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Žitná 25, 115 67 Prague 1, Czech Republic
4 Faculty of Mechanical Engineering, Czech Technical University in Prague,
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Abstract

This work presents some numerical tests of finite element solution of incompressible Oldroyd-B
fluid flows. The effect of numerical stabilization using artificial stress diffusion is investigated
in detail. The limits of Weissenberg number We for which is possible to obtain the numerical
solution were studied depending on the Reynolds number Re and the diffusion parameter.
Series of numerical tests was performed for steady two-dimensional Oldroyd-B fluid flow in
corrugated channel (tube). The numerical results clearly proved the advantage (higher attain-
able We) of stabilized numerical method over the classical formulation without the artificial
stress diffusion.
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1 Introduction

The numerical simulation of non-Newtonian viscoelastic fluids flow is a challenging problem. The
need to solve a coupled system for fluid variables and associated stress tensor brings many com-
putational as well as theoretical difficulties. One of the well known problems is the so called High
Weissenberg Number Problem, i.e. the instability of the numerical solution for higher values of
Weissenberg number. Such instability prevents the problem from being solved by standard nu-
merical methods and techniques. There is a wide body of literature and number of approaches
describing and trying to resolve this issue [1]–[4], [6], [12].

One of the approaches being often adopted in this situation is based on addition of stress
diffusion term into the transport equations for viscoelastic stress tensor. Such extra term can be
interpreted artificial diffusion applied to each stress component. There is however also physical,
fluid microstructure based argument on addition of such term into the constitutive model. In any
case, the additional term will certainly affect the solution of the problem and special care should
be taken to keep the modified model consistent with the original problem [10], [11].

The modified stress diffusion technique adopted and tested here is slightly different. The
steady solution is searched by solving an unsteady problem by a time-marching method, where
the steady state is recovered for t→∞, subject to stationary boundary conditions. Instead of the
classical addition of artificial stress diffusion term proportional to Laplacian of extra stress α∆τττ ,
the term proportional to Laplacian of (pseudo) time derivative of extra stress α∆τττ t was used. This
means, the additional term is only present during the transient phase and should vanish in when
approaching the stationary case. The steady solution should not be affected by such vanishing
artificial term, however the stability of the numerical method should be improved.

2 Mathematical Model

The unsteady, incompressible, isothermal viscoelastic flow of homogeneous Oldroyd-B fluid is con-
sidered in a bounded domain Ω ⊂ Rd (d = 2, 3) over the time interval [0, Tf ] (Tf > 0). The
governing system of equations can be written in dimensionless form as:
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
Re
(
∂u

∂t
+ u · ∇u

)
+∇p = 2(1− η)∇ ·D +∇ · τττ + f

∇ · u = 0

τττ +We

(
∂τττ

∂t
+ u · ∇τττ −∇uT · τττ − τττ · ∇u

)
= 2ηD

(1)

where Re =
UL

ν
and We =

λU

L
are the Reynolds and Weissenberg numbers, respectively, τττ is

the viscoelastic contribution to the extra stress tensor given by T = 2νeD +τττ , D =
1

2

(
∇u+∇uT

)
is the strain tensor (symmetric part of velocity gradient), νe can either represent the viscosity of
the solvent (for the polymer solution) or part of the total (apparent) stress viscosity of the system
depending on the stress model adopted. Here η is such that ν = νe+η, and ν is the total kinematic
viscosity. The body force is denoted by f .

2.1 Variational formulation

The numerical model presented in this paper is formulated on a bidimensional bounded domain Ω,
whose boundary is ∂Ω = Γin∪Γw ∪Γout. The above (strong form of) the dimensionless Oldroyd-B
model governing equations (without a body force) is supplemented by the initial and boundary
conditions: 

u = 0 on Γw

u = uin on Γin

τττ = τττ in on Γin

u|t=0 = u0

(2)

The following function spaces are defined

V =
{
u ∈ H1(Ω) : u = 0 on Γw and u = uin on Γin

}
, (3)

L2
0(Ω) =

{
p ∈ L2(Ω) :

∫
Ω

p dΩ = 0

}
, (4)

S =
{
S ∈ [L2(Ω)]2×2 : ST = S

}
. (5)

The variational formulation of the problem (1-2), for initial data u0 ∈ V such that ∇ · u0 = 0, is:

Find (u, p, τττ) ∈ L2 (0, T ;V)× L2
(
0, T ;L2

0(Ω)
)
× L2 (0, T ;S) such that

∫
Ω

2(1− η)D : ∇v +Re
∫

Ω

(
∂u

∂t
+ u · ∇u

)
· v −

∫
Ω

p∇ · v =

∫
Ω

(∇ · τττ) v, ∀v ∈ H1
0(Ω)∫

Ω

(∇ · u) q = 0, ∀q ∈ L2
0(Ω)∫

Ω

[
τττ +We

(
∂τττ

∂t
+ u · ∇τττ

)]
: S =

∫
Ω

[
2ηD +We

(
∇uT · τττ + τττ · ∇u

)]
: S, ∀S ∈ S

(6)

3 Numerical Method

To solve numerically the problem (6), the so-called reference viscosity scheme was used. The extra
stress tensor is split according to T = 2ηD + τττ into the viscoelastic stress τττ and the viscous part
τττs = 2ηD. The parameter η is, in this case, the dimensionless polymer viscosity contribution.
This splitting allows to decouple the kinematic and the non-Newtonian viscoelastic stress even
though the divergence of τττ is included in the momentum equations as a pseudo-body force while
the constitutive equation includes a contribution from the Newtonian part.
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To discretize the momentum equation, the Rothe Method was used where first, the time vari-
able is discretized using a suitable dicretization. The implicit Euler scheme was chosen which
approximates the temporal derivative of a function v at time tn by

∂v

∂t
(tn, ·) ≈

v(tn, ·)− v(tn−1, ·)
tn − tn−1

Due to the hyperbolic character of the constitutive equation, the method using characteristics was
chosen for discretization. The Characteristic Galerkin Method evaluates time derivatives of vector
field on a Lagrangian frame, using the characteristic lines or trajectories describing a material
particle when it has been driven by the field at the velocity of the field [13].

The discretization with respect to space employs the mixed finite element method [5], [9], [13]
or [14].

3.1 Semi-descritization

On the time interval [0, Tf ] a set of points (time instants) tn is defined by tn = n∆t = n
Tf

N ,
n=0,. . . , N. The vn denotes the approximation of v at the time instant tn, i.e., vn ≈ v(tn, ·).
Consider x ∈ Ω.

To discretize the momentum and constitutive equations with respect to time, the implicit Euler
scheme was associated with Characteristic Galerkin Method. Hence, the convective time derivative
is approximated as:

Dv

Dt
=
∂v

∂t
+ u · ∇v ≈ vn − vn−1 ◦Xn−1

dt

where X is the convecting field defined by X(x) = xt with the particle path xt being the solution
of ẋt=u(xt), xt=0 = x and v ◦X(x) = v(x − u(x)t) = vn−1(x?) ≡ vn−1

? , with x? the position at
time tn−1 of the particle located at x at time tn.

For the motion equations it leads to:

u0 = u0,∫
Ω

2(1− η)Dn :∇v +Re
∫

Ω

un − un−1
?

∆t
·v −

∫
Ω

pn∇ · v=

∫
Ω

(∇ · τττ) v, ∀v ∈ H1
0(Ω)∫

Ω

(∇ · un) q = 0, ∀q ∈ L2
0(Ω)

(7)

For the constitutive equation it gives:∫
Ω

(
τττn +We

τττn − τττn−1
?

∆t

)
: S =

∫
Ω

[
2ηD +We

(
∇uT · τττn + τττn · ∇u

)]
: S, ∀S ∈ S (8)

The convergence, stability and other properties of this kind of discretization (7) can be found in
literature, e.g. in [9].

3.2 Finite element method

The domain Ω ⊂ R2 is decomposed into finite number N of triangles T whose union constitutes
a non-degenerated mesh Th. The parameter h is the mesh diameter (maximum cell diameter) of
the mesh Th.

The conservation of momentum and mass equations are discretized using the mixed P2 − P1

finite elements satisfying the compatibility condition known as the discrete LBB (Ladyzheskaya,
Babuška and Brezzi) or inf-sup condition, which reads as follows:

There exists γ? > 0 (independent of h) such that

inf
qh∈Mh\{0}

sup
vh∈Xh\{0}

|(qh,∇′ · vh)|
‖vh‖Xh

‖qh‖Mh

≥ γ?
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where

Xh =
{
vh∈C(Ω) ∩ V : vh|T ∈P2(T ),∀T ∈Th

}
,Mh =

{
qh∈C(Ω) ∩ L2

0(Ω) : qh|T ∈P1(T ),∀T ∈Th

}
and Pn is the space of polynomials of degree n > 0 on the triangles, V and L2

0(Ω) are defined by
(3) and (4), respectively.

For the problem (7) and each h > 0, the approximate finite element problem is defined as:

For each t ∈ [0, Tf ], u0,h ∈ Xh find (uh, ph) ≡ (uh(t, ·), ph(t, ·)) ∈ Xh ×Mh such that



∫
Ω

2(1− η)Dn
h :∇vh +Re

∫
Ω

un
h − un−1

?,h

∆t
·vh −

∫
Ω

pnh∇·vh =

∫
Ω

(∇·τττh) vh, ∀vh ∈ Xh∫
Ω

(∇ · un
h) qh = 0, ∀qh ∈Mh

(9)

The problem (9) has a unique solution (uh, ph) ∈ Xh ×Mh. Moreover,

lim
h→0
‖u− uh‖H1(Ω) + lim

h→0
‖p− ph‖L2(Ω) = 0

and
‖u− uh‖L2(Ω) ≤ C(t)h2, ‖p− ph‖L2(Ω) = C(t)h

Further details about the properties of the above finite element method and the rigorous conver-
gence analysis of spatial discretization of the Navier-Stokes problem can be found in [5].

There is no general mathematical theory to guarantee the stability of finite element method for
a given choice of element type, in the case of viscoelastic problems. After some tests for different
choices of elements to approximate the tensor, the tensor was approximated by polynomials of the
same order as velocity. The finite dimensional space is defined by

Sh =
{

Sh ∈ C(Ω) ∩ S : Sh,ij |T ∈ P2(T ),∀T ∈ Th

}
For the problem (8) and h > 0, the approximate finite element problem is defined as:

For each t ∈ [0, Tf ], τττ0,h ∈ Sh find τττh ≡ τττh(t, ·) ∈ Sh such that∫
Ω

(
τττnh +We

τττnh − τττ
n−1
?,h

∆t

)
: Sh =

∫
Ω

[
2ηDh +We

(
∇uT

h · τττnh + τττnh · ∇uh

)]
: Sh, ∀Sh ∈ Sh (10)

3.3 Solution algorithm

Although the steady solution is searched, the numerical method is based on the unsteady formu-
lation and the time-marching method is employed. It means that the stationary state is attained
as the long-time limit solution of the evolutionary model complemented by the steady boundary
conditions. If the solution converges in time, the stationary state is obtained. The problem formed
by (9), (10) is solved by a decoupled iterative algorithm (Picard method).

The linear system associated to discrete Stokes problem is solved by Crout scheme and the
linear system associated to the other equations is solved by a multi-frontal Gauss LU factorization
implemented in the FreeFem++ [7], [8], package UMFPACK.
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3.4 Stabilization technique

In order to stabilize the simulations for high Weissenberg numbers, a diffusive term was introduced
to the constitutive equation. This additional term is defined as

α ·∆
(
τττnh − τττn−1

h

)
(11)

It will vanish when τττnh → τττ , i.e. the numerical solution will converge to the steady state. The α
represents a diffusive parameter of the elastic tensor.

This case is equivalent to take the constitutive equation in the form

τττ +We

(
∂τττ

∂t
+ u · ∇τττ −∇uT · τττ − τττ · ∇u

)
= 2ηD + α∆(τττ − τττ) (12)

for which the weak formulation given by∫
Ω

[
τττ +We

(
∂τττ

∂t
+ u · ∇τττ

)]
: S=

∫
Ω

[
2ηD +We

(
∇uT · τττ + τττ · ∇u

)]
:S− α∇(τττ − τττ) :∇S, ∀S∈S

Given Mh =
{
Mh ∈ C(Ω) ∩ L2(Ω) : Mh|T ∈ P2(T ),∀T ∈ Th

}
, the approximate finite element

problem for the tensor can be reformulated as:

For each t ∈ [0, Tf ], τττ0,h ∈ Sh = [Mh]
2×2

, find τττh ∈ Sh with each component τττh,ij≡τττh,ij(t, ·)∈Mh,
i, j = 1, 2 such that∫

Ω

(
τττnh,ij+We

τττnh,ij − τττ
n−1
?,h.ij

∆t

)
:Mh =

∫
Ω

[
2ηD +We

(
∇uT· τττnh + τττnh ·∇u

)]
ij

:Mh−α∇
(
τττnh,ij − τττn−1

h,ij

)
:∇Mh

(13)
for all Mh ∈Mh.

4 Numerical Simulations

The above described model and algorithm is implemented using the FreeFem++ [7] toolboxes. The
code was first validated by solving the Poiseuille flow in the straight pipe (2D channel) for which
the exact analytical solution is known (this case is not shown here). The numerical simulations
presented hereafter are performed for a simple corrugated channel, for which the limits of the code
become apparent.

All the tests are performed by considering the dimensionless elastic viscosity parameter η = 0.1.
For each fixed Re, the continuation method is applied with respect to We, which means, the
Weissenberg number is increased incrementally, while taking the converged solution obtained for
lower We as an initial condition for higher We simulation.

Boundary conditions
The inlet and outlet straight parts of the channel allow to consider the flow on the respective
boundaries to be fully developed. On the upstream boundary the analytical Poisseuille solution
for the fully developed flow in a straight channel for the respective model is imposed. On the solid
wall no-slip conditions are used for the fluid velocity.

Artificial diffusion setup
The initial tests have shown that the diffusive stress algorithm is not only unnecessary for lowWe,
it may in addition increase the computational time, due to increase of the necessary iterations to
steady state. Thus it was decided to only use the stabilization term when necessary, depending on
the actual value of the Weissenberg number We. The artificial diffusion is multiplied by a factor
α(We) which is vanishing for small Weissenberg number, while it attains some finite asymptotic
value for high We.
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Computational domain
The corrugated pipe is assumed to consist on straight inlet and outlet parts with dimension.
The attached contraction/expansion parts have length Lcon, Lexp. Between these parts, several
identical segments are inserted. These segments are characterised by its minimum and maximum
diameters Dmin resp. Dmax and the length Lseg. All the curvilinear walls have sinusoidal shape.

LN .
segseg

D D

Lin Lcon

seg

Lexp Lout

L

D
m

in

D
m

a
x

x

y

Figure 1: Geometry definition for the corrugated pipe case.

To generate the grids used in the presented simulations, each unit of length on the boundary is
first divided into 10 equal segments and then the (almost regular) grid is obtained for the interior
of the domain. The grid is generated by FreeFem++, using the Delaunay-Voronoi algorithm.

4.1 Numerical results

The above described test case of flow of a viscoelastic fluid through the 2D corrugated channel
was solved for a range of Weissenberg and Reynolds number. The aim was to find the limits of the
applicability of the original code (without artificial diffusion) and its updated version, using the
artificial tensorial diffusion term.

For this particular domain, considering the standard reference viscosity scheme the maximum
Weissenberg number reached is 0.4. Using numerical scheme with diffusive stress with variable
diffusion parameter the maximum Weissenberg number reached is around 1.0.

The side-by-side comparison of results obtained by both versions of the algorithm for Re = 400
and We = 0.4 is possible in the Fig. 2, showing the fields of all computed quantities. The color
scales are omitted as only the qualitative comparison of both methods is being discussed. It is
obvious, that there are no visible differences between the results provided without or with the
artificial diffusive stress.

u1

u2

p

τ11

τ12

τ22

u1

u2

p

τ11

τ12

τ22

Figure 2: Comparison of components of velocity u1, u2, pressure p, components of elastic stress
tensor τ11, τ12, τ22 of Oldroyd-B model for Re = 400 and We = 0.4, obtained using the standard
algorithm (left) and the algorithm with the diffusive stress (right).

This behavior is not surprising, because the steady state was searched (and found) thus the
time derivatives of all quantities vanished and thus also the artificial diffusion term, proportional
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to time-derivative of the stress tensor, has finally disappeared, without having a chance to affect
the final solution.

The main advantage and reason to use the artificial tensorial diffusion is that the solution can
be obtained also for higher values of the Weissenberg number, where the classical algorithm easily
becomes unstable, unable to converge to the steady state.

The extended usability of the algorithm employing the artificial diffusion is possible to see
for example in the Fig. 3–4, where the pressure drop (i.e. the difference between outlet and
inlet pressure) is shown for both versions of the algorithm for a whole range of Weissenberg and
Reynolds numbers.

0.0 0.2 0.4 0.6 0.8 1.0
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Pressure Drop

(a) without diffusion

0.0 0.2 0.4 0.6 0.8 1.0
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Pressure Drop

e = 100
e = 200
e = 300
e = 400
e = 500

(b) with diffusion

Figure 3: Pressure drop for different Reynolds and Weissenberg numbers, obtained with and
without the artificial stress diffusion.

Not only that there is a visible increase in the maximum attainable Weissenberg number when
the artificial diffusion is employed, but as before, the solutions are identical in the range where
both algorithms converge. This agreement between the two algorithms is apparent in the Fig. 4,
where both solutions are plotted into one figure. Again, the continuous line is reserved for the
diffused algorithm and the asterisk for the non-diffused algorithm.

0.0 0.2 0.4 0.6 0.8 1.0
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e = 200
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e = 400
e = 500

Figure 4: Comparision of the pressure drop for different Reynolds and Weissenberg numbers,
obtained with and without the artificial stress diffusion (superposition of the plots above).

Obviously, both algorithms provide identical solutions up to the We = 0.4, above which the
non-diffusive algorithm fails to converge, while the one with artificial diffusion keeps providing
stable solution up to We ≈ 1.0. The limit value obviously depends on the Reynolds number of the
particular case.
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5 Conclusions and Remarks

The presented algorithm and solution code was successfully implemented using FreeFem++ pack-
age. It was shown that the original formulation of the numerical method becomes unstable (for
given computational test case) for Weissenberg number We > 0.4. The numerical stability and
robustness of the code can be significantly improved by using an artificial diffusive stress term in
the form (11), (12) respectively. This extra diffusive term allowed to obtain the solution of the
given problem up to We ≈ 1.0, with the limit value slightly depending on the Reynolds number.

Future investigation will focus on the verification of this type of artificial diffusive term when
using other numerical methods, namely the finite volumes and finite differences. Also the question
of the use of this stabilization technique for unsteady problems remains open.
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