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Force methods for the two-relaxation-times lattice Boltzmann
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The two-relaxation-times collision benefits the steady lattice Boltzmann method by yielding viscosity-
independent numerical errors. We present in an intuitive way how to incorporate popular force methods into
the two-relaxation-times collision. We subsequently rewrite force methods into a generic equation to reveal
commonalities and differences. We prove that force methods with a second-order velocity moment of the force
break the viscosity independence. A force method with only a first-order velocity moment of the force averts this

breakage. We validate our proof numerically.
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I. VISCOSITY DEPENDENCE OF THE LATTICE
BOLTZMANN METHOD

Consider two steady incompressible fluid flows that are
physically similar by having a similar Reynolds number. In
addition, the first flow has its Reynolds number composed
with kinematic viscosity vi, the second flow has its Reynolds
number composed with kinematic viscosity v, # v;. Simu-
late these two flows numerically with the lattice Boltzmann
method [1,2] using the common single-relaxation-time (SRT)
collision [3,4]. The simulations will yield two different nu-
merical errors, despite their flows being physically similar.
Why? Because with SRT, kinematic viscosity v scales the
spatial discretization error [5,6]. That v scales the spatial dis-
cretization error, and not merely scales the strain rate, results
in unphysical behavior. Consequently, either a small or a large
v can result in large numerical errors.

The spatial discretization error can be rendered viscosity-
independent with the two-relaxation-times (TRT) collision
[5,6]. With TRT, user-specified constant A scales the spa-
tial discretization error. TRT’s viscosity independence can
break if you incorporate additional functionality into TRT,
e.g., many boundary conditions break TRT’s viscosity inde-
pendence [6-8]. Incorporating force methods into TRT has
largely been neglected, in contrast to SRT [9-15]. In this
paper, first we demonstrate how to incorporate popular force
methods into TRT. Second, we prove and numerically validate
which force methods break TRT’s viscosity independence.
Thereby this paper rigorously evaluates force methods for
TRT.

II. NOMENCLATURE

Before we commence we introduce the nomenclature of
this paper, which is a nomenclature common in the TRT
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literature [5,6]. Here units are specified in lattice units. The
lattice Boltzmann equation is formulated as

JoE 4Tt +1) = f(X, 1) + QX 1),

with lattice quantities subscripted with a g: ¢, being the gth
velocity link, f, is the distribution function, and 2, is the
collision operator. The SRT collision is formulated as

N

1
QR = ——(f, (. 1) — {eglp(®, 1), UE, )] + S, (%, 1)}),
T
- . 3., 1,
eq(p, i) = tg\ P+ pug + - puy, — =p

2
2 2 ’

with e, being the equilibrium distribution function, f, is
the weight, S, is an external source with a force density
ﬁ, and u, = ¢, - ii. The relaxation time is 7 = 3v + % The
macroscopic quantities are as follows: mass density p =
> fy pressure P = pc? with sound speed c; = /1/3, ve-
locity @ = (3 ¢,f, + F/2)/p, p = p for the conventional
compressible model, and p = py for He and Luo’s incom-
pressible model with constant pg [16].

The TRT collision is formulated as

+ o — o
Q&0 +Q, (X, 1),

Q;;RT
1
1
2, = ——(f; (&1 — (e 15,0, AE OIS, (G.0)),
o (pi3ap Loa
= E(eq +eg) =1, P+ Fbug — i),

E(eq - eq) = tq,buqs

+ ! + 1
fq E(fq +fq) and Sq = E(Sq +Sq'),

1 1
fq_ = E(fq — fq) and Sq_ = E(Sq — Sq)
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TABLE I. External source term S,

of four force methods for SRT.

Buick and Greated [12]:
Guo et al. [13]:

Kupershtokh [14]:

Sy = (T - %)thq
Se = (v — Dty (F, +3u,Fy —ii - F)

Buick R R
Sq = (v — 3)t,(Fy + 3u,F, —ii - F)+;if)(3Fq2 —F?)

Guo

Shan and Chen [15]: Sy = (v — Dt (F, + 3uF, —ii - F)+ (3 -7 + rz)%(3Fq2 —F?)
Kupershtokh

TRT decomposes an arbitrary lattice quantity ¥ into a sym- With

metric part Yt = %(wq + ¥3) and an antisymmetric part c

Y= %(Wq — 7). Here g denotes the opposite link of ¢, )

consequently ¢; = —¢,. Relaxation time t* relaxes f' to Buick and Greated [12]: 0 0

e;, relaxation time 7~ relaxes f,~ to e, . The user-specified Guo et al. [13]: AT 0

constant that scales the spatial discretization error is defined N |

asA=ATA" = (T — %)(r’ - %), where 7= 3v + % and Kupershtokh [14]: A i

consequently v~ = 3—AU + % Finally, three convenience vari- Shan and Chen [15]: At At

ablesareu; =¢;-i, Fy=¢,-F,and F; =¢; - F.

III. INCORPORATING FORCE METHODS

We incorporate four popular force methods [12-15] into
TRT. These force methods also form a good test set, because
they significantly differ among each other, either in form or
in viscosity dependence, as shown later. All four methods
discretize the force up to second order in space and time to
avoid discrete lattice artifacts. Force methods with first-order
space-time discretizations are inferior [1,9,13], and therefore
disregarded.

To compare the force methods on an equal footing, we
rewrite Kupershtokh’s [14] and Shan and Chen’s [15] SRT
formulation (Table I). These two force methods use in our
paper i = (D ¢.f; + F/2)/p instead of the original i =
(>-¢&,f,)/p. Shan and Chen’s [15] force method is fur-
ther rewritten to a form using an external source term S,
(Appendix A). From our SRT formulations we can intuitively
map to TRT formulations (Table II). And from our TRT for-
mulations we can easily deduce a generic TRT force equation
for the remainder of our paper,

- t, =
S} = Bt,QuFy, —ii - F) + c%(%j —F?),
- (D
S, = A1,F,.

where AT =3v. A generic force equation for SRT would
consist of S, = S + S and A== A™.

IV. DERIVING FORCE ERRORS

Next we derive the force errors that TRT with Eq. (1)
appends to the well-known Navier-Stokes fluid flow equa-
tions. Our derivation assumes a flow is steady and in-
compressible, which is customary in the TRT literature.
Steady, because time-discretization errors cannot be rendered
viscosity-independent with TRT. Incompressible, because
P = po reduces compressibility errors with steady flows
[17,18] and simplifies the mathematics. Our derivation em-
ploys the steady-state ansatz derived by Ginzburg [19].
Ginzburg’s ansatz, compared to the traditional Chapman-
Enskog expansion [20], relies on less assumptions and
shortens the derivation. The ansatz states

Qf =0,(e, +S,)— A0 (ef +SH+0()., (2
Q, = dy(ef +S7)— AT (e, +S,)+O(e), (2b)
where 9, = ¢4, 0, (Greek indices denote Einstein’s summation
convention), 842 = C4uCqp0ap, and € is a small perturbation pa-

rameter. To recover the steady incompressible Navier-Stokes
mass equation, take the zeroth-order velocity moment of

TABLE II. External source terms S;r and Sq’ of four force methods for TRT.

Buick and Greated [12]: S; = %[Sq(ﬁ) + S;(tH)] S, = %[Sq(r*) — S;(t7)]
= A+(%thq + %quq) = A_(%thq - %’éFt?)
=0 = A1,F,

Guo et al. [13]: S; = A*t,QuyF, —ii - F) S, = AT1,F,

Kupershtokh [14]: S§ = ANt,BuyFy —ii- F) + 5 3F) — F?) S; = AT1,F,

Shan and Chen [15]: 8§ = A1, BugFy — i F) + AT £ (3F? — F?) S, = AT1,F,
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Eq. (2a),
DoQF =) cpulale; +S7) = A7 Y cuuCapdaplel +S7)

0= thcqacqﬂfia(pouﬂ + AT Fp)

—AZquqvaﬂaaﬁ<P

1
+ CqyCqs 5 Loty Us— Epouy Uy

+ ¢4y CqsB3u, Fs — Bu, F,

3 1
+c C(;C—FFL;—C—FF .
qy*q 2,00 v 2,00 v V)

The zero on the left-hand side indicates no mass source
is present. Substitute lattice symmetries ) #,c40Cq8 = Sap
and ) 1,CuaCepCayCas = %(80(,381,5 + 84885 + 8asdp,) into
the equation, and work out to recover

A
Lo aauzx + [aaFa - aaaP - pOaaﬂ(uzxuﬂ)]
— 3V

solenoidal pressure Poisson

velocity

— 82 sFy + X Lo (EE (3)
= D3y “Capllalp 3v,ooaﬂaﬁ'

To recover the steady incompressible Navier-Stokes momen-
tum equation, take the first-order velocity moment of Eq. (2b),

Zcan; = Zcqacq,gaﬂ(e; + S;)

— AT quCopcaydpy (€ +5,)
F, = Zl‘chacqﬁaﬁ <P
1

+ cqpcys Epouyu,; — E,oouyuy

+ cqycqsB3u, Fs — Bu, F,

3 1
+c CgC—F Fg—C—FF
qy*=q 2/00 Y 2,00 Yty

— CgyCas0y AT potts — cgyyCys BVAF(;).

Use lattice symmetries again, to recover
8aP + p08ﬁ(uauﬂ) - pova,g(aauﬂ + 8/31/{“ + (Saﬂayu},) — Fa

A
= gaﬁ(aaFﬂ + dgFy + 8050, F)) 4)
1
— Bog(ugFg + ugky) — C—0g(Fy Fp).
o

Left-hand sides of Egs. (3) and (4) contain the targeted
steady incompressible Navier-Stokes equations, right-hand
sides contain the force errors. The targeted equations are
still expressed in nondimensional lattice units. We rewrite
the targeted equations into nondimensional physical units to
maintain the “similarity principle” of a fluid flow. To that end,

we introduce the nondimensional quantities

* u * P * l()
w=—, PP=—s, F'=F—7,
Uo Lol Lol
; 5)
U
f =lydy, Re= —2,
v

where [y is a characteristic length, or numerically viewed the
spatial resolution, uq is a characteristic speed, and Re is the
Reynolds number. Equations (3) and (4) then become

o u, + EReg[ajFa -y, P — Bsﬁ(uZu;)]
1 2A * * % 21 3A * * ok
:BUZ—4R€ §28aﬂ(uaFﬁ)+Cv 1—6Re gaaﬂ(FaFﬁ ),
0 0
E(m) e(m)
B c

(6)
and
1
0, P* + 05 (ugug) — Eaﬂ(agu; + gty + Sapdyuy,) — Fy
1 A
33

5O + O5F) + 8apdF))

)
€A

1 %ok % * % 1 * * ok
—ngRe A o —i—uﬂFa)—Cvz%Reza,g(Fa Fy).

6;j) €é/’)
(7

A variant of Eq. (7), one without truncation errors, has been
derived by Silva in a succeeding work [21]. His equation is
however limited to Ae;j ) and Beéj ) type force errors and steady
channel flows.

Use Eqgs. (6) and (7) to assess the force errors produced by
each force method. Buick and Greated’s single force error e/(f )
stems from spatially discretizing the force. This force error
decreases quadratically when spatial resolution /o increases
and scales linearly with the constant A. Therefore, this force
error preserves TRT’s viscosity independence. As a side re-
mark, Egs. (6) and (7) also imply Buick and Greated is a
proper choice for steady incompressible SRT, even though
ef(\J ) then becomes viscosity-dependent, you do dispose of Beg
and Cec, corroborated by Ref. [10]. Guo et al.’s characteristic

force errors 3vey” and 3ve1(3j ) scale with 114 and l% Both force
0 0

errors scale with v2. Kupershtokh’s characteristic force errors
j—‘eém) and %eg ) scale with % and % So particularly }teg”)
decreases rapidly when you increase spatial resolution. Both
force errors scale with v2. Lastly, Shan and Chen’s charac-
teristic force errors 9v2e™” and 9v2e! ) scale with v*, which
means these force errors increase rapidly when you increase
viscosity. The force errors added by Guo et al., Kupershtokh,
and Shan and Chen are viscosity-dependent, thereby they
break TRT’s viscosity independence. They stem from S, i.e.,
from the second-order velocity moment of the force. Guo
et al., Kupershtokh, and Shan and Chen deliberately introduce
Beg, because they focus on unsteady flows, in which Beg
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cancels a time-dependent error. In steady flows however, this
time-dependent error is not there to be canceled, causing Beg
to subsist. They disregard €4 and ec because generally F o €
and 3, o €, rendering €4 o € and ¢ o € beyond the studied
second-order perturbation expansion. Still, in certain cases €4
and €c become relevant, as shown in Refs. [19,22] and in our
numerical results.

V. NUMERICAL VALIDATION

A. Setup

To validate Eqgs. (6) and (7) numerically, requires a steady
incompressible flow that renders the force errors nonzero, or
at least the viscosity-dependent force errors (Bep and Cec)
nonzero. Preferably the flow also has an analytic solution to
compare with. These requirements are fulfilled by the four-
roll mill and by a variant of the Poiseuille flow (Appendix B)
[23]. The four-roll mill comprises a periodic square domain
with four counter-rotating vortices in the corners. Its analytic
solution in nondimensional physical units comprises

. sin(2mw k. x*) cos(2mk,y*)
W,y = )

— cos(2mk,x*) sin(2m kyy™*)

L 87[2** * K
Fr(x*,y*) = R ? (%), )

1
P*(x*y*) = Z[Cos(4nkxx*) + cos(4mkyy™)] + Py,

with x* = 1£ €[0,1) and y* = ZX € [0, 1). Wave numbers
ky = ky, =1 yield one vortex in each corner. Average pressure
Py, 18 a constant specified by the user, often set to 1.
Poiseuille is a channel flow, our variant features a linear
force and a linear pressure gradient. Its analytic solution in
nondimensional physical units comprises uy = F;* =0,

8
wE(y*) = 40" —y*), Ff(*) = s
9
X)=——=x" —x"+ = .
Re [, \ 2 3 ave

We employ for the inlet and outlet Kim and Pitsch’s [24]
periodic pressure boundary condition and for the walls the
familiar half-way bounce-back boundary condition. Both

5.2 Four-roll mill 0.44 1 Poiseuille
Buick .

3.9 Guo : 033 )

€p = = Kupershtokh N €p B .
cee . R
26 Shan . 022 R
. s
s
rd .y
1.3 -7 0.11 o
- rd ,OI
2 D -~ o® -
0.0 - omerem w22 0.00 L oo ==
0.01 0.5 L, 15 2 0.01 0.5 L, 15 2

boundary conditions preserve TRT’s viscosity independence
[6,7].

We choose Re = 1 to stay within the laminar regime man-
dated by the analytic solutions. Default A = %, approximately
halfway the prevalent values for A of {, 1, 2 1 3} Default
v = 1, approximately halfway our test range for v of [0.01, 2].
Spatial resolution is 16 x 16 for the four-roll mill and 23 x 11
for Poiseuille, deliberately low to better reveal the discrepan-
cies among force methods. We let all force methods output a

force-corrected velocity i = () ¢, f, + F/2)/po. When the
simulated flows reach steady state, we measure the well-
known relative £> norm of pressure errors and velocity errors,

P, — P, \/ZX[PX()?) —P,®
”Pa” Z_[Pa()_é)]z ’

6 — ”ux,x - ux,a” + ”uy,x - uy,a“
! luxall + lluyqll ’

where s subscripts simulated values and a analytic values.

B. Results

We start by testing how each force method depends on
viscosity by plotting €p and €; vs v (Fig. 1). When increasing
v, we proportionally increase u to keep the Reynolds number
constant. The straight horizontal lines of Buick and Greated
in all plots imply Buick and Greated does not depend on
viscosity, as predicted by Egs. (6) and (7). The steep curves of
non-Buick force methods demonstrate viscosity dependence
can result in large errors. Guo et al.’s errors are barely smaller
than Kupershtokh’s errors, which implies Kupershtokh’s ad-
ditional force error %ec is small compared to 3vep. Fitting
polynomial curves through the errors of Guo et al. and Kuper-
shtokh reveals that a second-order polynomial fits well, which
matches the O(v?) predicted by Egs. (6) and (7). Exception
here is ¢€; of the four-roll mill, a third-order polynomial then
fits slightly better, probably because the narrow €; range hin-
ders a reliable fit. Fitting polynomial curves through Shan
and Chen’s errors reveals a predicted fourth-order polyno-
mial. Numerical experiments did show the O(v*) scaling only
appears with very large v, which corroborates €c is small.
Finally, two side remarks, not shown by the plots. A smaller
or larger A does not result in significant different behavior.
Under rare circumstances a non-Buick curve decreases, due
to Beg or Cec fortuitously canceling another error.

0.01552 Four-roll mill . 0.112 Poiseuille
0.01547 N 0.084 .
. o/
€ii N €ii Sy
0.01542 N 0.056 R4
. Ky
. / .- 4
0.01537 S 0.028 4
R s
et - g

0.01532 L mememe me= 0.000 - mem=

001 05 1, 15 2 001 05 1, 15 2

FIG. 1. Four force methods affecting the viscosity dependence of the pressure error and velocity error. Re = 1 and A = %
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0.8 0.08 e
06" " 0.06
Four-roll mill Jp—— Poiseuille
L < e €p
04 "= Buick 0.04
Guo
= = Kupershtokh
02F «e« Shan 0.02
0.0 0.00
0.01 0.5 1 1.5 2 0.01 0.5 1 1.5 2

A

0.08 0.132 s
¥ 4
o’ L 4
0.06 / 0.099 /
Four-roll mill / Poiseuille v
€ / € ¥
0.04 V4 0.066 o
>
/ v
\ / o
0.02} \ / 0.033 >
N4 5
‘- /, '.
0.00 \ 0.000
001 05 (N 2 001 05 (N 2

FIG. 2. Four force methods affecting the A dependence of the pressure error and velocity error. Re = 1 and v = 1.

Next, we look at how non-Buick force methods deviate
from the desired behavior of Buick and Greated in plots of
ep and €; vs A (Fig. 2). The TRT literature often shows
this relation, because steady incompressible €p and €; solely
depend on user-specifiable A and the spatial discretization
error. In all four plots, non-Buick curves lie relatively close
to each other. This implies €¢ is small, particularly if you
consider Ckupershiokh and Cspan differ by as much as factor
of (3 x 1)2/(%) = 36. In €p plots, Buick and Greated’s €p
is small, because it contains no first- or second-order force
errors [Eq. (6)]. Non-Buick €p’s by contrast, are large, due
to Beg") being large. In ¢; plots, all curves scale similarly,

because Be’ and Ce’ do not depend on A [Eq. (7)]. With
the four-roll mill, all €; curves even practically overlap. This
implies the four-roll mill’s Beéj) and Ceg) are negligible
compared to other errors, corroborated by the small absolute
differences in the four-roll mill’s €; vs v plot (Fig. 1). As a side
remark, with Buick and Greated we numerically discovered
optimal A = % for circular-shaped vortices. With Poiseuille,
non-Buick €; curves nearly overlap with each other but not
with Buick and Greated’s curve, implying Poiseuille’s Beg ) is
significant and Ceé’ )is not. The optimal A = 1*—2 of Buick and
Greated equals the optimal A of force-free pressure-driven

Poiseuille [6]. Indeed, the single force error ef\’ ) of Buick and
Greated equals O for a linearly increasing force. Finally, two
insights, not shown by our plots with v = 1. The optimal A
of a non-Buick force method is not constant but depends on
v. The discrepancy between a non-Buick curve and Buick and
Greated’s curve scales with v.

VI. CONCLUSIONS

From what we presented, it should be clear how to in-
corporate force methods into TRT and how to assess them.
The equations to theoretically assess force methods agree well
with the numerical results. The numerical results demonstrate
force errors can become large if they are viscosity-dependent.
The equations and numerical results dispel the common belief
a force method always benefits from the second-order velocity
moment of the force. Indeed, for steady incompressible fluids,
the force method of Buick and Greated [12] is appropriate,
which only contains a first-order velocity moment of the
force.
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APPENDIX A: REWRITING THE FORCE EQUATIONS OF KUPERSHTOKH AND SHAN AND CHEN

We rewrite the 0r£ginal SRT formulations of Kupershtokh [14] and Shan and Chen [15] to the SRT formulations in Table I.
Let it = (Y. C,f; + F/2)/p and e,(p, ii) = t,(pc? + puy + %,?)ui — 1pii*). Rewriting Kupershtokh [14] starts by moving the

external source term inside the collision,
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work out the terms,

(. [. F ORI B

P q'“‘% :pq'”_iq'szuq EFq’

3 /. [. FT\° 3., 3 oy 3

—plé, li—— = —pu; — -u —F",

2P\ 2 2Pt ptata T g5t
1. E7 I
——pli——| =—=pi "+ <ii-F — —F"~,
2P 25 2P TS 8p

and combine them to

e(0.7— L) = eyp.i) — “E, + 3u,F, —ﬁ-F)+t—q(3F2—F2).
q 2[2\) q 2 q q9°q 8[) q

Analogously,
P g
e\ p, i+ % =e4(p, i)+ E(Fq + 3uy,
Substitute the equations of e, (p, ii — %) and e, (p, ii + %) into f, (%

1 1
fq(} +Eq, t+ 1) = fq - ;(fq — I:Eq(,O, Ijl) + <T — E)

- = lq )
Fq—u-F)+%(3Fq - F?).
+ ¢4, t + 1) and work out to acquire

or; - 7]).

. t
—i-Fy+-L

ty(Fy + 3uyFy 85

Next we rewrite Shan and Chen [15], starting again from the original SRT formulation,

0 = 1 . F tF
Jo@+egt+)=Jg——|fg— e pi= T )|
e\ pli— o+ — ) =tycso+p( 8- |0 — o2+ —
! 20 P ! ! 20 P

work out the terms,

N . F tF N 1
P\ Cq- ”_%‘i‘? =P”q_§Fq+TF,
3./. T. ﬁ+rﬁ g 3A2+ S F 4 1 r+r2 3?2
=plé, - |i—=— = —pu T u — - — 4+ — ,
2P\ 2% p 2P 2 )M\ gy T ap T ap )N
V[, F F17 1, N, = (1 © 1\
—5P|U— 5+ — =—spu —\t—s|u-F—|\—=—5-+55|F,
2 20 Yol 2 2 8p 20  2p
and combine them to
F tF R 1 - 1 Nl oan a9
ey p,u—%—i— — | =e,(p, i) + T—E ty(Fy +3ugby —ii - F) + Z—I+T %(3Fq—F).
Substitute this equation into f; (¥ + ¢, ¢ + 1) to finish with
> = 1 - 1 - 1 2 t‘/ 2 2
fq(x—i—cq,t—i-l):fq—; Jq— | eq(p, i) + 1’—5 ty(Fy +3ug by —ii - F) + Z—t+t %(3Fq —F9) ).
[
APPENDIX B: DERIVING THE EQUATIONS OF THE with constants
BENCHMARK FLOWS
kyly kyly 21 21
The four-roll mill is the steady version of the unsteady Q = uo L R=—up oL 17 kxl_v r= kyl_v
xly yhx x y

Taylor-Green vortex (TGV) [25] at t = 0. The four-roll mill’s
analytic velocity [Fig. 3(a)] is therefore
Q sin(gx) cos(ry)}

. D(t = 0),
R cos(gx) sin(ry)

i, y) =" Vx,y,t =0) = [
=1

06330

and with x € [0, L), y € [0, ), and D(r) = =@+ Wave
numbers &, and k, control the number of vortices in the x and
y directions. The velocity magnitude is controlled by uy. To
keep the flow steady, a force density F counterbalances the
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OxP=-s linearly to OxP =0
@ —
-
N
@
Fyx=0 linearly to Fy=s
(a) Four-roll mill (b) Poiseuille

FIG. 3. Velocity streamlines of the benchmark flows.

Taylor-Green vortex’s deceleration,

Fx,y) = —podii V|20 = po(q* + r*)vii(x, y).

To acquire an equation for the pressure P, substitute # into the
Navier-Stokes momentum equations, combine and rewrite the
results to a Poisson equation for the pressure, finally integrate
the Poisson equation to acquire

2
P(x. y) = 000

2
(cos(qu) + q_z cos(2ry)) + Puye,
r

with average pressure P,y,. Use the nondimensional quantities
of Eq. (5) to nondimensionalize i, F ,and P into i*, F * and
P* of Eq. (8) with lp = = = I (wavelength).

Poiseuille flow [26] has an analytic velocity of

s

U (y) = my(ly =¥
with constant s = F, — 9,P. Generally, the channel flow is
driven by either a constant force density F, or a constant
pressure gradient d,P. Occasionally, it is driven by both a
constant F, and a constant d,P. In our Poiseuille variant, F,
runs linearly from O to s and 9, P runs linearly from —s to O,
from x = 0 to x = [, [Fig. 3(b)]. Consequently, the equations
for F, and P become

Fu(x) = lix,

P(x) = / 3P dx

— / (lix - s)dx

1ls 2 4P
= ——Xx —sx int -
21, ‘

Integration constant Py, can be determined by specifying an
average pressure,

I 1
Pan = l_/(; P(x)dx = _§Slx + Pine.

Again use Eq. (5) to nondimensionalize i, F , and P into
i

ii*, F*,and P* of Eq. (9) with o = I, and ug = u,(%).
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