1+ (a1 +ary(i—1))+ ab'™!
=bajyj_1+ a1,
as claimed. -

Let us delve into what it is said in Lemma 10. Consider the subgroup
L of Z™ generated by the rows of the (n — 1) x n—matrix

b —(b+1) 1 0...0 0 0
0 b —(b+1)1...0 0 0
A=| s S s
0 0 0 0...b—(b+1) 1
(a+1) 0 0 0..0 b —(b+1)

We first observe that, by Lemma 5, all the equalities in Lemma 10 can be
written in the form

ai
vALl =0

Qn
for some v € Z"~!. Moreover, taking into account that, by Lemma 5 again,
ant1 = (a+ 1) aq, a direct computation shows that the maximal minors of
A are equal to —ay,as,—as,...,(—1)"a,. So, Z™/L is a group of rank n — 1
which is torsion free if and only if ged(ay,...,a,) = 1; equivalently, S, (b, n)
is a numerical semigroup by Proposition 4. Thus, in this case, we have that
the semigroup homomorphism

Sa(byn) — N"/L; s= Zuiai > (Ugy .o up) + L,
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is an isomorphism; that is to say, S, (b,n) is the finitely generated commuta-
tive monoid corresponding to the congruence ~ on N” defined by u ~ v <=
u—ve/L

Now, as a straightforward consequence of the results in [6, Section 7.1]
we conclude the following.

Corollary 11. Let 1 be a field. The semigroup ideal of [x1, ..., x| associated
to Sq(b,n) is equal to the ideal Iz generated by

{xit vy =ty | wy—v, €L, i=1,...,n}. (1)

Observe that accordingly to the definition of £ the binomials in I, not
involving x; are homogeneous.

3. Apéry Sets of Grepunit Semigroups

The main aim of this section is to determine the Apéry set of a grepunit
semigroup with respect to its multiplicity. Let us start by recalling what
Apéry sets of a numerical semigroup are.

Definition 12. Let S be a numerical semigroup. The Apéry set of S with
respect to s € S, denoted Ap(S,s), is defined as

Ap(S,s) ={we S|w—s¢&S}.
For the sake of simplicity, we write Ap(S) for the Apéry set of S with respect
to its multiplicity, that is, Ap(S) = Ap(S,m(S)).

Let a,b and n be three positive integers such that b > 1,n > 1 and
ged(ry(n),a) = 1. As mentioned above, the main objective of this section is
to compute Ap(S,(b,n)). To this end, we first introduce the sets R(b,1).

Definition 13. Let ¢ > 2 be an integer and define R(b,7) to be the subset of
N¢~! whose elements (us, .. .,u;) satisfy
(a) 0 <wj <b, for every j =2,...,%;
(b) if u; = b, then uy = 0 for every k < j.
Observe that
R(b,i) = (R(b,i — 1) x {0,...,b—1})U{(0,...,0,0)} c N""1 (2
for every i > 3.

Lemma 14. The cardinality of R(b,1) is equal to r,(7), for every i > 2.

Proof. We proceed by induction on i. If i = 2, then R(b,7) = {0,1,...,b} and
rp(7) = b+ 1. Suppose that i > 2 and that the result is true for i — 1. By (2),
the cardinality of R(b,1) is equal to b times the cardinality of R(b,i — 1) plus
one. Since, by induction hypothesis, the cardinality of R(b,i — 1) is equal to
rp(i — 1) and (i) = bryp(i — 1) + 1, we are done. O
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Recall that, by Proposition 4, we have that S,(b,n) is a grepunit semi-
group if and only if ged(ry(n),a) = 1. In this case, S,(b,n) is minimally
generated by

ay :=rp(n),as :=rp(n) +ary(l),...,a, :=ry(n) +arp(n — 1),

by Theorem 6.

Theorem 15. With the above notation, we have that
Ap(Sa(ba TL)) = {Z Ui @y ‘ (u27 s 7Un> S R(b7 ’I?,)} :
i=2

Proof. For the sake of simplicity of notation, we write S for S, (b,n).

As Ap(S) C N, its elements are naturally ordered: 0 = wy < ... < wg, -
So, we can proceed by induction on the index j of w;. If j = 1, then w; = 0;
so, by taking (0,...,0) € R(b,n) we are done. Suppose now that j > 1 and
that the result is true for every j' < j. Let k be the smallest index such that
w;j—ay € S. Clearly, (wj—ag)—a1 ¢ S; otherwise w; —a; = ((wj—ak)—al)—i—
ai € S, in contradiction with the fact that w; € Ap(S). Therefore w; — ay, €
Ap(S) and, by induction hypothesis, there exists (us,...,u,) € R(b,n) such
that w; —ap = Y+, u;a;. Thus,

k—1 n n
wj = Zuiai + (ug + Dayg + Z uia; = (ug + 1)ag + Z Ui,
i=2 i=k—+1 i=1+1
where the second equality follows from the minimality of k. Let us see that
(0,...,0,ur + 1, ugy1,...,upy) lies in R(b,n). If up +1 < band u; < b, i €
{k+1,...,n}, we are done. So, we distinguish two cases:
o If up+1 >0, then up +1 = b+ 1. In this case, (ur +1)ax = (b+1) ax =
bay + ar = bap—1 + apy1, where the last equality follows from Lemma
10.
o If u; =b, for some i € {k+1,...,n}, then uxy =0 and so (ux + 1)ax +
u;a; = ap + ba; = bax_1 + a;+1, where the last equality follows from
Lemma 10 again.

In both cases, we obtain that w; —ay—1 € S which contradicts the minimality
of k. Hence, none of these two cases can occur. [l

In [5], the notion of homogeneous numerical semigroups is introduced.
Recall that if S is a numerical semigroup minimally generated by {a1, ..., ay},
then the set of lengths of s € S is defined as

Definition 16. A numerical semigroup is said to be homogeneous if Lg(s) is
a singleton for each s € Ap(.9).

Proposition 17. The numerical semigroup S,(b,n) is homogeneous.
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Proof. By [5, Proposition 3.9] and Corollary 11, it suffices to observe that
one of the terms of each non-homogeneous element in (1) for the standard
grading on [zy,...,x,] is divisible by . O

Let us see now that, for i € {3,...,n}, the Apéry set Ap(S,(b,7)) can
be constructed from the set R(b,7 — 1). But, first we need a further piece of
notation.

Recall that, by Proposition 4, we have that S, (b,7) is a grepunit semi-
group if and only if ged(ry(i),a) = 1. In this case, S, (b,7) is minimally gen-
erated by

agi) = 1p(1), agi) = agi) +amry(l),..., az(-i) = agi) +ary(i—1),
by Theorem 6.

Corollary 18. Let i € {3,...,n}. If ged(rp(i),a) = 1, then w € Ap(S,(b,1))
if and only if w = baz(-z) or there exist (ug,...u;—1) € R(b,i — 1) and u; €

{0,...,b— 1} such that
i—1 _ ‘ i—1 .
w=Y_ ujagz_l) HO D Dy | al”). (3)
j=2 j=2

Proof. We observe that ag-i) = ag-i_l) +rp(i) — (i — 1) = ag-i_l) + bt =
0,...,7— 1. So, (3) becomes

i—1
w = Zujag-z) + u; aﬁ”
=1

and, taking into account (2), our claim readily follows from Theorem 15. [J

Notice that, by Theorem 15, an immediate consequence of Corollary 18
is that Ap(S,(b,i)) can be constructed from Ap(S,(b,i — 1)) provided that
both S, (b,7) and S, (b,7 — 1) are numerical semigroups; indeed, the first and
second summands in the right hand side of (3) correspond to the elements of
Ap(Sy(b,i — 1)) and their lengths, respectively. Recall that, by Proposition
17, all elements in Ap(S,(b,7 — 1)) have the same length.

If S is a homogeneous numerical semigroup, we write mg(s) for the
length of s € Ap(S). The notation mg(s) is usually reserved for the minimal
length s € S; clearly, no ambiguity occurs in our case.

The following result is a straightforward consequence of Corollary 18.

Corollary 19. Leti € {3,...,n}. If ged(rp(i), a) = ged(ry(i — 1),a) = 1, then
w € Ap(Sq(b,1)) if and only if w = baz(-z) or there exist w' € Ap(S,(b,i — 1))
and u; € {0,...,b— 1} such that

w=w +b""mg, i1 W) +u az(i). (4)

Corollary 19 maintains a great similarity with [8, Theorem 3.3]; however,
the techniques used are very different and, more importantly, we do not
require the hypothesis 7,(n) > a?r,(n — 1)? (see Remark 9).
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4. The Frobenius Problem
Let a, b and n be three positive integers such that b>1, n>1 and ged(ry(n), a)
=1.

In this section, we address the Frobenius problem for S,(b,n). More
precisely, we will give a formula for F(S,(b,n)) in terms of a,b and n. To do

this, we take advantage of the following result due to Selmer (see, e.g., [10,
Proposition 2.21]).

Proposition 20. Let S be a numerical semigroup and let s € S\{0}. Then,
(a) F(S) =maxAp(S,s) — s;
(b) 8(5) = 1 (Ceans @) = 5

Before giving our formula for the Frobenius number, we show an inter-
esting result which will be used below and later in the last section. As in the
previous section, we write Ap(S) for Ap(S, m(S5)).

Lemma 21. If o; := a; + Z?:i(b —1)a;, i = 2,...,n, then the following
holds:

(a) a; € Ap(Su(b,n)), for everyi=2,...,n
(b) Ifa <b™—1, thenag > ... >, and ifa > b"—1, then as < ... < .
(c) For each w € Ap(S,(b,n)), there exists i € {2,...,n} such that w < «;.

Proof. Part (a) is nothing but a particular case of Theorem 15. To prove (b),
it suffices to observe that

ai—aiﬂzbai—aiﬂzb”—l—a, i:2,...,n—1,

and note that "™ — 1 # a because ged(ry(n),a) = 1 by hypothesis. Finally, to
prove (c) we can take advantage of Theorem 15 which state that for each w €
Ap(Sa(b,n)), there exist (ug,...,u,) € R(b,n) such that w = ", u;a;.
Clearly, by the definition of R(b,n), if u,; is the leftmost nonzero entry in
(ug,...,up) € R(b,n), then

n n
Zujaj S ai—i—Z(b— 1)aj = Oy
Jj=2 j=t

and we are done. ]

Theorem 22. The Frobenius number of S,(b,n) is equal to

(a) (n—=1)(b"—1—a)+aay, ifa <b™ —1;
(b) " —1—a+aay, ifa>b" — 1.

Proof. By Lemma 21, we have that max Ap(S,(b,n)) is equal to either as +

Y i—o(b—=1)a;, if a <" =1, or bay, if a > b" — 1. So, we distinguish two

cases:
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(a) If a < b™ — 1, then max Ap(S,(b,n)) = as. So, by Selmer’s formula
(Proposition 20), we obtain that

n

F(Sa(b,n)) = |az+> (b—1)a; | —ar=>» (b—1)a;+a
j=2

j=2

n j—2
=>» (b—1) <a1+a2bj)+a
j=2

k=0

=n-1b-1)a —I—ai(bj_l -1)+a

=mn—-1)b—1)a; +aa; — (n—1)a
=n-1)@0"—-1—-a)+aa;.

(b) If a > b™ — 1, then max Ap(S,(b,n)) = ay,. So, by Selmer’s formula we
conclude that

F(Sq(b,n)) =ba, —ay =b(ag +ary(n—1)) —ay
=(b-1a+ab,rp(n—1)=b"—14a(ay —1)
=b"—-1—a+aa.

O

Observe that condition a > 0™ — 1 corresponds to the case considered
in [13] (see the comment after Corollary 8).

5. The Genus of Grepunit Semigroups

In this section, we use Selmer’s formulas (Proposition 20) to compute the
genus of grepunit semigroups in terms of a, b and n.

The following results state some useful properties of the sets R(b,1).
Lemma 23. Let b > 1 be an integer. For each i > 2, the following holds:

7

! bt + bi=(—D)
> |\ Xw) =

(ug,...u;)ER(b,i) \J=2 Jj=2

Proof. We proceed by induction on . If i = 2, then R(b,i) = {0,1,...,b}
and our claim readily follows. Suppose that ¢ > 2 and that the result is true
for ¢ — 1. Now, since by Lemma 14 the cardinality of R(b,7 — 1) is equal to
rp(i — 1), by (2), we have that

S (2

(u2,...u;)ER(b,3) \J=2

1—1 b—1
— > b uy | +m(i—1) (Zk>+b.

(w2,...u;—1)ER(bi—1) j=2
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So, by induction hypothesis, we obtain that

i i—1 5, i—1)—(i—
3 S| = b 1+b<2 -G 1>+TH_1 (Z"’)
J

(uz,...u;)ER(bi) \j=2

b+ b0 pil 1 b(b— 1)
B 2 R— SR b
7j=2
B Sy pi-G-D . b+ b B Ly i)
R 2 2 4 2 ’
j=2 =2
as claimed. O

As in previous sections, let a,b and n be three positive integers such
that b > 1 and n > 1. Given i € {2,...,n}, we write

agi) = rb(i),ag) ( )+ ary(l), ...,az(-i) = agi) +ary(i —1).

Proposition 24. Let i € {2,...,n}. Then,

L ; LY pi D) ;
S S R S

(uz,...u;)ER(byi) \J=2 Jj=2

Proof. We proceed by induction on 4. If i = 2, then R(b,i) = {0,...,b} and

b(b+1)

2 2 2

S (wa) = B w00,
uz€{0,...,b} uz€{0,...,b}

Suppose now ¢ > 2 and that the result is true for ¢+ — 1. Since agi)

b=t j=1,...,i—1, by (2), we have that

)OI DorRil ISR DI D it

(uz,...ui)ER(b,i) 7j=2 (u2 ..... ul‘,l)ER(b,i—l) j=2

i—1
+ bi_l Z ZUJ' +

(ug,...;ui—1)ER(bi—1) \ j=2

_ a;i—l) n

By induction hypothesis, the first summand of the right hand side is equal
to

iml L. . . i—1 5, i—(j
pi—1  pi—1-0G—1) (i—1) bt + =0~ (i—1)
b 5 S
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and, by Lemma 23, the second summand of the right hand side is equal to

i—1 44 i— i—1 4 i—(j—
Zb b (G-1) :Zb 4+ =G i
Jj=2 ] 2

<
Il
— o

7—

bt + b;_(j_l) (ag_i) B agiq)) ‘

Therefore,

S (S

(uz,..,ui)ER(b Z) Jj=2

— bl G- i
:Z al) + 4y (i — Zka”+ba
=2
1—1 11—
bt bz (7—-1) ;
P + )+(Zbk> @) 4 pa®
j=2 k=0
_Zlbl-i-bZ G- l)a(i) b* +b (z)_ibz-i—bz G-1) (i)
N 2 J 2 , 2 77
Jj=2 Jj=2
as claimed. O

The next result follows immediately from Theorem 15 and Proposition
24.

Corollary 25. Leti € {2,...,n}. Then

Z Z +bl (G—1) agz)

wEAP(Sa(b,i)) J=2

Now, as a direct consequence of Corollary 25 and Selmer’s formula
(Proposition 20), we obtain the following formula for the genus of S,(b,n),
provided that ged((ry(n),a) = 1.

b+ bnUD

Z;L—Q aj a1 — 1
- 1
8(Sa(b.n)) = ? -5
@ (5)
B L A T
T - 2 A
Jj=2

=1 ..

where a; = a; ', Jj= ., M, as usual.

Corollary 26. The genus of S,(b,n) is equal to

mn—=1)b"+ (a1 —1)a
2

g(Sa(ba n)) =
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Proof. Since a; = a1 +ary(j — 1), by Eq. (5), we have that

n

1 n n— —1
8(Sa(b:m) = 5 - g (" +5""9) (@1 +ary(j - 1) - =
%Z b 4 b ) Z(b" 4O o1y -
C(n=1)b" a1 —1 a ~ n n—(j—1) N 1
=t 5t jz_;(b +b Jry(j = 1) = =
_ (=1 a e -G _
= T ]Z_;(b +b )ro(j — 1)
Now, taking into account that r,(j — 1) = %, we obtain that
_ (n—1)b" - n—(G—1)\ (7j—1
(n—1)b" —
— bn+] bn 7
n—1
(n—1)b" a ;
= bt —1 v’
=1
(n—=1)b"+ (a1 —1)a
= 5 ,
as claimed. 0J

Ezxzample 27. If a = b = 3 and n = 4, then the grepunit semigroup S =
Sa(b,n) is minimally generated by a; = 40, a2 = 43, a3 = 52 and a4 = 79. By
Corollary 25, we have that ZweAp(S) w = Hdas + 45 a3 + 42 a4 = 7980. So,
by (5), we conclude that

7980 39
= —_— — — = ]_
g(S) 0 5 80.

Note that, by Corollary 26, we can get g(.S) without computing ZwGAp(S) w.

6. The Type of Grepunit Semigroups. Wilf’s Conjecture

Let S be a numerical semigroup and let n(S) be the cardinality of {s € S |
s < F(S)}. Clearly, g(s) +n(S) = F(S) + 1. In [14], H.S. Wilf conjectured
that

F(S) <e(S) n(S) — 1, (6)
where e(S) denotes the embedding dimension of S.

Although there are many families of numerical semigroups for which
this conjecture is known to be true, the general case remains unsolved. The
numerical semigroups that satisfy Wilf’s conjecture are said to be Wilf (see
for example the survey [2]).
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In this section, we will prove that the grepunit semigroups are Wilf.
Since n(S) = F(S) — g(s) + 1, we can take advantage of our explicit formulas
for the Frobenius number (Theorem 22) and for the genus (Corollary 26) to
check that (6) holds. However, we will follow a different approach: we will
prove that the grepunit semigroups are Wilf as an immediate consequence of
the computation of their pseudo-Frobenius numbers.

Recall that an integer x is a pseudo-Frobenius number of a numerical
semigroup S, if z ¢ S and 2+ S € S, for all s € S\{0}. We denote by PF(S)
the set of pseudo-Frobenius numbers of S. The cardinality of PF(.S) is called
the type of S and it is denoted t(5).

Given a numerical semigroup S, we write <g for the partial order on Z
such that y <g x if and only if x —y € S.

The following result is [10, Proposition 2.20].

Proposition 28. Let S be a numerical semigroup. If s is a nonzero element
of S, then

PF(S) = {w—s | we Maximals<xg Ap (S,s)}.

As in the previous sections, let a, b and n be three positive integers such
that b > 1,7 > 1 and ged(rp(n),a) = 1.

Proposition 29. The set of maximal elements of Ap (Sa(b, n)) with respect to
=5, (bn) 18 equal to

n
ai+ (-1 a; | i=2...,n
Jj=1

Proof. Set S := S,(b,n) and «; := a; + Z?:i(b —1)aj, i =2,...,n. From
the proof of Lemma 21(c), we have that, for each w € Ap(S), there exists «;
such that o; —w € S. Therefore, Maximals<g Ap(S) C {ag,...,®,}. Now,
since by Lemma 21, as > ... > ap,, if a < b — 1, and as < ... < ap, if
a > b" — 1; in order to prove the reverse inclusion, we distinguish two cases:

o Ifa <b"—1,then aj—a; = (i—7)(b" —(a+1)) = ap_(;—j)— 0, for every
i > j. Now, if there exist ¢ > j such that a; <5 a;, then ay,_(;_;) —, €
S. 80, Qp_(i—jy = oy + 3y way for some u; € N, 1 =2,...,n, not all
zero. If k € {2,...,n} is such that uy # 0, then o,,_(;_;) = a, +ag +s,
where s = Z?:z wia; — ap € S. Thus, since «,, = ba, and ba, + a =
bap—1+(a+1)ay, we conclude that a,,_(;_jy —ai1 = bax_1+aa;+s €5,
which is not possible because a,,_(;—jy € Ap(S).

o Ifa>b"—1,thena;j—o; = (j—1)((a+1)—b") = aj_;12— g, for every
© < j. Now, if there exist ¢ > j such that a; <5 o, then a;j_;10—an € S.
So, Qj_ite = ag + > owa = az + Y o(u; + b — 1)a;, for some
w €N, I =1,...,n, not all zero. If k € {2,...,n} is such that uy # 0,
then ov,_(;_jy = az +bar + s, where s =3 ,(uy+b—1)a; —bay € S.
Thus, since ags+bay = bay +ak11, if k < n,and ax+bay = (b+a+1)ay,
it £ = n, we conclude that o;_;12 —a; € 5, a contradiction again.
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Finally, since we have shown that o;;—a; € S, (b, n), for every i,j € {2,...,n},
we conclude that «; € Maximals<s(Ap(S)), for every i = 2,...,n, as desired.
[

Corollary 30. The set of pseudo-Frobenius numbers of S,(b,n) is equal to
{(n—i+1) (" —1—a)+aa; | i=2,...,n}.

Consequently, the type of S,(b,n) isn — 1.

Proof. By Propositions 28 and 29, PF(S,(b,n) = {a; + (b—1) E?:Z a; —aq

i=2,...,n}. Now, taking into account that

+ (-1 aj—ar=ar(i—1)+(b-1)(n—i+1a

j=i
+(b-1) aZfr‘bj—l
j=t
=ary(i—1)+(n—i+1)(" +aZbJ -
=arp(i—1)+(n—i+1)("—1—a)
—|—CL(CL1 —T‘b(i—l))
=n—-i+1)d"—-1—a)+aay,
for every i € {2,...,n}, and we are done. |

Finally, since, by [3, Theorem 20|, F(S) < (t(S)+1) n(S) — 1, for every
numerical semigroup S, and, by Corollary 30, t(S,(b,n)) + 1 = e(S,(b,n)),
we conclude that generalized repunit numerical semigroups are Wilf.
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CHAPTER 4

Minimal free resolutions of generalized repunit algebras

In this chapter, the generalized repunit numerical semigroup S, (b, n) will be simply
denoted by S, so A = {aq,...,a,} is the minimal system of generators of S, where
a; = ry(n)+ary(i—1), for i = 1,...,n, and the positive integer a satisfies ged(ai,a) = 1.

Let k be a field. The k-algebra k[S] is referred to be a generalized repunit algebra
in this chapter.

As proved in Chapter 2, we have,

N S
IA:IQ 1 )
To ... Tn m‘IH

where I5(X) stands for the ideal generated by the 2 x 2 minors of the matrix X.

Since [ 4 is a determinantal ideal, the generalized repunit algebra k[S] can be re-
solved by the Eagon-Northcott complex of the matrix X. As an immediate consequence
of this result, we have that generalized repunit numerical semigroups of a same embed-
ding dimension n have the same Betti numbers, which are 5y = 1 and 3; = j(j_’ll),
for 0 < j < n — 1. Moreover, since S is homogeneous and its tangent cone is Cohen-
Macaulay, we have that S is of homogeneous type, that is, the Betti sequences of S and
of its tangent cone coincide. The main result is the explicit description of a minimal
S—graded free of resolution of k[S], in terms of A. Notice all these results are also valid

in case b = 1, as proved by P. Gimenez at al. in [25].

The following paper is a preprint available at https://arxiv.org/abs/2312.06013
distributed under CC BY 4.0: Creative Commons Attribution. It is published in
[Colago, 1., & Ojeda, I. (2024). Minimal free resolution of generalized repunit alge-
bras. Communications in Algebra, 1-8)] https://doi.org/10.1080/00927872.2024.
2394968l
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MINIMAL FREE RESOLUTION OF GENERALIZED REPUNIT
ALGEBRAS

ISABEL COLACO AND IGNACIO OJEDA

ABSTRACT. Let k be an arbitrary field and let b > 1,n > 1 and a be three positive
integers. In this paper we explicitly describe a minimal S—graded free resolution of
the semigroup algebra k[S] when S is a generalized repunit numerical semigroup, that
is, when S is the submonoid of N generated by {a1,az,...,a,} where a; = Z?;Ol b
and a; —a;_1 = ab"2, i=2,...,n, with ged(a,a;) = 1.

1. INTRODUCTION

Let k[x] = k[zy,...,z,] be the polynomial ring in n indeterminates over an ar-
bitrary field k, let S be the numerical semigroup with minimal system of genera-
tors A = {a1,...,a,} C N (see [13] for details on numerical semigroups) and let

k[S] := @,cs kx® be the semigroup k—algebra of S.
Considering the ring k(x| graded by S via deg(z;) = a;, i = 1,...,n, we have that
the kernel of the k—algebra homomorphism

oa kx| — k[S], x; — x*

determines a presentation of k[S] as S—graded k[x|]—module. Indeed, the so-called
toric ideal 14 := ker(pa) is known (see, e.g. [15, Lemma 4.1]) to be generated by

n n
{x“—x" ] ZUiai:ZUiai, u:(ul,...,un),V:(vl,...,vn)EN"},
i=1 i=1

where x" := z{" - - - 2l». In particular, it is homogeneous for the grading determined by
S.

So, if {f; :=x" —xYi | i=1,...,0} is a minimal generating system of I4 and ¢
denotes the corresponding canonical projection, then

kP 7T ] 29 k] /1y 2 K[S] = 0
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2 ISABEL COLACO AND IGNACIO OJEDA

is exact and S—graded by suitable degree shiftings of the leftmost free module. Now,
one can compute a minimal system of generators of the kernel of pq, say {fio, ..., f3,2} C
k[x]A1, so that the sequence

] TRkl e ey 0 ki) /T, 2 K[S]) = 0

is exact and, after the appropriate degree shifts, S—graded. So, by repeating this
process as many times as necessary until reaching ker ¢, = 0, which is guaranteed by
the Hilbert syzygy theorem (see, e.g., [5, Theorem 1.13]), we obtain a minimal S— graded
free resolution of k[S]. The minimal free resolution is unique up to isomorphism (see
[5, Section 20.1]). The §;, i = 1,...,p, are called Betti numbers of k[S] (see Remark 5
for more details).

Computing a minimal free resolution of k[S] is possible using Groebner bases tech-
niques. Other related tasks are to characterize the minimal free resolution S—graded in
terms of the combinatorics within S (see, for example, [3, 12]) or, for special cases of S,
to describe explicitly a minimal S—graded free resolution of S in terms of S basically
(see e.g. [9]). This article is about the latter.

Let b and n be two integers greater than one and let S be the submonoid of N
generated by {ay,as,...} C N, where

n—1
a) = ij and a; —a;_; =ab "% i>2,

Jj=0

for a € Z, relatively prime with a;. In [2], it is proved that S is a numerical semigroup
whose minimal generating system is A := {aq,...,a,}. These numerical semigroups
are called generalized repunit numerical semigroups (see [1, 2]) as they generalize the
repunit numerical semigroups introduced in [14].

The aim of this paper is to explicitly describe a minimal S—graded free of resolution of
k[S] when S is a generalized repunit numerical semigroup. In what follows, we consider
S to be a generalized repunit numerical semigroup and refer k[S] as a generalized
repunit k—algebra.

We notice that if b = 1, then S is generated by an arithmetic sequence. In this case,
the S—graded free of resolution of k[S] is fully described by P. Gimenez et al. in [9].
The minimal free resolution of numerical semigroups generated by arithmetic sequences
has its own interest as, for instance, the Betti numbers of k[S] and the coordinate ring of
its tangent cone ring coincide. We emphasize that, by [1, Corollary 2] and [7, Theorem
3.12], generalized repunit k—algebras also have this property.

Finally, we emphasize that in [6, 16] similar techniques are applied to families closely
related to ours. In particular, in [6, Section 4] the authors use Eagon-Northcott com-
plexes to compute the Pseudo-Frobenius numbers of numerical semigroups associated
to certain determinantal ideals. These ideas are brilliantly generalized in [16, Section
2.1].
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2. THE MINIMAL FREE RESOLUTION

Let b > 1,n > 1 and a > 1 be three fixed integer numbers such that a and a; =
Z?;é b are relatively prime. With the same notation as in the introduction, let S be

the generalized repunit numerical semigroup generated by A = {ay,...,a,}.
In [1] it is proved that I4 is minimally generated by 2 x 2—minors of the matrix
b b b
. ) — Ty 0 Tpg Ty,
(1) X T (xlj) ( Ty - Tn 1'111+1 > '

Therefore, since 14 is a determinantal ideal, the generalized repunit k—algebra k[S] can
be resolved by the Eagon-Northcott complex introduced in [4] and described below.

Let y1,y2 be two indeterminates and let M; be the k[x]—submodule of k{x|[y1, v
generated by the monomials in y; and ¥y, of degree j. Define

Jj+1

= N\ kX" @upg Mjo1, j=1,...,n—1,
where /\j + k[x]™ is the degree j + 1 component of the exterior algebra of the free
k[z]—module k[z]". Thus, if {ei,...,e,} is the usual basis of k[x]™; that is, the basis
of k[x]" such that e; has a one in place ¢ and zeros elsewhere, for each i € {1,...,n},

then the k[x]—module A\’ k[x]" is generated by e;, A --- A e, for each 1 <) <
- <ij41 <n,foreach je{l,...,n—1}.
Now, since the codimension of I4 is n—1, because I defines an irreducible monomial
curve in the n—dimensional affine space over k, by [4, Theorem 2], we conclude that

0 — kx]¥ , P k] X, T kx)E  k[x] — k[x]/ T4 2 K[S] — 0
is a minimal free resolution of k[S], with

T

(2) di(e; Ne; ®1) = , for every 1 <i < j <n,

Toi T2j

and

2 g+
(3) dj(eil/\' ’ '/\eij+1®y?1y32 = Z Z(_l)lJrlxkileil N-- '/\6;/\' ) ./\eij+1 ®y?1y32yk )
2 I=

for every 1 < 4 < -+ < 4541 < n, uj,up € N such that uy +uy = j — 1 and
j €42,...,n— 1}, where the asterisk means that we only sum over those k for which
ug, > 0 and €;, means omitting e;,.

Lemma 1. For each j € {1,...,n — 1}, the k[x]—module k[x|{ is isomorphic to
K[ (1)

Proof. Since N7 k[x]* and M;_, are isomorphic as k[x]—modules to k[x] (#) and
k[x]’, respectively, for each j € {1,...,n — 1}, we have that
Jj+1
= N\ kX" ®upg M1 = k[x] (1) @y Kl 22 K[x) (),
foreach j=1,...,n—1. O
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So, applying the previous lemma, we have the following.

Proposition 2. Let ¢y be the identity map of k[x| and, for each j € {1,...,n — 1},
fir a k[x]—module isomorphism ¢; : k[x]¥ — k[x}’ (J+1) If B; = j(jil) and 0; =
qu_lodjogzbj_l, jg=1,...,n—1, then

(4) 0 — kx)™t 25 k[x]P 2% 2 Kx] P 2 k[x] — k(x] /14 = K[S] = 0
is a minimal free resolution of k[S].

For a clearer understanding of Proposition 2, we provide, as an illustrative example,
the well-known minimal free resolution of k[S] for n = 3 (see, for example, [11, Theorem
2.3] or, in broader generality, the Hilbert-Burch theorem [5, Theorem 20.15]).

Example 3. Let S be the numerical semigroup generated by a; = 1+ b+ 0%, ay =
1+b+b*+aand a3 =1+b+ 0>+ a(l+0b). In this case, a minimal free resolution of
k[S] is equal to
0 — k[x]? 22 k[x]* -2 k[x] — k[S] = 0
where d5 and d; are the k[x]—module homomorphisms whose matrices with respect to
the corresponding usual bases are
b

Ay = |25 3 and Ay = (2l — b —a{t anal abay —aftt ),
b a+1
T3 Ty

respectively. Clearly, in this case, §; = 3 and [y = 2.

3. THE MINIMAL S—GRADED FREE RESOLUTION

The minimal free resolution (4), given in the previous section by using Eagon-
Northcott, is not S—graded in general. The reason for this is that the maps 9;, i =

1,...,n — 1, described in Proposition 2, are not necessarily S—homogeneous of degree
0.

To achieve a minimal free resolution S—graded of k[S], we must appropriately shift
the free k[x } —modules that appear in k[x]%, j = 1,...,n, in such a way the maps
9;, 5 =1,...,n, defined in Proposition 2 become S-homogeneous of degree 0. More

precisely, we need to find positive integers s;i, k =
that the maps in the minimal free resolution

Brn-1 Bn—2

0%@k[ —Sp—1,k —)@ﬂ( —Sp— 2k (5”72...
k=

Q}k (—s1n) 5 k[x] — k[x]/1a 2 Kk[S] — 0

L,....Bj, g =1,...,n—1, such

are S—homogeneous of degree 0. Recall that k[x](—s) means that the basis elements
of k[x](—s) as klz]—module, say 1, have degree s. Thus, for example, z; € k[x](—s)
has S—degree a; + s.
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Example 4. By considering the degree-shift isomorphisms
k[x]* = k[x](~bas — (b+ 1)as) P k[x](—az — (b+ 1)as)
and
k[x]* = K[x](—(b+ 1)as) P k[x](—az — bas) P k[x|(— (b + 1)az)

in Example 3, we obtain a minimal S—graded free resolution of k[S] because these
shifts make do and 6; S—homogeneous of degree 0.

Remark 5. Given j € {1,...,n — 1}, we have that Torﬂ;[x](k,k[S])s # 0 if and only if
s = s, for some 1 < k < f3; (see, e.g. [10, Lemma 1.32]); in fact, the number of s, x’s
that are equal to a given s € S is dim(TorH;[x} (k,k[S])s). Summarizing, the integers s,
are uniquely determined by k[S].

Our goal is to compute the integers s; . To start, we introduce additional notation.
From now on we will write a,1; = (a+ 1)a; and ¢ =" — 1 — a.

Lemma 6. With the notation above, ba; = c+ a;y1, 1 =1,...,n.

Proof. Clearly, ba; = b (Z?’;& bj> =b"—1+a, =0"—1—-a+ay = c+ ay. Now, if
i€{2,...,n}, then

i—2 i1
ba;, =ba; +ba (ij) =c+as+a (Zb’)

j=0 Jj=1
i1 i—1
:c+a1+a+a<2b7):c+a1+a< bj>:c+ai+1,
j=1 =0
and we are done. O

Proposition 7. The maps in the exact sequence

@ (@ K[x)(—ap_si1 — ban_j)) 2 kx| — k[x] /T4 2 Kk[S] — 0

i=1 \ j=0
are S—homogeneous of degree 0. In particular, the set {81,k |k=1,...,0 = (;)} 18
equal to {c+ a;, +a;, | 1 <ip <ipg <n+1}.

Proof. In [1] it is proved that [, is minimally generated by 2 x 2—minors of the matrix
X defined in (1). Then first part follows straightforward from the definition of d; (see
(2)). Now, the second part is an immediate consequence of Lemma 6. O

Recall that x € N\ S is said to be a pseudo-Frobenius element of S if x + s € S for

every s € S\ {0}. This set is known to be finite and is denoted by PS(S) (see [13,
Section 2.4] for more details).

Lemma 8. The set {s,_1x | k=1,...,08,—1 =n— 1} is equal to

n+1
{k‘c%—Zai\ke{l,...,ﬂn_lzn—l}}.
=2
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Proof. By [8, Corollary 17], we have that

PF(S) = {s — Zai | s € {sn-11,--» Snl,nl}} .
i=1

Now since, by [2, Corollary 30], PF(S) = {kc+aay | k=1,...,n— 1}, our claim
follows. O

Proposition 9. The maps in the exact sequence

0— @k[x](—sn_l,k) oy @ (@ k[x|(ba; — sn_l,@)

k=2 \j=1
are S—homogeneous of degree 0. Moreover, the set {s,—oy | k=1,..., 52 = (n —2)n}
18 equal to
n+1
ke+ Z a; |ke{l,....n—2} and j € {1,...,n}
i 11

Proof. For the first part, it suffices to observe the matrix of the map d,,_; defined in
(3) with respect to the usual bases is

b T o ... 0 0
2 0 0 0
L | 0 0
0 ZL’l{ T2 0 0
0 2, 0 0
0 ab a2t 0 0
0 0 0 x’{ To
0 0 0 ... 2, m,
0 0 0 ... a° a¢t!

For the second part, we first observe that, by Lemma 8, we can suppose s,_1, =
kc+ Zﬁﬂ a;, k=2,...,n— 1. Therefore, by Lemma 6, we have that

=2
n+1 n+1
Sp_1k —ba; = k:c+ZaZ~ —ba; = k:chZai —Cc— a4
i=2 i=2
n+1 n+1
= (k- 1)6+Za,~ —aj1 = (k—1)c+ Z a;,
=2 =2

i#j+1
for every j € {1,...,n} and k € {2,...,n — 1}. O
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Now, we can finally state and prove the main theorem about the minimal S—graded
free resolution of the generalized repunit k—algebra k[S].

Theorem 10. The set B; == {s;, | k=1,...,5; = j(jzl)} is equal to

By :={kc+a;+-+ay, | ke{l,....j}andl <iy < - <ijg<n+1},
for every j € {1,...,n—1}.
Proof. First, we note that, by Propositions 7 and 9, we already know that the result is
true for j = 1 and j = n — 1, respectively.

Let j € {2,...,n —2}. If we fix a bijection o; : B; — Bj, then we have the
isomorphism of free k[x]—modules

Bj J
@k[x](_8j7k> — E] = @ (@ k[X](—]{?C — Qi — aij+1)>

1<i <-<ijp1<n+1 \ k=1

such that the element in the usual basis of left-hand module which has a 1 at place
k[x|(—s;x) and zeros elsewhere is sent to the element in the usual basis of F; which
has a 1 at place k[x](—o(s;x)) and zeros elsewhere . So, if we prove that, for each
j €12,...,n — 2}, there exist k[x]—module isomorphisms ¢; : k[x];* — F; and ¢;_; :
k[x] X, — Fj_; such that

5]' = Qﬁjfl o dj o (b]_l : F} — Fj,1
is S—homogeneous of degree 0, where d; : k[x|¥ — k[x]"; is the k[x]—module ho-

J Jj—1
momorphism defined in Section 2, we are done since the s, are uniquely defined (see

Remark 5).

Let j € {2,...,n—2} and let us define the k[x]—module isomorphism ¢; : kx| — F;
such that ¢;(e;, A---Ae;,,, ®y"ys) is equal to the element that has a 1 in the coordinate
corresponding to the direct summand k[x|(—(u; +1) ¢ —as 41—+ — a4, 11) and zeros
elsewhere (recall that uy, us € N verifies uy +uy = j—1). Since, given j € {2,...,n—2}
and [ € {1,...,j}, the S—degree of the ki;—th entry of the matrix X defined in (1) is

ba;, it k=1;
Qi 41 if k?:27

we have that the S—degree of @;_1(zpe, A A€ A+ Aey,, @yitys?y, ') is

bail +ulc+ai1+1 +"'+a/z‘]-+1+1 — Q441 if k= ]_’
a1+ (i +1)c+ a4+ + Qi1 — Qi1 i k=2,

In the first case, by Lemma 6, we have that
baj, +uic+ 11+ -+ Q41 — Gy =
c+ Qi +1 +uic+ aj 41+ + Qjjp+1 — Q41 =

(Ul + 1>C—|— i1 41 + -+ Clij+1+1.
and, in the second case, we have that

Q41+ (up +1)e+aj 41+ -+ Qij41 — Qi1 =
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(ur +1)e+ a1 + -+ @iy 41

So, the S—degree ¢;_1(zi, € A+ A€ A---Nej, | Ryitys*y: ') is equal to the S—degree
of e, N---ANejy,, @y yy®, forevery j € {2,...,n—2} and [ € {1,...,j}. Therefore,
since

2 j+l

difei, A Nei,, @YYs) =YD (1) e A A A ey, @YYy
k=1 =1

for every j € {2,...,n — 1}, we conclude that, for our choice of the isomorphisms
¢j, 7 =2,...,n—2, the maps d; = ¢;_; od; o ¢; are S—homogeneous of degree zero,
for every j =2,...,n— 2. O
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