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ABSTRACT

We introduce two new approaches, called A-LSOB and N-MR, for boundary and interface-conjugate conditions on flat or curved surface
shapes in the advection-diffusion lattice Boltzmann method (LBM). The Local Second-Order, single-node A-LSOB enhances the existing
Dirichlet and Neumann normal boundary treatments with respect to locality, accuracy, and Péclet parametrization. The normal-multi-reflec-
tion (N-MR) improves the directional flux schemes via a local release of their nonphysical tangential constraints. The A-LSOB and N-MR
restore all first- and second-order derivatives from the nodal non-equilibrium solution, and they are conditioned to be exact on a piece-wise
parabolic profile in a uniform arbitrary-oriented tangential velocity field. Additionally, the most compact and accurate single-node parabolic
schemes for diffusion and flow in grid-inclined pipes are introduced. In simulations, the global mass-conservation solvability condition of
the steady-state, two-relaxation-time (S-TRT) formulation is adjusted with either (i) a uniform mass-source or (ii) a corrective surface-flux.
We conclude that (i) the surface-flux counterbalance is more accurate than the bulk one, (ii) the A-LSOB Dirichlet schemes are more
accurate than the directional ones in the high Péclet regime, (iii) the directional Neumann advective-diffusive flux scheme shows the best
conservation properties and then the best performance both in the tangential no-slip and interface-perpendicular flow, and (iv) the direc-
tional non-equilibrium diffusive flux extrapolation is the least conserving and accurate. The error Péclet dependency, Neumann invariance
over an additive constant, and truncation isotropy guide this analysis. Our methodology extends from the d2q9 isotropic S-TRT to 3D aniso-
tropic matrix collisions, Robin boundary condition, and the transient LBM.
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combinations of the coordinate and diagonal equilibrium weights

. MOTIVATION
7,75,98,100

Recent physical,w””L 170747881109 bhiomechanical®”
neering' """ research, and especially solute and heat transfer model-
ing in porous networks, *'”?% 110219719 intengively apply the lattice
Boltzmann method (LBM)™® in complex problems for solving
linear, 1970608399 non-linear, ®*" 4110 isotropic or aniso-
tropic’ advection-diffusion equation (ADE) with
homogeneous or heterogeneous coefficients and sources.””***>7°
Although the coordinate d2q5/d3q7 discrete velocity stencil is suffi-
cient to match the diagonal diffusion tensors, the specific

and engi-

5,25,32,66,84,101,107

are appealing for their truncation isotropy and advanced stabil-
ity.”""*°" In bulk, the standard LBM guarantees the local and global
mass conservation, which is defined from the zero-moment (sum)
of its real variables, called populations, allowing for a regular,
cuboid control-volume interpretation of the LBM mass-balance.”
The simplest heterogeneity treatment-do nothing algorithm, and
the Maxwell, bounce-back (BB), and mirror (specular-forward)
population reflections on the impermeable boundary preserve
the global conservation property at the cost of only approximately
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mid-node, implicit location of the grid-aligned walls and
interfaces'l(xl‘),;lﬁ{‘)/"

However, it was recognized'*'"” that although the mirror reflec-
tion is suitable, the BB and “local” specular reflection (which returns
the mass to departure node), enforce to zero not only the normal but
also the tangential mass-flux components through the wall-inclined
discrete-velocities.””” The implicit interface tracking shares a similar
tangential deficiency, because its advective-diffusive flux and scalar-
field continuity conditions intrinsically couple” the BB and the (anti-
BB) ABB Dirichlet rule.”*”® The distribution moments can be
regarded as the best indicators of the nonphysical solution behavior.
So that, when the solute travels along an impermeable straight tubular
conduit, the BB spurious effects on the first and second Gaussian
moments, leading to (i) a retardation of the mean advection velocity
% and (ii) a decrease in the molecular diffusion coefficient Z,, grow
with a free-tunable diagonal weight-value and decay only linearly with
the space resolution,.”””° Geback and Heintz'” extended the mirror
reflection for curved wall on the d3q7 and d3ql9 lattices, and
improved the BB in the presence of the tangential wall flux in the dif-
fusion problems. However, on the one side, the global accuracy wor-
sens when the populations reflected by the same ghost solid node
conserve its incoming mass; on the other side, the BB behaves as accu-
rately as the mass-conserving mirror schemes, and much better than
the non-conserving ones, for the zero tangential boundary flux.

Our boundary value problems are delivered by the extended
method of moments (EMM),””** which is the mathematical algorithm
for the recursive prediction of the distribution moments: dispersion,
skewness, kurtosis,... The EMM extends the Brenner’s generalized dis-
persion approach” and the volume averaging boundary-value formula-
tion,”” from the second-order microscopic spatial Taylor moment to
any-order, spatial or temporal, moment. The EMM applies in any
nature multi-scale streamwise-periodic stationary d-dimensional,
Newtonian or non-Newtonian, velocity field resolved in the piecewise
continuous heterogeneous porosity field, where it simultaneously
builds two systems of moments: the spatial (mean-concentration, due
to Taylor & Aris"”) and the temporal (residence time distribution,
due to Danckwerts'*) The high-order moments characterize the non-
Gaussian behavior, the EMM is hence appealing to classify them, par-
ticularly in porous and composite materials. Other utility is that the
method builds recursively the steady-state ADE with the non-uniform,
global-mass conserving sources; the ADE is closed by an impermeable
Neumann boundary or periodic interface, and its symbolic solutions
are available’””* for benchmarking purpose.™

The flow and the associated heat transport are often modeled
with the so-called (multiple-relaxation-time thermal) MRT-TLBM,
e.g. in a very recent work’® using the BB and ABB straight-wall rules.
However, the MRT-TLBM operates the d2q9 flow collision with only
two distinctive relaxation rates: the symmetric one for the fluid viscos-
ity and the anti-symmetric one for the second-order BB accuracy using
the exact Poiseuille flow solution,””** whereas the energy conservation
equation is modeled with the d2q5 isotropic MRT-ADE. Indeed, these
two collision models automatically reduce to the two-relaxation-time
TRT collision,”””” which is simpler, lattice independent, and more
computationally efficient; additionally, the TRT allows for the solution
parametrization, stability, and boundary/interface control with the
help of the specific combination A of its two relaxation rates; more-
over, the optimal TRT-ADE stability choice® A = i remains robust in
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high Reynolds fluid flow modeling.”” The methodology developed in
the present work is especially compact with the TRT collision but it
extends for any linear collision operator. Numerically, we solve steady-
state linear ADE with the recent (stationary) S-TRT formulation™
where (i) an arbitrary physical and model parameter range is available,
because the S-TRT is quite insensitive to the transient stability restric-
tions and Péclet range, and (ii) the modeled solution is fixed by the
grid Péclet number % /%, and A for any diffusion collision rate.

We apply the d2q9 with the free-tunable advection-diffusion
equilibrium weights but, since the weight-stencil remains invisible for
a stationary scalar field in the straight channels,” in contrast with the
aforementioned transient transport, we focus on the grid-rotated
homogeneous and heterogeneous slabs, where all discrete directional
effects “come to the surface.” To give one impressive example, the
effective diffusivity of two diagonal heterogeneous blocks in series dif-
fers from its classical harmonic-mean value with the full d2q9 stencil.
This happens because its intrinsic equilibrium accommodation on the
implicit interface, called the A-layer,” spoils the canonical piece-wise
linear Chapman-Enskog prediction. The A-layer is much more harm-
ful than its non-equilibrium B-layer counterpart, responsible for the
BB moments corrections,”””® because on top of the spurious weight-
dependency, the A-layer is capable to modify the physical Péclet scale
of the modeled solution, which is mandatory with the EMM for a
proper prediction of the Péclet Ansatz in dispersion coefficient and
higher order moments. Therefore, we aim to verify the performance of
the advanced boundary and interface rules to reduce strong accommo-
dation weight- and grid-inclined effects.

The “linear-interpolation” LI and “multi-reflection” MR ADE
approach™ originates from its fluid flow counterparts® and prescribes
the Dirichlet scalar condition with the linear combination of three (LI)
or five (MR) populations moving along the same wall-cut link, featur-
ing, respectively, the exact linear or parabolic diffusion solutions in
arbitrary oriented channels. Li and coworkers” built several d2q5/
d3q7 Dirichlet LI schemes and introduced flux LI scheme, hereafter
referred to as FLI, which comes down to BB on a mid-grid wall. The
Cartesian decomposition method”” involves the population interpola-
tions and estimates the lacking tangential boundary flux value from
the actual solution, with the help of the two intersecting coordinate lin-
ear MR Dirichlet conditions. This method however sacrifices the assets
of the LI/MR link-wise implementation and its transparency for the
discrete velocity set, because the d2q9 and d3ql9 reduce the
coordinate-set convergence by one-order.”* Then only the d2q5/d3q7
schemes®” were coupled for the scalar field and diffusive-flux interface-
conjugate continuity”” and jumps;"” these schemes were successfully
evaluated against the semi-implicit interface methods.'*”” The coordi-
nate, linear Dirichlet, Neumann, and Robin directional boundary
schemes"*"’ were combined for the interface diffusion conditions™
and further extended”’ to account for the normal-vector variation
along the shaped boundary.

Indeed, the transform of the Neumann and interface-flux condi-
tions to their Dirichlet counterparts (like BB to ABB) has inspired
many techniques on straight,” stair-wise”*” or curved™ surfaces. In an
early work, the Neumann condition is simply plugged*” into the three-
point back-sided normal Dirichlet extrapolation, whereas the
interface-normal and bilinear extrapolations for curved shapes require
even larger stencils.”*" A very recent d2q5 scheme” is more compact:
it operates the ghost solid-bisection node with the two-node linear
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(but again not directional) population interpolations and expresses the
lacking boundary-flux from the obtained non-equilibrium solution,
involving the ABB only for ghost population solution. However, the
advection regime validation is commonly limited to a relatively small
Péclet number (about twenty), whereas the ABB completely degrades
its second-order accuracy for a mid-grid surface location in an
interface-perpendicular plug flow at Pe ~ 102,” because its directional
closure relation interferences with the advective projections,”® over-
looked by the later asymptotic analysis.'*°

With these ideas in mind, the ABB, the equivalent LI
schemes”'% and the MR Dirichlet schemes™ have been recently
extended” to “linear” [ABB/MPLI/PLI] and “parabolic” accurate
[KMR/PP] Dirichlet families, improving their accuracy and parametri-
zation by the grid Péclet number in the presence of the velocity field
[PAB/PLI/KMR/PP] and space-variable mass-source, such that every
family contains an infinite number of members (coefficients) of equiv-
alent spatial accuracy; only the parametrized LMKC scheme®” enters
the MPLI family. The LI can be operated in-node, whereas the MR
requires the next directional fluid neighbor; both LI and MR cope with
any discrete-velocity set but require, as a minimum, the TRT collision
for their parametrization. Along these lines, this work complements
the list"” with the particular single-node three-population parabolic
PPLI scheme which is exact on a pure-diffusion parabolic profile in an
arbitrary inclined channel. For the sake of completeness, we also pro-
vide its flow-counterpart (inclined Poiseuille) IPLI scheme, which
models exactly an arbitrary-inclined Poiseuille Stokes force-driven
flow, at least. These schemes extend the recent LI schemes’™”® from
the straight to the grid-rotated geometry and, most likely, they are the
most simple and compact boundary/interface schemes offering the
parabolic accuracy level on diffusion-type problems; the two-node MR
ADE and flow schemes"” retain this formal accuracy on any fluid flow
field.

Concerning the Neumann schemes, it has been shown™ that the
FLI destinates for the advective-diffusive flux, rather than for the diffu-
sive flux, but it accounts only for the diffusive-flux spatial variation
and then it loses its (diffusion) parabolic accuracy in a uniform grid-
inclined flow. The FLI is then extended™ to a two-node parabolic-
accurate advective-diffusive flux FMR scheme and diffusive-flux DFLI
family; in reality, even when the diffusive-flux and the advective-
diffusive flux closure conditions are equivalent in theory, e.g., for a no-
slip velocity or interface-continuous scalar field, they are not identical
on the numerical solutions. All novel Dirichlet and Neumann
schemes”” were coupled for the directional interface-conjugate and
Robin condition, and validated through the EMM problems, but their
Neumann conditions remained limited to zero rotated tangential
advective-diffusive flux problems. Also, a recent study” has shown
that the scalar-field and its local gradient estimate are not necessarily
independent of an additive constant in the modeled Neumann and
periodic-interface problems. Finally, also the discussion on mass leak-
age remains a “tabu” topic. Although this is a principal issue, as of
today it has been poorly investigated.

Our objective is hence twofold. On the one side, we intend to
develop compact normal-flux Neumann schemes. Conversely, we
want to quantify their mass-balance with respect to its exact, body-
fitted, definition. To this end, we introduce and examine two new
approaches: N-MR and A-LSOB. The two methods resort to the same,
in-node non-equilibrium solution for all first and second-order

scitation.org/journal/phf

derivatives, borrowing the idea of the Local Second-Order Boundary
(LSOB) reconstruction”’ in its “Lnode” formulation.”” On this basis,
the (normal) N-MR expands the anti-tangential N-BB correction”®”®
to any LI/MR flux rule. The N-MR re-builds it precisely with the inter-
nal coefficients of the MR closure relation and then subtracts this cor-
rection from the incoming population. In this way, whereas the
reconstruction discards the directional implementation, the N-MR
does not perform any additional interpolation and preserves the versa-
tility for interface-conjugate: specifically, N-FLI remains local; the MR
flux schemes also incorporate an independent correction for space-
variable mass-source.

In turn, the A-LSOB is both single-node and parabolic-accurate:
in transient algorithm, it prescribes the third-order accurate
Chapman-Enskog solution for the incoming populations explicitly,
such that its derivatives are constrained to the Taylor normal expan-
sion of a given boundary rule, either Dirichlet or Neumann; the Robin
condition can be straightforwardly obtained from their combination.
In turn, the S-TRT operates with the equilibrium and non-equilibrium
components, rather than with populations, and it embeds all con-
straints into its global linear system. It should be emphasized that the
A-LSOB has been developed independently of the single-node
approach,'*'”” recently extended for the Dirichlet, Neumann and
Robin conditions from its flow counterpart'®” with the d2q5 BGK'**
and d2q9 anisotropic matrix collision.'”” These two, flow and trans-
port, methods adopt the original “Lwall” formulation”' and express
the Chapman-Enskog solution through the surface variables but, “for
the sake of simplicity”, they drop all second-order derivatives. The
methodology' """ is elaborated for the straight in-node wall and, in
the curvilinear coordinates, for a circular surface. The method is
reported to support the second-order accuracy through the bench-
mark simulations (i) in straight wall-node coincident surface, whereby
the spatial variation vanishes from the closure relations, and (ii) in
heat conduction inside a circle, where the diffusive flux only varies
along the surface. Hence, the A-LSOB is expected to enhance those
methods, principally, by now considering the spatial flux variation
through the parabolic terms in the Chapman-Enskog solution. Several
numerical examples will delineate the difference between the parabolic
and linear-accurate A-LSOB.

Another point of focus is put on the comparison of the LI, MR,
N-MR, and A-LSOB for their mass-balance properties. In fact, the
solvability condition of the EMM boundary problems requires the
mass-source distribution .#(¥) to conserve the global mass, say
(A (7)) = 0. We prescribe it exactly and adjust the S-TRT with two
heuristic solvability techniques: (i) a grid-uniform mass-source M,
following,"’ then (.# () + My) = 0 in any geometry, or (ii) a non-
conserving corrective flux £®y, prescribed on two parallel delimiting
surfaces. The two variables, M, or @y, join the list of the global S-TRT
unknowns and their solution measures the mass-balance property of
the given scheme. Roughly speaking, these two experiments compare
the uniform bulk distribution of the mass-leakage with its surface
counterbalance.

We address them with the Taylor dispersion Ansatz™*”* where
the adjacent EMM problem combines the parabolic tangential velocity
and mass-source fields. We will show that in the presence of the
rotated advection, the quartic polynomial solution becomes only avail-
able with the hydrodynamic advection-diffusion weights, and it incor-
porates an anisotropic truncation correction; the latter obeys the
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spurious non-linear Péclet scale and vanishes only with a particular
choice of two remaining free model parameters. The constructed effec-
tive solution is first validated with the specific, fourth-order accurate
Dirichlet and Neumann conditions, and then examined for its devia-
tions due to generic schemes in open flow and at the diffusive inter-
face. In parallel, a simultaneous truncation and mass-balance effect
will be quantified exactly in straight heterogeneous blocks in series.
This is a tough test, where the interface-normal Darcy plug flow indu-
ces asymmetry across the implicit interface,”” and although all MR
schemes handle the diffusion problem exactly, they asymptotically
decay only with the first-order accuracy, the BB alike, in advection
dominant grid-inclined flow,."" At last, we will aim to understand
whether the N-MR is able to reduce their accommodation.

This paper is organized as follows: Sec. II recalls the ADE-LBM
and MR, introduces N-MR, A-LSOB, and the 2D TRT reconstruction.
Section 11T formulates the S-TRT, discusses its solvability, and recasts
with it the N-MR, interface-conjugate, and A-LSOB. Section IV vali-
dates N-MR and A-LSOB on the heterogeneous rotated parabolic pro-
files and also addresses their modeling with the lower-order treatment.
Section V' constructs the effective rotated quartic-polynomial solution
and employs it for boundary and interface analysis. Section VI
addresses the heterogeneous blocks in series and proposes an inverse
1d mapping from the A-LSOB to MR. In the Appendix, Subsection A
summarizes the LI and MR families; Subsection B exemplifies the
reconstruction step; Subsection C builds the corrective flux for the
exact quartic solutions; and Subsection D examines the mass-balance
within the grid-shifted straight interface.

Il. THE MR, N-MR, AND A-LSOB

We define the LBM framework in Sec. Il A, introduce the MR
and A-LSOB closure relation in Sec. II B, reconstruct all first- and
second-order 2D derivatives in Sec. I C, and then build tangential-flux
N-MR corrections in Sec. I D. Section II E embeds the reconstruction
process into N-MR and A-LSOB numerical algorithms. Section II F
summarizes the new methods and discusses their extensions. The
notations employed for Dirichlet and Neumann schemes are gathered
in Tables I and II, respectively; the reconstructions are specified in
Table III.

scitation.org/journal/phf

A. The simplified ADE model

Let us assume that a continuous velocity field #(7), heteroge-
neous porosity ¢ = {¢; }, diffusion coefficient 2 = {Zy} and mass-
source .#/ = { M} are prescribed on the equidistant d— dimensional
computational grid 7 € V,, where the scalar field P(¥) = {Px(¥)}
obeys the linear isotropic ADE,

6,¢kPk+V~ﬁPk—/%k =V -YVP, Y= ¢k90- (1)
The local variables of the dDqQ LBM model are Q,, = Q — 1 moving
populations {f,(7,t), g =1,..,Qu} and fo(7,t), an immobile one.
At each time step ¢, the non-equilibrium population component
ng = fq — €4 is updated by a linear collision operator and the modified
population propagates to the neighbor grid node 7 + ¢,. Let us first
put the mass-source {.#} aside and prescribe the simplest linear

—

equilibrium distribution e,(¥) = ¢, (¥) + ¢, (¥) with the local mass
variable Py (F, ) = >0 fy (7. 1),

e;'(?, t) = t;"’)cePk(?, t), (2a)
Qnm
e (F.t) == P(F, ) = Y el (7.t), (2b)
q=1
e, (7,t) = t{PL(F,1)ii - Cg, g =1, ..., Qu. (20)

The diffusion weight t,(Im) = {t£m>7 tfjm>} and the advection weight

£ = {1, téa)} obey independently the same isotropic constraint,

Q-1

1
2 :tt(IA)C‘i”‘Cqﬁ = 51137 V{OQ ﬁ} ) t‘(l) € |:075:| . (3)
q=1

Hence, there exists an infinite number (tg'), tt(i'>) (coordinate, diagonal)

weight-stencils obeying Eq. (3), including (5,0) in d2q5/d3q7.
Equation (1) then reads with Zx(7) = c.Af (F), Ay = (77 —3),
where 7;; > 1 is the common relaxation rate assigned for the d velocity
eigenvectors {cy, } in the isotropic matrix collisions, and 7;; is assigned
for all anti-symmetric modes in TRT operator; the diffusion-scale
equilibrium parameter c, €]0, c'*( ,gm))} is free-tunable inside its sta-
bility interval.”"*’ In what follows, the phase index k is dropped unless
indicated.

TABLE I. The Dirichlet schemes are classified with respect to their exactness for piece-wise parabolic pure diffusion and constant-velocit)é rotated parabolic profiles modeled in
an arbitrary inclined channel. (a) and (b) MPLI/LMKC and ABB are exact in the grid-aligned symmetric parabolic profiles with (a) A = "7 Vo and (b) A= 2—3 o= %; (c) PPLI
and KMR1 are exact on an inclined diffusion profile and grid-aligned advection velocity field ¥A; (a)-(c) using I, =0 in Eq. (A4) and [;,;=1in Eq. (37a) [see also Tables I/l and

[V, Egs. (121) and (122) in Ref. 40].

Exact parabolic

Exact parabolic rotated

Scheme Single-node rotated diffusion advection-diffusion # = u,1, References
MPLI/PLI v —(a) - Equation (6a), Tables X-XIV
LMKC € MPLI v —(a) -
ABB € MPLI v —(b) -
PPLI € LI v v —(¢) Equation (6b), Tables XII- XIV
KMRI1 € MR v —(¢) Equation (6b), Tables XI- XIV
PP € MR — v v Equation (6b), Tables XI- XIV
T-PP € A-LSOB v 4 v Equation (12a)
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TABLE II. The Neumann schemes are classified with respect to their exactness for pure diffusion ad constant tangential velocity i = uTTf, grid-rotated piece-wise parabolic
profiles; (a): when u, # 0, FLI is exact only on the grid-aligned interface; (b): when u, # 0, FMR is also exact on the grid-rotated continuous interface solution or for specific
jumps, as ¢® = ¢, y® = 01in Eq. (36) (see Eq. (102) in Ref. 40. The mass-conservation in the grid-shifted straight slab is indicated with respect to its exact solvability con-
dition in the interface-perpendicular flow 4 = u,1,, where N-MR reduces to MR.

Exact parabolic ~ Exact parabolic ~ Exact mass-balance in surface

Flux scheme Single-node rotation diffusion in rotated i = u, 1, perpendicular flow i = u, 1, References

FLI € MR v v —(a) v, Eq. (70) Equation (7), Tables XV-XVIII
FMR € MR — v —(b) v, Eq. (70) Equation (7), Tables XV-XVIII
DFLI € MR — v v —, Eq. (73) Equation (8), Tables XVI-XVIII
N-FLI € N-MR v v v v FLI with Egs. (21), (10), and (23a)
N-FMR € N-MR v v v FMR with Egs. (21), (10), and (23a)
N-DFLI € N-MR — v v — DFLI with Egs. (21), (10), and (23b)
T-DFLI € A-LSOB v v v - Equation (12b)

B. Closure relations O =V - ¢4 and 6§lﬁ = V[0g¥] - ¢4 [hereafter, cut link number q

We numerate the one-half of the discrete velocities U?glfq with is dropped in d, and the coefficients ocg’) _ Vf(iu)’ unless indicated]:
the positive numbers g € Qi [sgn, = 1] and their opposite vectors g7y 1) = CLy(Fo 1),

with the negative numbers —q € Q_1 [sgn_, = —1]. When the popu-
lation f; (7, t + 1) leaves the computational domain at the boundary
node 7y, the opposite (incoming) population f_,(7y,t+ 1) is pre-
scribed by the boundary rule (see Fig. 1). The directional boundary
rule computes f_,(7y, t + 1) from the known or already updated solu-
tion components (populations, their post-collision, equilibrium and
non-equilibrium) moving along the same link (c;, ¢_,); this link-wise
component is termed through MR, (¥s, t); the boundary value is pre-

CLy(Fot) = [Pef +a e, + BP0y} + B 0ye

Y Po2es +7 e, +1P 0 + 1 dre, | (7o t).
5)

In this work, we focus us on the spatial component and refer to Ref.
40 for the temporal coefficients 7 and 7). The parametrized
schemes produce identical steady-state solutions when Péclet number

scribed by the term w,(7,,f) in wall point 7, = Fy + ,C,
Y aFo, 1) P 47 b et Pe = U¥ /%, and the specific combinations of the symmetric/anti-

¢ V,, &, € [0, 1], at some suitable time instance f:

foq(Fp,t+1)

The content of MPLI/PLI is exemplified for the multi-reflection (MR)
in Egs. (Al) and (A2); their particular reduction to “linear-

= MR, (Po, t) + wy(Fy, 1), g € QUQL 4

symmetric relaxation rates are fixed, regardless the particular values
assigned to % and 9, on given grid #.”>* The LI and MR schemes "’
are all parametrized for any geometry. The following Dirichlet fami-
lies apply here: the one-node “linear” [MPLI/PLI] and the two-node
“parabolic” [PP/KMR] fit CL; to, respectively, the linear and para-

bolic, directional Taylor expansion from 7y, to 7y = 7, + 6¢:
interpolation” LI is given by Eq. (A3); the wy is provided in Eq. (A4)

for the Dirichlet rules and it makes the core subject of our discussion
for the Neumann rules.

The associated (intrinsic, implicitly prescribed) closure relation
CLy(7p,t) is expressed through the directional derivatives

MPLI/PLI : o) (P + 60,P)}“" ~ a? P(7,), (62)

1 num
PP/KMR /PPLI : o?) (P + 89,P + 5528319) o~ aP)p(7,). (6b)
A

TABLE IIl. The notations employed with respect to Eq. (21): we apply /) = 0 because . (7') does not vary along 7. in our computations, and set l = 1 for the normal
mass-source variation with all schemes except the basic ones: MR = {FLI FMR, DFLI}. The MR, only implies l = 1in Egs. (17)—(24b), without any reconstruction step.
The A-LSOB from Eq. (12) adopts the same notations: T-PP; and T-DFLI; with i = r[when ‘RM” from Eq. (20) is applied in all nodes] or i € {1,2, 3,4} [when Eq. (20) is option-
ally applied only in nodes with a single cut link].

Equation (21) MR MR, N-MR, N-MR, N-MR, N-MR, N-MR,
L 0 1 1 1 1 1
I, 0 0 1 1 1 1
Equation (17) with Eq. (19a) q=3 q=4
Equation (17) with Eq. (19b) q=1 q=2
Equation (17) with Eq. (20) v
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FIG. 1. Sketch for d2q9 boundary node ry: wall-cut links are {C_1,C,C3,Cs};
unknown populations are {f;,f_»,f 3,f_4}; The MR and N-MR operate the delimit-
ing surface with the directional distances ]|¢,||. The A-LSOB builds the Taylor clo-
sure relation along T,, for a distance J,. We consider a single surface bisection
Fn(Fo) =Ty + Sn1).

The Dirichlet family contains an infinite number of members parame-
trized by the link-wise free parameter o?); the MPLI family improves
LI schemes™** for parametrization and includes one of three
schemes,”” called LMKC; the PLI family corrects MPLI for the cut link
projection of the advective gradient 5" 0,(Pii - ¢,), e.g, in a grid-
inclined or interface-perpendicular velocity field. The PP family is
exact on the piece-wise parabolic profiles in the presence of the uni-
form grid-rotated velocity field; the two-node KMR1 and the novel
single-node PPLI retain this accuracy in grid-rotated diffusion slabs
and the grid-aligned advection velocity. The coefficients of the linear
and parabolic Dirichlet MR are exemplified in Tables X and XII,
respectively. The members of the same family produce identical
stationary solutions provided that their effective steady-state closure
relations, exactly expressed through ej and n;, are equivalent; their
coefficients can be found in Table XIII, whereas those of their approxi-
mation with Eq. (5) are gathered in Table XIV. The Dirichlet schemes
are classified in Table I.

The MR, coefficients of the advective-diffusive flux FLI and
FMR schemes are presented in Table XV, those for an infinite
diffusive-flux family DFLI in Table XVI; the internal coefficients of the
stationary closure are all gathered in Table XVII, and those of the
second-order accurate approximation with Eq. (5) are specified in
Table XVIIL The one-node FLI and the two-node FMR fit CL, to the
directional Taylor expansion for the projection of the advective-

diffusive flux @ (7):

FLI/FMR : o) (@, + 00,®,) 1" ~ a™®y(7,),  (7a)

scitation.org/journal/phf

O (7y) = 1y Pii - 2y — 1" 0, P

b

o o (7b)
D, (7y) = t,®O(7y) - ¢4, © := 1P — IVP.

The flux linear interpolation (FLI) reduces to the BB for half-distance
0 =1; the FMR improves FLI for the parabolic advection term

() t;“)a; (Pii - ¢;) in Eq. (5); the scale factor () is fixed in these two
schemes. Typically, the boundary accommodation simplifies with the
same weight tém> = tg(f) = t, in Eq. (2). In turn, the diffusive-flux MR
DFLI family vanishes all advection terms in Eq. (5) and it prescribes
the linear continuation of the diffusive flux governed by an arbitrary
linkwise scale factor f':

DELL : (D, + 69,D,)[""™ ~ f'D,(7,), (8a)

o
Dénum) (7o) = _tém>gaqp|;‘:"’ ) (8b)
Dy(7,) := t{"D(#,) - ¢;, D = —7VP.

The MR, schemes are quite natural for LBM because they supply the
unknown populations directly, the BB alike. However, Eqs. (7) and (8)
need to prescribe not only the normal (physical) flux component
®,(7,) but also its (unknown a priori) tangential component @ (7,),
given that @, (7,) = (@, ®,) - ¢, with ® = @, 1, + ®,1,, in the unit
(tangential, normal) surface-aligned coordinate system (I.,T,) |7q
traced at the bisection point 7, = 7}, + J,¢, of the cut link and a given
surface; Fig. 2 illustrates flux decomposition for a constant flux ®
prescribed on the flat grid-inclined surface.

Hence, one of our objectives is to relax the continuation of ®.1, -
¢4 and D, 1, - ¢; from the closure relation CL, in the normal N-MR
flux schemes, where MR, in Eq. (4) becomes replaced by MR ,;:

N-MR : MR, = MR, — CLy.. ©)

When Eq. (5) is expressed in the 2D rotated frame (1., 1,)|. using

r
decomposition #(7,) = {u, u,} and ¢y = {cge, ¢gn}> the CLg Teads

FIG. 2. Sketch for a uniform boundary flux <T>q= CI),,TH 3 tI),T, and its directional
projections ®g = Dpg + Doq, With @pg = Dy 1, - Cq and O = D1 - g, speci-
fied for g=2 and g=4 on the flat grid-rotated surface. The MR prescribes
@q(F5); the N-MR prescribes ®ng(Fy); the A-LSOB prescribes @, (Fa)15.
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CLyc(P, u.P)

- oc(")t‘;“)LtTchT + ﬁ(P)t )e.d, Pcge + /3 t “ [ (uTP)cz

+ Ou(u, P)cqchn} + y(” ), [82 Pc + (9 chfcq,,} + y(“)t;“)

(num)

x [22.(wP)cs, 4202, (ueP) ey + 8, (wP)egecy |

(10)

Linear formulation assumes that i(7) is independent of P(7).
Equation (10) can be then readily expressed through the local vector

Y[5]:

2d : Y[5] = {9.P,9,P, 0% P 82P62P}|"“’” (11)

YTt Y Y nnT ) Y tn

The idea is to reconstruct Y[5] locally, based on the in-node LSOB
approach,”"” and to compute CL,. (P, u.P) explicitly; the one-node
N-MR, as N-FLI, then remains local but it loses its directional
implementation.

The alternative in-node A-LSOB approach assumes the surface-
aligned (1, 1,,) |? unit coordinate system to be traced at the bisection
point 7,(Fy) = 7 4+ 9,1, (see Figs. 1 and 2), and it employs the
reconstructed nodal derivatives to build the parabolic-accurate Taylor
closure relation along the normal direction from 7y, to 7, for Dirichlet
[T-PP], diffusive flux [T-DFLI] and advective-diffusive flux [T-FLI]:

T-PP : P(7, +Z af"P\ ) — p(7,), (12a)
2 sim-1)
T-DFLI : 924” P\ ) — p(7,), (12b)
m=1 (m - )
T-FLI : (uy(7y) X T-PP) + T-DFLI = ®,(7,),
(12¢)

where 7, = 7y + 0,1,,.

Assuming a constant normal velocity u,, Eq. (12¢) computes the
advection component u, P with P replaced by the LHS of Eq. (12a);
Eq. (12¢) reduces to Eq. (12b) when the normal velocity u, is zero
(typically on the solid wall), or when u,, and P are continuous on the
interface provided that scalar-field continuity is prescribed with Eq.
(12a). An extension to space-variable u,(7) is straightforward giving
its normal Taylor expansion.

At this point, we should recognize that the A-LSOB extension to
interface is less evident than with the MR, because the interface points
{¥,} do not overlap, except for a grid-aligned interface. For that rea-
son, the Taylor schemes will be only considered for grid-rotated walls
and grid-aligned interface.

The flux schemes are summarized in Table II; just to fix ideas, we
propose to “interpret” FLI and FMR as the linearly and parabolically
interpolated BB, whereas T-DFLI and DFLI can be thought as the local
and back-sided extrapolations of the diffusive flux and its non-
equilibrium term, respectively. We will show that these internal char-
acteristics determine their mass-balance properties.

scitation.org/journal/phf

LSOB ideas.”*” We demonstrate this procedure for TRT operator,
but it extends under the symmetry argument”>* for any standard iso-
tropic or anisotropic collision matrix, giving the associated third-order
accurate Chapman-Enskog non-equilibrium solution.

1. Reconstruction with the TRT collision
The TRT update applies in the following form:

fi(F +sgnico, t +1) = fi(7, 1) + iny (7, ) + sgnyn (. 1),

VieQUQ.y, g=jsgn, g€ Q,
{F,7+ sgnjcq} € V,, with (132)
ot Lo + S 1
I’lq ::71_74: q 7€q)7f :7(fqtf*q);
fFt+1) =f(F 1) +ag (7. 1),
B8 13b
g =T 1) =2) iy (7,t) (13b)
q=1

We assume hereafter that Eq. (2) incorporates the mass-source
(7, t) and re-defines the scalar-field solution P(7) with 1./

+(7) . ¢(m) e eq __ = + =
e, (F) ==t c.P, P = P(¥) + AT (F), (14a)
Qun
e (F):=t\Pii €y, P=> fy 4., (14b)
q=0

A (F) = (r:(?) - E) A7) = AT F)A (7). (14¢)

A free-tunable collision parameter A(7) should remain fixed to obtain
the same steady-state solution for any diffusion coefficient 7y = c, A~
given the grid Péclet number % /% and, in general case, ¢, value. At
steady-state, the non-equilibrium solution obeys the recurrence equa-

tions™ """ exactly expressed through the directional central differences:
A(F) =3(W(F+8) —w(F—¢)) and  A(F) = y(F+E,)
—2y(7) +¢(? —¢y)»as
RE-a: ii" = Aje — AR + (A —1)A%* 15
g =Age; — €t — 1) 8 (15a)
A2+ X2+ X AT

RE-b : Aqeq - A Aqnq qunq =0, (15b)

FATF FA T 1—2: I\ .5
RE-c: A g =A Aqeq fZAqeq — A*Z)Aqnq (15¢)

Equation (15c¢) is obtained by expressing AZ&; from RE-b and insert-
ing it into RE-a. We restrict RE-a to its second-order accurate approxi-
mation [A-RE]:

*(2) ~ + 92

7 —A aq 2 (16)
Giving the post-collision solution 7. at boundary node 7}, or at inter-
face node 7;, Y[5] from Eq. (11) solves the local linear system:

B-Y[5]=R,B={B}, B, =dyn,?, (17a)
C. Local reconstruction RE At At
= {R bRy =hg — ;(2)‘Y:07 (17b)
The reconstruction procedure restores the first- and second-
order derivatives from the non-equilibrium solution based on the Y[5] = B~'R. (17¢)
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The term n @y 0 may differ from zero when (¥ ) and/or ./ (7)
vary in space, eg, 1, @)|y_, includes P(7y, t)0,ii - ¢4 and P(7,, 1)
8 i - ¢, in a parabolic Veloc1ty profile.

Remark. In the transient case, the RHS in Eq. (16) sums with
ate;—' (7, t) which can be estimated locally from 71¢(7, t) o< 9,P(7, t).

2. Reconstruction in constant velocity field

Let us illustrate the reconstruction procedure for a constant
velocity field i = (u;,u,). When the mass-source is set piece-wise
constant, Eq. (16) becomes

At @ (p ip) = 1) (Cqnthn + Cqrthe) (CgnOnP + ¢z 0:P)
té A x(cznannPJchqncq,az P+cq1631 ), (18a)

an (P,#P) = (m Ce(CqnOnP + ¢g:0:P) — t(“ A+(cqnun + Cqethz)

X (63,00, P + 24nC: 0%, P + 2 O P), (18b)

with T, = = (cos [0], _‘sm [0]), 1, = (—sin [0], cos [0]) . (180)
Cqr=Cq Lo, g = cq 1,,.

Giving the four non-complanar d2q9 velocities, as: ¢; = (1,0),

¢ =1(0,1), ¢35 = (1,1), ¢4 = (1,—1), the d2q9 operates with four
independent couples {fz;, ng}, g€ Q;; they reduce to two coordinate
pairs with d2q5. The d2q9 allows us to reconstruct the five compo-
nents of Y[5]; recall, they are required for CLy; in Eq. (10) and also by
the A-LSOB, to prescribe all incoming populations with Eq. (16).
Hence, we have to select 5 components flqi from their 4 x 2 available
values. We consider first two groups, I and II, each formed by two par-
ticular square subsets, as Ta and Ib. Group I prescribes {7 M } for
the two coordinates links, and 72 for one of the two dlagonal links.
Inversely, group II prescribes {n i, } for the two diagonal links and
ng  for one of the two coordlnate hnks

a5 ={al,n, 0 ,n;}Unq ,q=3(a)orqg=4(b):

< 19a

|det[B]| = 26" c.A™ x T2 (122 A~ — 2 AT (- )°), (192)

W:af5) ={ny,ny,n;,n, Ui, q=1(a )orq 2(b): (19)
|det[B]| = 81" c.A™ x [TVZ3 (1" 22 A~ — £ A" (i1 -))?).

The determinant is specified in system (18), it has the same magnitude
|det[B]| inside each group and it is different from zero unless when the
d2q9 reduces to d2q5 in group I [tém) = 0] or to d2q5™ in group II
[t§m> = 0]. It is also to note that the subset II shall be preferred in the
straight situation for the sake of the symmetry. Equation (B2a) and
(B2b) display the alternative reconstructions, when the fifth compo-
nent ﬁ; is replaced by 7, ; however, then, det[B] = 0 if ii is complanar
with the diagonal or coordinate direction ¢, respectively.

We note that regardless the wall inclination or surface curvature,
Eq. (18) can be expressed in the Cartesian coordinate system through
Yo[5] = {6,P,0,P, %P, ijP o2 o P}. When Y, [5] is derived from Eq.
(17), Yo[5] gets the same solutlon as that using the inclined system in
Eq. (17) with the help of the posterior mapping given in Eq. (B1). The
fixed coordinate system may lead to a simplified implementation
when (T,,T,) vary along the wall, as for example when the N-MR
applies on the curved surface (see also®) When the velocity or mass-
source varies in space, Eq. (18) becomes modified according to Eq.

scitation.org/journal/phf

(16); Egs. (B3
set IL.

Finally, the whole rectangular matrix (“RM” hereafter) can be
pseudo-inverted in Eq. (17):

RM” : B[8 x 5] - Y[5] = R[8], R = ai—H*(2)|y_, ,
i8] = Ui (i, }.

Equation (20) prescribes all 8 post-collision values regardless the local
geometry. The “RM” approach is then simpler and it naturally retains
the underlying symmetry. One can also restrict “RM” to n[6], e.g,
giving four coordinate values and two diagonal values. The rectangular
system can be solved with the help of the singular-value decomposi-
tion method following”"”” in this work, the most suitable (least-
square) approximate is automatically provided by the linear solver of
the symbolic tool. The obtained solution is exact when Eq. (16) satis-
fies the system exactly. We will find that on the one side, the rectangu-
lar reconstruction is algorithmically simpler than the square one; on
the other side, it is only approximate and then it does not maintain the
bulk parametrization exactly, in general cases.

)-(B5) then exemplify the parabolic fields using the sub-

(20)

D. The N-MR flux schemes

Giving that Y[5] is reconstructed with Eq. (17), the N-MR applies
the correction & [(i_) (b, t) to the MR rule as

f,q(?b, t+ 1) =
6\) = I,CLg (P, u.P) + I)C
1 CL, (AT ,0)
{1,140 15} € {0,1}.
We distinguish three optional and independent directional correc-
tions: CLy (P, u.P) for the tangential projection of the advective-
diffusive flux; CLy:(A".#,0) and CLy,(A".#,0) for the tangential

and normal variation of the mass-source. The boundary term
wq (74, t) prescribes the projection of ®,1,, or D, 1, respectively,

(MR, — &) (7o, £) + w7y, )

( Lo.(A.4,0
q q( ) (21)

FLI/FMR : wy(7y, 1) =
DFLL: wy(7y. 1) = —f tq
When I, = 1, Eq. (5) reproduces the directional Taylor expansion for

the link projection of the normal flux ®,,; or D,, and Egs. (7) and (8)
then read as, accordingly,

—o® (Dl (rq7 ) Cq; (22a)

ID,1,(7, 1) - - (22b)

N-FLI/N-EMR : ) (@ + 00, @) |1 2 0,7, ) |
Q(n’;“m) = té”)uncqn - t,gm>@8npcqn|("“m) , (23a)

D,y = tq(I),,f,, Cq =t Ppcgn;
and
N-DELI : §/(Dyg + 89, an)| (4m) o B Dyy(7y) »

Ds,zum) = Janchn , (23b)

Dy = té’”)ann -2y = " Dycg.

When .#(7) varies, its tangential and normal variations modify the
flux closure condition, and they can be removed from it in Eq. (21),
e.g., giving their (known) derivatives:

Phys. Fluids 33, 057104 (2021); doi: 10.1063/5.0047210
Published under license by AIP Publishing

33, 057104-8


https://scitation.org/journal/phf

Physics of Fluids ARTICLE

CLy (A" ,0)

= NGB0 Mg+ )PPl o+ B legeeyy) |, (240)
CLyu (A" ,0)

N [/3(})) Ol cqu+7P (R, M+ afn//cqfcqn)] . (24b)

The role of the mass-source corrections diminishes when ¢, — 0, but in
principle, they should also complement the MR in Eq. (A1) following
Eq. (21). Their main configurations that will be employed in this work
are labeled in Table IT1.

E. Transient algorithms with the MR, N-MR, and
A-LSOB

The boundary algorithms MR, N-MR, and A-LSOB may cope
with any linear ADE collision but they are elaborated with the TRT
operator, because it naturally provides the symmetric and anti-
symmetric post-collision components 7, which are used by the MR
corrective term F q in Egs. (A1) and (A2) and by the reconstruction in
Egs. (17) and (20). Assume that the populations f; (7, = 0) are ini-
tialized in fluid nodes 7 € V). The iterative TRT algorithm then con-
sists of the following steps:

1. Compute the equilibrium components e; (7,t) including the
mass source term AT.Z (7, t) into e;, e.g., using Eq. (14).

2. Compute the post-collision populations f (7, ) = fy(7,t) +
g (7 (7, ) + f1, (7, t) with the TRT operator (13) in all fluid nodes;
store 71, (rb) in the boundary nodes 7y.

3. Perform the streaming and update all neighbor “fluid” popula-
tions: f(F +¢q,t +1) = fq(r t); store f (7,t) temporarily in
the boundary nodes 7, e.g., with the BB rule: foq(Fp,t+1)

1‘ by t).

4. Perfﬂorm the boundary update in all boundary nodes 7.

Note: using the time-explicit formulation in Eq. (A2), the
unknown populations f_, (¥, t + 1) can be computed before the
streaming step using the pre-collision solution f, (7, t).

5. Go to step 1 unless the stop criteria is reached.

I. Boundary update using the MR and N-MR. The MR computes
unknown populations f_, (7y, t + 1) with Eq. (A1) [or Eq. (A2)]:

1. Pre-select the MR rule for wall-cut link ¢, e.g., the Neumann
FLI/FMR/DEFLI from Table XV or the Dirichlet, linear MPLI/PLI
from Table X or the parabolic PP/KMRI from Table XI.
Prescribe its free-scale parameter (rxq ?) ” or [f/ ); compute
coefficients {2, f8, ﬁ 7,7 }4 and the correct1on F % givmg the dis-
tance 6, from 7}, to the wall cut link bisection point 7.

2. Prescribe the boundary term w,(7,, ), e.g., with Eq. (22) in the
Neumann rule, or with Eq. (A4) in the Dirichlet rule.

3. Compute f_4(7p, t + 1) according to Eq. (A1).

4. If .//(¥) varies in space, it is reccommended to compute its nor-
mal CLg,(A".#,0) and tangential CL,(A".4,0) corrections
with Eq. (24), and to subtract them from f_, (7}, t 4 1) following
Eq. (21).

5. If the tangential-flux N-MR correction is not needed, go to the
next cut link g(7y). Otherwise, the N-MR correction CLy (P, u.P)
is to be computed after the reconstruction step and subtracted
from f_, (7, t 4+ 1) with Eq. (21) for all Neumann cut links g(73).

scitation.org/journal/phf

6. Go to the next boundary node when all values f_, (7, ¢ + 1) are
updated.

Note: In this work only a constant flat-surface boundary flux is
simulated, where the flux boundary values @, and D, in Egs. (22)-
(23) can be set equal to @, (7,) and D,(¥,), respectively (see Fig. 2
This enables us to perform one reconstruction procedure per bound-
ary node in the wall-aligned coordinate system. Otherwise, when
@, (7,) or the coordinate system {1, 1,,}(,) varies along the surface,
the N-MR may perform the reconstruction in the Cartesian coordi-
nates, applying then the individual mapping from Eq. (B1) to compute
the term of & <q’>

The reconstruction step can be performed as the following:

in Eq. (21) for the given cut link.

1. Select a subset ﬁqi for the square reconstruction of Y(¥y) (e.g.,
with Eq. (19)), unless when the rectangular reconstruction is
applied with Eq. (20) giving all Q,, values ﬁqi.

2. Select the coordinate system, e.g., the Cartesian or the wall-aligned

(T.,1,)]: ,» and to express Eq. (16) with it. Compute the matrix
entries B(rb7 t) and the right-hand-side (RHS) vector
{fa;(z) (Pbs t)|y_o} in Eq. (17); the examples are provided by Egs.
(18) and (B3).

Note: The matrix B and {ﬁ;<2)}|yzo can be precomputed prior
to the iterative update provided that the relaxation rates, velocity
and mass-source fields do not vary in time.

3. Compute vector R(7y, t) from {flqi(?b, t)} and solve Eq. (17) or
Eq. (20) for Y(#y, t).

II. Boundary update using the A-LSOB. The A-LSOB prescribes

the incoming population f,(7p, ¢ + 1) with the second-order accu-
rate Chapman-Enskog approximation:
e @l e
where eqi depends upon an unknown value P(7y, t + 1); ﬂ;(z) G
are computed with Eq. (16) after the Reconstruction step. The
Reconstruction step shall, additionally, incorporate normal Taylor condi-
tions from Eq. (12). For example, the Dirichlet closure equation from
Eq. (12) can be either directly added to Eq. (17) or utilized to express
P(7y,t + 1) through other unknowns. In the case of the Neumann rule
(12b), the definition of the unknown local variable P(7y,t+ 1)
= ZQ"‘O fq(7p,t + 1) can complement Eq. (17), by substituting their
the updated populations f, (7, t + 1) and by expressing the incoming
ones with Eq. (25); a similar procedure is exemplified by Eq. (3.6) in
Ref. 87. When the Taylor closure or the local mass definition equation is
added to Eq. (17), the unknown variable P(7y, t + 1) is inserted into
Y(¥b). Once Y(7y) is reconstructed, Eq. (25) is computed in the prese-
lected coordinate system.

Note: Since Eq. (12b) inter-relates the two normal derivatives, the
number of unknowns in Y(7},) can be reduced by one; in this way, the
A-LSOB 2D flux schemes shall become available with the d2q5 scheme.

These A-LSOB transient algorithms are left however for future
adaptation and validation. In this work, we focus on the development
and application of the A-LSOB within the steady-state formulation.

fq(fp,t+1) = e;r —e —T

F. Summary and extensions

Our starting point is the generic second-order accurate approxi-
mate of the closure relation in Eq. (5) associated with the one or two-
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point MR rule in Egs. (A1) and (A2). Generalizing the common proce-
dure, Eq. (5) includes not only the first-order equilibrium derivatives
but also the second-order ones, and it also accounts for the non-
equilibrium neighbor variation in two-point rules. The coefficients in
Eq. (5) are provided in Sec. A for the Dirichlet and Neumann ADE
rules, but they are also tabulated” for the Dirichlet velocity, pressure
and normal stress LI and MR rules; the LI and MR also extend for the
slip-flow regime.” " Practically, any directional boundary or interface
rule fits Eq. (5) with some coefficients; for example, the free-interface
pressure/stress scheme” corresponds to the Dirichlet family
MPLI(a?) = —1) [see Eq.(61) in Ref. 40].

We then identify the deficient projections in Eq. (5) for the given
boundary rule; Eq. (10) exemplifies the deficient advective-diffusion
tangential projection with respect to the normal Neumann flux condi-
tion in a constant velocity ADE. Once the deficient term is formulated,
the idea is to re-build it from the in-node non-equilibrium solution
fzqi, and to subtract it from the MR incoming population. Again, this
type of correction can be built-in into any directional rule. The pro-
posed algorithms are all summarized in Sec. II E and they do not need
to resort to any off-grid interpolations. The subsequent analysis
extends straightforwardly for any linear collision operator by replacing
Eq. (16) by its associated Chapman-Enskog approximate.

The current reconstruction assumes that e is linear with respect
to the macroscopic variables, as the concentration, diffusive-flux vari-
able (in the linear or non-linear ADE), or pressure and velocity in the
fluid Stokes/Brinkmann flow modeling. The 2D ADE system then
requires the restoring of the five derivatives; they are exemplified in
the wall-aligned coordinate system by Eq. (11) but the coordinate sys-
tem can be assigned arbitrarily, and it may vary from one node to

another. We propose then either to preselect the five values fl;

to invert the square system in Eq. (17), or to give all Q,, values hqt and

to (approximately) solve the rectangular system with Eq. (20). We
note that the second strategy is geometry and problem independent,
but it may not maintain exactly the TRT parametrization by the physi-
cal dimensionless numbers at fixed A. The reconstruction was intro-
duced with the LSOB flow matrix method”' and it has been recently
optimized®” with the 2D/3D TRT collision for Stokes flow. In turn, the
A-LSOB closure equations (12) are formulated here as an alternative,
normal Taylor single-node parabolic closure of the ADE system. Once
the macroscopic variables and derivatives are reconstructed, the
incoming populations are consequently prescribed by Eq. (16).

We note that the N-BB prototype of N-FLI was successfully
applied™ to release the tangential advective-diffusive flux, and hence
to compute correctly the two first moments, in solute transition along
the flat surface, and on the heterogeneous anisotropic interface.”” The
numerical simulations in this work will be performed with the steady-
state formulation, which enables us to verify all new bounding techni-
ques through a quite arbitrarily, parameter range (physical contrasts,
Péclet number), without concerns from stability.”‘ﬂ’z’”‘3 8.60.83
However, the transient MR ADE interface-conjugate has been also
developped;'”*” its update to N-MR is identical with the boundary
counterpart, and it is exemplified with the steady-state interface-
conjugate treatment in Sec. III D. The MR interface-conjugate is also
formulated” for the velocity and normal-stress continuous flow
conditions; their release from the tangential stress projection shell
becomes possible following the N-MR path. Conversely, the LSOB
approach demonstrates how to insert the physical, normal and

and
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tangential, free-surface flow stress conditions directly into the
Chapman-Enskog multiple-relaxation-time (MRT) population recon-
struction in the filling process, either at high Reynolds number”” or for
Bingham fluid.”*

A preliminary MR analysis* demonstrated that the parabolic
velocity scheme MR1 (which is the original flow counterpart of the
Dirichlet scalar scheme KMRI1 from Table XI) is much more accurate
than the linear ones””' not only for porous media later confirmed,'**”
but also for the pressure fluctuations in a newborn fluid node, improv-
ing them for the mass conservation and the Galilean invariance in the
static/moving frames. These properties have been recently carefully
evaluated,'***" leading however partly to a different conclusion® on
the competition between the linear CLI scheme™ (which is in turn the
flow counterpart of LMKC) and MRI. In our belief, the parabolic MR
shall handle more accurately gyressure fluctuations because MR van-
ishes the pressure terms of [5("’ (as MR1) and also y@) (with new PM
schemes™’) in Eq. (5), which are both non-zero in the linear (LI)
Dirichlet velocity schemes including their new member IPLI from
Table XIL

Finally, it is well known that the local mass adjustment spoils
body-fitted boundary rules.” Differently from a mechanical mass con-
servation account, the steady-state formulation will express it through
the body-fitted global solvability condition, providing interesting hints
for mass-balance properties of the linear and parabolic ADE flux
schemes. We expect to extend this approach in a near future to flow
schemes.

lll. STEADY-STATE TRT FORMULATION

We recall the steady-state TRT formulation and specify its bulk-
uniform M,— solvability condition in Sec. I1I. The alternative correc-
tive boundary-flux approach is introduced in Sec. III B. Section II1 C
recasts stead-state MR and N-MR; Sec. I11 D applies them with the
interface-conjugate; Sec. IIIE provides the steady-state MR, N-MR
and A-LSOB algorithms; and Sec. II1 F resumes these techniques.

A. Bulk system

The TRT bulk steady system is composed from two equations
per every internal link connecting ¥ € V, and 7 +¢; € Vp, q € Qu:

S4(7) = S_4(F +¢4), (26a)
Gy(7) = =G 4(7 +¢y), (26b)
with
1
$4(7) = {e; +Ef1; — Aﬂ%ﬂ GE
1
S_¢(F+7¢y) = {e; - Eﬁ; - Aﬂ%ﬂ (F47¢y),
) (27a)
Gy(7) = {e; +5ﬁ; - Afﬁq_} (7,

This system is complemented with the local mass-conservation equa-
tion given by
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Qu/2
2 Al (F) = M(F) + My, T E V. (28)
gq=1

The global set of the unknowns Var in the linear system formed by
Egs. (26)-(28) reads

(29a)

n(r) = quQ%ﬁ;:(?), (29b)
When the grid is composed of N, nodes, the set Var consists of
NpQu+ N, + 1 variables. A single unknown variable M is introduced
to assure the solvability condition whenever the system is defined to
an additive constant, so that one variable P(¥) can be fixed to arbitrary
value. The solution is normalized a posteriori, as it typically happens
when the system is closed by the Neumann or periodic conditions. In
principle, the two notions: (i) the exact solvability condition of the
steady-state system, and (ii), the preservation of the population mass
(sum), are distinct for grid-shifted or shaped boundary. Indeed, the
sums of the pre-collision and the post-collision populations are the
same provided that Y . .#(7) = 0:

Qu_ Qu
SN FEH =D fiF ifonly > u(F)=0.  (30)
rog=0 =0 7

¥ roq

This condition assures the solvability condition with the BB or implicit
periodic interface. At the same time, the exact solvability condition
reads as (.7 (¥)) = [..4/(7)dr = 0. In fact, when prescribing a mass-
conserving source (.# (7)) = 0, the BB— system will find the follow-
ing solution for My

BB : MyN, = Z MF) = (M(F)). (31)

In other words, only when the boundary scheme is exact, or when
() obeys its discrete solvability condition, the obtained solution is
M, = 0. It should be said that the My—mechanism is self-activated by
the transient LBM via a time/space uniform immobile population
post-collision, when the boundary rule cannot assure its equilibrium
steady-state.”"” In this work, we prescribe .# (7) exactly and compare
the magnitude of M, for all flux schemes.

B. The corrective boundary flux

We introduce and comparatively evaluate an alternative
approach, when the modified normal diffusive flux D, *=®, is pre-
scribed for two parallel surfaces y’ = {0, h}, as

*gZay/Pb;:O — Dn + q)() 5

798},/1‘3‘)’;:}1 = Dn — (I)() ) (I)() = @X (32)
Equation (32) modifies the mass balance because the corrective flux is
opposite on the two bounding surfaces; it mimics a uniform distribu-
tion of mass leakage over the wall. It is clear that Eq. (32) will behave
most accurately for symmetrically placed walls. We will also extend
Eq. (32) for the periodic interface, either continuous or subject to a
constant flux jump, and compare magnitude @ for all flux schemes.
The unknown value @, then replaces M, in the global list Var in
Eq. (29):
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Var = ®oUscy, (P(7F) UR(F)), Mo=0. (33)

The rationale behind of the corrective flux is to verify whether Eq. (32)
is more accurate than the M, source, because the modeled bulk equa-
tion remains not modified.

C. The steady-state MR and N-MR

The bulk system (26) is not defined for the cut links g, € Qp(7%)
where Eq. (21) reduces to linear equation with respect to X,[8]:

M, - Xy — g,;h_>(ﬁ) = *th(?‘qb) s
Mq[g] = {m17m27m37m4}
U{m57m67m77m8}q’

X,[8] = {e} . sgn, €, .71y sgn,, 7y}, (34)

+ — ot P
U{eq 1881, €q 5 1y 5 S8y, 1y } Fup ?
Tao = Tb +0g,Cqp» Tub = Tb — Cqy »

q=sgn,q,q € Q.

The coefficients {m;} are computed from MR in Eq. (A1):

m = G+p+p—1, m = (G+L-p+1),
my = —1ttm +a +Z§ my = —T my+a f[A)’
+K7, +K (35)
ms = v+ 7, ms = Y =7,
m; = —ttms + 7, mg = —T"mg — .

The local (linear) MR operates with zero coefficients ms — mg, so that
M, reduces to My[4] = {my, m, ms,ms}, and the unknown vector
X4[4]l7, is local. The correction é”fn’) applies with Eq. (21), where
CLg: (P, u.P) is expressed with Eq. (17c) through the in-node variables
n :quQ%fz;: (7p) (cf. Egs. (B3)-(B4a)). Equations (34) and (35) com-
plete the bulk system for Uz Qp(7p) wall-cut links. The steady-state

algorithm then solves the global linear system with respect to all
unknowns Var from Eq. (29) or Eq. (33).

D. The MR and N-MR interface-conjugate

Following™**** assume now that Py (¥;,,) and D,S") (Fint) are sub-

ject to continuity or jump conditions on the interface 7,

P = PpD 4P| (36a)
DS.I) . = o'(”)fo) +,7(m) . (36b)

Based on Eq. (34), the interface-conjugate directional closure between
the two neighbors 7; and 7,; = 7; + ¢, is accordingly expressed by
the Dirichlet M,gp ) (océp )) rule for Eq. (36a) and by the flux Mf(,f >(Wq)
rule for Eq. (36b):

() _ o+ | (p) _ e | |@
MP X, — & M X, — & -
Tq — O—(P) Tq + ;/I(P)(rim) ,
oq 7 g Foi

(37a)
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RN (2)
My x, - 65) ()

+tqn<m>(?int)fn . Eqp (37b)
Equation (37) is expressed with Egs. (34) and (35) in terms of the half
set {e;7 sgn e, ﬁ;, sgn i, } using the following convention in
phases (1) and (2):

Tin =7i+ (Sq,cq;v

= L (38a)
Fap=Fi— . 4= qisgn,. g0, = sgn,,
@ P =g Fw=Futongia
Pup =Tni—Cq, q= (—q,-)sgnfqﬂ sgn, = sgn_,.

Equation (37a) reads with an optional term & (+) = I,»,,,o(gp >tém>ceA+
My (¥ine) introduced to remove the interface vafue of the equilibrium
mass-source term, or its second-order approximate, from the
continuity/jump closure equation (see Ref. 40) We set I;,,, = 1 and pre-
scribe .4 (7;,;) exactly on each interface side. In turn, Eq. (37b) reads
with Eq. (21) applying the scale-factor of the MR flux scheme [cf. (7a),

(23a) and (8a), (23b), respectively]:
Cw — )
FLI/EMR : W = o¥) (39a)
DFLI : Wé“) =B, (39b)

Equation (37) is assembled together with the bulk and boundary equa-
tions, the whole system is then solved with respect to all unknowns
Var from Eq. (29) or Eq. (33).

Note: Below, the interface-conjugate is abbreviated as
PP-FLI, PP-FMR or PP-DFLI when the PP aplghes for Mg #) in Eq.
(37a), whereas FLI, FMR or DFLI applies for M, ’ in Eq. ( 3/b The
FLI and FMR should be replaced by N-FLI and N-FMR when the
presence of the advective flux projection in Eq. (37b) is not compatible
with the prescribed condition (36b), examples in this respect are
provided below.

E. Steady-state algorithms with the MR, N-MR,
and A-LSOB

The steady-state TRT algorithm closed with the MR boundary
and interface-conjugate conditions is formulated in more detail in
Appendix B;"” we update it with MR, N-MR or A-LSOB. To sum up,
the global solution {P(¥)} and {ﬁ; (7)} is found by solving the linear
algebraic system composed from the following equations:

1. the couple of the TRT bulk equations (26), assembled for every
bulk link;

2. the local mass-conservation equation (28), assembled for every
fluid node;

3. the MR closure equation (34), assembled for every wall-cut link
or, alternatively, the A-LSOB closure equations assembled in-
node as provided below.

4. the couple of the MR interface-conjugate equations (36a) and
(36b), assembled for every interface-cut link; they replace the
couple of bulk equations.

5. a prescribed free value P(¥) in any one point when the global
solution is defined to an additive constant, e.g., in the Neumann

scitation.org/journal/phf

or periodic-interface systems. In such cases, M, from Eq. (28)
enters the list of the global variables; otherwise M, =10 is
substituted there. Alternatively, the boundary flux can be pre-
scribed with the corrective flux variable @, from Eq. (32); an
extension for periodic interface is exemplified by Eq. (64).

Note: a posteriori, the normalized procedure shall remove the
solution dependency on the prescribed value. We will examine the
proposed flux schemes with respect to this property.

1. Steady-state N-MR boundary algorithm

The N-MR tangential correction CLy (P, u.P) from Eq. (10) is
embedded via é”gb’)(ﬁ) in Eq. (34), following Eq. (21). In that,

CLg(P,uP) is expressed through Y[5] =B 'R, R = ﬁqi

=@, and {hqi} belongs to the list of unknowns Var. In that,

one computes B! and ﬁ;(z)\YZO following the Reconstruction step

from the transient algorithm in Sec. II E.

2. Steady-state N-MR interface-conjugate algorithm

The interface-conjugate applies with Eq. (37) where, similarly,
the tangential corrections are introduced by the terms of é”gl’) and

() . .
¢~ in Eq. (37b). They are expressed respectively, through Y[5];

B*1R|g> and Y[5], = 1R| in two interface nodes.

3. Steady-state A-LSOB boundary algorithm

Similarly with the N-MR, the normal derivatives in the Taylor
conditions from Eq. (12) are expressed through Y (1 (7)) and the pre-
scribed Taylor condition is embedded into the global system. Then,
giving N, cut links {g; }, one adds to the global system N;, — 1 closure
“expansions” in the form

ot 4 @
g =ng sy =1y

where 71+ (7,) belongs to Var, an
Eq. (16) in terms of Y(n(7y)).

Note: The choice of N, — 1 Eq. (40) is not defined uniquely: one
can prescribe N, — 1 relations for the symmetric or anti-symmetric
components alone, as ﬁ; n;(z) orn, = ;1—(2)’ or combine these
two. In principle, any combination of the reconstruction subset with
N, — 1 closure relations is suitable provided that, respectively, Eq. (17)
and the global linear system are well defined. Our optional semi-
heuristic algorithm is detailed by Example 4 in Sec. B.

;g = sgn, qp, (40)
d 71=®)(#,) is prescribed as given by

4. Steady-state A-LSOB interface-conjugate algorithm

This algorithm is only applied in Sec. VI A 3 for a straight inter-
face in interface-perpendicular plug flow. The couple of the interface
conditions (36a) and (36b) is then expressed through their normal
Taylor approximate with Egs. (12a) and (12b), and it replaces the cou-
ple of the bulk equations for interface-cut link.

F. Summary on the steady-state formulation

The steady-state TRT formulation operates with the non-
equilibrium post-collision variables flqi (7) and the conserved quantity
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P(7). They solve the linear algebraic bulk system composed of Egs.
(26)-(28). In a continuous problem, the solvability condition of the
Neumann problem is guaranteed by the global mass conservation con-
dition; however, since the continuous condition may not be assured in
the discrete system, we propose to adjust it either with a single variable
M, from Eq. (28), in any geometry, or with the corrective boundary
flux =@, from Eq. (32), in specific channel-like slabs. These variables
are automatically obtained by solving the global Neumann or
interface-closed system, where solution P(¥) is defined to an additive
constant. Our next experiments will compare the respective accuracy
of the two solvability techniques, whereas |My| and |®g| will measure
the mass imbalance of the proposed flux schemes.

The key point is that the MR, N-MR, and A-LSOB are very simi-
lar to their transient formulation, but these algorithms are directly
expressed in terms of the steady-state local variables, {ﬁqt} and P.
The bulk linear system is then closed by the compact MR closure
equations (34), and it may incorporate the compact MR interface-
conjugate (37). Equations (34) and (37) are optionally amended with
the corrections for mass-source variation and tangential-flux release;
the N-MR is specified with the FLI, FMR, and DFLI. Alternatively,
the bulk system can be closed by the A-LSOB closure equations; they
prescribe the normal Taylor equation (12) and ﬁqi = ;,qt(Z) for the
incoming links with Eq. (40); these equations are all termed in in-
node variables through the reconstruction. The algorithms are all for-
mulated in Sec. I1I E; they are built within the symbolic software and
solved with its numerical solver.

IV. ROTATED PARABOLIC SOLUTIONS WITH THE
TANGENTIAL ADVECTION

We introduce the stratified Darcy system and outline its previous
analysis in Sec. IV A. Section IV B demonstrates that (i) the N-MR
makes the two advective-flux schemes FLI and FMR exact for any
interface diffusive-flux jumps in the presence of the grid-rotated Darcy
velocity, and that (ii) the A-LSOB Dirichlet scheme T-PP and the
diffusive-flux T-DFLI support this problem exactly. We then inten-
tionally degrade the parabolic Dirichlet and Neumann accuracy to the
linear one following the existing (similar in  spirit)
approaches*>'**'% and demonstrate their respective solutions in
Sec. IV C. Section IV D discusses obtained results and outlines the sim-
ilarity/distinctness with their rotated Poiseuille flow counterpart. The
Dirichlet and Neumann schemes are, respectively, classified in Tables I
and IT according to the presented analysis.

A. Stratified Darcy layers

We consider a stratified two-layered rotated system of width
h=h; +hy: ¢=¢, when y €[—h;,0] and ¢ = ¢, when
y € [0, hy). The system is aligned with the axis ¥’ = 1, - (x, y), and
the diffusion process develops along the normal axis ' = T, - (x, y)
[cf. Eq. (18¢)]; the two layers are either periodic or bounded by two
parallel walls. The interface-parallel (Darcy) velocity # = u, 1 is con-
stant; the mass-source .#(ii) is set piece-wise constant and hence,
the profile P(y') is piece-wise parabolic:

8x’urpk(yl) — ﬂk()f’) = @kaﬁ,Pk(y/) y D= Py = Ce/\,: ,

(41a)
MY =UDi — u,
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— _“/%k
T 2A0c
The constants {a, by} are set by Eq. (36) provided that the solvability
condition is satisfied. The periodic continuous condition with ¢(*)
=1,7" =0in Eq. (36b) is satisfied when % = U in Eq. (41a),
thanks to the global mass conservation:

P(y) =ar + by +ay?, (41b)

_ . gylex) . <uT> _ uTh
(M) = 0 with 7' R (42)
Equations (41) and (42) with the y— periodic, continuous solution
P(y") and continuous diffusive flux —%;dyP(y') match the EMM
boundary problem®”* for the (rotation-invariant) Taylor dispersion

coefficient Dy = — %, which is due to the structure heterogeneity

alone in the stratified Darcy layers. The TRT-EMM numerical solution
for Dr has been examined with the implicit interface tracking in the
straight system,”® where the exact piecewise parabolic profile is avail-

able thanks to A = ﬁ, because this choice”™° locates midway the

ABB implicit surface [it corresponds to I, =1 in Eq. (A4) and I;,;,=0
in Eq. (37a); otherwise, A = § with I, =0 in Eq. (A4) and I, =1 in
Eq. (37a), as in Table I]. The stratified Darcy modeling has been also
extended™ for the cubic and quartic polynomial solution due to the
recursive polynomial mass-source expansion; these solutions provide,
respectively, the skewness and kurtosis. Further extension’’ to the
diagonally-rotated d2q9 system with the implicit interface tracking
revealed that the non-equilibrium B-layer accommodation and the
truncation parabolic component tqaflPufcgr produce a non-zero local
translation invariant solution, as

gradient  estimate in  the

c.0.P~ 23;11 #1, Cq. Moreover, the equilibrium A-layer accommo-
dation perturbs the predicted Pe*—scale of the modeled dispersion
coefficient and retards its convergence from the second to first order,
unless with the d2q5 in the diagonal stratified system. We examine
now the interface-conjugate treatment in the rotated channels by

extending the MR simulations*’ to N-MR and A-LSOB.

B. Piece-wise parabolic solutions with MR, N-MR,
and A-LSOB

We formally extend the EMM problem for suitable combinations
of the interface jumps and boundary conditions. Equation (42)
presents the solvability condition for the y—periodic but also
constant-flux bounded system; in these two problems, P(y’) is defined
up to an additive constant. Equation (36) with the continuous and
jump conditions has been addressed'’ with the help of the interface-
conjugate from Eq. (37), but without the tangential-flux correction

8 :(1,-_) in Eq. (37b). In theory, the solution in Eq. (41b) is expected to be
the same with and without tangential velocity field when .# is fixed
with Eq. (41a). However, the numerical computations in pure-
diffusion [e; = 0], and in the presence of the advective velocity

e, = t‘(I“>uTTT - ¢4], may produce different results because of the clo-

sure relations. That is because their non-equilibrium solutions differ,

. . . . ~A+
e.g. on the exact advection-diffusion solution 71~ reads

— 4
=1

= tgm)cq,,ceanp — té“)cznchA;r ufﬁﬁnp,

(43a)
(43b)

x>

; @) CqnCqrth:OnP — t;"’)c;nceA; o2.P,
q

>
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with
0,P = by + chy/, 8’3“1) = 2¢,

43
0P =0*P=092P=0. (439

Since . is piece-wise constant, the mass-source corrections vanish
in Eqs. (24a) and (24b). The tangential-flux correction CL,, in Eq.
(10) implicitly reduces to its advective flux counterpart on the exact
profile:

CLy(y) = t‘g“) uP(y)ege + té“)uTanP(y')cq,cq,,
+y®) té“) uTaﬁnP(y’)chcén. (44)

Hence, although in theory the advective-diffusive flux and diffusive
flux continuity conditions are equivalent, this is not the case with the
MR flux schemes, because the tangential advection term is projected
onto the interface-cut links with Eq. (44). In other words, Eq. (44) is
expected to spoil the linear diffusive flux, unless when o(*) = g
= y(“) = 0, as for example, in DFLI from Tables XVI-XVIIL Indeed,
it has been confirmed™ that PP-DFLI is exact in Eq. (36) for any scalar
and flux grid-rotated conditions [recall, the Dirichlet family PP assures
the continuity or jump in Eq. (36a) on the parabolic profiles]. In
pure-diffusion and grid-aligned slabs, the PPLI-FMR, PP-FMR and
PPLI-FLI, PP-FLI are also exact. However, among these schemes,
only PP-FMR is exact in grid-inclined advection restricted to the
“proportional” jump, as ¢®) = ¢, #®) = 0, when Eq. (44) vanishes
from the interface-conjugate condition due to Eq. (37a), including the
continuous case ¢?) = ¢(¥) = 1. At the same time, the FLI closure in
Eq. (5) is built with ) = ()4, like FMR, but with y® = g A,
instead of y) = %a“‘) &% (see Table XVTI). Consequently, FLI cannot
assure an exact continuation of the (last) parabolic advection term in
Eq. (44); however, PP-FLI remains second-order accurate in the
rotated slabs (see Figs. 5-7 in Ref. 40). By construction, N-FLI aims to
vanish Eq. (44) from the closure relation, and then it is expected to
become exact on the piece-wise parabolic rotated solutions for (i) a
constant flux Neumann boundary and (ii) for any interface-conjugate
with Eq. (36).

In detail, the grid-inclined streamwise-periodic channel is discre-
tized hereafter following,"’ such that the boundary/interface bisects a
prescribed point (xop, o) on the bottom. The L,-error metric E, is
employed hereafter to estimate the relative root squared error to exact
solution; E, is computed over all grid points. We apply the generic
procedure and reconstruct Y[5] in Eq. (10) with Egs. (17) and (18).
Equation (19) or Eq. (B2) [with non-zero determinant] then exactly
reproduce all derivatives in Eq. (43c). This exact solution is also
matched with the rectangular subsets, as B[6 x 5] or B[8 x 5] from
Eq. (20). When Y/[5] is expressed through the local unknowns, N-FLI
and N-FMR apply with Eq. (21) for the boundary flux and Eq. (37b)
for the interface flux.

Figure 3 addresses the computations in the bounded inclined
channel 6 = arctan[}] ~ £Z= closed by the constant diffusive flux and
the continuous interface (left diagram), or Dirichlet boundary and
interface jumps from Eq. (36) (right diagram). The PP scheme repro-
duces the interface scalar continuity condition from Eq. (36a). The
boundary and interface flux-conditions are first modeled with the
three MR schemes, FLI, FMR and DFLL In agreement with our

scitation.org/journal/phf

P(y")/Pe

FIG. 3. The effect of the tangential velocity projection is demonstrated for piece-
wise parabolic rotated solutions subject to Eq. (36) in a small rotated system at
high Pe = 10%. Left: Interface continuity condition is exact with the parabolic
MR PP family; zero boundary flux and interface-flux are, respectively, modeled
with FLI — FLI®@E, = 1.06, FMR-FMREE, = 0.98; E, = 0 in all other schemes:
DFLI-DFLI®, N-FMR,-FMRA,  N-FLI-N-FLI, ¥, T-DFLI-N-FLI,O. Data: 9
P(—h) = 8,P(h) =0, 6P = ¢ =1, 5® =M =0. Right: Dirichlet
boundary is exact with the parabolic A-LSOBT-PP, the interface flux is modeled
with FLI®E, =213 x 107, FMRBE, =4.33 x 10™"; E,=0 in all other
schemes: DFLI®, N-FLI. A, N-FMR, V. Data: P(—hy) = 1, P(hy) = 2, ¢®) =2,
n® =02, ¢¥ =4, 5™ =0.4. Two diagrams: 0 = arctan[J], h = Hcos [0],
H=10, (x0,y0) = (},0), Pe = 10°, % = 1,¢c, = .

predictions, FLI and FMR produce very large errors, but DFLI is exact.
In fact, the FMR is exact here for the continuous interface advective-
diffusive flux but it cannot prescribe correctly the rotated diffusive
boundary flux alone. Next, on the left diagram of Fig. 3, we replace the
FMR by N-FMR for the boundary flux, and the obtained solution then
becomes exact, in agreement with our expectations. Accordingly, P(y’)
becomes exact when N-FLI replaces FLI both on the boundary and the
interface (left diagram). Finally, the combinations of the exact
schemes, as the single-node A-LSOB T-DFLI on the boundary, with
the DFLI, N-FLI or N-FMR on the interface, all reproduce the exact
profile. In turn, the single-node T-PP operates exactly the Dirichlet
boundary (right diagram), where FLI and FMR are not able to repro-
duce the diffusive-flux interface jump because of their advection com-
ponents. In contrast, DFLI, N-FLI and N-FMR are exact.

C. Inexact solutions with the linear schemes

We model a very sharp variation (of three orders of magnitude)
at high Péclet number Pe =10° in a small inclined channel
h =10cos[0], as displayed in Fig. 3, but replace the parabolic
Dirichlet and linear flux schemes by the linear Dirichlet boundary and
interface continuity conditions, and constant-flux schemes. We con-
sider first the linear LMKC scheme;***” the LMKC is the member of
the infinite MPLI family from Table X and they share the same
steady-state solution. These schemes are parametrized but their accu-
racy degrades in the };resence of the advection velocity, because the
advection 71 term [3(“ tq@uncéT is non-zero in Eq. (5) in the inclined
channels. Consequently, the E, grows almost linearly with Pe but still
converges with second-order rate (see Figs. 5-8 in Ref. 40 for the
MPLI-FLI interface conjugate in continuous straight/diagonal/rotated
systems).

Figure 4 (left diagram) follows Fig. 3 but LMKC replaces PP for
the continuity condition in the interface-conjugate. Recall that only
the FLI-FLI and the FMR-FMR (boundary-interface) treatment is
inexact in Fig. 3 (left diagram). Now, also the four others, exact flux
combinations, display highly inaccurate solutions, N-FLI,-N-FLI,
shows the smallest but still unacceptable error. Remarkably that FLI-
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P(y")/Pe P(y")/Pe

FIG. 4. Following Fig. 3 but with the only linear Dirichlet scheme® LMKC from
Table X. Left: LMKC replaces the parabolic MR — PP for interface-continuity condi-
tion; zero boundary and interface-fluxes are modeled with FLI — FLI@,

FMR — FMRE, DFLI —DFLI @ N-FMR, — FMRA, N-FLI, — N-FLI V¥,
T-DFLI — FMR O); E27{109 98x10‘1 1.2,1.47, 44><1O‘1 185}
accordingly; for visualization purpose, T-DFLI — N-| FLI [Ez = 5 58] is replaced by
T-DFLI — FMR [E; = 1.13]. Right: LMKC replaces A-LSOB T-PP on the Dirichlet
boundary; on the interface, scalar-jump is assured by MR PP and flux-jump is mod-
eled with FLI®, FMRE, DFLI®, N-FLI.A, N-FMR,V; E; = {1.27,1.3,1.85,
4.42,1.13}. The three last results become exact [the two diagrams] with the para-
bolic PP and T-PP in Fig. 3.

FLI and FMR-FMR are almost unaffected by this intentional interface
discontinuity; we will show later that their mass-balance properties
(and then accuracy) are independent of the scalar-continuity scheme
in basic configurations. Figure 5 (right diagram) demonstrates that
LMKC also completely destroys the expected Dirichlet boundary loca-
tion, here Pe 'P(y') ~ 0, when it replaces the parabolic A-LSOB
T-PP scheme (12a).

Figure 5 displays the results of the linearly-truncated normal
Taylor conditions, when T-DFLI from Eq. (12b) (left diagram) and
T-PP from Eq. (12a) (right diagram) become depleted from their para-
bolic terms. The T-DFLI then degrades from the linear to the
constant-flux condition, and it spoils all exact parabolic solutions. In
turn, the degraded T-PP cannot support the exact solutions but its
boundary location is much more accurate than with the LMKC in
Fig. 4 (right diagram). This confirms that the principal MPLI/LMKC
deﬁc1ency at high Pe = 10° is due to the linear advection correction
B t Oq Puc2 which is absent in the degraded normal Taylor T-PP in
Fig. 5 (rlght dlagram)

P(y")/Pe

_2\{_ IRy
[ERN N RS

P(y")/Pe

FIG. 5. Following Fig. 3 but with the only linear normal Taylor approximations of the
boundary flux (left) and Dirichlet condition (right). Left: T-DFLI models zero bound-
ary flux without parabolic term in Eq. (12b); interface continuity condmons are mod-
eled by combining MR PP and N-FL,@E, =69 x 10" FMRE
E, =715 x 10", DFLI®E, = 8.21 x 10", These solutions are all exact with
T-DFLI from Eq. (12b) E; =0 using TDFLI N-FLI. A, T-DFLI—FMR V,
T-DFLI — DFLIO). Right: the T-PP operates the Dirichlet boundary without last
term in Eq. (12a); the scalar-jump is assured by MR PP and the flux-jump by
FLI®, FMRM, DFLI® N-FLL, A, N-FMR,V,E,={2.13x 107" 8.141x 10",
1.609,1.222,2.015}, accordingly. The three last results become exact with the par-
abolic T-PP in Fig. 3 (right diagram).
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D. Summary on the piece-wise parabolic solutions

The piece-wise parabolic solution allows us to validate exactly the
N-FLI and N-FMR in the presence of constant Darcy velocity field of
an arbitrary amplitude. Since the obtained profiles P(y’) are exact,
only 9,P(7,) and 9% P(7p) are non-zero on the obtained solution
Y(fz;), giving an efficient reconstruction test-case. In turn, d2q5 is
also able to produce the exact rotated channel solution with B[4 x 4]
provided that 92P =0 or 92,P =0 is substituted into Eq. (18).
Moreover, giving zero tangential and mixed solution derivatives, the
d2q5 is able to derive Y[2] = {9, P, 0% P} from {ﬂ;, i1, } assigned on
the same link ¢, # 0. Altogether, we confirm that DFLI, N-FLI and
N-FMR are exact for the boundary and interface piece-wise linear
rotated diffusion-flux in the presence of a uniform grid-inclined tan-
gential advection velocity and jumps, provided that the interface scalar
condition is modeled exactly with the MR PP. We also validate the
exactness of the one-node Taylor boundary schemes from Eq. (12), T-
PP and T-DFLL In principle, Eq. (12) might be applied exactly on the
interface in the rotated channel solutions due to their translation
invariance.

Except the parabolic MR and A-LSOB T-PP, the existing
Dirichlet ADE schemes are commonly restricted to only leading-order
accuracy in the grid-inclined velocity field. Although PPLI is exact in
the rotated pure-diffusion slab and the grid-aligned velocity field, it
shares the MPLI/LMKC deficiency in the grid-rotated advect1on veloc-
ity ﬁeld because their closure relation in Eq. (5) reads with /3 #0
and 7™ # 0 in Table XIV. Methodologically, the degraded T-I-PP,
extends the Dirichlet flat-wall scheme'*"'"” from the in-node place-
ment § = 0 to an inclined flat wall; obviously, when ¢ = 0, the linear
and parabolic terms vanish in the normal Taylor expansion (12), but

= 0 cannot address the grid-inclined walls. The degraded T-I-PP,
fits then only the first-order accurate normal Taylor relation but it
locates much more accurately the boundary values thanks to the
absence of the velocity projections in its wall-normal Dirichlet Taylor
prescription.

Let us mention that the force-driven Poiseuille flow modeling fol-
lows the same path: whereas a rotated parabolic no-slip and slip solu-
tions are available for any two-point multi-reflection”"""*** and
single-node LSOB,”"*” they cannot be matched by the moment-based
on-grid boundary methods’”” with § = 0. The recent LI scheme™
purposes the exact inclined Poiseuille flow modeling but, in reality, its
solution is exact only in a straight channel, extending the BB solu-
tion””** and MGLI schemes™"’ to any distance  and to any (stable)
A. Yet, this Poiseuille channel problem is a pure-diffusion counterpart
of the ADE problem (41). To this end, we complement PPLI with its
flow counterpart IPLI in Table XII; the IPLI is exact for the force-
driven Poiseuille flow in a grid-inclined channel and it is parabolic-
accurate for any uniform-density Stokes flow, at least. We emphasize
that the IPLI prescribes the forcing term t; A~ E. ¢4 in both bulk and
boundary equilibrium e, following; ‘" otherwise, when express-
1ngz“’2”; the force term from the momentum equation, IPLI becomes
anisotropic, ie., cut-link direction dependent. The PPLI/IPLI deriva-
tion straightforwardly applies Eq. (5), a result that will be reported
elsewhere.

Finally, concerning the Neumann condition, the Cartesian
decomposition method"*** assumes that the linear interpolations
along two grid axes produce the “same” Dirichlet value; we have
shown that they fail on the parabolic profiles and, especially, in the
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inclined velocity field. Hence, although the original FLI scheme®” is
able to support the rotated parabolic diffusion profile, the Cartesian
decomposition method is not expected to extend this property to a
constant rotated velocity. Purposely, we also degraded the A-LSOB
flux scheme T-DFLI following'**'*” and rendered it only suitable for a
constant normal-flux; obviously, this scheme cannot then support a
linear diffusive flux on the parabolic profiles and it produces the
relaxation-dependent, wrong solutions.

To sum up, the parabolic, N-FLI and T-DFLI and two-point
N-FMR are expected to enhance the similarly constructed, but
lower-order Neumann schemes. The single-node Dirichlet PPLI
extends MPLI/PLI to rotated diffusion slabs and grid-aligned tan-
gential velocity. These schemes do not restrict the free parameter
range.

V. Rotated quartic solution with the tangential
advection

We extend the stratified rotated system to the presence of the
parabolic velocity-field and mass-source. In this context, Sec. V A
describes the model equation and its analytical solution; Sec. V B con-
structs the effective rotated TRT bulk solution and determines the
free-parameter range when it is either exact or obeys the exact solvabil-
ity condition. Section V C extends the reconstruction procedure for a
space-variable velocity and mass-source; Sec. V' D validates the bulk
analysis with the exact closure relations; Sec. V E constructs the effec-
tive “straight” solutions with a corrective boundary flux. Sections V F
and V G discuss grid-aligned and rotated numerical solutions. Section
V H examines independence over an additive constant. Section VI
addresses the two-layered, bounded and periodic, systems. Section V|
draws the conclusions.

A. The rotated Taylor-dispersion problem

We consider again Eq. (41a) but in open flow, where porosity ¢
is set equal to 1, and the interface-parallel constant Darcy velocity u, is
replaced by the parabolic profile:

wly) =~ 30/ -
=~ (),
2 =i [ uty) =

h),y €0,h],

MUY (M U,y) =0,  (45)

‘I’hz

Exact solution P(¥)(y/) is given by the rotation-invariant quartic
polynomial:

4

plex) (}/I) Zp ex) yrm ,

n=0 (46)
@ __¥r RIS (A B
2 249’ 3 129> 249"

Let us first prescribe the impermeable boundary, where p(lm = 0 and the
dimensionless symmetric profile is defined to an additive constant P

/

1
(Peh)PE(Y) = =S V(Y — 1) + P, ¥ :yz ;
Uh YK . (47)
= ~ng PP
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This solution is illustrated in Fig. 7 (left diagram) using the normaliza-
tion condition (P (y/')) = 0 [Py = 4.

Physically, a posteriori estimate Dy <P”(y predicts the
famous Taylor dispersion coefficient."”” The EMM extends this solu-
tion to the skewness and kurtosis, both in the spatial and temporal sys-
tem of moments, interconnected by simple algebraic formulas (see
Table III in Ref. 37 for an open channel and a circular capillary); these
solutions are also extended’””* to heterogeneous stratified open/
porous systems. On the numerical panel, this benchmark is exciting
because it allows (i) to quantify’” quasi-exactly the truncation (numer-
ical) dispersion, skewness and kurtosis, by extending the EMM to the
fourth-order approximate of the modeled macroscopic equation; (ii)
to estimate the Dy deviations induced by the tangential velocity con-
straint;’® and (iii) to examine the convergence delay due to the
weighted accommodation on the diagonal interface. However,
although the particular optimal A solutions have been derived to mini-
mize these numerical artifacts, the effective advection-diffusion bulk
solution of the scheme has not yet been constructed in arbitrary
rotated channels.

In theory, when .Z(y') is prescribed with Eq. (45), P (y') is
the same in pure diffusion and in the presence of the tangential advec-
tion velocity #(y') = u;(y')1,. However, the discrete solvability condi-
tlon and the effective solution will differ giving e, =0 or e, ()
=ty Wy (Y')P(y')cqe in Eq. (14b). Besides, we have shown that the
boundary schemes are subject to a different accuracy in these two
cases. We examine whether the truncation and accommodation may
perturb the linear Pe-scale of the scalar field P(y'), and whether the
tangential corrections may smooth this joint discrete effect.

B. Effective discrete solution

We first examine (i) whether the quartic polynomial solution sat-
isfies the discrete rotated advection-diffusion system and (ii), delineate
free parameters when the effective solution is exact.

We give the parabolic profile for velocity and mass-source: u,())
= o Uy and 4 (y')
and quintic, respectively, effective solutions P(/)(y') and ﬁ;(eﬂ) ()

+
q

=322 o ™, and look for the quartic

[ﬁq*(eff) is searched for as the fifth-order polynomial because #

- qu; + ---in Eq. (152) and e, ) = t,(]“)uf(y’)P(y’)cqf is sextic]:
4
=3y, (480)
m=0
5
A = " nlelym (48b)
m=0

Hence, we look for the effective solution ﬁ;(eﬁr) to Eq. (15a), keeping
in mind that all solution cornponents only vary along 1,, = 1,, then

A W( ) (W(""qu) W(?_Cq,y/))>
¥¢U):¢U+WWO—Z¢W%+W?+%y% (49)
YV, with ¢gpy = ¢4 - Tyr.

Following the solution procedure,” we then plug Eq. (48 into Eq.

} through {p } for four
d2q9 velocity links. The four components # q<eff ) (pﬁﬁff )) are then

(15a), and express the coefficients {n
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summed in Eq. (28), giving there My = 0. The solvability condition
comes down to the third-order polynomial equation, say Efnzo emy™

=0, where the three unknowns {p,, ps,ps}'? can be determined

only provided that e; = 0, as

es = uppl (124 — 1)(3£ — 1) sin [40] ,
e3s=0if up =0, or (50a)
1 1
sin[40] =0, or A=—, or tﬁ“) =-.
12 3

The case u, =0 [¥ = 0 in Eq. (45)] corresponds to pure diffusion
with a given parabolic mass source, where the quartic polynomial solu-
tion exists for any rotation. The case sin[40] = 0 covers the grid-
aligned, straight/diagonal, orientation where the effective quartic solu-
tion exists for any A and advection-weight {t,(;)}. The case A =&
vanishes the third-order truncation spatial error (see’* and reference
therein). The case {tc(a) =1, tfia) =} corresponds to the isotropic
(hydrodynamic) d2q9 weight obeying the additional constraint
Zq 1tq qx qy 3

=1 We prescribe 9 = ¢ = 5 and keep A free.
The effective solutlon (48a) is then given as

M

7 = pi +opa, = =B,

E(A) sin [40] (51a)
o2 = 1A, ) + S 6,1
—whuh2E(A) sin [40]),
€ ex ex l’l,
P87 = o 4 opa, pi = — 1,
1o . (51b)
3ps = Wyuhy E(A) sin [40]
3 7 )
) _ e _ M
Py =py = —-=, with
12
u’m:%, #;:%7 D = c. A", (51¢)
1
V(A c) = A +Alce — 1), &(A) =1+30A(—1+4A).

Hence, P (y') is anisotropic and it becomes exact, and hence isotro-
pic, only provided that A and c, are inter-related, as

P (y) = P9 (/) ifonly y(AY ¢,) =0 :
— 0. ygm T w1 -
(a)0 =0, Vi ,0r(974, ! 73,oreq707 (52)
1
A (e)) = ———, Ve €)0,1];
0 (C) 6(1—(28)’ CG}, [7
1
VO if 1) =2, GA®) =0, WA, el¥) =0,
thenA (ce(e")) =A@ with
V1 1 (53)
Ao Z VIS 6010 391,
120
V105 -5
() = ———— ~0.207825.
V105 + 15
The pure diffusion rotated solution is exact with A = A(()ex) (ce), Eq.

(52). In the presence of advection, the diagonal channel 0 = 7 also

scitation.org/journal/phf

gets the exact solution with Aée (ce) g1V1ng the hydrodynamic mass—
weight. However, in the rotated system, Ay )(ce) is restricted to A(®)
with the particular solution ¢,(*” from Eq. (53). We substitute now
veloc1ty and mass-source profiles from Eq. (45); Eq. (51) then reads
with {p } from Eq (46), and .2/'*) (/) gets the effective correction
&) =-29,p ﬂ(m

MDY = MU, y)+ E(), & =
12Peys(A, c.)  Pe?sin[40]E (A
h2 2h8

Given that (. (%' ,y/)) = 0, the effective profile P(/) (y') may sat-
isty the impermeable condition on the two walls only provided that

SIS

(54)

~—

(€)=

(6" =0 with A = A (0,c,, Pe,h);
AL = AP (@) = A V0, Pe, h;  (55)
AD = AP ().

Here, A) solves the quartic polynomial equation (&) = 0, and it
reduces to Eq. (52) in the grid-aligned case. Figure 6 displays the suit-
able real root to Eq. (55) in the advection-dominant limit ¢, — 0
when Pe = {10,10%,10°}, vs ¢ € [0,%] (left diagram) and vs H (right
diagram, with h = H cos [0], 0 = arctan[;] ). This root is delineated by
(@], where A)| oo Tapidly
reduces to A & { when Pe is small or when h increases. The difference
with respect to the exact solution in Eq. (47) reads on the normalized
profiles:

a narrow (suitable) interval A(f) e eltA

pleff) _ ple) ) (lp(/\, )  PeE(A)* sin® [40])
Peh (1-37) s 12h8
1 —6Y% 4+ 4Y>)Peé(A) sin [40
_( 8}34e,( )sm[ ] (56)

Equation (56) only vanishes with {A®), ¢,(*)} from Eq. (53), and Eq.
(56) is exactly asymmetric with respect to exchange Y — 1 — Y only
with A7) (¢,). Figure 7 displays the anisotropic asymmetric solution
W3Pe2(Pf) — P))(Y) using A“); we find that this distribution
becomes practically h— and Pe-independent when Af) approaches
its asymptotic values, e.g., when H > 10, Pe = 10> or H > 20,
Pe = 10? in Fig. 6.

01825 | e, i 01825
1 _______ \\ H
6 z 3z Z o 4 N e |
16 8 16 4 6 2 10 20 50

FIG. 6. Effective quartic-polynomial solution A7) (6, ¢, Pe, h) from Eq. (55) with
h = Hcos [0]. Left: A“)|, o vs 0 €]0,%[ when H=10. Right: A/)|, _ vs H
when 0 = arctan[l]. Legend: Pe = 10° (solid), Pe = 10° (dashed), Pe = 10
(dotted) The constant asymptotes are A ~ 021 from Eq. (53) and
A L from Eq. (52).
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To sum up, our analysis suggests that when using A" (¢,), the
bulk system may satisfy the exact solvability condition, but one should
expect the (anisotropic, asymmetric) discrete effects, which scale non-
linearly with Pe and decay for finer resolutions when Pe grows.
Clearly, this advection-diffusion rotated discrete behavior is very dif-
ferent from the isotropic symmetric pure-diffusion or grid-aligned
profiles obeying the linear Pe-scale with Eq. (46). The effective solution

becomes exact only with A and ¢,(*) from Eq. (53).

C. Reconstruction step

The standard reconstruction step is computed with Eq. (17)
where the prescribed post-collision solution in Eq. (18) becomes modi-
fied according to Eq. (16), because # = u.(y')1, and .#(y') vary
along the normal direction:

fl;rm (7) :t((]“) [CqnOn + Cqe0: | (Pucge) — t(g"oceA*

X (2,02, (P + AY M) + 20404002, P + 2,02 P),

qn nn qtr -1t
(57a)
n, O (F) = t<m>ce(cqn8 (P+ A"M) + ce0,P)
A+ cqna,m + 2(:(1,,%62 + quafz] (Purcqe). (57b)

The matrix B(7,) from Eq. (17) then becomes space-dependent and
R(7p) comprises the known terms due to the velocity and mass-source
variation, hence R(7},) then linearly depends upon P(7y) due to the
advection term, as exemplified by Eqs. (B3) and (B4). The closure con-
ditions are expressed locally through Y[5] = B™!'R(¥}), with Eq. (21)
in N-MR and Egs. (12) and (40) in A-LSOB. The whole linear
system is solved with respect to the global unknown list Var from
Eq. (29) or (33).

D. Exact validation of the effective solution

The effective solution from Egs. (51)-(56) is first validated
numerically with the help of the fourth-order accurate Dirichlet
[T-PP@)] and Neumann [T-DFLI#)] Taylor conditions:

4 (m—1)
€] 5 11 €]
T-DFLI) 921 '8y,P D = Daly_oy,  (589)
4 5m
T-ppf) . plef) 4 - 8'”P<ff>\ =Pl,_ro- (58b)

m=1

The Dirichlet solution is defined for any A; the constant-flux
Neumann solution is defined with A4 from Eq. (55); their boundary
conditions complete the bulk system. Additionally, following the
A-LSOB in Sec. IIIE, the effective equations: ﬁ;(?b) = fz;r(eff)(?b)
and/or 7, (7p) = ﬁ;(eﬁ) (Fp) are prescribed for N, —1 cut links;
{ﬁ;}eﬂ obeys Eq. (48b) with Eq. (51) and, giving {eqteﬁ} and
{ﬁ;}eﬁ[, {ﬁq_}eﬁ is derived with Eq. (15¢), using there Eq. (49).

The effective solution is validated when it coincides with the
numerical solution P("™) (') in all grid points; to get rid of the addi-
tive constant, the normalization (P) = 0 of the predicted effective and

numerical Neumann profiles is performed via summation. We first
prescribe the effective solution for all derivatives in Eq. (58) and

scitation.org/journal/phf

P/(Pe h)

(P(eﬂ”)_P(ex))h 3/P02

FIG. 7. Quartic-polynomials. Left: the exact normalized Neumann profile from Eq.
(47) [solid, black] and the effective anisotropic asymmetric profile from Eq. (56)

using A (c,) from Eq. (55). Right: their rescaled difference when 0 = arctan(}]
(dashed), 0 = arctan[]] (dotted-dashed), 0 = arctan[}] (dotted). Data: ¢, = 55,
h = Hcos [0], H=20, Pe = 10°.

confirm that, when using {A®”, ¢,(*)}, the numerical Neumann solu-
tion is exact and given by Eq. (46) Using A (c,), the difference
between the numerical and exact solutions then coincides with
Eq. (56).

We now make use of this benchmark to validate the reconstruc-
tion procedure. The first- and second-order derivatives in Eq (38 ) are
then extracted with Eq. (17) giving there R; (fp) = (ﬁ; - n @)
+(n, =(eff) _ A;(“ﬁ ), where the last term accounts for the fourth-
order difference between the effective solution and its second-order
approximate. Figure 8 displays the difference between the numerical
solution obtained in two configurations: {AF) (Pe), ¢, =4} and
{A<“’x), ¢!} for Neumann (left diagram) and Dirichlet (right dia-
gram) Taylor conditions from Eq. (58). Here, the rectangular and
square reconstructions give the same (effective) solution where
Eéeff) =0 [Egeﬂ) is the L,— error estimate with respect to the con-
structed effective bulk solution]. In turn, the error-estimate E, with
respect to exact solution is non-zero unless when using {A®, ¢,(#)}
from Eq. (53). Figure 8 (left diagram) confirms Eq. (56): the difference
with the exact profile is asymmetric in the grid-symmetric channel
using A"); the Dirichlet system (right diagram) shares the same
property of AP, otherwise effective solution loses asymmetry.

It is worthwhile to note that the Neumann numerical solution
with A finds My = 0 in Eq. (28) [because (.# (“’ff)) = 0 thanks to
A(Eﬁ)]. However, when A # A and hence (M (Eﬁ)> #0, the

(P(eff)_P(ex))/Pe (P(e")—P‘”))/Pe

0.010 0.006
0.005 0.004
0.000° Vl' 0.002
-0.005 4 8Ys 0.000 '

-0.010 0002 4 13

FIG. 8. The difference between two numerical solutions, using {A“/)(Pe), ¢, =
310} and {A(ex), ce!®)}, is compared to its analytical prediction (solid line) from Eq.
(56) when 0 = arctan[}], h = Hcos[0], H=20. Left: Neumann fourth-order
scheme T-DFLIY): Pe =102 [E{) —1.04 x 10", £, = 4.53 x 10°°] and
Pe = 10° [E\) = 2.98 x 107", £, = 4.49 x 1072]. Right: Dirichlet fourth-order
scheme T-PPCD) Pe = 10° AP [EF) —229 % 107", E, = 2.4 x 1079,
and A = 1[EST) = 1.68 x 107", E, = 5.24 x 1077,
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condition (.#®) = .4/ + M,) = 0 becomes satisfied in the grid-
aligned system or pure-diffusion problem thanks to the established
numerical solution M, = —¢&. Using the exact closure with Eq. (58a),
the obtained numerical solution is then exact, as

_T e =0 - P(v) = Py
0—4 ore, =0 : P(y') = P(y),

. 12Pe
with My = -6 = 771//(& Ce),

(59)
VA, V.

E. Exact solutions with inexact boundary schemes

We examine the straight system using A((fx) from Eq. (52); the
bulk solution is then exact, E, = Ezeﬁ , and any eventual deviation is
due to the boundary closure. Its solvability condition is adjusted with
one of the two mechanisms: (i) via My # 0 in Eq. (28), and (ii), via the
corrective flux =@y = * Py in Eq. (32). We first examine the differ-
ence between these two techniques for a midway impermeable bound-
ary 0 = %, where FLI reduces to BB and the numerical solution reads
with

Mo —BB : Ey # 0, My = (U™, y) — M (U, y)

') (60a)
2m2

Pe (D() 1

(D()*BBZEZZ(LXZW or M:@

_ W/(sum) _ ;//(ex) _

(60b)

Equation (60a) means that the BB system adjusts the exact (integra-
tion) solvability condition to summation in Eq. (45), in agreement
with our prediction in Eq. (31), but the numerical solution is then
inexact. The magnitude of M, scales with the mean-velocity ampli-
tude, similarly to the case™ of grid-rotated constant velocity; when %
is kept constant, | M| reduces as h™ at fixed Pe. In contrast, BB — @,
produces the exact solution because the corrective flux in Eq. (60b)
compensates the BB error with respect to the fourth-order accurate
Neumann condition; this result is derived by Egs. (C1)-(C7).
Equation (60b) shows that y reduces with second-order rate at fixed
Pe. The total corrective flux, 2B, = % is then equal to (My) = Myh.
However, only the corrective flux reproduces the exact profile, because
it does not modify the mass-source .#(%'*,y). Equation (C8)
extends y(0) to an arbitrary distance J with FLI, and Eq. (C14) gener-
alizes this construction for FLI, FMR and DFLI, as

_ CPef 5 1 6(1—452))
FLL : 7(0) = 3 (35 st ) (61a)
3Pe(h — 1 — 28)(2AL%) — 52
EMR : 7(0) = ylp; + ( h3)( 0 ), (61b)
) 3Ped(h —1—28)(1 46
DEFLI : x(3) = lpmg + ( 3 X )>
(61¢)

[%lperr > 1%|emm When A 2 4,6 >0,
YprLr = Zemr When 0 = 0.

These results show that DFLI needs a larger amplitude @, than FMR,
except when ¢ = 0. The inter-relation between DFLI and FLI is more
complicated, but typically |x|pg; > |xlpp €8- VO >~ 0.09 when
h >4, and V6 >~ 0.03 when h > 10. Figure 9 (left diagram) com-
pares the three schemes in the limit ¢, — 0, featuring the high Pe

. . D S_ (51 1
regime. The results are displayed for T = e when 6 = {3,735}

h
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FIG. 9. Quartic solution is exact in the straight symmetric channel with all flux
schemes using A\ (c) thanks to the corrective flux =@y from Eq. (32). Left
analytical prediction |®yo|/(%h) = |x(d)|/Pe vs h from Eq. 61 with FLI (solid),
FMR (dashed) and DFLI (dotted) when 6 = {3,3,1} and ¢, — 0; note: FLI is
c.— independent and FLI(5 = 1) = BB. Right: numerical result |®o|/(%h) vs h
when 6 =3, ¢, =4 with FLl, @, FVMR,M, DFLI,®, T-DFLI.A, N-FLIV,
N-FMR, O, N-DFLI,.[J, H=2<.

They show that DFLI requires a much larger amplitude @, to adjust
the exact straight quartic solution, and confirm that DFLI approaches
FMR when ¢ tends to zero. In turn, FMR shows an almost
J0—independent amplitude |®y|. The FLI also approaches FMR when
6 — 0, but FLI is more accurate than the two other formally higher-
order accurate schemes, when it comes down to BB for 0 = % The
FLI,, FMR,, and DFLI, are supplemented with the normal mass-
source correction [I,(f//) =1 in Eq. (21)] because .#(y') varies along
the normal direction (see Table I1I). The steady-state MR closure from
Eq. (34) then reads with o”f{) (o) = CLygu(AT.4,0) from Eq. (24b).
This correction modifies y(J) equally with the three schemes and it is
given by Eq. (C11):

2(8) — x(8) + 9y, by < 0 with

B ‘fé;)(yb) . cPe (62)
(1 —c)h?”

oy = =
g @tqcéby A=A
Since @, is positive in Eq. (60b), and it is mostly positive in Eq. (61)
when h > 4, the mass-source correction reduces the amplitude |y|.
The derived solution || is in exact agreement with the FLI,, FMR,
and DFLI, numerical solutions displayed in Fig. 9 (right diagram).
Additionally, Eq. (C12) demonstrates that the Taylor scheme T-DFLI
produces the same solution @y (0) as FLL,; this property is indepen-
dent of the reconstruction procedure provided that T-DFLI prescribes
the unknown vertical population with Eq. (57), according to example
4 in Subsection B of the Appendix.

The MR solutions with the three basic flux schemes are weight-
independent in the straight channel, so that they are the same with
d2q5 and d2q9. In other words, the accommodation of the advective
flux by the diagonal links is invisible on the profiles due to the symme-
try. The N-MR complements FLI,, FMR, and DFLI, with the tan-
gential correction CLy (P, u.P) from Eq. (57) [I = 1in Eq. (21)]. We
observe that their profiles P(*#*)(y/) remain exact, but the recon-
structed tangential and mixed derivatives in Y[5] are due to the non-
equilibrium accommodation, and they depend on the reconstruction
subset. Figure 9 (right diagram) compares |®,| between MR, and
N-MR using rectangular reconstruction with Eq. (20). We observe
that on the coarse grids N-FLI, and N-FMR, reduce |®y| of their
counterparts, FLI, and FMR,,, while the N-DFLI, and DFLI, behave
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very similarly. All schemes approach their MR, counterparts when
H = 30, and then monotonously reduce |®,| with second-order rate.

To sum up, the corrective flux from Eq. (32) is able to adjust
the exact quartic Neumann solution of the inexact flux schemes
provided that the two straight walls are placed symmetrically.
Although DFLI is exact on the parabolic rotated solutions, it is
expected to behave worst on the quartic solutions because of its
larger deviations from the exact solvability condition; consequently,
N-DFLI, does not improve DFLI. The MR, typically decreases |®|
and hence, it improves for the conservation properties. The
diffusive-flux A-LSOB T-DFLI from Eq. (12b) produces an identi-
cal solution ®y(d) with FLI, using the standard reconstruction
algorithm; hence, T-DFLI shows smaller amplitude |®,(0)| than
DFLI, which is its MR counterpart. The N-MR releases the
diagonal-link accommodation of the tangential advective flux; it
retains the exact solution and further reduces |®y|, at least with the
N-FLI, and N-FMR, on the coarse grids. Finally, the MR,, and their
N-MR counterparts decay |®o(0)| altogether with second-order
rate.

F. Grid-shifted and diagonal channels

When the distances to the top and bottom walls differ, say ér
= 0p, Eq. (32) should be modified by prescribing {(d5), —yx(o1)},
and the numerical solution then remains exact. However, we restrict
this work to an equal amplitude corrective flux with Eq. (32), where
the numerical solution is then not exact. Figure 10 compares the
results obtained with M, and ®; when the whole slab is shifted with
respect to the grid. We observe that T-DFLI and FLI,, continue to pro-
duce the same solutions. On the whole E,(®,) is one order of magni-
tude smaller than E, (M), especially with FMR,, — @, where E, is the
smallest and it converges faster, with third-order rate; otherwise, E,,
M, and @, converge with second-order rate with all schemes. The
FMR,, is much more accurate than FLI, because it vanishes the
second-order advection accommodation term but FLI,, demonstrates
the best solvability properties, with the smallest amplitudes of | M|

E, IM,l/U
1 0.1
0.1 » . 0.01 LA
Feiie ~— T R T
0.01 R 0.001 P i S,
L e S
0.001 el T 10t el
.. -
10 20 30 50 70 100 10 20 30 50 70 100
E, 12 @|/(U h)
01 i 3
0.01 = T, 0.01 .
TRl o~ -
0.001 e e = ~33 L
o, 0.001 e, "a
104 . e
10°° T 10~* Tl
H H
10 20 30 50 70 100 10 20 30 50 70 100

FIG. 10. Quartic-polynomial problem when the straight channel h = H is uniformly
shifted with by j—ﬁy from the mid-grid boundary position. The ADE numerical solu-
tion with two strategies: M, from Eq. (28) (top row), and @, from Eq. (32) (bottom
row) using FLI,®, FMR,M, DFL|,®, T-DFLl. A, N-FLI.'¥, N-FMR.QO,
N-DFLI,[], H2<, H=® A; FLI, overlaps with the T-DFLI and T-DFLI,. Data:
Pe =102, % = 1,¢o = 4, A (co), 08 = 3/8, 67 = 5/8.
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and |®|. In addition, Fig. 10 displays the N-MR results using the rect-
angular reconstruction from Eq. (20). The N-FLI, then improves FLI,
for E;, My and @, but only on coarse grids H < 20, and the two
schemes decay together on the finer grids. Similarly, N-FMR,
improves FMR,, for M, and @, but E;(N-FMR, ) is not regular. This
confirms our suggestion that FMR does not need any second-order
tangential advection corrections in the straight channels, in agreement
with the exactness of its parabolic solution. Like FMR, the DFLI copes
better with @y, where N-DFLI, reduces the error on coarse grids but
again, the DFLI— based schemes show much larger errors and one-
order larger amplitude for |M,| and |®,| against FLI and FMR. In
turn, N-MR produces similar results using the square-matrix recon-
struction, where it maintains the parametrization, meaning that E; is
fixed by the grid Pe number % /%, c. and A(c,). In contrast, the rect-
angular reconstruction loses the bulk parametrization property, unless
on the exact solutions.

Another important property refers the weight-independence and
the linear Pe-scale of the numerical solutions. The unmodified MR
schemes and T-DFLI produce weight-independent solutions in the
straight grid-shifted channels, where they also retain the linear Pe-
dependency of the analytical profile. These two features are not sup-
ported by the N-MR on the quartic profiles, either with the square- or
rectangular reconstructions. We suggest that this spurious effect is
induced via a complex accommodation dependency upon the weights
and Pe inserted by the diagonal links into reconstructed tangential cor-
rections. It follows that the results displayed in Fig. 10 are weight- and
Pe-independent only with FLI, = T-DFLI, FMR,, and DFLI,. These
results confirm our expectation that the d2q9 MR flux schemes do not
need any tangential corrections in the steady-state straight homoge-
neous solutions, to be contrasted with their necessity in the presence of
the non-zero tangential boundary flux,'”“* the heterogeneous interface
weights”® or for the transient BB simulations in the uniform velocity
field.”® Indeed, one should keep in mind that the harmful tangential
boundary effect is much smaller on the parabolic profile u.(y") consid-
ered here than when u, is constant, because u.(y') vanishes on the
wall. This difference was clearly quantified’*® on the effective retarda-
tion of the mean velocity, which is the first-order distribution
moment.

We extend now these simulations to the symmetric diagonal slab,
where the d2q9 weight-stencil excites the A — layer equilibrium
accommodation on the implicit-interface quartic profiles.”” The
homogeneous solution remains exact using the fourth-order accurate
boundary closure from Eq. (58), thanks to A(()ex) and isotropic weights.
Figure 11 addresses My— and ®— results obtained with the second-
order schemes: the straight channel alike, @, produces better accuracy
and exhibits the third-order convergence rate [this is against the exact
solution in the straight channel]; N-MR and MR then produce similar
results; FMR,, remains the most accurate but FLI,, shows smaller |®|
(and also |[My|) on the coarse grids, very closely followed by the
N-FLI, and the Taylor scheme T-DFLI. The |M,| behaves very simi-
larly with [2®/h| but FMR,, slows its convergence due to M, mass-
source correction, and My— results all decay with second-order rate,
where FLI,,, N-FLI, and T-DFLI are the most accurate.

When the whole slab is shifted with respect to the grid, and the
discrete solution breaks the symmetry, the @, results (not shown here)
are very similar to the straight shifted channel in Fig. 10. In that case,
only FMR,, and N-FMR, decay with third-order rate but N-FMR, is
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FIG. 11. Quartic-polynomial problem in grid-symmetric diagonal channel shifted by
dg = —1and 67 =1 along 1y, with Eq. (28) (top row) and Eq. (32) (bottom row)
using FLl, ®, FMR,M, DFLI,®, T-DFLIA, N-FLI. ¥, N-FMR, O N-DFLI,[J,
H™2O, H3A, Data: Pe =102, % =1, o = 45, A(co), 9 = 07 =3
along y.

irregular on the coarse grid; the DFLI continues to show the worst
results. The T-DFLI, behaves similarly to FLI,, when H > 20 but it is
very inaccurate when H= 10 because of the rectangular reconstruc-
tion. We will systematically observe that T-DFLI, is much less accu-
rate on the coarse grids compared to the square reconstruction, but
the latter one is geometry-dependent.

GC. Rotated channels

We model now a rotated channel 6 = arctan[}] with the isotropic
(hydrodynamic) advection-diffusion weights. Unless indicated, we
prescribe {A®), ¢} from Eq. (53), so that P() (y/) is exact in bulk
and E, = E;”’. However, inexact boundary schemes do not repro-
duce the exact solution and hence, they are subject to truncation
effects, such as the anisotropy and the loss of symmetry; also, E,
becomes Pe- and weight-depending with all schemes. According to
Fig. 6, one might expect that the anisotropic bulk effect is still relatively
weak when Pe <~ 107, but it rapidly increases on the coarse grid
when Pe = 10°. Figures 12 and 14 display the numerical profiles with
the Dirichlet and Neumann conditions, respectively, on the coarse

P(y")/Pe
1.08¢
0.9
0.8
0.7
0.6
0.5

. .l.
0 445 8\/'le 0 445 845

FIG. 12. Quartic-polynomial rotated Dirichlet solution when H=20. Left:

Pe = 102 Right: Pe = 10°. Exact (solid line) and numerical (symbols) solutions
with the Dirichlet schemes MPLI/LMKC®, PLIM, PPLI®, PP A, T-I-PP, V¥ [first-

order Eq. (12a)], T-PP,O, T-PP/)J is exact Data: P|,_,, = Pe, {A®,
™)}, % =1, 0 = arctan[3], (xo,y0) =0, h=Hcos[0]; E, is gathered in
Table IV.

P(y")/Pe
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grid H=20 when Pe = 10% and Pe = 10°. The fourth-order accurate
Taylor schemes T-PP) and T-DFLI/) from Eq. (58) match
P (y/) exactly; otherwise, E, is given in Tables IV and V.

We examine first the Dirichlet boundary schemes prescribing
P|, (o = Pe; the exact profile P(y’)/Pe is then Pe-independent.
Figure 12 displays the ADE results of (i) linear, one-node MPLI/
LMKC and PLI families from Table X; (ii) parabolic in pure diffusion,
new single-node PPLI scheme from Table XII; and (iii) parabolic in
constant velocity field, two-node PP family from Table XI; the varia-
tion of the mass-source is accounted for by using I, =1 in Eq. (A4).
Additionally, the single-node Taylor schemes T-PP, and T-PP from
Eq. (12a) are examined using, respectively, rectangular and (mainly)
square reconstructions. Again, we intentionally degrade Eq. (12a) to
the first order with the T-I-PP, scheme but address it with the
parabolic-accurate rectangular reconstruction.

Figure 12 (left diagram) shows that all schemes match the quartic
profile on the relatively coarse grid when Pe = 102. However, unlike
in pure-diffusion, the profiles are not symmetric and they do not scale
exactly with Pe. These effects grow rapidly with Pe and only those
schemes where the leading-order advection projections are absent, like
the PP, T-PP,, and T-PP, but also a less accurate T-1-PP,, retain the
profile shape when Pe = 10%. The PLI is expected to overcome MPLI
when Pe grows, because PLI removes the first-order advection gradi-
ent from its closure relation.”” Table IV confirms that although MPLI
is more accurate than the two other linear schemes, PLI and T-I-PP,
in pure diffusion and Pe = 10, the T-I-PP, gains over them at
Pe = 10°. In turn, according to Table 1V, the PPLI overpasses not
only MPLI/PLI but also PP and A-LSOB T-PP/T-PP, in the pure-
diffusion regime. However, as was expected, the PPLI accuracy wor-
sens in the presence of a grid-inclined velocity field, very similarly to
MPLI/LMKC.

Figures 13 displays E;(H); it confirms that when Pe = 102, PLI
gains over MPLI/PPLI only for H= 10, but it is more accurate over
the long interval H <~z 80 when Pe = 10°. In turn, the PPLI asymp-
totically approaches PP and converges with the third-order rate when
Pe = 10, but it decays slower together with MPLI when Pe = 10°.
The PP systematically gains over the LI schemes, especially when Pe
increases, and converges smoothly. The T-PP, and T-PP behave very
similarly, they are the most accurate on the finer grids, here when
H > 20 with Pe = 10%, because their closure relation is free of the
advection projection; however, their reconstruction is not smooth
when Pe = 10°. The employed LI and MR Dirichlet schemes are all
parametrized, and their results are set by Pe, ¢, A and H. The T-PP,
does not maintain the parametrization; the T-PP is parametrized
when it employs only square subsets in Eq. (17); otherwise, T-PP loses
the parametrization property when it (optionally) uses the rectangular
matrix in single cut link nodes following the algorithm from example
4 in Subsection B of the Appendix.

Figure 14 shows similar results with the Neumann schemes; here
we additionally consider the degraded T-I-DFLI,, where we omit the
parabolic term in Eq. (12b) but retain the reconstruction process.
Figure 14 (left diagram) shows that the T-I-DFLI, is the least accurate
at Pe = 10%, and its E, exceeds FLI,, by about two orders of magnitude
in pure diffusion according to Table V. When Pe = 103, all schemes
become affected by the loss of symmetry, and this effect becomes most
noticeable with the diffusive-flux parabolic schemes, DFLI, and
T-DFLI, [T-DFLI produces similar results], whereas the degraded
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TABLE V. Quartic-polynomial rotated Dirichlet numerical solution when H =20 using {A<ex),ce<ex)} (i) in pure diffusion [top line: E, is Pe-independent] and (ii) in ADE
[Pe = 10% and Pe = 10° from Fig. 12]: Ey is fixed by the grid Péclet number except T-I-PP, [the first-order degradation of Eq. (122)], T-PP, and T-PP.

Pe MPLI PLI PPLI PP T-I-PP, T-PP, T-PP T-ppf)

V Pe 1072 1.1 x 1072 7 x 107* 52 x 1073 3 x 1072 9.5x 1074 1073 5x 1071
10? 8.8 x 1073 1.1 x 1072 1x 1072 5.5 x 1073 1.6 x 1072 9.8 x 1074 12 x 1073 6.9 x 107"
10° 1.7 x 107! 7.5 x 1072 1.6 x 107! 1.9 x 1072 2.9 x 1072 1.2 x 1072 1.2 x 1072 1.2x 10718

TABLE V. Quartic-polynomial rotated Neumann numerical solution when H= 20 using {A(‘”‘) ,66®} (i) in pure diffusion [top line: E; is Pe-independent ] and (i) in ADE from
Fig. 14: E, is fixed by the grid Péclet number except T-I-DFLI, [the first-order degradation of Eq. (12b)] T-DFLI, and T-DFLI.

E, using Eq. (28)

Pe FLL, EMR,, DFLI, T-I-DFLL, T-DFLI, T-DFLI T-DFLI)
V Pe 5.6 x 1073 1.6 x 1072 7.2 % 1072 0.39 2.1 %1072 2.1 %1072 0

10° 7.7 x 1073 3x 1072 7.5 x 1072 246 x 107! 1.8 x 1072 1.6 x 1072 28 x 10717
10° 3.5 x 1072 2.6 x 107" 1.2 413 x 107! 1.2 35%x 107! 32x 1071
|Mo|/% in Eq. (28)

Pe FLI, FMR, DFLI, T-I-DFLI, T-DFLI, T-DFLI T-DFLI¢)
V Pe 1.8 x 1073 47 x 1073 2.2 %1072 -0.12 6.6 x 1073 6.8 x 1072 8.9 x 10716
10° 1.8 x 1073 47 %1073 2.3 x 1072 —7.04 x 102 4.6 x 1073 47 x 1073 2.8 %1071
10° 1.3x 1073 6. x 1073 1.2 x 107! —1.22x 107! 1.2 x 107! 5.8 x 1072 5.7 x 10714

T-I-DFLI, worsens by a smaller extent because its principal inaccuracy
is due to the constant diffusive-flux approximation. Table IX confirms
that FLI, overheads all other schemes, including FMR,,, and produces
two-order magnitude smaller M, than DFLI, and T-DFLI, when
Pe = 10°.

Figure 15 addresses the convergence of My— and ®y— strategies
when Pe = 10%; the basic MR schemes are displayed here together
with the N-MR and Taylor schemes T-DFLI and T-DFLI,. The results
show that all schemes obey a second-order rate and, except FLI, and
DFLI, /N-DFLI, they almost overlap when H > 20; FLI, gains again
by a large extent and shows much smaller values of |My| and |®|. In
this respect, DFLI, and N-DFLI remain the least accurate. We note
that E, is very similar with the two-node FMR/N-FMR and the
single-node T-DFLI/T-DFLI,, but the MR schemes show better con-
servation properties.

E,
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FIG. 13. Quartic-polynomial rotated Dirichlet numerical solution. Left: Pe = 10,
Right: Pe = 10°. Dirichlet schemes: MPLI/LMKC®, PLIM, PPLI®, PPA,
T-PP, ¥, T-PP O, H~2[], H~3<. Data from Fig. 12.

We employ now A“Y) from Eq. (55), where the exact solvability
condition remains formally valid but the effective profile does not scale
with Pe exactly, because of the truncation correction in Eq. (48).
Figure 16 compares FLI, with its five N-MR counterparts from
Table 111, and with the two Taylor schemes, T-DFLI and T-I-DFLI,.
The results are restricted to Pe = 10 because the reconstruction is not
always regular at higher Pe. All schemes decay similarly with second-
order rate and here only N-FLI, improves FLI, in accuracy and con-
vergence due to the smaller amplitude and faster decay of |®y(H)|.
Recall, N-FLI, reconstructs Y[5] from the two-diagonal and one verti-
cal link [group II(b) in Eq. (19b)]. These results confirm the suitability
of the different reconstruction subsets. The Taylor schemes are slightly
less accurate than their FLI partners, but they systematically show

P(y")/Pe P(y")/Pe
0.3 ",
0.2 ., 0.4 -, "

FIG. 14. Quartic-polynomial rotated Neumann soluton when H=20. Left:
Pe = 10°. Right: Pe = 10°. The exact (solid line) and numerical (symbols) solu-
tions with My from Eq. (28) and the flux schemes: FLI,®, FMR,M. DFLI, &,
T--DFLI, A f[first-order Eq. (12b)], T-DFLIL, YT-DFLI“F)() is exact. Data:
Dyl o =0, {A®, ¢}, 2 =1,0=arctan[l], (xo,y0) =0, h=Heos0].
E, and My are gathered in Table V.
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FIG. 15. Quartic-polynomial rotated Neumann solution. Top row: Ey(H) and
[Mo(H)|/%. Bottom row: Ey(H) and |2®g(H)|/(%h). Flux schemes: FLI,

®, FMR,M, DFLI,®, T-DFLI A, T DFLIV N FLI.O, N- FMR,I:J N-DFLI,
&, H2A. Data: Pe = 102 =1, {A® ¢} 9= arctanl], (xo,Y0) =0,
h = Hcos [0].

noticeably larger amplitude |®y|. Finally, Fig. 17 shows that the FLI,
produces very similar E;, My(Pe, H) and @y (Pe, H) in all six compu-
tations with Pe € {10, 10%, 10*}; as usually, ®y — FLI, slightly over-
passes My — FLI,,. The original FLI produces nearly the same results,
because the normal source correction becomes almost negligible when
¢, is small. This example tells us that, without reconstruction,
FLI/FLL, is not much affected by the truncated non-linear Pe-
dependency.

H. Solution independence over an additive constant

When the problem is closed by a constant diffusive flux, solution
to Eq. (48a) is defined up to an additive constant, say p,. Hence, the
solution independence over an additive constant should be verified for
any diffusive-flux and a theoretically equivalent, advective-diffusive
flux scheme. However, this question was not ever raised to the best of
our knowledge unless very recently."’ The Neumann simulations
reported above fix P(x, y) to some (arbitrary) value in some (arbitrary)
point, typically we prescribe P|,_. 1y-1=0o0r Pl —1 = 1. The pro-
posed solvability techniques then add one varlable, MO or @y, to the
global unknown list in Egs. (292) and (33), and the global linear sys-
tem becomes invertible. The error estimate is computed a posteriori
on the normalized analytical and numerical solutions, e.g., obeying
condition (P) = 0, and hence E, is expected to be independent of the
fixed value. This property was confirmed "’ with the basic MR schemes

E, 12 <I>oI/(U h)
0100 4 88%3 .
0.050 0.005 T
0.020 0.002 B
0.010 0‘005 SN
0.005 5x10” o :\,
0.002 b 2x107 ’ l‘i
0.001 I 1x10 l,
3.
10 20 30 50 70 100 10 20 30 5070 1007

FIG. 16. Quartic rotated Neumann solutions at Pe = 10. Eéeff )(H) (left) and
2®(H) /Pe (right) with FLI,@, N-FLI;l N-FLI, ¢, N-FLI; A N-FLI; V¥, N- FLI,O7
T-DFLICI, T-DFLI&, H-2A. Data: 6 = arctan[l], xo,yp = {1,0}, Ce =

=%
A >(ce) obeys Eq. (55).
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FIG. 17. Quartic rotated Neumann solutions. E;(H) with the FLI, using Mo
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Pe = 10°C]; H-?[1. Data: 0 = arctan[l], {xo,)0} = {1,0}. ce = 55, A% (ce)

obeys Eq. (55).

in the rotated, interface-parallel and interface-perpendicular constant
velocity field. At the same time, it was observed™ that fz;, and then

the local tangential gradient ¢,0,P ~ 223;”1/ 2 fz;cqT becomes non-
zero in the translation-invariant direction even with the implicit inter-
face treatment. This effect is attributed to the anti-symmetric trunca-
tion  correction contained in #,, which  contributes

7
2 ZQ’"/ 2192 (u.P P)c;,c;, to the local gradient estimate.

We note that the term of Y5~ is different in FLI, FMR and
DFLI closure relations, and also, that it depends upon a solution con-
stant in the parabolic velocity profile. Figure 18 demonstrates the dif-
ference in the error estimate and M, when two arbitrary values are
fixed in one point. A very interesting result is that not only FMR,
DFLI and T-DFLI, but also all N-MR schemes N-FLI, — N-FLI, from
Table III produce consistent solutions. In contrast, the FLI and FLI,
produce different normalized solutions with two different values,
where the displayed difference in E, and M, approximately decays in-
between second/third rate and third-order rate, respectively. The FLI
and FLI, manifest this artifact not only in the grid-shifted rotated
channels, but also in the grid-symmetric ones; the results with @, fol-
low along this line. Hence, it is suggested that the N-MR removes this
free-constant dependency with the help of its tangential corrections of
u,—terms in Eq. (10).

To sum up, the N-FLI does not improve FLI and FLI, regularly
for accuracy in the parabolic no-slip velocity profiles because of the
relatively weak tangential advection effects against the advection trun-
cation and its accommodation. However, it appears that the N-FLI
removes the principal advection terms in the non-equilibrium

|6E| [0Mol/U

0.1, 7 0.1
1074 e 1074

N — .
1077 e o E 107 Tt e,
1071 10710,
10_13‘::,,,”»4\ /f;;”" " -//.\:/X 10_13‘7 . e
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FIG. 18. Dependency upon an additive constant in quartic rotated Neumann pro-
files: the difference |6E,| and |6Mo|/% when P(r;) = 10 and P(r;) = 20 are

fixed at the same (arbitrary) bulk point Fo(x =1,y =3) [y’ :%]. FLI,®,
FMR,M, DFLI,®, T-DFLI, A, N-FLI, ¥, FLIO, H-20, H-%< Data: Pe = 102,
U = 17 0= arctan[%], (XanO) = {;117 1071}7 {A(eX)7 Ce(ex)}'
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expansion responsible for the FLI inconsistency. Otherwise, the Ey E;

FLI and FLI, normalized solution and error-estimate vary together 8:%8(0) : S 0.100 ' e,

with the solution constant, and therefore, these schemes are to be 0.050 , - Tl 0050 = T,

considered as not reliable, despite their very good conservation 8:8%3 N Teg T 0.010. R doo " :

properties. 8:38; I = 0.005 R By
0.001 . 0.001 s S

I. Rotated heterogeneous system 20 30 s0 70 1000 20 30 s0 70 1000

_ We extend now the boundary problem - from the grid-aligned i 29 5.0p intwo equal layers, X (H) with My (it and d; (right) using on
1mp11c1t—1nterface TRT-EMM scheme to the grld—rotated interface- the  boundary-interface:  FLI, — FLI,®, FMR, — FMR, M, DFLI, — DFLI,®,

conjugate treatment. The bulk equation remains the same as described T-DFLI, — FLI,A, N-FLI, — N-FLI, ¥, T-DFLI, — N-FLI,, FLI — FLIC], H-2
by Eq. (41a), but the stratified system combines now the diffusive Data: Pe =102, % =1, {A®) g0} g = arctanf3], (xo, ¥o) =0,
porous layer ¢ = ¢p; € [0,1] with the open (Poiseuille) profile h = Hcos [0].

¢, =1

MT(y/):Ov ¢:¢17 yle [7h170]7
1. .., ) 1. Bounded open-porous layered system, B-OPL
E"P)’()’ _h2)7 ¢2: 17 Y € [07h2}7

(63) The MR, N-MR and T-DFLI flux schemes are applied on the
Yh,? U (hy + hy) impermeable solid wall, either using M, or @, for the solvability con-
U= 12(¢p 1y + yhy) €= oA dition. These two strategies are compared now in the presence of the

interface, when the flux-continuity condition is not satisfied exactly.
The two layers are either periodic [OPL] or impermeable [B — OPL]; Figures 19 and 20 address the system of two equal symmetric rotated
the B — OPL reduces to the above considered Poiseuille flow problem  layers when Pe = 10 and Pe = 107, respectively. We apply FLI* [this
when the diffusion-layer vanishes [#; = 0]. The diffusion coefficients abbreviates FLI — FLI applied both on the interface and boundary],
are discontinuous: A = ¢; A" and A, = ¢,A"; the scalar field and compare it with (i) its MR counterparts involving the normal
P(y) and the diffusive flux —Z;d, P(y’) are set continuous on the ~ mass-source correction, as FLI;, FMR} and DFLL; (i) the N-MR
interface 3’ = 0. The advective flux reduces to zero together with  partners, as N-FLI} or N-FLI} from Table III, and (iii), the single-

u,(y') on the interface, and hence, the advective-diffusive flux is also node combinations of the Taylor and N-MR schemes, where T-DFLI,
continuous. The effective profile P()(y') combines the parabolic applies for boundary and N-FLI, [or N-FLI,] adjusts the interface.
branch (41b) and the effective quartic solution from Egs. (51) and Figures 19 and 20 employ the square and rectangular reconstructions,
(56). We apply the interface-conjugate from Eq. (37) with the two- respectively. We recall that all examined schemes are exact for the
node parabolic PP family for the scalar-field continuity condition and boundary and interface in two adjacent diffusive layers (STRD
combine it with all developed flux schemes for the flux-continuity con- ~ restricted to pure-diffusion).

dition. The porosity contrast is set equal to 8 for all simulations, for Figure 19 shows that the FLI; is by far the most accurate and it
the sake of comparison with our previous results.”**’ decays with third-order rate thanks to its best conservation prop-

erty, while the DFLI?1 behaves as the worst, due to its significant
deviation from the exact solvability condition manifested again by

E, 1Myl/U the large M, and @, magnitudes. All other flux schemes show very
0-008 . RN 0.01 . e, similar results of intermediate accuracy: N-FLI* behaves slightly
’ s b e, Sy . Tee, better than FLI?> with M,, and slightly worse than it with @, but
8008 . e S o001 = T FLI® surpasses FMR2 and the two mixed combinations of the
SXOI%QL -, Tss 1074 —, . o Taylor and MR schemes: T-DFLI, — FLI, and T-DFLI, — N —FLI,,
Ix10-4 e, 10-5 e, which are formally more accurate. The M, and @, techniques also
20 30 s0 70 1008 20 30 50 70 1000 show close results for the E, and their respective amplitudes of
E, 12 ®)/(U h) My /% and 20/ (Uh).
o1 —_— 001 ‘ —_— When Pe = 102, the truncation and accommodation grow non-
TR e T e, Tree, linearly against Pe = 10 in Fig. 19. Figure 20 shows that all schemes
== S i LR T M . . .
0.01 by Vi o001 N e, then decay with second-order rate; the rectangular reconstruction is
: S, . . .
0.001 T LIp— . o T not accurate on the coarsest grid, here with a width hx = 10 cos 0]
., s T, ~ 8.9 node per layer. The finer grids show results which are similar
1074 e 10 pa . - 2 .
*e H i | with Pe = 10 and confirm the advanced precision of the FLI’ inter-
20 30 50 70 100 20 30 50 70 100 n

face/boundary treatment. However, we should emphasize again that
FIG. 19. B — OPLintwoequal layers. Top row E\7)(H) (left) and Mo(H)/% the reported values of E, depend upon an additive constant in FLIZ
(right). Bottom row: ES") (H) (left) and ®q(H)/(%h) with on the boundary-inter- and FLI.

face: FLl, — FLI,®, FMR, — FMR,M, DFLI|, — DFLI,®, T-DFLI, — FLI, A, To sum up, we extended the piece-wise parabolic solutions and

N-FLI, —N-FLI ¥, T-DFLI, — N-FLI, O, FLI — FLICJ, H=2< Data: Pe = 10, confirmed the suitability of the MR and N-MR for the continuous-flux

U=1,py =4 {ACY ¢} g = arctan[l], (xo, o) = 0, h = Hcos [0]. interface-conjugate in the non-uniform velocity profile. The N-FLI*
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might offer an interesting compromise to FLI* and FLI2, because it (i)
needs only one interface or boundary point; (ii) shares with FLI,, simi-
lar mass-conservation, and (iii) improves FLI* and FLI? for their tan-
gential constraints and a free-constant dependency. However, we find
that the important role of the truncation and accommodation at
higher Pe, here typically Pe > 10°, corrupts the second-order recon-
struction procedure.

2. Periodic open-porous layered system, OPL

We consider now a fully periodic system where the corrective
flux from Eq. (32) is extended for interface system and @, strategy
prescribes

Mo - O7
1= 240 Plly—y = IDl| + o, (64)
|| = Zk8y Pl = [[Dal| = o, Bo = Z.

Like with Eq. (32), Eq. (64) is expected to produce the most accurate
results when the two interfaces are placed symmetrically. In the OPL
system, the diffusion-flux is continuous, then ||D,|| = 0. The OPL is
run with M, from Eq. (28) and @ from Eq. (64). Figure 21 addresses
the pure diffusive system e, = 0 but applies the same mass-source as
in Eq. (41a). We confirm that all numerical solutions formally scale
with the Pe number and then produce Pe-independent error-esti-
mates. It is interesting to note that My/h = 2®,/(Uh) with all
schemes, the straight symmetric Poiseuille flow alike [cf. Eq. (60)]. We
observe that ®) — FMR and ®j, — N-FMR decay with a third-order
rate in the absence of the advection terms. Due to the same reason,
the N-MR3 and N-MR,, exemplified for the square and rectangular
reconstruction, show similar results to their counterparts, such as
FLI, and EMR,. It is curious that, unlike in all previous results,
@, — N-DFLI; clearly surpasses @y — DFLI,, in pure diffusion. This
indicates that although DFLI, vanishes the uniform-velocity advec-
tion terms from its closure relation on the parabolic profiles, its

E, |Mo|/U |2‘Po|/(U h)
Ol B e, 0.013 L e
0.01 T 0.001 el
T, — T T,
0.001 » Fagg 10-4 T
. H 105 oo H
10 20 30 50 70 100 1020 30 50 70100
E, (P _p () pe
0.050 - 0.015 :
0.010 TR fyg e, 0010, -, ;‘
. S - " 005 ouss.
sxioh Hrtras et -----J.-
X - o
VS o0std 2 B
1x107 :

10 20 30 50 70 100" —0.010};

FIG. 21. Pure diffusion in grid-symmetric OPL— system. Top row: E,(H) with My
(left) and |M0( )\/JZJ—2|(I>0( )|/(h) (right). Bottom row: E(H) and
(Plmum) (y"y — P(X)) /Pe using @y with Eq. (64) when y' € [—h/2,h/2],
h = Hcos [0], H 20, interface-flux condition: FL|,®, FMR,M, DFL|,®
N-FLI, A, N-FLI; ¥, NFMR; (O, N-DFLIy 0, H2G, H3A. Data: % =1,
Pe — 10° [but E, is Pe-independent] {A(®Y ex)} 60 = arctanfl], (x, yo)
= {4,0} h = Hcos [0].

ARTICLE scitation.org/journal/phf

E, E;

1 ¢ ¢
0.1 i . 01 Fee e
0.01 IR 0.01 T,

Tl S
0.001 ‘ el 0001 . R
1074 H 1074 : tlrg
10 20 30 50 70 100 10 20 30 50 70 100

FIG. 22. The same system as in Fig. 21 but in the presence of advection; FLI,
(left) and FMR, (rlght) The results are obtained with My— strategy: Pe = 10 @,
Pe = 10°M, Pe = 10°®, and with ®p— strategy: Pe = 10 A Pe = 1027
Pe = 10307 H=?00, H- AL To compare with FLI, results in open profile in
Fig. 17.

accuracy is impacted by them in the general cases. All My—schemes
decay with a second-order rate because of the mass-source correc-
tion in Eq. (28). On the whole, these results are similar to those in
the diagonal flow displayed in Fig. 11 at Pe = 10?. The last diagram
in Fig. 21 confirms that among the ®,—schemes, DFLI, and FMR,
produce, respectively, the largest and smallest deviations from the
exact profile.

Figure 22 examines the E, —dependency over Pe with two basic
schemes, as FLI, (left diagram) and FMR, (right diagram); their
results are displayed together wusing M, and @, when
Pe = {10,10%,10°}. When Pe < 10?, ®; — FMR monotonously
decays with third-order rate, in pure diffusion alike; but My — FMR,
and the two FLI schemes, My — FLI, and ®y — FLI,, decay with
second-order rate in agreement with the expectations and previous
results. In these simulations, E, remains almost Pe-independent,
whereas |My|/% and |2®y|/(%h) practically coincide between them
in all these schemes. However, again, when Pe = 10°, the M, and ®,
solutions behave similarly and produce much larger errors on the
same grids.

To sum up, these observations confirm that M, — FMR is domi-
nated by the second-order bulk accuracy of the My— strategy in the
pure diffusion and intermediate Pe range, but both M, and @, solu-
tions are dominated by the Pe-dependent truncation and its interface-
accommodation at high Pe. We note that the boundary systems alike,
(i) the results of FLI and FLI,, depend upon an additive constant in the
fully periodic OPL, and (ii) the N-MR removes this deficiency but
becomes irregular when Pe grows.

J. Summary

The rotated quartic solution due to the parabolic velocity and
mass-source fields extends our previous analysis’****” on the numeri-
cal modeling of the Taylor dispersion problem. We confirm that the
pure-diffusion grid-rotated solution can be matched exactly with the
help of the fourth-order accurate Neumann and Dirichlet Taylor
schemes using A, )(ce) from Eq. (52), V.. When A # Ag ) the
effective d1ffus1on solution is isotropic only with the hydrodynamlc
mass-weight t,g , but it retains the symmetry. In contrast, the effective
advection-diffusion solution is anisotropic and not symmetric with the
hydrodynamic weights unless when it is tuned to be exact with the sin-
gular ch01ce of the two remaining free parameters, as given by
{A) ¢, @)} from Eq. (53). Using the fourth-order accurate Dirichlet
closure, the effective solution is validated exactly with free-tunable val-
ues of these two parameters. In the Neumann system, A () from
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Eq. (55) becomes mandatory for the exact solvability condition
(U y)) = 0; A (c,) reduces to A® when ¢, = ¢, ().

The exact bulk-parameter choice is employed to validate all pro-
posed Dirichlet and Neumann schemes. We confirmed their second
and, partly, third-order, convergence order in arbitrary-oriented, uni-
form and heterogeneous channels, and related their accuracy with the
mass balance metrics. The interesting result is that the corrective flux
@, is able to adjust the exact straight quartic solution for any flux
scheme. Its analytical solution |®y(d)| clearly indicates that the
diffusive-flux DFLI family, which is built to be exact on the grid-
rotated parabolic profiles in uniform tangential velocity field, deviates
most significantly from the exact solvability condition on the quartic
solution. This DFLI feature is then observed through all examined sol-
utions, which undoubtedly explains its worst accuracy. In contrast, the
FLI and FLI, behave most accurately despite their lower formal
Taylor-accuracy order; this happens because their single-node flux
continuation, as —A" 711, + (3?1;, fits the mid-grid LBM bulk-flux dis-
cretization in Egs. (27). These suggestions are further confirmed
through the exact mass-balance analysis in Sec. D.

Unfortunately, due to this semi-implicit discretization, FLI
and FLI, may do not respect the additivity of a free constant in the
Neumann or periodic solutions. All other schemes, including N-
FLI, are consistent in our simulations. Also, the MR, but also N-MR
and A-LSOB with the square-matrix reconstruction are all parame-
trized by grid Pe number and A; the rectangular reconstruction
loses this property but it avoids the problem of the subset choice in
Eq. (17), and hence it can be regarded as geometry- and problem-
independent.

We recognize that the coarse grid solution may become spoiled
by the truncation and its accommodation, growing very rapidly with
Pe; the rectangular reconstruction becomes then not sufficiently accu-
rate on the coarse grids. In this respect, when the tangential advective
boundary flux is very small due to the no-slip velocity or a diffusive
interface, the preselected candidates are the two-node FMR,, and the
one-node N-FLI, which show similar accuracy at the intermediate Pe
range, e.g, Fig. 15. The FMR,, converges faster, with third-order rate
in the grid-aligned channels, it is simpler and more robust for the high
Pe range. However, N-FMR or N-FLI should replace FMR,, in the case
of the (nearly) uniform rotated tangential flow and in the presence of
the diffusive-flux jumps, as demonstrated for STRD, and as also
expected for problems with the non-zero tangential diffusive bound-
ary/interface flux.

Concerning the single-node A-LSOB flux schemes, the T-DFLI
and T-DFLI, are interesting because they (i) share with FLI, the same
(good) solvability condition in the straight grid-shifted systems, (ii)
respect there, together with the unmodified MR, the weight-
independence and linear Pe-scale, and (iii) show comparable to two-
node FMR,, conservation properties in the inclined channels. On the
negative side, they are affected by strong truncation and accommoda-
tion errors through the reconstruction procedure at high Pe. The
Taylor Dirichlet schemes T-PP and T-PP, are not impacted by Pe-
dependent effects, and they even surpass the parabolic PP MR family
(cf. Figs. 12 and 14, Table IV) because their normal Taylor condition
is not affected by the advection projections. This is confirmed by the
results of the degraded (linear) T-I-PP, scheme, which behaves much
more accurately at high Pe than its linear MR counterparts, MPLI/
LMKGC, PLI and PPLI. In turn, the novel single-node parabolic PPLI

scitation.org/journal/phf

from Table XII is the most accurate in the pure-diffusion and it
approaches PP in the intermediate Pe range.

Finally, concerning the EMM — TRT application with the no-slip
velocity field, we highlight that the parametrized schemes should be
preferred to assure the solution control by the Péclet number at fixed
A, and that the grid shall be refined approximately linearly when Pe
grows to get rid of the nonphysical Pe-dependency due to the inter-
face/boundary high-order accommodation. It should be said that the
transient ADE solvers meet even stronger limitations for the Taylor
moments prediction, because both the translation length and the com-
putational time toward the steady Taylor regime grow with Pe.
Moreover, whereas the transient ADE solvers become unstable with
Pe, the steady-state EMM — TRT is not affected by the stability issue
and the interface-conjugate MR steady-state treatment allows to accel-
erate the convergence by one or two orders with respect to their
implicit tracking in rotated slabs."*’

VI. ROTATED EXPONENTIAL SOLUTION IN PLUG FLOW

The two stratified heterogeneous layers of width {h;,h,} are
again arbitrary rotated and placed with respect to the grid, but now
the constant (Darcy) advection velocity i = u, Ty/ is perpendicular to
the interface in “series.” The system is periodic along ¥/, it is abbrevi-
ated DS, and its modeled equation reads

(65a)
(65b)

Solvability condition (.#) = 0 is adjusted with the mean-velocity 7.
The interface conditions are described by Eq. (36): the scalar field is
continuous (¢?) =1, 11(1’) = 0) but the normal diffusive-flux is sub-
ject to the jump condition: ¢*) = 1, " = ||Z||T - I, In theory,
the advective flux is continuous on the interface and hence it vanishes
from the flux closure relation. A continuous periodic solution P(y') is
defined up to an additive constant. Solution of Eq. (65) allows to pre-
dict the effective diffusivity (at zero velocity, thanks to the interface
diffusive-flux jump) and the dispersion coefficient Dy = (¢) ™" (u,,P)
in the plug flow due to the structure heterogeneity, the EMM also
extends this procedure to the high-order moments.”” The symbolic
and numerical analysis of the EMM — TRT scheme is developed for
the straigh‘[38 (the diffusivity, dispersion, skewness and kurtosis) and
the diagonal™ (the second-order moments) implicit-jump tracking,
These results (i) produce exact solutions for the three moments in the
pure diffusion with the help of the specific dependency A(c,) for kur-
tosis (given by the third-order polynomial solution P(y)) and (ii)
show that the implicit-interface ABB— continuity condition produces
Pe-growing errors and an anisotropic interface location due to the
presence of the advective term of B = —Ato® in Eq. (5), as
—A+fl:; x —t,(,“)AJrayu,,P(y)céy in the perpendicular flow ii = u,1,.
This term is vanished in PLI/PAB with the help of the post-collision
correction F 4 and, together with the next-order term of y("), in the
parabolic MR PP family (see Table XIV). In the diagonal slab, both
pure diffusion and plug flow are affected by the implicit interface
accommodation.

In the present work, the “internal” y =0 and “periodic”
y' = h, interfaces are modeled with the interface-conjugate from
Eq. (37). When the proposed schemes are not exact on the discrete-
exponential profile, we adjust their solvability condition with M,
from Eq. (28) and the corrective interface jump =®, from Eq. (64).

unaerk(y/) — My = Qkaj,Pk@/),
My = UPy — tn, (M) = 0.
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Our analysis undertakes a symbolic procedure in the straight geom-
etry, and the numerical computations in the diagonal and rotated
slabs.

A. Effective symbolic solutions

We construct and examine the effective solutions of the MR and
A-LSOB interface-conjugate, and their combinations, in the straight
interface-perpendicular plug flow. We also build the effective Taylor
equivalents of the MR schemes and develop their inverse mapping,
from the parabolic Taylor closure to its local MR equivalent.

1. Symbolic procedure

Our symbolic analysis follows™* and develops with d2q5, because
the steady-state profile P(y) is weight-independent in the straight
geometry; the extension for d2q9 solution and the diagonal orientation
may follow.”” We apply M, strategy, then Eq. (28) determines d2q5
solution for ﬁ;’ (yn):

7 ) = ty( M) + M), (662)

then Ayt =0, AS =0, Vy. (66b)
Conversely, plugging Eq. (66) into Egs. (15a)-(15¢), ﬁqi reads with
Pek =1
i () = gy [PekAyPcéy - AiPch,} (), (672)
1
fiy () = tyce {Aypcqy — ZPekAiPcZy} (Vn)- (67b)

Equation (28) equates the sums of Egs. (67a) and (66a), and provides
the central-difference form of the modeled equation:

unAyP — (M + Mo) = AP, Dy = oy . (68)
Clearly, when M, # 0, the solution gradient gets modified as

M+ M
Pr=ap+ by +and, b= M, with
tn (69)
- 1 +Pek/2
T I Per/2

The two-layered solution is determined up to an additive constant a;
[or a,]. The three coefficients from the set {a;, a,¢1,c;} and M, are
determined giving the two couples of the interface-conjugate condi-
tions (37), e.g, with PP — FLI, PLI — FLI, and other MR combina-
tions. The MR,, and N-MR reduce to MR because the tangential
advective-diffusive flux is zero in d2q5. Their interface-closure rela-
tions are all expressed exactly through Egs. (66a) and (67b) plugging
their Eq. (69). In turn, the A-LSOB Taylor schemes (12) become
expressed through the four couples of the grid unknowns
{AP,A] P}\ ; T-PP is then substituted into the interface scalar equa-
tion %(m) T-DFLI (diffusive flux) or T-FLI (advective-diffusive flux)
are substituted into the interface-flux equation (36b). Equation (67)
closes the A-LSOB system by equating the RHS of Eq. (67) to its solu-
tion expressed on the profile (69) for vertical links in the interface grld
nodes 7;; this procedure mimics the reconstruction of {A,P, A P}|

with the B[2 x 2] matrix in Eq. (17). We also combine the MR and A-
LSOB interface-conjugate relations, as T-PP-FLI or PP — T-DFLL
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Our symbolic procedure does not involve the truncation approxima-
tion from Eq. (16). The constructed solution then presents the effective
numerical solution of a given scheme.

2. Solvability conditions

Assume that the “internal” y = 0 and “periodic” y' = hz interfaces
are shifted from their mid-grid posmon at the distance 5 and o),
respectively, giving by = Hy + 6 — 6®), hy = Hy 4+ 6 — 61, but
keeping the total length h = hy + h, = H 1 + H, = H. The following
results are obtained on the symbolic solutions and confirmed
numerically:

* Both FLI and FMR satisfy the exact solvability condition
(A (U'))) = 0 with My = 0:

My =0,V {67, 5® } if only
h (70)
U= =
d 1+ dyh,

This property is independent of the continuity scheme applied
for a scalar-field in the interface-conjugate.

* Otherwise, when for example % is prescribed in Eq. (65b) via
summation, FLI and FMR adjust M, according to the derivation
in Subsection D 1 of the Appendix, as

(M y — M) (6D — 5P))

My = — , if
H
U — qylsum) _ unH 7 (71)
¢, Hy + ¢,H,
then My = 0 if only 6 = 1),

The case 6 = ) corresponds to the uniform vertical shift of
the whole slab from its mid-grid position.
¢ Inversely, if one adjusts ¢,A~ and prescribes the same values

U = '™ at the fixed grid Péclet number Pe’ = —, then
AMi(y') + My, and hence qu*(y) in Eq. (66a),
solutions:

get identical

= U by — u, (U). (72)

The proof is based on Eq. (71). However, P(y’ ) is distinguished
in these two configurations, because w, (%)) # w, (%**™).

e Unlike the FLI/FMR, the DFLI and T-DFLI produce M, # 0 either
with %) or "™ for any interface position, including its mid-
way [0 = 6®) = 0] or the uniformly-shifted [6) = 6] place-
ments. The DFLI solution of M, with %“™ is expressed in Eq.
(D7). The symbolic solutions confirm it and show that, in contrast
to Eq. (71), M, depends on the scalar-field continuity scheme Mf(f )
applied in Eq. (37a), both with the DFLI and the Taylor scheme T-
DFLI. That means that these two parabolic schemes do not satisfy
the exact solvability condition in a series of straight blocks in the
presence of the interface-normal velocity. Moreover, it is shown in
Subsection D 2 of the Appendix that the vertical DFLI closure rela-
tion in Eq. (8) is equivalent with the back-sided non-equilibrium
extrapolation of the diffusive-flux component —A™ 71, as

— AR ()
=N (7, (F) =y (F—7¢p)).  (73)

ﬂk(y,) + M,

DELI : D, (7 + 0¢,)
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In contrast, T-DFLI in Eq. (12b) presents the locally expressed nor-

mal Taylor extrapolation of the diffusive flux.

* All these results are also valid in parallel Darcy flow i = 1,1,
[STRD]. However, since the STRD solution P(y) to Eq. (41a)] is
determined by .7 (%) + My, it is the same when %(®) = /4™
but u, (%) and ¢,A~ differ. In these cases, the T-DFLI and DFLI
are also exact, because Egs. (12b) and (73) are exact when the dif-
fusive flux is linear in space.

To sum up, when the mass-source is piece-wise constant, the DFLI
“straight” closure relation is equivalent with the back-sided normal
extrapolation of —A™ 71, whereas FLI and FMR operate its continua-
tion locally via 5?1;, the BB alike, and they are then able to satisfy the
exact solvability condition (.7 (%'*))) = 0 with plug flow in series;
this conservation property is unavailable with the DFLI and T-DFLI,
even on the uniformly shifted interface 6% = 6.

3. The exact Taylor MR form

We build now the Taylor equivalents of the MR schemes in the
plug flow. This analysis is based on the exact central-difference solu-
tion in Eq. (67); the effective MR closure is then not identical with its
second-order approximation in Eq. (5). This analysis allows us to com-
pare the Taylor and MR closure relations in terms of the exact central-
difference gradients A, P and A;P according to Eq. (67). The key point
is that the neighbor components P(7, — ¢,) and 71 (¥}, — ¢,) in two-
node MR schemes are expressed from Eqs. (26a) and (26b) through
P(7p) and ﬁqi (), where we take into account that 71 is the same
inside one layer thanks to Eq. (66). The MR Taylor form then reads as

T,(Fy) = tiMo + 6P + tycqy (3P + taA Pegy, + tsAchzqy)
+t6A,Pcgy + t7Ach2qy|;b. (74)

TABLE V1. The coefficients of the effective interface Taylor closure in Eq. (74) along
the vertical cut link are derived from Eq. (34) [it is subdivided by oc(P)cetq and reads
with A~ = {A, }]. Equation (74) with the MR and normal Taylor Dirichlet schemes
in the straight geometry. The MR coefficients of Eq. (34) are subdivided by o) cet.

Taylor form of the Dirichlet MR

MR normal Taylor
t; MPLI PLI PP/KMRI1 T-PP
t (It — 1) % 0 0 0
t, 1 1 1 0
t3 0 0 0 1
t4 (1 =+ (Iint — I)CE)A 0 0 0

B ceA”

t5 0 0 3(1+9) 0

4c,A” 4, A~ 4c,A”
te 1 0 0 0

2
t7 (14 (It — De)A 0 6 R
2
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TABLE VII. Equation (74) with the MR and normal Taylor flux schemes in the straight
geometry. The coefficients of Eq. (34) are subdivided by th<”) in FLI/FMR and
#™ B in DFLI
n .

t; FLI/FMR T-FLI DFLI T-DFLI
t 0 0 0 0
t, 0 0 0 0
ts 1 1 0 0
ty 0 0 0 0
ts 1 1, 1 . 0
- -0 (1420
4 2 4 ( + )
te —c,A™ —c,A™ —c, A~ —c,A”
t; —c, A0 —c, A0 —c,A" 0 —c, A0

Tables VI and VII give, respectively, the coefficients for the Dirichlet
and Neumann, MR and A-LSOB basic schemes. They remain valid for
the pure diffusion and in straight parallel flow giving u, =0 in
Eq. (74). We first note that according to these two tables, all MR
schemes are incorrect for the term of t5 u,,Af,P. In detail, the effective
diffusive-flux interface condition reads as

T-DFLI : || — Ay coqy(AyPx + 6APrcy))|| = [|Zxll,  (750)
DFLI : || — Ay cecqy (AyPr + 0A3Prcy ) || = || 24|

Uy, (75b)
_Ill(l + 26)A§Pk)H.

Thus, DFLI modifies the prescribed jump condition with respect to
T-DFLI in the normal flow, to be contrasted with the second-order
approximation in Eq. (5), which vanishes all velocity terms in DFLI
closure thanks to its coefficients, o(*) = ﬁ<”) = y(“) = 0. In turn, the
PP/KMR1 — FLI/FMR interface-conjugate reads with

62
PP/KMRI : ||P + 6A,Pcyy + ?A;Pcz I

Q
B H5(1+5)pek ‘

4
X 1
FLI/FMR : ||u,cgy <P + 6A,Pcyy + ZLAjpcgy )
—CoA\y cqy(AyP + 3A3Peyy )| = || Zil.

(76a)
2
AyP

(76b)

These results show first that the parabolic schemes PP and KMR1 are
equivalent on the straight interface, and they both modify the Taylor
continuity relation in the interface-normal flow Pey # 0; again, this is
despite that the PP closure in Eq. (5) is predicted to be velocity-
independent. Second, FLI and FMR produce identical closure relations
and hence, the same solutions in the basic straight configurations,
although their form in Eq. (5) is distinct for the coefficient of p(®),
Namely, their common deficient advection term %A;Pcfly in Eq. (76b)
is 0—independent and hence, it is the same as with the BB or implicit-
interface tracking. Hence, Eq. (76b) comes down to T-DFLI from Eq.
(75a) only provided that the scalar interface-continuity condition in
Eq. (37a) is modeled with the incorrect, modified Taylor scheme,
replacing 1 by £ in the parabolic term:

1
M-T-PP : H (P + 0A,Pcyy + ZAchgy) H =0. (77)
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FIG. 23. The Darcy in series system [DS] in two equal straight blocks when the
“internal” and “periodic” interfaces are shifted at &) and 6, respectively, from the
mid-grid position. PP — FLI/FMR @ and T-PP — FLI/FMRE with My = @y = 0,
then My — PP-DFLI A, ®; — PP — DFLI @ and M, — T-PP — T-DFLI V¥, @,
~T-PP— TDFLI . Left 0¥ =6 =1 E,— rate r = {2.37,2.23,1.56,
1.47,1.77,1.77}. Right: 00 = —6®) = —1 E,— rate r = {2.37,2.23,1.55,
1.45,1.75,1.74}. Data: Pe = 10?, r; = 8.

To sum up, the second-order “correct” Taylor interface-conjugate
T-PP — T-DFLI produces M, # 0 according to above analysis, and
hence it does not support the exact solvability condition, whereas the
“incorrect”  interface-conjugate =~ M-T-PP — T-DFLI  respects
(A (")) = 0 thanks to its equivalence with M-T-PP —FLI/FMR.
This example clearly shows that the best mass-balance and the best
Taylor accuracy are not equivalent for LBM flux schemes.

4. The My and @, in plug flow

Let us exemplify the symbolic solutions for several basic interface
combinations, like PP — FLI, PP — DFLI and T-PP — T-DFLI, where
we now compare the two strategies, M, from Eq. (28) and the correc-
tive interface-jump @, from Eq. (64). Figure 23 displays E, when the
interface is shifted uniformly (left diagram) and when the “internal”
and “periodic” interfaces move one to another; on the whole, we
observe that these two “opposite” configurations produce very similar
results. In accord with the above analysis, PP-FLI and PP-FMR pro-
duce identical and the most accurate results; they solve the system
with My = 0 and ®;, = 0. Otherwise, with both DFLI and T-DFLI,
the effective solution |M| and |@y| depends on the scalar-continuity
scheme. It is confirmed that M, — PP — DFLI is the least accurate,
and it is surpassed by the ®, — PP — DFLI over a long interval
H <= 3 x 10%; the two techniques then decay together on the finer
grids. In turn, T-PP — T-DFLI behaves similar to PP — DFLI on the
coarsest grids, where it is not accurate; however, T-PP — T-DFLI con-
verges faster and decays almost in parallel with PP — FLI/FMR, both
with M, and ®. The “mixed” single-node pair T-PP-FLI is also
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interesting: it behaves as the T-PP — T-DFLI on the coarse grid, but
then very rapidly (with a rate about 2.4) joins PP-FLI. These observa-
tions confirm that the mass conservation, or the exact solvability, pre-
determines the asymptotic accuracy, whereas the joined combination
of the two interface conditions determines it on the realistic grids.

B. Inverse mapping in the straight system

A very interesting property of the examined above effective clo-
sure relations and their solutions is that they are A— independent.
This property is not automatic, for example E; linearly grows with A
using the implicit ABB — BB interface-tracking,”"’ where ABB differ-
ently shifts the midway interface position on two interface sides to
3 FA; (1 — c.)Pey. The PAB scheme [which is PLI(6 = })] radically
improves for this property with the leading-order post-collision advec-
tion correction, and makes the solution A— independent; the para-
bolic PP and T-PP schemes examined above share the same property
in the straight series. However, we have seen that the MR and Taylor
schemes are not equivalent there. The idea of the “inverse mapping” is
to construct the I-MR equivalents of the Taylor schemes. The I-MR is
searched in its steady-state one-node form in Eq. (34):

M, (%) = (mleq+ + mae; + m3f1q+ +mann )|, - (78)

Equations (662) and (67b) are substituted into Eq. (78) for ﬁqi; My (%)
then becomes expressed through the local variables
{Mo,P,A,P, A;P}|7b. The four coefficients m; are then adjusted to
one of the three Taylor schemes (12); the obtained coefficients are
gathered in Table VIII for their three (inverse) equivalents:
I-PP, I-FLI and I-DFLI Usually, the MR coefficients only depend
upon the directional distance 0 to the interface/boundary. However,
the I-MR coefficients also depend on (a) the sign of (cut) link ¢y, and
(b), grid Péclet number Pey. Hence, the inverse mapping automatically
detects the anisotropy and Péclet-dependency of the effective closure.
We have verified that the I-MR numerical solution coincides with the
symbolic solution of its Taylor counterpart. Hence, the single-node
I-MR reproduces the A-LSOB in straight series without any recon-
struction. At zero Pe, the local I-MR reduces to Table IX and it applies
exactly on the vertical cut link for piece-wise parabolic straight profile
[STRD problem above].

To sum up, the I-MR delivers the methodological example on
how one should combine equilibrium and non-equilibrium compo-
nents in single interface-neighbor nodes to make the interface-

TABLE VIII. The coefficients my — my4 of the “inverse” single-node I-MR in Eq. (78), equivalent with the Taylor schemes from Eq. (12) in straight plug flow in series. The table
reads with X = 2¢4, + Pey, Y = —4 + Peﬁ, Z=-2+ (SZPeﬁ, Pex = ,“T"k & = J in phase k and ¢, corresponds to interface cut link 4. The I-PP applies flag f,;= 1 in

interface-conjugate in Eq. (37a).

I-MR = A-LSOB my ms my my
I-PP = T-PP 1 8(2(1 + 8)Pey + ¢4y (40 + Pe})) 0 —20(2 + ¢4y Pex) (2¢gy + OPey)
A XY XY
I-FLI = T-FLI 0 cgy((—1 4+ 20%)Pey + ¢4, 0Y) 1 2y Ay (2 + cgyPer)Z
Y XY
I-DFLI = T-DFLI 0 —2(1 + 20Pey) + (80 + Pe?) 0 dcgy Ay (24 cyyPer) (1 + cgy0Pey)
XY XY
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TABLE IX. The results of Table VIII when Pex — 0. These local -MR d2g5
schemes are exact on the straight parabolic profile according to Eq. (43).

I-MR = Taylor m; m, ms my
I-PP = T-PP 1 0 — 5

k
I-FLI = T-FLI 0 1 o —A;
I-DFLI = T-DFLI 0 0 o Ay

conjugate in Eq. (36) equivalent with the Taylor interface closure from
Eq. (12) on the straight interface in series. This approach may find its
utility for construction of the MR schemes.

Remark. In principle, giving m; — my in Eq. (78), one can try to
invert the system (35) and to find the corresponding coefficients
{&,B,0,7,7, K"} in the standard (transient) MR, Eq. (A1). When
Pey. # 0, the obtained coefficients depend upon c,y. For example, the
[-PP and I-FLI can be, respectively, reproduced by the ABB and BB
supplemented with two local specific post-collision corrections K .

C. Diagonal interface

The symbolic and numerical results™ show that the d2q5 tackles
the implicit diagonal mid-way interface without accommodation
layers and retains the second-order convergence in series of two
heterogeneous blocks. In contrast, the full weight-stencil d2q9 model
suffers from the equilibrium discrete-exponential A-layer accommo-
dation; its amplitude depends on the weight distribution, A, Pe and
porosity contrast. The error estimates’’ address the two solution func-
tionals, like the effective diffusivity and the Taylor dispersion coeffi-
cient Dy; the A-layer slows their error convergence to the first order
(see Fig. 10 in Ref. 39) We extend this analysis to the grid-shifted inter-
face-conjugate treatment and employ the standard error-estimate
metric.

Our steady-state simulations are performed in a single column
delimited by the diagonal periodic interface. The PP is prescribed for
the scalar-continuity in Eq. (37a); in flux schemes, MR = MR,
because the mass-source is piece-wise constant. In theory, there are no
tangential effects because the 1d advection-diffusion process develops
along the interface-normal direction; however, the numerical solution
may produce spurious accommodation terms. We then examine not
only the d2q5 and d2q9, FLI and FMR for flux-jump in Eq. (37b), but
also their d2q9 N-MR counterparts from Table III. We find that the
reconstructions based on the two coordinate and one diagonal tangen-
tial link g =3, like N-FLI; or its “RM” counterpart with B[6 X 5] in
Eq. (17), produce a zero value for 9, P, 97 P and 9> P in Eq. (11), and
hence, they do not modify MR in Eq. (10). In contrast, N-FLI, and
N-FMR, involve the interface-perpendicular diagonal link and for-
mally produce non-zero projection 9% P # 0 in Eq. (10) due to the
full-stencil accommodation. Figure 24 then addresses d2q9 (with the
hydrodynamic weights) and d2q5 in the presence of the grid-shifted
diagonal interface, using the FLI— based (left diagram) and FMR—
based (right diagram) flux conditions. It is observed that d2q5 — FLI
and d2q5 — FMR overlap, the straight d2q5/d2q9 system alike.
Moreover, d2q5 retains the exact mass-conservation and it solves the
global system with M, = ®y = 0; the d2q5 then remains the most
accurate and it converges the fastest, with rate r ~ 1.7. Among the
d2q9 schemes, N-FLI, reaches the best accuracy and convergence
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FIG. 24. The DS in the diagonal grid-shifted series of two porous blocks applying
the PP for scalar-field continuity in Eq. (37a) and @ from Eq. (64) for solvability.

Left: d2q9 with FLIM, N-FLI,®, N-FLI,A; r = {7.66 x 10~",1.04, 1.41}. Right:
d2q9 with FMRE,N-FMR . N-FMR, A; r= {57 x 107", 1.,5.71 x 107"}
Left & Right: d2g5 — FLI = d2g5 — FMR @, r=1.71, H=' V¥, H-2() Data:
0=2, (X0, 00) = (3,1), Pe=10%, ry =4, A=1,co=1x 107", d2q9(t!’

_1 40 _ 1
=3l =7

with r ~ 1.4, followed by the linearly decaying N-FMR,, whereas FLI
and FMR without corrections decay slower. These results allow to sug-
gest that the N-MR is able to diminish the interface-accommodation
through its tangential projection, and then to improve the whole solu-
tion, asymptotically at least.

D. Rotated series of porous blocks

The rotated system of two heterogeneous blocks in series has
been examined”’ with the MR interface-conjugate schemes (see there
Fig. 14). When Pe = 10, the FLI and FMR, combined with PP in Eq.
(37a), converge with rate r ~ 1.8, and they clearly overpass their com-
binations with the linear scalar-continuity schemes, like PLI and
MPLI, which demonstrate the expected linear decay. These computa-
tions are run with My # 0 in Eq. (28). It has been observed that the
advection accommodation effect rapidly amplifies between Pe = 10
and Pe = 10%: the solution dependency over the equilibrium weights
then becomes highly irregular, and the convergence rate becomes
halved, both for E, and M,. Moreover, d2q5 loses its advanced accu-
racy, which is observed in the grid-aligned and, for small Pe range,
rotated systems. At the same time, the BB flux condition, combined
either with the implicit interface scalar-continuity condition (ABB),
linear or parabolic Dirichlet schemes, retains its first-order conver-
gence when Pe = 10%, and then ABB-BB even slightly supersedes the
formally most accurate PP-FMR interface-conjugate on the finest grids
H >3 x 10°. In agreement with our conclusions above with respect
to FLI/FMR straight system, this advanced BB performance might be
related to its mass-conservation [M, = 0] because the solvability con-
dition"” is prescribed via summation, as (. (%" )? =0.

We apply here the exact condition (.2(%'*))) = 0, which is
equivalent to the summation in constant velocity field when the
discrete phase distribution respects the porosity ratio ry exactly. Figure
25 presents in the left diagram the error decay in the same geometry
considered previously, but using the two solvability strategies, M,
and (I)().

The corrective interface flux-jump @, shows slightly better accu-
racy in all simulations, and slightly better convergence rate (DFLI
excepted); @y — PP — FLI is again the most accurate. The PP — DFLI
remains one-order magnitude less accurate than its FLI and FMR
counterparts, but it converges slightly faster. The two linear schemes
Moy — PLI — FLI and @, — PLI — FLI halve the PP convergence rate.

Phys. Fluids 33, 057104 (2021); doi: 10.1063/5.0047210
Published under license by AIP Publishing

33, 057104-30


https://scitation.org/journal/phf

Physics of Fluids

E E
0.200" 0.017
0.100 0.005.
0.050 T
e ST
0.020 A 0.0025 + ;
0010, . 0001 ¢ :
0.005 R S S S v
0002 e 4 0005 i .
: 100 150 200 300 500 350 400 450 500

FIG. 25. The DS in the inclined series of two porous blocks. Left: PP— contnuity
scheme is combined with My — FLI®, ®, — FLIM, My, — FMR @, ®; — FMR A:

r=10"x {8.7,8.9,8.1,8.3}, followed by PLI— conitinuity combined with,
Mo — FLI' ¥ and @y — FLI O, r = {0.49,0.5}; and then by (the least accurate)
My — PP — DFLI [J and ®y — PP — DFLI <&t r = {1.3,1.2}. Right: The PP is
combined with My — FLI®, @, — FLIM, M, — FMR®, ®; — FMRA (‘lines’) and
their four counterparts N-FLI., N-FLI3, N-FMR,, N-FMR; (“curved”, from the
“bottom”), their results are plotted together with My and @,. Data: 0 = arctan[%},
(0,50) = (1,0), Pe=10% 1y =3, A=} co=3x10"", d29 (&’ =1,

()
i’ = %)-

Figure 25 (right diagram) then compares PP-FLI and PP-FMR
with their N-MR partners on the finest grids. In fact, we observed that
N-MR is rather irregular on the coarser grids, most likely because of
the strong interface-accommodation advection effect. We optionally
apply (i) the reduced rectangular reconstruction N-FLI,/N-FMR,
with B[6 x 5] in Eq. (20), giving four coordinate values 7;, and two
diagonal values 715 in the RHS of Eq. (10), and (ii), the corresponding
square reconstruction N-FLI; and N-FMR; with Eq. (17), reducing
n St to fz; The N-MR is also performed with M, and ®y; we observe
that, as usual, E; (M) is slightly higher than E,(®p). Asymptotically,
the four N-MR schemes diminish the error-estimate of their
FLI/FMR counterparts and all converge toward the same solution.

To sum up, these preliminary results indicate that the current N-
MR procedure is able to reduce a strong purely-accommodation solu-
tion component in the interface-perpendicular diagonal and rotated
plug flow, but only on the very fine grids.

VII. CONCLUDING REMARKS

We proposed two new boundary approaches, suitable for both
transient and steady-state linear ADE—LBM: A-LSOB and N-MR,
and validated them with the stationary S-TRT formulation in
arbitrary-oriented channel slabs. The A-LSOB is a single-node
approach: in a transient standard algorithm, the incoming populations
are built with the third-order accurate Chapman-Enskog expansion,
where all first- and second-order derivatives are expressed from the
post-collision non-equilibrium alone, and they are constrained to the
wall-normal parabolic-accurate Taylor approximation of the Dirichlet
or Neumann boundary condition. The nodal reconstruction requires
the d2q9 stencil to restore all five 2D derivatives without resort to any
surface information; this step can be accomplished either with a
square- or rectangular-matrix formulation; the latter makes the A-
LSOB algorithmically simpler, lattice- and problem-independent, but
it does not retain the S-TRT parametrization by Péclet number and A
in the general cases. Another subtle point is that the S-TRT operates
with the symmetric and anti-symmetric non-equilibrium components,
rather than with the populations, and any one of them suffices to be
prescribed for a wall-cut link; we proposed a heuristic algorithm to
build the well-defined local and global linear systems.
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The (normal) N-MR follows another path to prescribe the
parabolic-accurate Neumann condition. The N-MR restores locally,
but precisely, the actual directional projection of the tangential
advective-diffusive flux, built-in into a given MR flux closure relation,
and simply deducts it from the incoming-population solution. Also,
the in-node correction of the normal mass-source variation improved
accuracy of the MR, and N-MR flux schemes for all reported results.
In this work, the A-LSOB and N-MR shared the same reconstruction
procedure, delivering the same results in the Cartesian and flat-surface
aligned coordinates. The N-MR extension to 2d/3d curved boundaries
and corner geometries with a non-zero boundary flux value is thought
to be more efficient in the fixed coordinate system, because the normal
direction is distinct for different cut-links. This next step might adapt
the recent LSOB formulation®” for the curved cross-section duct
Stokes flow.

In the presence of a grid-rotated high Pe velocity field, the single-
node parabolic Dirichlet A-LSOB T-PP shows better accuracy level
than the two-node parabolic MR PP; in turn, a linear normal Taylor
condition behaved more accurately than its single-node MR counter-
parts MPLI/PLI/PPLI. This Dirichlet A-LSOB enhancement is because
the MR directional closure relations are affected by the advection pro-
jections, e.g., at the first order with MPLI/PPLI, the second order with
PLI and the third-order with PP; however, the A-LSOB reconstruction
process is not smooth at high Pe. The MR, N-MR and A-LSOB
expand straightforwardly for the Robin condition by combining their
Dirichlet and normal Neumann counterparts. The A-LSOB is
expected to extend easier its parabolic accuracy to the full-matrix and
anisotropic collisions, but, like the MR, the N-MR operates directly on
any-shape interface-conjugate and it applies very similarly in transient
and steady-state algorithms. The two methods follow the so-called
Lnode approach®” whereas the ideas of the “Lwall’
approaches™"”*'"*'%> might become beneficial for (i) their reduction
to the coordinate stencils, thanks to additional surface information,
and (ii) their interface extensions, by re-formulating A-LSOB and N-
MR in terms of the surface derivatives. Finally, the reconstruction pro-
cedure was elaborated for the linear ADE; we assume that the transient
non-linear problems might adapt the linearization of the Chapman-
Enskog solution around the previous step.

We have shown that the BB, its linear [FLI] and parabolic [FMR]
advective-diffusive MR flux counterparts should be corrected in the
steady-state problems in the presence of the grid-rotated tangential
constant velocity field. The previous research delivered similar conclu-
sions in the wall-parallel transient advection”® and for the non-zero
tangential diffusive boundary flux;'”***"** indeed, the accommoda-
tion mechanism is equivalent for tangential, constant-velocity and lin-
ear diffusive, fluxes.””**’ The N-MR and Neumann A-LSOB are
constructed to resolve these two problems together, for any velocity
field; their formulation is equivalent for advective and diffusive flux
components, and their concept was validated through the exactness of
their piece-wise parabolic, bounded, periodic, continuous and discon-
tinuous, profiles in the grid-inclined uniform velocity field, extending
this solution class for the single-node Dirichlet and Neumann A-
LSOB schemes, and the single-node N-FLI scheme. We note that the
N-FLI improves the FLI scheme®” for any weight-stencil without need
for resorting to the heuristic Dirichlet and off-grid interpolations.
Conversely, we have demonstrated that the linearly accurate Dirichlet
LI families, and the intentionally degraded A-LSOB Dirichlet and
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Neumann schemes, fail to reproduce interface and boundary behavior
correctly in the benchmark configurations tested herein.

All parabolic-accurate schemes behaved well on the quartic pro-
files in the diffusion-dominant refimes and intermediate Pe-range,
suggesting them to be suitable for heat and mass transfer applications
in composite materials. In particular, the most simple single-node
Dirichlet PPLI shows the best diffusion accuracy; its Dirichlet velocity
counterpart IPLI is expected to share these properties in the pipe fluid
flow modeling; their further validation is required because of the
restricted heuristic stability range. Some reservations should be made
for the advection-dominant regime. In practice, both the Cartesian-
decomposition method”* and N-MR considerably complicate the sim-
ple directional MR concept; it is legitimate to understand when they
are necessary for the realistic solute transport. We have shown that the
tangential grid-inclined no-slip velocity field induces relatively small
boundary and open-porous diffusive-interface errors, as compared to
the truncation and its accommodation effects caused by the inexact-
ness of the boundary rules. The latter was demonstrated on the
quartic-polynomial rotated solution, where the second-order bound-
ary schemes excite the anisotropic advection truncation, which non-
linearly grows with Péclet number, violates the linear Pe-scale of the
modeled equation and makes the error-estimates Pe-dependent. A
similar deficiency is provoked by the accommodation layers in the
grid-inclined interface-perpendicular plug flow, rendering the N-MR
solutions irregular in the high Péclet regime. Given that the diffusive-
flux effects must become negligible when the advection is strong, we
suggest to give the preference to the unmodified MR schemes, and in
particular, the two-node FMR/FMR,, for the interface-continuous
Neumann problems in the high Pe problems. The N-MR or A-LSOB
may substitute it there for the discontinuous solutions with the
diffusive-flux jumps.

We also examined all flux schemes with respect to the exact,
“body-fitted”, mass-conservation solvability condition (.#) = 0 using
either the (i) artificial uniform mass-source M, suitable in any geometry
or (ii) corrective surface-flux *+®,, applicable on two parallel surfaces;
these unknown variables are automatically obtained on the global S-
TRT solution. Their respective amplitudes |My| and || served us as
mass-balance metrics. Although the two techniques decay closely with
second-order rate, the corrective flux is more accurate, especially with
MR, because it does not modify the bulk equation. As one illustrative
example, the corrective flux is able to adjust the grid-shifted symmetric
straight quartic solution for all examined flux schemes, including the
BB. We hope that these findings will inspire novel approaches for the
mass-balance of the body-fitted regular-grid boundary schemes.

Along these lines, our results undoubtedly show that the inherent
mass-balance dominates the formal accuracy with the Neumann LBM.
In particular, the FLI/FLI, exhibits the smallest mass leakage and,
together with the FMR/FMR,,, assures the exact mass-balance for any
straight interface position in the plug flow. This happens because FLI
describes the total local mass-flux as —A~ 1gs and its continuation
toward the delimiting surface as (3?1;, which comes down to the regu-
lar bulk-flux discretization for 6 = % However, due to this semi-
implicit discretization, FLI/FLI, does not guarantee to respect a free
additive constant in the Neumann solutions, in the presence of the
parabolic tangential velocity field at least. This truncation feature is in-
line with the deficient local-gradient estimate dependency upon an
additive constant,.”” On the positive side, all other examined flux
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schemes, as the FMR, DFLI, N-MR and Taylor scheme T-DFLI, are
consistent with respect to additive constant independence in our
examples. The FMR, N-MR and T-DFLI report a comparable mass-
balance in the grid-inclined situations, but the example of the para-
bolic diffusive-flux MR scheme DFLI shows that its intrinsic back-
sided extrapolation of —A™n, along the characteristic is extremely
non-conserving, except the linear diffusive-flux case where it is exact.
These observations might become fruitful for many non-equilibrium
interpolation approaches.

Concerning the presented analytical work, we (i) derived the
solvability conditions on the equilibrium weights or free TRT parame-
ter A, when the quartic polynomial may satisfy the discrete system in
the presence of the grid-rotated parabolic advection profile, (ii) con-
structed the associated effective solution with the hydrodynamic
weights, (iii) delineated the particular dependency A(c.) where the
effective solution becomes exact and hence, isotropic and linearly scal-
ing with Pe, and (iv) built the corrective boundary flux which adjusts
the global mass conservation for all examined flux schemes. We also
constructed the effective symbolic solutions in the interface-
perpendicular straight plug flow and applied them to compare exactly
all schemes for their mass balance; the FLI and FMR are found to be
conservative on the grid-shifted straight interface. Finally, we built the
single-node MR counterparts of the Taylor schemes and demonstrated
that, unlike in the current MR approach, their coefficients should
become anisotropic and account for the cut link direction with respect
to the surface-perpendicular plug velocity field. We believe that our
methodology will be helpful to advance the LBM analysis and to delin-
eate the most optimal closure schemes.

In conclusion, the Neumann boundary and interface-flux condi-
tions should combine the compactness, accurate mass-balance, physi-
cal parametrization, correct Pe-scale and free-constant independence
with the release of the tangential constraints and efficient reduction of
the accommodation layers. We have shown that the proposed
approaches progress along all these directions, and we expect that they
will bring some new ideas for two-phase and fluid-solid, stress and slip
Lattice Boltzmann models.

APPENDIX A: THE LI AND MR MULTI-REFLECTION
SCHEMES

We consider the MR in two-node directional form:
Sfog(Po, t +1) = MRy(Fo, £) + wy(7g, 1), Fg = To + 4 € V),
MRy = f (7o, t) + Bfy(Fo, t + 1) + Bf (7o t)
Hfy(Fo — Equt + 1) +3f _ (Fo — g 1)

P - St s
+Fq(v,t), Fg =K nq++1< y - (A1)
Equation (A1) gives solution for unknown population f_, (7, t + 1)

in boundary node 7}, in terms of (i) three post-collision populations:

fq(?b, t),ffq(?b, t),ffq(?b — ¢y, t); (ii) two after-streaming popula-
tions: fy(Fo, £+ 1) = f,(Fo =S4, t) and fy(Fo — St +1) =, (7o
—2¢,,t); (iii) local post-collision correction F,(Fy,t) and (iv), the
prescribed boundary term wy (74, ). Alternatively, one may adopt
the time-explicit algorithm by replacing ffy(7p,t+1) and
2y (75, t + 1) by their previous time step solution: ff,(7y,t) and
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TABLE X. The three-population families MPLI(«(")) and PLI(c(*)) with free coefficient o?) and y = § = 0; wq obeys Eq. (A4); the two schemes differ for K +; S or K" can be

set equal to zero with the specific (). Heuristic stability: {&, 5, B} € [~1,1) when o) € [~4,0[, V4. The coefficients of the three Dirichlet families* are matched with

p) _ {7_ 723 26

15— 14%}; these two first schemes are not parametrized; the LMKC refers to their third scheme which belongs to MPLI with K =0ands = —1.The

(anti-bounce-back) ABB (and implicit interface) correspond to MPLI with 6 = § and f-'q = 0; PAB = PLI(0 = ]) is the pressure scheme™ (see also Table Xl in Ref. 40).

The Dirichlet linear one-node families

) & B B Fo=K'nf K
MPLI o) ?) »)
Vo 1+oc<1’>(1 5) (14079 1+ 2 2 gl 1+5)
2 2 2
PLI ») 1 ») ®) —2—
Vo 1+ o (i b) (1+a?9) ) ocT

1
(N it —_ AT
(3+o-1)

2f4(7s, t). This strategy was adapted to reduce the staggered invari-
ants and in the specific corner geometry,””*’ but it also utilized as a
regular linear treatment, e.g., Refs. 73, 88, and 106. In such case, Eq.
(A1) reads

f- q( ):MR Gy )"‘Wq(?qu)a
MR, = &f (rb7t)+ﬁﬁ1(?b7 £+ Bf _,(Fo. 1) (A2)
+m(?b—Eq,t)+yf,q(rb—cq, )+F (Fb, t).

The LI schemes are considered as the single-node three-population
MR sub-class:

LI = MR with y = § = 0. (A3)

TABLE XI. The two-node Dirichlet KMR1 scheme and SMR(« +) famlly, wq obeys
Eq. (A4); Heuristic stability: KMR1: {cx —7tel~1 1] K" e[-1,1 when
At e ]O}VSSMR{ccny}e[ }whenoc e-1,-1, VA* and
¥V 0. The SMR may vanish K" with the specmc o). We employ SMR with an arbi-
trary coefficient o) in the present steady-state computations and refer to it as PP,
because all PP members produce the equivalent steady-state solutions.

The Dirichlet parabolic two-node schemes

KMR1 SMR € PP family
i -1 %(2+cx(")(1 + o))
B 7‘1;25(;)2* 9) :11(—4—a@)5(4+35+2A+))
B B £(4+o¢(")(2—52+25A+))
v ufa)z ia@)é(é—sz*)
i v %a@)5(5+2A+)
ﬁﬁf K'ag, oA f%(4+w>(1+5)(1+5fz/\+))
oif’) 4 Vol
(1+40)

We provide the coefficients for several linear and parabolic
Dirichlet families, advective-diffusive flux schemes and diffusive-
flux family. An MR family with infinite number of members is con-
trolled by the free-tunable coefficient as, typically, the scale factor of
the underlying closure relation, o) in Dirichlet families. The coeffi-
cients of (i) the exact steady-state MR form in Eq. (34) and (ii) the
corresponding second-order closure approximate in Eq. (5), are
tabulated for all schemes. The mixed (Robin) schemes can be built
as the linear combinations of the Dirichlet and diffusive-flux MR
following.’ All provided MR schemes support the bulk parametri-
zation of the ADE solutions by the grid Péclet number and free col-
lision product A using TRT. When the MR coefficients depend
upon A", they should be computed with the free tunable collision
rate of the symmetric modes in TRT*) UMRT(") collision opera-
tors,””**'?" which are sufficient for isotropic and anisotropic
diagonal tensors. Accordingly, A = A"A™ is defined in TRT or
TRT™) UMRT) isotropic collisions, where A~ corresponds to
the common rate of the discrete-velocity eigenvectors. In the

TABLE XIl. The ADE Dirichlet scheme PPLI is exact on the parabolic, pure-diffusion
and grid-aligned flow, profiles in an inclined channel; PPLI shares MPLI/PLI coeffi-
cients from Table X, Eq. (14a), A~ = c;l%. The fluid velocity Dirichlet scheme
IPLI'is exact in the inclined Poiseuille flow; IPLI is specified with the Stokes equilib-
rium ey 0, 7= Zq 1fcq %ﬁ, AT =3v. Heuristic stabilty: {2, 8,5} €
[=1,1] when A € [0, "22], and then only when A — 0, V6.

The Dirichlet parabolic single-node ADE and flow schemes

PPLI IPLI
a 1 1
1+oc(">(5+5) —1+oc(“)(5+5>
B —(1 4 o) 1— o5
1+— 1-

A ) 2
7. 9s Fy 0 0
MO —4A~ 4AT

S +A(1+28) —2A
. —oPtlM e (P+ AT,

O+ AT(1425) —2A
W+ ATF) Syl
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TABLE XIIl. Equations (34) and (35) are specified for Dirichlet schemes from Tables
X=XII.

Exact steady-state form in Eqgs. (34) and (35)
MPLI PLI PPLI KMRI PP

my Jo®) 1 1 1 1o 1_%52

_ _ 02
myx A~folP=A 0§ Loa o Lia sa

2 2 2
m5/o((P) 0 0 0 1(32 152
2 2

- 1 1
m; x A~ fa® 000 —3PA o+ O)A
m, X A*/a(P) 0 0 0 0 —0A

3 1

my o o 0 0 S35 L6(4+30+4A)
mg X Ai/a(p) 0 0 0 oA
mg /P 0 e L s 4an

TABLE XIV. The coefficients of the approximate closure relation in Eq. (5) with the
Dirichlet schemes from Table XIIl. The ABB and implicit interface correspond to
MPLI with = J; PAB = PLI(3 = J) is the pressure scheme.”

Directional closure relation in Eq. (5)

Eq. (5) MPLI PLI PPLI KMR1 PP
o) /5®) 1 1 1
AP /o) B B b )
3 /oP) A 1s 1s2 1s
2 2 2
(®) /5(p) 0 0 0 0
() /a(m —AT 0 5%
A
() /5/() —OA* —OA* —OA" —0A* 0

TABLE XV. The single-node FLI and two-nodes FMR advective-diffusive flux fami-
lies; w, obeys Eq. (22a FU @ {&,B8,8} € [-1,1]; FMR : {&, B,B,7,7} €
[—1,1] when A €]0,], V6.

The advective-diffusive flux schemes

FLI FMR
5 1 ()
“4 (140 —2A)
p 1-20 wd _Lsi s +A
1120 2 =50(1+0) +A)
B - —p
Y 0 W((1+8) —2A)
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TABLE XV. (Continued.)

The advective-diffusive flux schemes

FLI FMR
y 0 -7
F, 0 0
o) 4 4
1420 (1+0)*—2A

TABLE XVI. The diffusive-flux DFLI family prescribes wq(ry) with Eq. (22b); the
DFLI reduces to back-sided fl; — extrapolation in 1D, Eq. (73). The SFLI has several

heuristic ~ sub-domains  {&, 8, ,7,9} € [~1 1] they include: (A >3A7)
&&p" €]0, 552); the SFLI is able to adjust K" to [=1,1]. The AFLI is more

restrictive. We apply SFLI and refer to it as DFLI because steady-state solution are
the same with any DFLI member.

Two diffusive-flux DFLI families, V

SFLI(B), V' AFLI(), VB

& —p(1+)A —(1+4'A)

P —1+%/((2+35)A*+A)) %,(5/\ +3A)
B 1+%(6A’ —A) %,(5/\* —A)
! —%/(6A’ +A) %/(6/\ +A)
7 —%/(5/\* —A) —%/(5/\* —A)
By KiK' = <K |y K iy,

—B((1+0A —A)

TABLE XVII. Equatlons (34) and (35) in FLI and FMR advective-diffusive schemes
from Table XV [« is given there], and diffusive-flux family DFLI from Table XVI [’
is free-tunable].

The exact steady-state form in Eqs.(34)-(35)

FLI FMR DELL Y f/

mi/(A~a) 0 0 mi/(A”F) 0

u S 2 /
ms /a0 5+2_;A miF a2
ms /(A" o) O 0 ms/(A™B) —0

u 2 /
mfd 0 & Lm0

4 2 2

myfal) 1 1—%62 wA mlF A
my/(A"al)) —1 ,(1,%52+A) ma/(A”F) (2+36+2A)
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TABLE XVII. (Continued.)

The exact steady-state form in Eqs.(34)-(35)

FLI FMR DFLL V'
mé/a(”) 0 152 _A ms/ﬂ, —A
2
mg/(A_a<“)) 0 A_%(Sz mg/(Aiﬁ,) %(5+2A)

TABLE XVIIl. The approximate closure relation (5) with {FLI,FMR} and DFLI from
Tables XV-XVII, respectively [o“) is given in Table XV, ' is free-tunable].

Directional closure relation in Eq. (5)

Eq. (5) FLI FMR DFLI(f), V f
u>/0( u 1 (x(u) -0
11.)/0C u) ) o ﬁ(u) =0
w o A 152 y(“> =0

2

o) /o 0 0 al?) =0

ﬁ@)/a(“ —A" —A ﬁ(P) _ fﬁ'/\_

y@)/“(u —A"0 —A"0 —B AT

presence of mass-source .#(7), the Dirichlet schemes prescribe the
directional boundary value w, (7, f) through e; from Eq. (14a):

wo(Fa, 1) = =Pty (P+ (1 — I)AT M) (Fy, T).  (A4)

We prescribe regularly I, = 0 in Eq. (A4) to vanish the mass-source
from the Dirichlet LI and MR closure in Eq. (5); in contrast, the
ABB and LI rules®””® commonly apply I, = 1, and the mass-source
term then couples with the parabolic error. We refer to work™ for
more details and extension for MRT collisions.

APPENDIX B: RECONSTRUCTION STEP

Example 1: The matrix B in Eq. (17) can be expressed in the
Cartesian system and Eq. (17) is then solved with respect to Yy [5]
= {0,P,0,P, 9P, 82 P, ,P}. The vector Y[5] = {0:P,,P, O%P,

2P, (‘fnP} from Eq_‘(l_l') obtains the same solution as when Eq.
( 17) is solved in the (I, I,,) system using the coordinate transform:
0,P = cos [0]0,P + sin [9]8yP,
0,P = cos [H}OyP — sin [0]0,P,
02 P = cos?[0]02,P + sin [ze]agyp + sin? [0]8}%,P,

2P = cosz[Q]a}%yP — sin [29]83},P + sin2[0]&2 P,

(B1)

1
02,P = cos 20102, P+ sin [20)(25, P — OL.P).

Example 2: We exemplify Eq. (19) with a constant velocity and
mass source. If one replaces the fifth component ﬁ; in Eq. (19) by
i1, , |det[B]| reads in Eq. (17):

scitation.org/journal/phf

{h SR 7ﬁ;}uﬁ;,q:3( a) or g =4(b) :
EPIU (122N — 2N (- ).
(B2a)
safs] ={ay, ny, 05, Uiy, q=1(a )orq:2(b)’
\det[B]|_8tc JeeN|( - 2T (122 AT — 12 A (- €)1,
(B2b)

I11 : 2 [5]
|det[B]| = 2td AT (i -

Hence, unlike in Eq. (19), |det[B]| vanishes when # and ¢, are
orthogonal.

Example 3: We exemplify Eq. (17) with the velocity field from
Eq. (45). For the sake of simplicity, we consider the straight system
= uf(y)fx and the weights tém) = [(1@ =ty = {t., ta}; since u;(y)
and ./ (y) are parabolic, Eq. (16) is expressed by Eq. (57). The
weight f, is factorized and the reduced matrix B[6 x 5] and

RHSR[6] in Eq. (17) read with & = 2A™ 9, u.:

Us Us —c, AT —2c,AT —c. AT
Uy —u;  —C AN 2c.AT —c AT
- e—& c—¢ —Au —2ATu, —Atu,
B= + + + (B3)
—ce—¢ c+¢& ANu 2Au, Au
Us 0 —c, A” 0 0
0 0 0 0 —c,A”

and

R[6] =t a1, "hly_,

L R "z*}T (B
a ty Tty Tty tg et )
hly_, = {—ceAaﬁ% + Onu.P, —CEAGﬁ% — Oyu.P,
AT O M — A+P0ﬁur, A0, + A*Pc?ﬁuT7 0,
— AP )T (B4b)

When u.(y) and .#(y) are constant, Eq. (B4b) vanishes. Equations
(B3) and (B4) correspond to an ensemble of six components AT in
Eq. (19b). The two square [5 x 5] sub-systems BY[5] = R in Eq.
(17), referred to as N-MR; and N-MR, in Table III, only differ for
the two last lines, corresponding to 7] (g=1) or n2 (g=2),
respectively, in Eqs. (B3) and (B4); the two sub-systems operate Eq.
(17) with |det[B]| = t.t4|det[B]]:
|det[B]] = 8¢, A7|(c!A™2 + A*2u!

—22AQ2A(Pu,)* + 12))].

(B5)

Example 4: The A-LSOB algorithm The steady-state A-LSOB for-
mulation is resumed in Sec. III E. The Taylor schemes given in Eq.
(12) prescribe one closure equation for the wall-normal direction
traced from the boundary node 7y,. Additionally, the N, —1
“expansions” are prescribed with Eq. (40) for the given N, cut links
2 obeys Eq. (16) and the five derivatives Y[5] are

expressed hnearly with Eq. (17). Let us exemplify (i) the
“expansion” subset Q, in Eq. (40) and (ii), the “reconstruction” sub-
set Q, in Eq. (17) assuming that N;, < 4. Optionally, we set Q. € Q,

q € Qp, where 7 n
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and, when possible, prescribe Q. N Q, = . Prior, we preselect the
type of 7yec, €8y fpee = {ﬁ;} OF flyoe = {fz;}, then Q, is described
with Eq. (19) or Eq. (B2), respectively. We prescribe Eq. (40) for the
two components ftqi(z) with the first link in Qe when N, — 1> 2,

and then either 7 iy +(2) [if f1yee = {n 1 or n [lf Myee = {n }] for
the second link in Qe when N, — 1 = 3. Thls last rule also applies if
Np —1 =1 and Q, prescribes only one equation. We operate with
{41,492, 93,44} for the links *¢, = {(1,0),(0,1),(1,1),(—1,1)},
and we preselect the reconstruction default type r — default. The Q,
and Q,(7p) are optionally set as

1. If N,=1 then r— default
N, —1 =0, done = 1. . .

2.1f Q = {q1,92}> and |(cq, - 1u)| > |(cq, - 1n)|, then Q. ={qz}
and Q, = {gs,q4,q1}, else Q.= {q:} and Q, = {g3,q4, ¢ };
done = 1.

3. If Q = {q1,93,94}, then Q. = {ql} and Q- = {g3,qs, 92}, ie,,
b in Eq. (19b) if i, = {n } or IVb in Eq. (B2b) if
Myee = {nq} done = 1.

4. If Qy = {42,953, 94}, then Q. = {q2} and Q, = {g3,94,q1}» e,
Ila in Eq. (19b) if fi,e = {ﬁ;} or IVa in Eq. (B2b) if
firee = {71 }; done = 1.

5. If done = 0, g4 € Qyand |(c, - L)| > |(cq, - 1), then
(@ If Ny=2 or N,=3, then Q,=gqs for n', Q,

={q1. 92,93}, i.e, lain Eq. (19b) if 71, = {n+} or IHa in
Eq. (B2b) if 71, = {1 }; done = 1.
(b) IfN, =4, then Q, = fq4,q3} Q =

6. If done = 0, g3 € Q and |(cy, - 1

5 exchanges g3 and q,.

applies, Q.= because

{ql,qz,qs} done = 1.
)| > |(cq, - 1) then the Step

In our examples, r-default is rectangular with Eq. (20); T-PP
and T-DFLI apply the square reconstruction except when N, =1
(step 1); T-PP, and T-DFLI, apply Eq. (20) in all nodes but Q, is set
according to the above algorithm. Let us exemplify the straight hori-
zontal wall: N,=3, Q, ={92,43,44}> then Q.= {q2} and Q,
= {qg,q4,q1} according to Step 3. Equation (40) prescribes two

“expansions” 71 (2), and reconstruction is performed using subset
IIa in Eq. (19b) when free = {n }, or subset IVa in Eq. (B2b) when

free = {f1y }.

APPENDIX C: EXACT STRAIGHT QUARTIC
SOLUTIONS DUE TO CORRECTIVE FLUX

We prescribe A =7t &7y from Eq. (52) and consider the
exact quartic solutlon from Eqs (48a) and (46) with an imperme-
able horizontal boundary. Example 1a derives Eq. (61a) where FLI
matches this solution exactly with the help of the corrective flux
Dy = 7y from Eq. (32); BB [FLI with 6 = %] reduces this solution
to Eq. (60b). Examples 2 and 3 demonstrate that FLI,, [which is FLI
with the normal mass-source correction from Eq. (24b)] and the
Taylor scheme T-DFLI; are exact with the same solution |®
reproduced in Eq. (62). Example4 generalizes these solutions for
the MR flux schemes, like FLI, FMR or T-DFLIL In these deriva-
tions, fyr = fy, the boundary nodes are y, = 65 (bottom) and
yp = h — 07 (top), and the prescribed corrective flux reads with
9 = c, A", as

scitation.org/journal/phf

~G0yP|,_ = Dy(61),~DOyP|,_, = ~T(05).  (CL)

Equation (C1) reduces to Eq. (32) when dr = dp = J. Solution P(y)
is the same with d2q5 and d2q9 in the straight system; d2q5 satisfies
Eq. (28) with

h;(y) = tq/%(y)c;y = —tq@6y2P(y), and
(n) — _gynt2) -
o (y) = -0 IP(y), n=0,1,2.

In this section, 8§")P(y) denotes the exact derivatives on the quartic
solution from Eq. (46). Equation (15c) gives, by replacing the
central-difference A, with its exact Taylor expression and using Eq.
(C2b):

(C2a)
(C2b)

A () =1, {ceA’Ay(P+A+%) - <A *i) Ayﬂ]

q
. L (1 1
:tq CeA Cq},(a},P+8yP g*CEA+ A*Z 5

then, givingA = Aéex)
A"y = —1,9¢gy(9,P(y) +0T(y)),

ST (y) = lchy83PQ/). (C3)

Example 1a: We apply FLI with the corrective flux from Eq. (C1).

The exact closure from Eq. (34) reads with e, = 0 on the vertical
cut link ¢y =1 [y, = h — 6r] and ¢gy = —1 [yp = 0p]. We substi-
tute there m3/oc(“) = and m4/cx(”) = —A" from Table XVII, and
the closure condition becomes
—A"hy 4 onr|, = —t,7x(9)],,c,. (C4)

Equation (C4) reads plugging there Eqgs. (C2a) and (C3),

D(9yPegy + 005Pc, + 0T)|,, = =T, c: (C5)

Vo "

Equation (C5) presents the fourth-order accurate Taylor closure
relation provided that

1
2(0)e, = — (5 FegO P+ — 53c§y0;P 6T> (C6)

Y=o

Plugging the exact derivatives from Eq. (46) and Eq. (C3) for JT,
Eq. (C6) gives when ¢ =1,

l l///Cz wlcz lp,CZ
BB : = - P v _ T v
1 \p h Pe | )
then 1(5 = 2) TR with
Uh YK Wi
Pe= — = Y =—
‘T 127 K 12
When d7 = dp = 6 and y, = {9, h — d}, Eq. (C6) gives
. Pe( , 1 5(1 - 452)>
FLL: 7(0) = 55 (35 R AT

Equation (C8) reduces to Eq. (C7) when § = 1. It is confirmed that
the numerical solution with Eq. (32) reproduces the symmetric
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solution from Eq. (C8) exactly. When dg # d7, this solution is not
symmetric and it cannot be exactly reproduced with Eq. (32); it is
then validated by prescribing Eq. (C1) for the boundary flux and
reproducing the exact quartic profile.

Example 1b: Curiously, BB is able to reproduce the exact quar-
tic solution for any symmetric walls thanks to ®@,. The derivation
follows the same lines, replacing JT from Eq. (C3) by
oT + (% — 5)8§Pc;y. Equation (C8) then becomes

£(6) = 72% (1 e —hza)) (25— 1)8+ (1= 20)h).  (C9)

Example 2: When the MR is complemented with the normal mass-
source correction [I,[ﬂ =1 in Eq. (21)], the LHS of the closure
relation in Eq. (C4) gets an additional term & (h_) = CLgu(A*.#,0)/

2 from Eq. (24b). It reads with S /q = —A , @) Jo¥)
= —A" 0 from Table XVIII:
64 =ty co(— A Oplllcgy — NS0, M),
6t,%c,APe
= tquce/\(achqy + 58;PC¢ZU)|% = —qh—zcé},. (C10)

Equation (C10) is expressed with Affx) in Eq. (62), Eq. (C11) then
becomes

CPef., l+c | 0(1—40%)
1) =4 <3a R 73

(C11)

Example 3: We show that Eq. (C11) also satisfies the Taylor scheme
T-DFLI provided that Eq. (57) applies on the vertical cut link, as for
example with T-DFLI; or T-DFLI,, using the notations from Table
[1I and example 4 from Sec. B. We then equate Eq. (57) to 71, “ and
15 from Egs. (C3) and (C2a), respectively, this gives

num) (ex) 1 3
9,Pmm) = 9P 4 (A - E) P, (C12a)

2 p(num) _ 92 (ex) n4
92, P"mm) = B2 P + ¢, [ O}P. (C12b)
Equation (12b) becomes modified by the corrective flux from Eq.
(C1) and it reads

— (0, P"™™ + S¢q) 0 P

num )‘

—Dycgy- (C13)

y=yp
Plugging Eq. (Cl12) into Eq. (Cl13), it reproduces Eq. (Cl1).
Therefore, the T-DFLI, is equivalent to FLI, on these solutions. In
contrast, T- DFL12 produces the same solution for 02 (mum) Hyut dif-
fers for 9,P"") and then y(ys).

Example 4: We extend now Egs. (C8) and (C11) to other MR
flux schemes, as FMR and DFLI, prescribing Eq. (34) on the vertical
cut link. The corrective flux presents the difference between the MR
closure relation and the fourth-order accurate Neumann condition, as

>] —TW|, = —75(6)C

( )—1 o —
un M‘Zh 'th — &) Qvy?

L
@ _ 4 5m 1) (C14)
5 4 m p(ex)
with T' E 1) 'By Pl

The term My, - X, is expressed with My, [8] = {m;}; W,gm = ol in
FLI/FMR and W{g”) = ' in T-DFLI [cf. Eq. (39)]; these coefficients

scitation.org/journal/phf

are pre-computed in Table XVII. The components X, [8] are
expressed exactly: (i) e+ with Eq. (46); (11) = 0; (iii) h;(y) with
Eq. (C2a) and (iv), Af(y) with Eq. (C3). It is confirmed that FLI
reduces Eq. (C14) to Eq. (C8); additionally, FMR and DFLI substi-
tute the exact solution components in the neighbor node 7, — gs.
Equation (61) resumes their solutions with respect to FLI. Next,
FLIL,, FMR, and DFLI, apply the normal mass-source correction

é”(([) = CLgu(A".#,0) from Eq. (24b) which reads with the same

coefficients in three schemes: S/ Wé“) =—A" and y?)/ Wé”)
= —A" 0 (see Table XVIII). Equation (C10) gives then the same
(negative value) correction g;;)’ expressed with A in Eq. (62),

and then y in Eq. (C11).

APPENDIX D: MASS-BALANCE OVER A GRID-
SHIFTED STRAIGHT INTERFACE

We construct FLI/FMR and DFLI solutions for M, from Eq.
(28) in the straight grid-shifted layers subject to piece-wise constant
mass-source and either interface-parallel or perpendicular velocity
field. These results are resumed in Sec. VI A 2.

1. The advective-diffusive flux FLI/FMR

The macroscopic solution in the straight geometry is weight-
independent, and it can be examined with the d2q5 exact recur-
rence solution from Egs. (66) and (67). It can be then demonstrated
that FLI and FMR have the same interface closure given in Eq.
(76b). We examine their mass-balance with FLI, without construc-
tion of its symbolic solution; recall, FLI reduces to BB (implicit
interface, or do nothing algorithm) on the mid-grid interface.
Assume that the “internal” and “periodic” interface nodes are
{yi»yi + 1} and {yp,y1 = y, + 1}, respectively. The two flux conti-
nuity equations (37b) [without correction 6’;17)] read then with
¢qy= 1 by inserting FLI coefficients from Table XVII:

(I);i) =0, with
()

ol = {e + ( + 80 > iy - A’(”ﬁ’} (D1a)
Yi

1 . @)
- {e’ — (f - 5<'>>ﬁ+ —A %5 } ,
q 2 q
yitl

OW) =0, with
@

oY) {e; + (f+ W)fz; - A’(Z)ff} (D1b)

The BB reads with §) = 6®) = 0in Eq. (D1). We consider the total
flux 0@y across the domain given by the sum of Egs. (D1a) and
(D1b), ®p = G)fli) + G)gp), and subtract from it the implicit-
interface (BB) flux ®pp = <1>§1>(6(> 0) + (D(p (6¥ =0) =0,
which is zero due to the bulk flux discretization in Eq. (26b), pro-
vided that .# (%'*™) is prescribed. This gives:
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H@P (6P) — 0P (5% = 0)). (D2)
Then,

if 7 = t< ) Ml (D3)

We equate Eq. (D3) to ftq "™ M,yH and get M, from Eq. (71), which
provides the solvability condition. This tells us that FLI/ FMR con-
serves the population mass [My = 0] with .#(%"“") only when
the two- layers are uniformly shifted from the midway interface
position [5 ) = ) ]. Otherwise, when using the exact definition
Mo(%(e")) in Eq. (68), My = 0 with any interface position. These
two findings are in agreement with the symbolic and numerical sol-
utions, and they are resumed by Egs. (70) and (71). These solutions
are valid in the heterogeneous series subject to the plug flow
#i =u,1,, but also in the stratified parabolic solutions with
il = u,1,, because .#(y) is piece-wise constant and Eq. (66) is valid
in these two systems. We note that the total flux q)f;) + q)ém remains
the same in the presence of the “physical” interface jump in series,
giving ¢ = 1, 0" = ||Jk||1),: 1, in Eq. (36) (see next section).

2. The diffusive-flux DFLI MR

We build the grid-shifted straight interface-flux mass-balance
in Eq. (37b) [without correction é”él’)] with the diffusive-flux para-
bolic family DFLI from Tables XVI and XVII. We follow Eq. (D1),
where we also include the flux jump =], on the two interfaces, with
]q = tém)@()(qﬁl -
on the local and neighbor components <qu“ and @;’b, respectively,

¢,)cqy in series. We decompose @éi) in Eq. (D1)

and it reads giving ¢,y = 1:

(i) — (i) — @ b _
(I)q’ =0, (Dq’ = (anc + (I)g Jgs
1
(Df;c = g(lllxl + axx,),
1
(I);b = 3 (A1 X) + A X, + Asﬁf— + A4ﬁ2+), (D4
_ (1) a— _ —(2)a—1(2

X = eq —-A (I)n |y )7 X2 = Eq —-A (2>nq }(','117
Xl—e —A A7|yl_1,X2—e —A A7|y’2_3_27

where {a;, A;} are set by the MR coefﬁcients from Table XVIL The

idea is to express the neighbor solution e+| . and ef |y ., from the
in-phase bulk relation in Eq. (27), as
1 1
+ 4t +a+ () L +54(1)
€ +2nq A g ‘J’x—l =4 znq A g |y, ’
1 ) ! @) (03
ol ot 1o +ot
e, +2nq Atngl i =e 57 Aty

Then, we first substitute the FMR coefficients and confirm that (D
reduces to its FLI solution, given that 77®) is layer-wise constant
according to Eq. (D3). In turn, DFLI holds

ARTICLE scitation.org/journal/phf

(D6a)

7@

(2)|y;+2* q |y,+1'

Obviously, Eq. (D6) presents the back-sided in- phase extrapolations
of the diffusive-flux non-equilibrium component ® qk =—A/n
Straightforwardly, the DFLI flux condition shares the same property
on the periodic interface y; = y, + 1,
(@) )
o,

—_0 &? _ o 1
=0,®,” = -l 4,

A Al 1
O = —A "Gy + o0, W% 5p =5+

212 _ »—(2) - D7
agly, = Mg |yp 9 |, 1 (D72)
(Dz(gl) = _Ai( g —(1=0 )8 )|y1:yp+17
Oyiy |y1 =+l T ﬁq_m'yz - ﬁq_(l)‘yr

Given ./ (%"*"™), where the implicit bulk discretization is exact,
M, can be found similar to in Egs. (D1) from 6®ppr; = Ppprs
—®gg, in exact agreement with the symbolic solution

5(DDFLI (i) (0 )

My = o) , OppLr = (D + (I)
Ht"

(D8)
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