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Abstract

We survey on the geometry of the tangent bundle of a Riemannian manifold, endowed with the
classical metric established by S. Sasaki 60 years ago. Following the results of Sasaki, we try to write
and deduce them by different means. Questions of vector fields, mainly those arising from the base,
are related as invariants of the classical metric, contact and Hermitian structures. Attention is given
to the natural notion of extension or complete lift of a vector field, from the base to the tangent
manifold. Few results are original, but finally new equations of the mirror map are considered.
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1 Introduction

These notes try to give an informal up-to-date presentation, together with some generalisations and
observations, of the fundamental results which one finds in the celebrated article of S. Sasaki [I9] of 1958.
The article of Sasakﬂ studies the differential geometry of tangent bundles of Riemannian manifolds and
has been constantly and consistently the reference of many developments of the theory. It is thus a
modest commemoration of its 60th anniversary that we bring here. Also we feel it may be interesting to
give to light a renewed perspective of the many theorems in the paper, now with some attention on those
results which became less known and may be slightly generalised. If not else, we present both a personal
and a more invariant approach to those important findings.

Noteworthy is the notion of extension of a vector field, introduced in [19]. It is indeed most natural
to the Riemannian geometry of the tangent space. For example, it induces a Sasaki metric Killing vector
field from a Killing vector field on the base. We discover other properties not explored neither on that
or other articles.

It is irrelevant for the present study, but we wish to remember the reader our interest has mainly
in view the construction of gwistor space and of a natural exterior differential system of Riemannian
geometry introduced in [7]. Hence the justification, by the negative, of our study keeping aside the
geometry of the tangent sphere bundles with Sasaki metric. This is very close, yet more complicated.

LA short biography of S. Sasaki: http://www-history.mcs.st-andrews.ac.uk/Biographies/Sasaki.html
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2 The tangent manifold and the Sasaki metric

2.1 Tangent bundles with a linear connection

Some general results on vector fields on a given oriented Riemannian smooth manifold (M, g) start the
article of Sasaki.

Let Xy = T(U; T M) denote the space of vector fields on U C M.

A vector field X € X4 is called divergence-free (or solenoidal or incompressible) if it satisfies § X” = 0.
In other words, if the following function, the divergence of X, vanishes:

divX := —sxd* X* = — « d(Xvol) = — % Lxvol. (1)

One further proves divX = §X? = —trV.X = —try V.X". where V is the Levi-Civita connection.
If X,Y are incompressible, then the Lie bracket [X, Y] is incompressible. This follows from the today
well-known identity E[X,y] =[Lx,Ly].
X is called a Killing vector field if £xg = 0; this is easy to see to be equivalent to the vanishing, for
all Z, W € TM, of
(Lxg)(Z, W) = g(VzX, W)+ g(Z,VwX). (2)

By symmetries, it is immediate that Killing implies incompressible.

A vector field X is called harmonic if dX? = 0 and divX = 0.

From now on we let M denote a C*° manifold.

The tangent bundle of M is again a manifold, with charts (x%,v%), i = 1,...,m, on U x R™, where
U C M is open, (z,U) is a chart of M and m = dim M. The transition maps of the vector bundle are
induced from a change of charts and their Jacobiansﬂ Almost tautological is the assertion that we have
a manifold

T™ ={ueT,M: zc M} (3)

with embedded linear fibres T, M if and only if we have a vector bundle 7 : TM — M over M with the
same linear fibres. The obvious bundle projection is denoted by .

Now let us suppose M is endowed with a linear connection, that is, a covariant derivative or local
operator V : T'(U;TM) — T(U; T*M ® TM) on vector fields on U C M satisfying Leibniz rule. We
have already used the Levi-Civita connection, which is metric, Vg = 0, and torsion-free, i.e. the tensor
TV(X,Y)=VxY —VyX — [X,Y] = 0. For the moment, let us consider any linear connection on M.

In charts, we have the Christoffel ‘symbols’ as the coefficients in V;0; = F%Bk.

Every X € X, lifts both to a horizontal 7*X and a wertical vector field 7*X over the tangent
manifold. Indeed both belonging to X7ys. Distinguished in the chart (z%,v%), we have

Tr0; = 0; — Ujl_‘?javb and T*0; = Oyi. (4)
Hence, if X = X'9;, then
X = X'n*0; = X'(0; — vjfi-’jﬂ*ab) and X = X'n*9; (5)

It is very often that one omits the pull-back notation when speaking of functions on T'M arising from
M.

2In the following way: if (z'®,v/®) is another chart in a domain U’, such that U N U’ # @, then
7

ra i 2. i
= ax—_vi, dat = Oz dz'®, dot = v/aaimdac’b + O do'®
ox'e dx'a9z'b oz’

ox?

,U/a

and ) . )
o ox' 0 b 02ad 0 0 ox* 0
= -4 = -,
ox'e ox'® Ox* oz'2dz'b vI ov'e ox'e vt
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2.2 New tensors on the tangent manifold

The above information may be recovered from the covariant derivative of a canonical vector field £ € X7ay;
namely, for any v € T M,
&y =u € m*TM. (6)

It is not a lift, yet a vector field independent of V; locally & = vim*d;.
A splitting of TTM = H & V then arises from a short exact sequence over the manifold T'M:

0—V —TTM 25 2*TM — 0 (7)
with the wvertical and horizontal subbundles given by
V =n*"TM, H = ker(7*V.£) and  TVex§ =X, (8)

The connection induces vector bundle projections, usually denoted (-)* and (-)?, allowing us to identify
H with 7*T'M via dm|. Further, the latter isomorphism yields instantly that a horizontal lift is global
and well-defined. Of course, this may be proved directly.

Notice we use (-)* for horizontal lifts and (-)* for vertical lifts.

The connection on M is furthermore pulled-back to both pull-back bundles. In a synthesised notation,
we then obtain a linear connection on the tangent manifold, respecting TTM = H@V , yet always denoted
V*. It is the connection-sum

V' =n*Venr*V. (9)

The torsion of V* is immediately found by applying the two projections, also knowing it is a tensor:
TV =77V & R™ V(- ). (10)

Since this is a tensor we may use lifts in the proof. Furthermore we have that
RE(X,Y):=R™V(X,Y)¢ =7*RY(X,Y)¢ (11)

only depends on the horizontal components of X,Y € Xzps. Of course, RV (X,Y)Z on M denotes the
curvature (3, 1)-tensor, defined by VxVyZ — VyVxZ — V(x y1Z.

A first consequence of the above is the well-known result that H defines an involutive distribution if
and only if R =0, i.e. (M,g) is flat.

In our studies of tangent bundle structures, we have found it most useful to define what we call the
mirror map B : TTM — TT M, indeed an endomorphism of the tangent bundle of the tangent manifold:

Br*X =7 X, Br*X =0. (12)

With the mirror map and its formal adjoint we define the Nagano-Sasaki almost-complex structureEI
on T'M:
JNS = B - B". (13)

In particular, TM is always an orientable space. An easy computation yields JNS

if TV =0 and RY =0, a result first proved in [16] (cf. [I7]).
Recently, so-called golden structures have been defined and a particularly natural example on tangent
bundles is discovered in [9]. It is easily seen the following map ¢ € End TTM satisfies p? —p — I = 0:

V5

1
¢:§I+7(B+Bt). (14)

integrable if and only

3This structure is commonly attributed to S. Sasaki, however, in probably more acquainted references, it is due to
T. Nagano [16], cf. [17] and others.
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The endomorphisms B, JN5 and ¢ are all parallel for V*, the main identity being

VB = 0. (15)
We may further define a canonical vector field on the tangent manifold. Globally, by
S = B% (16)
and locally by S = v®*7*0,. This is called the geodesic flow or geodesic spray and clearly satisfies
ViexS =0, ViexS=7n"X. (17)

In other words, B* = V*S.
Given X € Xy, one may define the extended vector field or the extension or yet the complete liﬁﬁ of
X on the manifold T'M: ox
~ _ )€
— X9 4 I v
X = X a, + v 8w] 8,01. (18)

With any V torsion-free linear connection (I‘fj = F;“l) we may write globally, inspired by [20]:
X =71°X + Vim* X. (19)

Indeed, X = X%0; — XTI T8, w* 0y + v* (0, X9 )7*0; 4+ v XIT, ;7% Oy,

The geodesic flow S = B is the vector field over TM whose integral parameterised curves T are the
velocities % of geodesics v of (M, V). Since S, = (B%), = B'r € H, we can see the former condition is
B'r = 7 if and only if 7 = %4 for some curve v in M such that Vi¢ = v*V4 = 0. In other words, a curve
v in M is a geodesic if and only if (dmz) "' (%) = 4.

Another concept is that of fibre-preserving vector field Z over T'M, i.e a vector field such that the
induced transformations preserve the fibres T,, M, for all x. It must verify L;Y € T'(V), for all Y € T'(V).
With TV = 0, it is equivalent to Z" depending only of z. This is immediate from .

2.3 Sasaki metric

If (M, g) is a Riemannian manifold, then we have an associated canonical torsion-free metric connection
V on M. From now on V is the Levi-Civita connection and R denotes its curvature tensor.
With such connection one defines the Sasaki metric on the manifold T'M:

g:=m"g®d7nrg. (20)

It follows immediately that V*g = 0.
The golden structure ¢ is compatible with the metric, i.e. p.g is again a symmetric tensor.
Since JNS is compatible with the metric and V*JNS = 0, the associated Hermitian structure is

V*-parallel. Writing w = —JN%_g, we find

dw(X,Y,Z) = —w(R(X,Y), Z) — w(R(Y, Z), X) — w(R*(Z, X),Y)

(21)
=g(R8(X,Y),BZ) +g(R%(Y, Z), BX) 4+ g(R*(Z,X),BY) = 0.

Hence dw = 0 follows from Bianchi identity.

The symplectic 2-form w on T'M is actually the pull-back of the canonical symplectic 2-form dA on
the cotangent manifold, via the diffeomorphism ¢ = -> : TM — T*M, {(u) = g(u,-). Such intrinsic
structure arises from the Liouville 1-form )\, giving ¢*\ = S” (the Sasaki dual). Indeed d/ is linear on

4 Apparently it was Sasaki who first saw the relevance of such older concept within tangent manifold geometry. In this
article, we conform to the term ‘extended’, rather than the more commonly adopted ‘complete lift’.
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the vertical directions and preserves the horizontal subspaces for the dual connections on TM and T* M.
Hence

(CN)u = Myuy 0 dl = g(u,dn(dL(-))) =

(22)
= 9(u,dr()) = g(Su, ") = bu.
On the other hand, writing # = S* and recurring to the torsion-free connection
1
D* =V* — 5735, (23)
we easily prove that, for all X, Y € TT M,
d0(X,Y) = g(BY. X) — g(BX,Y). (24)
Thus w = df = ¢*dA.
Still making use of D*, we find
d¢” =0. (25)
Since (cf. [7])
%0 =+ A (dG)™ 1, (26)

we deduce the result that S is incompressible: 66 = 0.
The Levi-Civita connection V¢ of g is said to be found in [19]. Nevertheless, we have a most simple
and useful expression for V&: for all XY € X1y,

1
V&Y = VLY + AX,Y) — §R5(X, Y) (27)
where A(X,Y) is the symmetric term which makes the connection metric. It is defined by
1
8(A(X,Y), Z) = 5 (g(R*(X, 2),Y) + &(R*(Y, 2), X)). (28)

For instance, V&,  m*Y =0, for all X,Y € X .

It is very important to observe that A takes only horizontal values, because R¢ vanishes on any
vertical direction, and R¢ takes only vertical values.

Henceforth the fibres T, M are totally geodesic, for all z € M.

The Riemannian curvature tensor of g is first computed by O. Kowalski in [T4]. Also Kowalski finds
that g is locally symmetric if and only if R = 0; which, in turn, implies that R® = 0.

The local holonomy algebra of the Sasaki metric is R-linearly generated by three types of tensors, now
following [5l p.146]. These are curvature skew-adjoint operators RE(X,Y’) at the zero-section o, given,
with respect to TTM = H &V, by

T*R(XM, YT 0
0 T*R(XM, Y |7
0 7%g(7T*R(Xh, )Yv, ) (29)
38(m* R(X", )Y, )f 0 ’
g(m*R(, )XV, Y") 0
0 0]
The last equation yields immediately JN° integrable if and only if R = 0.

The holonomy algebra is the Lie algebra of the holonomy group and, by the Theorem of Ambrose-
Singer, it is generated by all curvature tensors at all points of the manifold. On the other hand all
holonomy groups are conjugate to each other, for TM connected i.e. M connected. So if we know the
holonomy at the zero-section, we know a subgroup of the global holonomy.
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Let us see an example. Suppose M connected has constant sectional curvature ¢ # 0. Then the
holonomy group of (T'M, g) is SO(2m). Indeed, the maps g(m* R(X", )Y?, ) = cg(X", )g(Y?, ) generate
an m? dimensional subspace, therefore we deduce the total dimension of the three linearly independent
subspaces is m(m — 1)/2 + m? + m(m — 1)/2 = m(2m — 1).

The Riemannian manifold (7'M, g) is Einstein if and only if R = 0, i.e. M is flat. Indeed, we have for
instance from [3, Proposition 1.3] that

1
Scal® = Scal? — 1||7zf||2 (30)

We recall, |RE||? = vPvP Rypij Riprirjr g% 979 g** where Rypij = g(R(9;,0;)0p, Ok).-

Many variations of the Sasaki metric have been defined and developed, specially those with weights.
We refer the reader to [II, B, [, [8 [13 [15] and the references there-in, concerning the so-called g-natural
metrics.

Recently, the author discovered ciconia metric on any TM? which is truly natural to any oriented
Riemannian surface M2, cf. [6]. Ciconia metric is not present in the classification of g-natural metrics.

3 Further on Sasaki’s results

3.1 Theorems of Sasaki on vector fields

Let us now see the theorems of Sasaki on vector fields on M and T'M. We notice that one may complement
the results by further considering some horizontal lifts or their duals.

Every vertical lift 7* X is an incompressible field. One uses the torsion-free connection D* = V*— %Rg
and well-known formulas for exterior derivative to prove

L+ x (7" vol A m*vol) = 7 vol A d(7* X sm*vol) = 0. (31)
This is also clear, using symmetries of R¢ and g:

tr VEr* X = g(VE., 7 X, T0;)g" + g(Ve. o X, ™0;)g"

X0 g 4 Le(RE X\ i (32)
:g(vw*aiﬂ' X77T a])g + ig(R w*0;,m* 05, T X)g = 0.
On the other hand, we deduce
AT X)) (Y, 2) = g(Vym* X, Z) — g(V5m* X, Y) + g(m* X, RE(Y, 2)). (33)

Therefore, by analysis of three cases for Y, Z € H & V, we conclude that a vertical lift 7* X is harmonic
if and only if VX = 0.
Given X € X}y, the extended vector field X is incompressible if and only if the horizontal lift 7* X is
so. Indeed we have
tr VE(Vir* X) =tr Ve X = tr V. X. (34)

Let us see the first identity:
g(VE.,, Ve X, 7™0;)g" +8(V8., Ver* X, ™9;)9" =

= 8(V50, V5T X, 7 0;)g" + Sa(RE (7 0;, 7°0;), Vim* X)g"+

+g(Ving, (05 Vo 7 X), 7°0;) g (35)
= (8(Viep, ™ X, 70;) + 8(v" Va7 (Vo X), 70;)) g
=9(Va, X, 05)g"
Hence, cf. [19, Theorem 6], N
divX = div(r7* X + Vir*X) = 2div X. (36)

In particular, X is incompressible if and only if X is incompressible.
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Remark. The above computation is quite useful. For any vector fields X,Y € X, we have
ViyVer* X = Vi X =71"(Vy X) and Viey Vem* X = 75 (Vy X). (37)

Moreover, we find V., Vim*X = o*7*(V;V, X — Vy,9,X) = v*7*V2X(9;,8,). And the same is valid
with 7 X in analogous form. E.g. we may write V{,, Vir* X = T*V2X(Y",9).

Just as in , we find as an equivalent condition for ()? )b to be closed, that X’ is closed, V2X =0
and Viy X L RY (Y, Z)W, forall Y, Z,W € TM. This is quite a strong set of equations, which is deduced
from the three cases analysis, with Z,Y € H &V, of

d(X)' (Y. Z) = g(Vy X, Z) - g(V5X,Y) + 8(VEm* X, R (Y, 2)). (38)

Regarding horizontal lifts, we have just seen that n*X is incompressible if and only if X is incom-
pressible. Now we find

AT X)(Y,2) = g(Vym* X, Z) — g(Vyr* X, Y) = 7 (dX")(Y, Z). (39)

and thus (7*X)” is closed if and only if X is closed. In other words, if and only if X is locally a gradient,
because (7*X)’ = 7" X".
We conclude that 7% X is harmonic if and only if X is harmonic.

3.2 Theorems of Sasaki on 1-forms

It is clear that if the pull-back of 1-forms 7*u = d® is a gradient co-vector of a function on T'M, then
such function @ is constant along the fibres and then u is a gradient co-vector. Reciprocally, if u = df,
then 7*p = d(f o).

Also computations yield dn*a = 7*da for any 1-form on M. Moreover, 7*« is harmonic if and only
if a is harmonic.

Just as with vertical lift of contra-variant vector fields, the covariant field

™a =1*a o B (40)

is always incompressible.

To prove the last two assertions we recall adapted frames, which here are defined as {ey,...,e2,}
with e;, 1 < i < m, denoting the horizontal lift of an orthonormal frame of M and with e;4,, = Be;.
Then 7*a(e;) = 0 and 7*a(e;4m) = T a(e;) is a fibre constant; hence

—om*a = (VE m*a)(e;) + (V%H'nﬂ a)(€itm)
=ei(m"a(e;)) — 1 a(VE e;) + eipm(m aleiym)) — W*&(V%im/e”m) (41)
1
= 7" (ei(ale;) — T a(V] e + Alei, ;) — iRE(ei,ei)) = —1"a
and
—0m* e = ei(m*a(e;)) — T a(VE ei) + eiym(TFleiym)) — mFa(V

We also find easily, cf. ,

& Citm) = 0. (42)
d(r*a) = (V*n*a) A B + 7% (a0 RY)S. (43)

Since (R(X,Y)a)Z = —a(R(X,Y)Z), we have that 7*« is harmonic if and only if Va = 0.
In fact, 7*X* = 7*X” o B* = (7*X)”, so the conclusions for 7*a and 7* X are equivalent.
One also defines the extension to T'M of any 1-form « € Q},;: in a chart (z¢,v"), with a = f;da?,

~ fl
o =

dx + fidv' = Vin*a + m*a. (44)



R. Albuquerque 8

Again, the liftsﬂ
dz® = d(z' o ) = 7*dat, a*dat = dv’ + v“F?admj, (45)

dual to 7*0;, 7 0;, cf. , show the extension is independent of the torsion-free connection and choice of
chart. 7*« is the usual pull-back. We recall S = v/7*9; locally.

From the first identity of it follows easily the equivalence daw = 0 if and only if daw = 0 (this is
9if; = 0 fi).
Theorem 3.1 (Sasaki). Suppose « is a harmonic 1-form on M. Then & is harmonic if and only if
af_JRic = 0.

Let M be Ricci-flat and o € QY;. Then « is harmonic if and only if & is harmonic.

Proof. We find that da = —@apg?® where @u = 9, fp — fil',. Due to we have da = 63, where
B = Vin*a; we easily compute that g = vpgppkdxk. Since gf = vpgopjgjcﬂ'*ac is horizontal, we have

~08 = g(Vi.p, 0% T 0) g™ + &(Vieo, B, 7 0y)g"
= g(Vieo, B, 7 0p) g™
= 104 (0P 0p; 9"V 9er g™ + VP pp;g’ CFchhbg“b
= P (Dapps) 9" + VP opp(8ag”) — VT opng™ + 1P opug" T
=P (8a90pb - @phFZb - Sohbrgp)ga
applying 0,g%* = —Fngij —Ffljgkj. We may thus write §3 = —tr V*3S where ¢S = ,,g"¢. However, this

does not help. We must use normal coordinates and finally the hypothesis daw = 0 and dov = —tr @ = 0.
Then §8 = —vPd,,;9% and therefore we find

82fj afz 1 8FZ

811%7]9(” = (6x“8xp Oz Tpi = f’

0 i a F;’J a
:@(fifajg 7) - fz J

‘(3Ff‘1j B 8F;j) j
‘N xp ox®
= fiR}pagaJ

a)g”

which proves the result. [ ]

3.3 Infinitesimal transformations

We recall the result of Sasaki that, for any given isometry f of M, the induced vector bundle isomorphism
df of TM, the extension of f, is a manifold isometry.

We like to see that result as a corollary of [5] Theorem 1.3]. For it has to do naturally with the
invariance of the Levi-Civita connection under isometric diffeomorphism, assured by preservation of
torsion and metric identities; and, therefore, with the invariance of the horizontal distribution.

Regarding the Killing vector field equation , we have the following formula from [5] for vector fields
on (T'M,g). It is easily deduced from the expression for Ve:

Lxg(Y,Z) = LXam*g(Y, Z) + LX.7*g(Y, Z) + g(RY(X, 2),Y) + g(RE(X,Y), Z) (46)

where X,Y,Z € X7y and where LY, 7*g(Y, Z) := n*g(V3 X", Z) + 7 g(Y, V3 X") and analogously for
LY. 7*g.

50ne can test formula (#3)) in charts.
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Thus S and £ are never Killing. An interesting identity is:

1
g(Yv, Z%) = iﬁgg(Y, Z). (47)
A horizontal lift 7* X is Killing if and only if X is Killing and R( , )X = 0. These two conditions do
not yield in general any V- or V&-parallel tensors, beside those that we may trivially conceive.
Also it is immediate that the vertical lift of a vector field X € X, is a Killing vector field on T'M if

and only if X is parallel. Indeed, taking Y horizontal and Z vertical,
(Larxg) (Y, Z) = (LY xm*g)(Y, Z) = w*g(Vyn* X, Z). (48)

Vertical lifts are clearly linearly independent of extended vector fields.
Sasaki swiftly observes that the extension X = X9, + v12X.9,, of a vector field X € X, is the

Oxd
1st-order part of the differential map df of a given diffeomorphism f of M and vice-versa. Indeed,
X = gqb () & X= qub (zF,v%) (49)
ot Toat o

Since this property is further preserved with infinitesimal isometries, the conclusion is that X is Killing
if and only if X is Killing ([I9, Corollary 3]).

Combining the two last results, we obtain [I9, Theorem 12]: if we have an invariant connected Lie
subgroup G, of the r-dimensional isometry group Isomg (M), generated by parallel vector fields Y7, ..., Y},
then we obtain a Lie subgroup G4, of Isom(T'M) of dimension r + p. This is due to the extensions of
Killings together with the vertical lifts being an integrable distribution, that is, forming a Lie subalgebra.
Indeed

(X1, Xo] = [X1, Xo],  [X,7*Y]=7*[X,Y], [r*Vy,7*Y5] =0. (50)

We use both definition and the torsion-free connection D*. Invariance of G, assures 7*[X, Y] belongs
to the Lie subalgebra.
It is certainly worth highlighting the following result.

Proposition 3.1 (Sasaki). The™ map is a Lie algebra monomorphism Xy — Xrar. Moreover, the Lie
subalgebra i(M) of Killing vector fields on M maps into the Lie subalgebra i(T M) of Killing vector fields
onTM.

For X Killing on M, inserting the extension X = 7*X + Ver* X in yields that Lgg(Y,Z) =

T g(ViE Vi X, Z) + 7% g(Y, Vi Vim* X) +g(RE(X, Z),Y) +g(R8(X,Y), Z) with any Y, Z € TTM. For

Y, Z both horizontal or both vertical, we see easily the equation vanishes on the right hand side. For

Y horizontal and Z vertical, we find g(V3 Vin*X, Z) + g(Réx,y, Z). In other words, by the remark in
page[7} for all Y, Z € Xy,

V2X(Y,Z)+ R(X,Y)Z =0, (51)

which is a well-known identity satisfied by X Killing, cf. [12] p.235].
According to [12} [17], X satisfying is called an infinitesimal affine transformation.
At this point follows a straightforward relation between infinitesimal transformations on M and their

JNS

extensions being almost-analytic. A vector field Z is almost-analytic if Lz = 0, of course, presently,

for the Nagano-Sasaki almost-complex structure over T'M. We can compute via D*:
(LgIN5)(7*Y) = —n*R(X,Y)S — Viy Vi X. (52)

It is, indeed, enough to consider horizontal lifts 7*Y. The equation is equivalent to (51))

Hence the conclusion of [I7, Theorem 2]: X extends to an almost-analytic vector field if and only if
X is an infinitesimal affine transformation.

Let us also consider infinitesimal contact-transformations, i.e. those which leave 6 invariant. The
corresponding vector fields Z are also said to be strictly-contact; of course, given by Lz60 = 0.
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[I7, Theorem 4] asserts that Killing extensions are strictly-contact and vice-versa. Let us see in
general. Recall § = S_g and S is horizontal. Then, for all Y € TTM,

(Lx0)(Y) = X(0Y) - 0([X,Y])
=g(Vx5,Y) +g(5, VxY) —g(5, VxY — Vi X) (53)
=g(B'X,Y) +g(S, Vi X").

Thus horizontal lifts are strictly-contact if and only if the base vector field is parallel. Whereas vertical
lifts are never strictly-contact (though they may be symplectic).
Now

(LgO)(Y) =g(B'Vsm*X,Y) +g(S, Vim" X)
=g(Ver*X,Y) +g(S,Vyn*X) = Lxg(dnS,dnY).

and we may draw the following syntheses.
Theorem 3.2 ([I7],[19]). The following conditions on X € Xy are equivalent:

(i) X is Killing;

(i) X is Killing;
(iii) X is strictly-contact;
(iv) X is symplectic.

Condition (iv) seems to be new and will be proved later; we may recall immediately £xdf = dLx06.

We also find studies of Killing vector fields on T'M in [20].

S. Tanno discovered that if P € A2T*M is a skew-symmetric and parallel (1,1)-tensor on M, then the
vertical vector field 7* P¢ is Killing. This is trivial from . Indeed, we have Vi n*P{ = (m7*P)Y" and
thus, relaxing the notation ‘m*’,

Lpeg(Y,Z) = g(Vy PE, Z) + (Y, V5 PE) (
1 1 55)
=g(PY", Z2)+g(Y,PZ") + ig(ng,Z, P¢) + ig(Rgz,Y, P& = 0.

The author of [20] claims to have found all Killing vector fields on T'M, since these would always
decompose as le + m*P¢ + X, for some X1 € Xy Killing, P € EndTM skew-symmetric and parallel
and Xy € X)s with a certain lift such that Xz is Killing. It is also deduced that Xz = * X, is vertical
and therefore parallel in case M is compact. However, as counter-example, with M = R™, we have the
dimensions dimi(M) = m+m(m—1)/2 = m(m+1)/2 and thus dimi(TM) = m(2m+1). We recall from
[12, p.232] a Killing vector field depends on no more than its chart components and their first partial
derivatives. Therefore, by Tanno’s result, we would find dim i(TM) = m(m+1)/24+m(m—1)/2+m(m+
1)/2 = m(3m +1)/2, a contradiction. With the compact flat torus we see a larger gap.

There remains, in general, an unknown set of infinitesimal isometries of the Sasaki metric.

In [1I] and the references there-in we find the study of infinitesimal conformal transformations.

3.4 The geodesics and the totally geodesic vector fields

We bring forward some results on the non-vertical geodesics on TM. Recall the fibres are totally geodesic
euclidean so they include their straight lines.

For a curve vy = +; in a trivialising neighbourhood, we may hence suppose v; = (z%,v!) with x
non-constant. Then v; reads as a section of TM — M along the curve z; in M, so

z*Va,v = f)bavb + a'ii’l}ar?aavb = Zbavb7 (56)

with 2% := 9 + @%0TY,.
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[5, Theorem 1.5] yields the following system for a geodesic in TM, also found by Sasaki:
B+ &' 2Ty + 2207 Ryjigg™ = 0

. (57)
204 3127 = 0.

Since geodesics x; in M induce parallel velocities v, in TM along z;, and therefore all z* = 0, every
geodesic lifts naturally to a geodesic for the Sasaki metric.

Reciprocally, a lift of a curve in M is a geodesic if the curve is a geodesic of M. This is due to the
second equation and the last paragraph of Section

Projections by 7 of geodesics yield curves in M called submarine ‘geodesics’. Clearly, these are
geodesics if M is flat.

The topology of the tangent bundle does not prevent the geodesics from not being defined for all
t € R. In other words, we are sincerely convinced (7'M, g) is a complete Riemannian manifold, as long
as M is complete — cf. discussion and similar metrics referred in [5].

Looking now to vector fields as embeddings X : M — TM, we may ask when is the embedded
submanifold X (M) := M * totally geodesic inside TM.

We have clearly dX(Z) = n*Z+7*(VzX) = X..Z with the lifts just to T'x, M C Tx, (TM), for each
x € M, although the lifts naturally extend to the whole space. Knowing that for X, 7y, X.Z>, we must
have Vi* 7,X+Z> of the same kind of the former, we obtain the following seemingly strange equation:

the submanifold M is totally geodesic if and only if, for all Zy, Zy € TM,

1
VVZl Z2+%R(X,VZ2X)21+%R(X,VZIX)ZQX = VZ1VZQX - §R(Z17 ZQ)X' (58)

This equation is also in [Q]H We remark it is tensorial in Z7, Z5. Knowing the skew- and symmetric
parts apparently leads to nowhere. In case we have R(-,-)X = 0, as in [B, Proposition 1.4], then also
R(X,-)- =0 by symmetry of the Riemannian curvature tensor; and the strange equation becomes

VX =0. (59)
Finally, we have the following result with a simple proof.

Theorem 3.3 ([2I, Walczak]). The vector field X has constant length and the submanifold M™ s totally
geodesic if and only if VX = 0.

Proof. If g(X, X) is a constant, then g(VX, X) = 0. We contract equation with g(-, X) to obtain
9(Vz, V2, X, X)=0, for every Z1, Z5. Then g(Vz X,V z X) = 0. The reciprocal is trivial. [ |

3.5 Natural isometries of the Sasaki metric

Any given constant ¢ and vector field X € Xj; yield immediately a vector bundle homothety followed by
a translation u — cu + Xr(,). It is easy to see this map is a Sasaki metric isometry if and only if the
map Y — cY + Vy X is a vector bundle isometry.

Let us see a close but quite different simple question.

Of course the maps h : TM — TM, h(u) = ﬁu, with i smooth over M, are well-defined vector
bundle morphisms dependent on h and the differentiable structure.

If we have a metric g on M and any C* function ¢ : M — R, then we may consider the conformal
structure ¢’ = €*?g and therefore two Sasaki metrics g, g’ on the manifold TM. Since V4 Y = (V+C)xY,
where CxY = dp(X)Y + dp(Y)X — g(X,Y)grad ¢, we obtain two decompositions for each vector X =
XM xv=X" 4 XV e TTM.

61n this reference there is a further degree of complexity: the vector fields are considered when restricted to submanifolds
of M. The geometry of the image is thus dependent on the two objects.
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We must consider, altogether, another C* function ¢ : M — R and the isomorphism h : TM —
T'M, h(u) = e ?tu = hu = u'. The notation T"M is for the same space TM with metric g’. Then
we have the following formula from [4, Proposition 2.2], where 9y is a function, dy, = dp(y)(u), and
B, 6, are with respect to g:

o Yt
dh(Y)=Y" + h(¥§ +Y" + (0p)BY — (Y )r*grad ¢). (60)

Finally [4, Theorem 2.1] clarifies: the map h is a homothety, i.e. h*g’ = g for some function v
defined on T'M, if and only if the given functions ¢ and ¢ on M are constants and satisfy ¥ = t? := ).
In this case, h = 1.

3.6 Energy of vector fields on the base

In the nineteen seventies, O. Nouhaud and I. Ishihara have raised the question of studying the critical
points of the energy functional

1
X— B(X) =5 [ lldx 2 vol, (61)
on the space X, of vector fields on M. Clearly,
1
B(X) = Zvol(M) + 5 [ [|VX | vol, (62)

so the functional is essentially the second summand, the so-called vertical energy or bending of X,
as defined by G. Wiegmink. By well-known Eells-Sampson theory, the critical points of that volume
functional are precisely the harmonic maps. Ishihara proves the following result, which we reproduce
from [II [§]. The Euler-Lagrange equations evolve into the usual horizontal and vertical parts.

Theorem 3.4 (Ishihara). X € X,/ is a harmonic map if and only if
try R(V.X,X)- =0 and AX:=tr,V?X =0. (63)

For M compact, by integration of g(AX, X), we obtain the result which is first found by O. Nouhaud:
X is a harmonic map if and only if VX = 0.
We have the following further remarks which we have not seen in the known literature.

Corollary 3.1. If ()Z')b is a closed 1-form, then X is a harmonic map.

Proof. We have seen the equations for ()~()b being closed imply V2X = 0. Now, since g(R(VX, X)Z,W) =
—g(R(Z,W)X,VX) and R(Z,W)X = V2X(Z,W) — V2X (W, Z) = 0, the result follows. ]

Corollary 3.2. Let X(M) = M bea totally geodesic submanifold of TM. Suppose one of the following
conditions is satisfied: i) R(-,-)X =0, or i) X has constant length. Then X is a harmonic map.

Proof. 1) follows directly from the equation deduced in and ii) from Walczak’s Theorem. ]

We also remark that the energy functional has been extended by O. Gil-Medrano to the space of all
immersions M — T'M, finding the same parallel condition for critical points under compactness. And
has been restricted to the space X}, of unit vector fields, where harmonic maps in the previous sense are
no longer critical for E, cf. [10].

The whole theory relates to the study of the volume functional X — %VO] x+g(M).
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3.7 Symplectic and mirror vector fields

We aim for a complete study of all first invariants of the Sasaki metric under all canonical lifts of vector
fields on M. Recalling the Nagano-Sasaki almost-complex structure JNS = B — B! and associated
symplectic form w = —JN g, we now consider symplectic vector fields X € X0 such that Lxw = 0.

Using the torsion-less connection D* and the fact that B and B' are V*-parallel, we find, for all
Y,Z € Xrum,

ﬁxw(Y, Z) = d(XJ(,U)(Y, Z)

64
= —g(VyJ"°X, Z) + (V5 J"°X,Y) — g(J¥ X, R(Y, 2)). oy

Hence, for X € X}y, the horizontal lift is symplectic if and only if V*X = 0. And the vertical lift is
symplectic if and only if X is closed.
Now we can prove X is Killing if and only if X is symplectic.

Proof of statement (iv) in Theorem . We have, for any Y, Z € TTM,

Lew(Y,Z) = —g(Vin* X, Z) + (Vi Vir* X, Z)+
+g(Vm*X,Y) — g(VL Vi X,Y) — g(r* X, m* R(Y, Z)S).

Taking 7*Y horizontal and 7*Z vertical, Y, Z € T M, we obtain, by the remark in page [7]

Liw(nY,n*7) = —g(Vyym* X, 7*Z) — (Vs ,Ver™ X, 1Y)
=—9(VyX,Z) = g(Vi5zm" X, 7"Y)

This proves symplectic implies Killing. The converse comes from L£xdf = dLx6. Or we can check that
the equation above for the symplectic extension vanishes for Y, Z vertical, clearly, and for Y, Z horizontal
also. In the latter case, we must recur to the infinitesimal affine transformation equation, which holds by
hypothesis, and then to Bianchi identity. [ ]

Now we shall deﬁne[] a vector field X on T'M to be a A-mirror (respectively A-adjoint-mirror) vector
field if Lx B = AB (resp. Lx B*® = AB?") for some constant A € R.

Two interesting Lie subalgebras of vector fields are clearly defined for A = 0.

The solution space %% u of A-mirror vector fields is obviously given by a particular solution X, plus
X%,,- The same holds in the adjoint.

We have immediately, for all XY, € X7y,

LxB(Y) = [X,BY] - B[X,Y] = —Viy X + Vi BX. (65)

£ is an example of a —1-mirror vector field. Every vertical lift 7* X is a O-mirror.
For a horizontal lift 7*X, we obtain L,«xB(Y) = Vin*X. For Z = Vin*X, we obtain LzB(Y) =
By Ver* X = —V5n*X. Combining these two details, we find that every extension is a 0-mirror.

Proposition 3.2. For any X € Xy, we have X € X%, i-e
L:B=0. (66)

Here follows the study of Euclidean space.

"There are many natural non-trivial endomorphisms of TTM, such as B, B, (~)h7 (-)¥, so we could treat their linear
combinations; but we have some special interest in discussing the present simple notion.
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Proposition 3.3. Fvery A-mirror vector field X of TR™ decomposes uniquely as the sum of three fields:
a vertical lift vector field; an extension vector field; and the horizontal lift A\w* P where P is the position
vector field P = z'0; on R™.

Proof. We use coordinates (zf,v%) and let X = (Ay, Ay) = Aid; + ALd,; be tangent to the tangent
manifold, with obvious decomposition. In particular, BX = A%Q,:, B; = 0,:, Bd,; = 0. For 0,;,
we get LxB(0,;) = 0, AY0,i equal to AB9,; = 0 if and only if d,; A} = 0, for all 1 < i,5 < m. For
i, we get LxB(8;) = —8,i (A1, As) + 9;A19,;. This equals ABd; = A3, if and only if d,: A = 0 and
—8UiA§ + 82»14{ = )\(55 . Now, differentiating this last equation under O, yields aik’v,-A‘; = 0 and so

we may write A} = A}, + Agivi with A%O,Aéi functions of x only. Therefore, ;A7 = A6/ + A},. In

sum, A is a function of z only and A4} = Al + (%’;‘3 — A& )v'. Clearly, A%,0,; is the desired vertical
. i, .

lift, A10; + %vl i 1s an extension vector field and Ax'0d; is the particular solution of the A-mirror

equation. |

Now let us see the case of the adjoint-mirror map, in the general picture. First, it is easy to see, for
all XY, € Xrar,

LxB'(Y)=-Viy X +VyB'X + 7°R(X,Y)S — RS(X, BY). (67)
Proposition 3.4. If X € X7, is 0-adjoint-mirror, then it is 0-mirror.

Proof. The horizontal and vertical parts of LxB = 0 are Vi, X" = 0 and -V, X" + BV: X" = 0.
Using Y vertical, the latter implies the former equation. Now let us take Y vertical in Ly B* = 0,
knowing , and read the horizontal part. It says —V*BtYUXh + B'V%.,X" = 0. Applying B on the
left and calling B'Y = Y", we obtain —BV;‘,h,Xh + V35y XY =0, which is the unique defining equation
of O-mirror vector field. ]

Proposition 3.5. For X € X);, both the horizontal lift or the vertical lift are 0-adjoint-mirror if and
only if X is parallel.
The extension X is 0-adjoint-mirror if and only if X is an infinitesimal affine transformation.

Proof. We just see the less trivial case of X. For Y horizontal, the vanishing of @ becomes the
vanishing of Vi Vim*X + m*R(r*X,Y)S = n*V2X(Y,S) + n*R(X,Y)S. For Y vertical, we find
—Viy ™ X — Vi, Vam* X 4+ Vi Vi X — RS(X, B'Y) = —n*V2X(B'Y, S) — R%(X, B'Y), which re-
peats the infinitesimal affine transformation equation. [ ]

Of course, knowing , we have just seen the proof that an extended vector field X being 0-adjoint-
mirror, almost-analytic or an infinitesimal affine transformation is the same.

Proposition 3.6. A vector field X = A{0; + A%@Uj tangent to TR™ is 0-adjoint-mirror if and only if
&Ag =0, &A{ = 8viAé, forall1 <i,j5 <m.

An eztension X = A1 +v*0, A0, is 0-adjoint-mirror if and only if 8]2',1@1‘“ =0, foralll <i,j <m,
this is, if and only if A'(x) = a}) + a?mj for some constants al, a?, forall1 <i,j <m.
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