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ABSTRACT. This paper considers the nt"-order boundary value problem consisting of the
equation

(s (u<"*1>(x)))’ — f(@u(@), .t D(z)), e (0,1),

together with the boundary conditions

gi (’LL, ’LL/, ot u(ﬂ*Q), u(l)(o)) - 0 7= O 5N 35
gn—2 (U, u u("72) uln— 2) u(n 1) )
9n—1 (U, u u(" 2) u(" 2) u(n 1) )
where ¢ is an increasing homeomorphism such that (b( ) =0, n > 2is an integer, I := [0, 1],

and f : I x R* — R is an L!-Carathéodory function. Here, g; : (C(I))" " x R — R,
i=0,...,n—3, and g,_2, gn_1 : (C(I))" " x R? — R are continuous functions satisfying
certain monotonicity assumptions. We present sufficient conditions on the nonlinearity and
the boundary conditions to ensure the existence of solutions. Moreover, from the lower and
upper solutions method, some information is given about the location of the solution and
its qualitative properties. Due to the functional dependence in the boundary conditions,
this work generalizes several results for higher order problems with many types of boundary
conditions. The main results are illustrated with examples.

1. INTRODUCTION

Consider the n'*-order differential equation

— (6 (" V(@) = fz,ul@),...,u" (), ze(0,1), (1)

with the boundary conditions

i (u, v, ...,u("_z),u(i)(O)) =0, 1=0,....,n— 3,
gn— (w, o, ooo; w2 ul=2(0), u*=1(0)) = 0, (2)
Gn1 (w, o/, ..., w2 =2 (1), u" V(1)) =0,

where ¢ is an increasing homeomorphism such that ¢(0) = 0, n > 2 is an integer, I := [0, 1],
f:IxR"— Ris a L'-Carathéodory function, and g; : (C’(I))"_1 XxR—->R,i=0,..,n—3,
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and gn_s, gn_1 : (C(I))""" xR2 — R are continuous functions satisfying certain monotonicity
assumptions that will be described below.

Not only do these types of fully higher order equations include a large range of differential
equations, but the functional dependence on the derivatives up to order n—2 in the boundary
conditions allows the application of the problem (1), (2) to many boundary value problems
(BVPs) involving real world phenomena. As examples of recent results on BVPs, we refer
the reader to [6, 8, 11] for two-point problems, [4, 5, 7, 9, 10, 14] for multipoint cases, and
to [1, 2, 3, 12] for functional problems.

The arguments used in this work are motivated by those in [5] and are based on a priori
estimates of the possible solutions u. A Nagumo-type condition plays an important role in
bounding w("~ Y. A fixed-point result and the lower and upper solution method are used
to obtain the existence and location of the solution and its derivatives up to order n — 2.
The difficulties raised by the functional part of the boundary conditions are overcome with
a truncation technique. We are also able to avoid the usual assumption on ¢ found in the
literature, namely, ¢ (R) = R.

We point out that in our main result (Theorem 6 below), the assumption on the nonlin-
earity f is weaker than the monotone conditions generally assumed in the literature. In fact,
we only assume (see (14) below) that some growth condition is satisfied in a set defined by

some appropriate lower and upper solutions.

2. DEFINITIONS AND AUXILIARY RESULTS

For the reader’s convenience, this section summarizes some definitions and results to

be used in the remainder of the paper. Let LP, 1 < p < oo, be the usual spaces with the
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usual norms

1 1/p
||u||p={ (folupde) ™, 1<p<oc,
sup{|u(t)|: t € 1}, p=oc.
The function f : I x R® — R is said to be a Carathéodory function if it satisfies the

following conditions:

(1) For each y € R", the function f(-,y) is measurable on [;
(1) For a. e. z € I, the function f(z,-) is continuous on R";

(i17) For each compact set K C R™ there is a function myg € L'(I) such that
|f(x,y)| <mg(x) forae. xze€l andall yeK.
The Nagumo-type growth condition defined next will allow us to find an a priori estimate

on the derivative (™ of a solution wu.

Definition 1. Given a subset E C I xR", a function f : I xR"™ — R satisfies a Nagumo-type

condition in the set
E:={(z,y0,. - Yn-1) € I xR" :v;(x) <y; <Tj(z), j=0,...,n—2},
with v;,I'; € C(I,R) and
vi(z) <Tj(x) forall ze€l, j=0,...,n—2,

if there exists hy € LY(0,1) and R > r, where

7= max {I2(1) = m-2(0), Tn-2(0) — 7u-2(1)}, )
such that
(@90, yn-1)| < h(lynal) for all (x40, ., yn-1) € E (4)
and
R gm1(s)] |
/qsm he(o (s % > Waxln-2(2) — minga-2(). (5)

The a priori bound mentioned above is given by next result.
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Lemma 2. ([6, Lemma 2|) Suppose v;, I'; € C (I,R) are such that
vi(z) <Tj(x) forall ze€l, j=0,...,n—2,

and let f : E — R be a Carathéodory function satisfying a Nagumo-type condition in FE.
Then there exists R > 0 (depending only on ~,—2, I'n_o, and hg) such that every solution

u(x) of (1) with
vi(z) <u(x) <Ty(x) forall x€l,j=0,...,n—2, (6)
satisfies Hu("‘l)Hoo < R.

The next lemma gives the existence and uniqueness of solutions for a problem related to

(1)—(2) above.

Lemma 3. ([6, Lemma 3|) Let ¢ : R — R be an increasing homeomorphism such that
©(0) =0 and o(R) = R, let p : I — R satisfy p € L (I), and let A;, i = 0,...,n — 3, By,
C1 € R. Then the problem

- (90 (u(n_l)(ff)))/ =p(z), forae x€l,

uD(0)=A4;, i=0,..,n—3, (7)
u"=2)(0) = B,
u("_z)(l) = (1,

has a unique solution given by

u(z)zBl+/:ga—1 (Tv—/osp(r) dr) ds

u(x) = kZ:OAk% —I—/O %’U(T)dr (8)

v (@) ::Bl+/0mg0_1 (Tv—/osp(r) dr) ds

ifn=2, and

if n > 3, where
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and 1, € R is the unique solution of the equation

C,— By :/01g0_1 (Tv—/osp(r) dr) ds. (9)

Some properties of truncated functions that will be used in our proofs are given in the

following result.

Lemma 4. ([13, Lemma 2|) For z,w € C(I) such that z(z) < w(x), for every x € I, define
q(z,u) = mazx{z, min{u,w}}.

Then, for each u € CY(I), the following two properties hold:

(a) Lq(x,u(x)) exists for a.e. x € I;
(b) If u, un, € CHI) and w,, — u in C*(I), then

d d
%q(l”um(a’j)) — %q(z,u(z)) for a.e. x € 1.

The functions used as lower and upper solutions are defined as follows. Here, AC(I)

denotes the set of absolutely continuous functions on 1.

Definition 5. Let n > 2. A function o € C"'(I) such that ¢ (a""V(z)) € AC(I) is a
lower solution of the problem (1)-(2) if

— (6 (" V(@) < fla,a(@),d(@),...,a" D(@)), (10)

for z € (0,1), and

gi (o, o, ...,a"™2 a(0)) >0, i=0,..,n—3,
oz (a0 @), 0020(0), 2D (0)) > 0, (1)
gn—1 (Oé, O/> ey a(n—2)’ a(n—2) (1)7 a(n—l) (1)) >0,

A function 3 € C"1 (I) such that ¢ (ﬁ("_l)(:z)) € AC (1) is an upper solution of the problem
(1)-(2) if the reversed inequalities hold.
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3. EXISTENCE AND LOCATION THEOREM

Our main result is an existence and location theorem, as is usual when the lower and

upper solution technique is used in proofs. In this case, some information on the location of

the derivatives up to order n — 2 are also given.

Theorem 6. Let f: I x R®" — R be a L'-Carathéodory function.

Assume that o and 3 are lower and upper solutions of problem (1)-(2), respectively, such

that

a"D(z) < B D(2) forall €,

a?0) < B90),i=0,...,n—3,

f satisfies a Nagumo-type condition (4) in the set
E* = {(I>y0>"'>yn—1) €l x R™ : a(l)(l’) S Yi S ﬁ(l)(I)> L= 0,...,77,—2},
and

f($>a(I)> s >a(n_3)(z)>yn—2>yn—1) S f(I>y0> <. >yn—1)

< f($>ﬁ(I)>'">ﬁ(n_3)(z)>yn—2>yn—1)7

(12)

(13)

(14)

for fived , Yn_2, Yn_1 and a®(z) < y; < O(2), i =0,...,n—3, for all x € I. Assume that

the functions gj : R — R, j =0,...,n— 1, are continuous and satisfy:

9i (Yo, -y Yn—1), 1 = 0,...,n — 3, are nondecreasing in Yo, ..., Yn—2;

Gn—2 (Y0, -y Yn—1,Yn) 1S nondecreasing in Yo, ..., Yn—2 and Yn;

Gn—1 (Y0, -y Yn—1,Yn) 1S nondecreasing in Yo, ..., Yyn—2 and nonincreasing in yy,.

Then problem (1)—(2) has at least one solution u such that

al(z) < ul(z) < BO(x)
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foreveryx €l andi=0,...,n—2, and
—R<u™V(z) <R,

for some R > 0.

Remark 7. The relations o) (z) < gY(z), j = 0,...,n — 3, are obtained from (12) by

integrating and applying the boundary data (13).

Proof. For 1 =0, ...,n — 2, define the continuous truncations

B (x) it w > Y (x),
0 (z,w) = wif o (z) <w < B9 (2),
) (z) if w < o (7).

For
R > max {8072 (1) = a2 (0), 502(0) = a"2(), ], 1877 )
(see Definition 1), consider the functions
§(y) = max{—R, min{y, R}}

and ¢ : R — R given by
¢ (y), if |yl <R,

elu)= P(R)—¢(=R) P(R)+o(—R)
5B Y+ 5 , if |yl > R.

Define the modified problem composed of the differential equation

~ (¢ (" (@))
= f (z 80 (2,1) 4 vy Ona (2, u™?) € (%%_2 (x,u<"—2>))) = F,(z)
and the boundary conditions
u(0) = 6 (0,u(0) + g; (t, ..., u™ 2 wD(0))), i=0,....,n—3,
u™D(0) = Gun (0,u"7P(0) + guo (u, ..., u™2 w72 (0), u"7(0)))

WD) = Gy (Lu D) + gy (1w WD (1), D (1))

(15)

(16)

(17)

(18)

(19)



8 J. R. GRAEF, L. KONG, AND F. M. MINHOS
A function u € C" (1) such that p ou™ € AC(I) is a solution of problem (18)-(19) if

it satisfies the above equalities.

Step 1: Every solution of problem (18)—(19) satisfies

o(z) < uD)<pD@) for i=0,...,n—2, (20)

R < u"Y(z)<R, (21)

wn 1.
For a solution u of (18)—(19), assume, for the sake of a contradiction, that the right hand

inequality in (20) does not hold for i = n — 2, and define

max (v — 3)" 2 () = (u— B)"? (z9) > 0.

zel
By (19), u2(0) < B"=2(0) and u"2(1) < B"=2(1). So, 2o € (0,1), u™ N (xg) =
BV (xy), and there is e > 0 such that

"D (zg + ) = BV (20 + ¢€)

and u"2(x) > "2 (z) on [z, zo + £).

On (g, xo + €), by Definition 5, (14), (15), (16), and (17), we have
— (¢ (" V(@)

.f ($> 50 ($> u) PR 5n—2 (l', u(n—2)) ,€ (%5n—2 (l’, u("_z))))
= f (2,00 (2,1) .0 0ng (2,u™ ), 307D (2), 807D (1))
f(

IN

e / e /
< = (e (8" @) == (2 (8" V(@)
Therefore, u™ Y (x) > "=1(x) on (w9, x4 €), which is a contradiction to the definition of
(20, 20 4+ €). So u2 (z) < B2 (1) for every x € I. By analogous arguments, it can be

shown that a2 (z) < u™ 2 () in I.
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Integrating the inequalities
") () < w7 (2) < B (2)

in [0, z], and using (13) and (19), we see that (20) holds for i = 0,...,n — 2.
From Lemma 4 and the definition of &, the right hand side of equation (18) is a L!-
function. Therefore, Lemma 2 can be applied, with v;(z) = o) (z) and [';(z) = 8U)(z), for

j=0,....,n— 2, that is, (21) holds.
Step 2: Problem (18)—(19) has a solution uy(x).

Let v € C"}(I) be fixed. If n > 3, by Lemma 3, solutions of (18)—(19) are the fixed

points of the operator

Tule) = 3 6 0.u90) + g1 (.0, =, u(0))) & @)
T (x—s)"°
—I—/O =3 vy (s) ds, (23)

with

V() = s (0,u"2(0) + gnos (u, ooy ul™ 2 02 (0), w7 D(0)))

+/:ga—1 (Tu—/osFu(T) dr) ds

and 7, € R is the unique solution of the equation

On_2 (1,u("_2)(1) + Gn_1 (u,u', ...,u("_z),u("_z)(l),u("_l)(l)))

— 0n—2 (0, u"2(0) 4 gn_s (u, o, ..., w2 u"2(0), u("_l)(O)))

_ /O = (Tu— /0 E () dr) ds. (24)

By (18), there is a function w € L'(I) such that

| Fu(s) |< w(s) for a. e. s € I and for all u € C"*(1);
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and, by (24), there exists L > 0 such that
| 7 |< L for all u € C"_I(I).

Hence, the operator 7 (C™ *(I)) is bounded in C"~1(I), and by Schauder’s fixed point the-
orem, the operator 7 has a fixed point uy. If n = 2, the proof is similar.

Step 3: wuy(x) is a solution of problem (1)-(2).

This function wu;(z) will be a solution of the initial problem (1)—(2) if the following in-

equalities hold

o (0)

IN

u?(0) + gi (wr ooy, u(0)) (25)

IN

BD0), i=0,..,n—3,

ugn—z)(o) ¥ Gns <u1,u/1, ...,ui"‘z),ui"_z)(o)ﬂgn_l)(o)) (26)
gr2(0),

a0 + gt (w0 VW) (@0)

B (1).

IN

"2 (0)

IN

Oé(n—2) (1)

IN

IN

To prove the first one, assume for the sake of a contradiction, that there is an i, 0 < g <

n — 3, such that
ugiO)(O) + i, <u1, uy,y e ugn_z),ugiO)(O)) < al)(0).

By (19), ugi‘)) (0) = al®®) (0), and, by the monotone assumptions on the function g;, and (11),

we obtain

0 > g <u1,u'1, ...,ugn_z),ugi‘))(())) = Gi <u1,u’1, ...,ugn_z),a(iO)(O))

> Gio (Oé, O/> ) a(n—2)’ a(ZO)(O)) > 07
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which is a contradiction. Thus, o (0) < ugi)(O) + g <u1,u’1, ...,ugn_z),ugi)(())) for every
1=20,...,n — 3. In the same way, we can show that

uf?(0) + gi (oo ud™, (0)) < 59(0),
for each 7 =0,...,n — 3.

Suppose that the first inequality in (26) does not hold; then by (19), uﬁ"‘z) (0) = a2 (0),

and so uﬁ"‘” (0) > "1 (0) by (20). By the monotone assumptions on g,_, and (11), we

obtain the contradiction

0 > gno <u1,u’1,...,ugn_z),ugn_z)(O),ugn_l)(()))
= gus (w0, a0 2(0),uf"(0))
> guz (a0, @, a2(0), al"7V(0)) 2 0.

Hence, o2 (0) < u{""2(0) + gn_» <u1, ol W2 (0), uﬁ"‘”(o)), and by the same

method, it can be shown that
0" (0) 4 gae (w0 (0), "V (0)) < 5072 (0).
Assuming that
a2 (1) > uf" P (1) + gooy (vl (1), 0V (1))
by the same type of arguments we have
WP (1) = a2 (1) and w7V (1) < a7V (1).
Therefore, by the properties of g,_1, we again arrive at the contradiction
0 > gn (ul,ull, ...,ugn_z),ugn_z)(l),ugn_l)(l))
= gur (it ™ 0D (1), w0 (1))

> Gno1 (a,o/, ...,a("_z),a("_z)(l),a("_l)(l)) > 0.
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The remaining inequality can also be proved by the above technique. 0J

4. EXAMPLES

In this section, we present two examples to illustrate our results.

Example 1. Consider the differential equation

20+1 5

(@)Y = () + 0P+ @I @) d (WD @)” s 0.1),  (29)

and the boundary conditions

1 x
u(0) = 5 /u(s) ds,
0
u(0) = lZa@k uD(nig), i=1,..,n—2, (29)
€=

w2 (1) — mrg[%?li]u(n—ﬁ (:E),

wheren >3,0,m e N,b,c,d € R,a;, >0, fori =1,....,n—2andk=1,...m,> " a;p <1,
b>2,c¢>3,d>3,and foreachi=1,....,n—2, we have 0 < 1;; < ... <1 < L.

The problem (28)—(29) is a particular case of problem (1)—(2) with

$z) = 2

f ($>y07 "'>yn—1) = (y(] + 1)3 + (yn—3)29+1 - d(yn—2)5 )

xT

1
g0 (yo,--->yn—1) = g/yo(s)ds — Yn—1
0

1 — :
9i (Yos o+ Yn—1) = — Zai,k Yi(Mik) — Yn-1, i=1,...,n—3,
€=
1 m
gn—2 (y(b ey Yn—1, yn) = E Z An—2.k yn—2(77n—2,k) — Yn—1,
k=1

=1 (Yo, s Yn—1,Yn) = n;g;cyn_z(a:)—yn_l.
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The functions a, 3 : R — R given by

alx) = —Zz— and [(z) = $—‘

are, respectively, lower and upper solutions of (28)—(29). Since f does not depend on the
derivative ©("~1, it satisfies the Nagumo-type growth condition in every bounded set E C

I xR™. Hence, by Theorem 6, there is a nontrivial solution u of problem (28)—(29) such that
() < ul(x) < 89(x),

for every x € I and ¢ = 0,...,n — 2. Moreover, by the location part, this solution u can not
be polynomial of order greater than n — 2. For example, if n = 4, this solution can not be a

cubic function.

In our final example, we have ¢ (R) # R.

Example 2. Consider the boundary value problem

/ 2m—1

— (6 V(2)))" = (u(x))* = 2 ("D ()" + [u V()| (30)
uP(0)=0, i=0,...,n—3,
u™2(0) = maxu™? (z) 4+ (v Y(0))3, (31)

xel
1e= |,
(1) = 53" u(m) — a4k,

where
arctan(x — 6) + 216, = > 6,
o(x) = 2%, —6 <1z <6,
arctan(x + 6) — 216, =z < —6,
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n>3meN0<60<2b>n-1,0<mn <1, fori=0,...,n—2 and k£ € R with

ke [—1 + "T_l, 1— "—;1} Clearly, this is a particular case of problem (1)—(2) with

f(I>y0> "'>yn—1) = (y0)3 - 2(yn—2)2m_1 + |yn—1|9>
i (Yo, -, Yn1) = Yn-1, 1=0,...,n—3,

G2 (Yo, s Yn-1,Yn) = Maxy,»(z) + (Yn)? = Yn-1,
1 n—2

gn—1 (y(b ey Yn—1, yn) - g Z yz(nz) —Yn — Yn-—-1 + kf,
i=0

Note that existence results for the ¢-Laplacian with the assumption ¢(R) = R, are not

applicable to equation (30). The polynomial functions o, 3 : R — R given by

alr) =—g—gy ad A==

are, respectively, lower and upper solutions of (30)—(31). We see that f is a L'-Carathéodory

function and satisfies the Nagumo-type growth condition in the set

‘,En72 ‘,En72
E, = ($>y0> s >yn—1) € [07 1] X R™: T (n—2)! < Yo < (n—2)1"
—2<yp3<z, —1<y, o<1 ’

with Ag([yn_1]) == 3+ |yn_1|’. In fact, it is easy to see that r = 2. If we choose R = 3, then

#(R) |¢_1(s)| 27 s% 27 9
2 Y s = / ds > / ds > 2
/qsm he(lo~'(s)]) s 3+ s% s 3+3°

since 0 < 6 < 2. Therefore, by Theorem 6, there is a solution u of the problem (30)—(31)

such that
al(z) < uW(z) < fY(x)
for every x € [0,1] and ¢ = 0,...,n — 2. If k # 0, the solution is nontrivial. Moreover,

by the location part, this solution u can not be a polynomial of degree greater than n — 2.

For example, if n = 4, this solution can not be a cubic function. Finally, we observe that if
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n; =0 for all = 0,...,n — 2, then in the last equation in boundary condition (31) we have

7
[N}

- 1
u() = 7u2(0).

S| =

~
i
=)

Hence, we need k € [—1 + %, 1- %] to ensure that o and 3 are lower and upper solutions.

Note that in this case k£ does not depend on n.
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